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This paper addresses the model order reduction and the simulation of a damped nonlinear pinned
beam excited by a distributed force. The model is based on : (H1) the assumption of Euler-Bernoulli
kinematics (any cross-section before deformation remains straight after deformation); (H2) Von Kar-
man’s assumptions which couples the axial and the bending movements, introducing a nonlinearity
in the model; (H3) some viscous and structural damping phenomena. The problem is first described
and its linearized version is analyzed. This is used to build a reduced order model based on a stan-
dard modal decomposition. Then, the nonlinear system is examined in the framework of the regular
perturbation theory. It is solved based on a Volterra series approach : the vibration is decomposed
into a sum of nonlinear homogeneous contributions with respect to the excitation. The convergence
of the series and the truncation error are characterized. Finally, numerical experiments are presented
and discussed.

Keywords: sound and vibration, partial differential equation, nonlinear systems, Volterra series, con-
vergence

1. Model

Consider the Euler-Bernoulli model [1, 2] of a damped nonlinear pinned beam, initially at rest. The
dimensionless model that governs the deflection waves w(z, t) are given by, for all z ∈ Ω =]0, 1[ and
t ∈ T = R+,

∂2tw + 2 (a+ b∂4z ) ∂tw + ∂4zw − η
(∫ 1

0

(
∂zw

)2
dz

)
∂2zw = f, (1)

with pinned-type boundary conditions at z ∈ {0, 1}, namely, w(z, t) = 0 (fixed extremities) and
∂2zw(z, t) = 0 (no momentum), with zero initial conditions at t = 0, namely, w(z, 0) = 0 and ∂tw(z, 0) =
0, and where f(z, t) is a distributed force. Coefficients a > 0 and b > 0 are fluid and structural damp-
ing parameters and η > 0 is the nonlinear coupling coefficient between the bending momentum and the
displacement under the von Kármán assumption [8].
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2. Linearized problem (η = 0)

2.1 Modal decomposition and order reduction

For η = 0, the problem is linear and well-posed in an appropriate functional setting that is not detailed
here (see e.g. [7]). The solution w admits a modal decomposition w(z, t) =

∑
m≥1wm(t)em(z) on the

basis of eigenfunctions (orthonormal in L2(Ω))

{em}m≥1 with em(z) =
√

2 sin(kmz) for z ∈ Ω and km = mπ.

If only a finite number of modes E = [e1, . . . , eM ]T are excited by the distributed force, namely if
f(z, t) = E(z)TF (t) with F = [f1, . . . , fM ]T , then the exact solution w(z, t) = E(z)TW (t) with
W = [w1, . . . , wM ]T is governed by

ẅm + 2 (a+ bk4m) ẇm + k4mwm = fm, for 1 ≤ m ≤M.

This problem can be restated as a state-space representation with input u = F , state x = [W T , Ẇ T ]T ,
where, denoting L = πdiag(1, . . . ,M),

ẋ(t) = Ax(t) +B u(t) with A =

(
0M×M IM
−L4 −2(a IM + b L4)

)
, B =

(
0M×M
IM

)
, (2)

x(0) = 02M×1. (3)

2.2 Solution and properties

The solution xlin of this linear problem is the convolution of input u by the semi-group S, represented
by the block diagram u→ S→ xlin and given by

xlin(t) =

∫ ∞

0

S(t− τ)Bu(τ) dτ with S(t) = exp(A t)1t>0. (4)

A consequence of the damping is that for all bounded input u ∈ U = L∞(T,U) living in U = RM , the
trajectory xlin ∈ X = L∞(T,X) living in X = R2M is also bounded. More precisely, ‖S(t)‖L(X,X) is
exponentially decreasing so that

‖xlin‖X ≤ γ ‖B‖L(X,U)︸ ︷︷ ︸
1

‖u‖U where γ ≥ γ? :=

∫

T
‖S(t)‖L(X,X) dt > 0. (5)

For musical applications, the damping coefficients are supposed to be such that:
(i) the first mode (m = 1) has a damped oscillating dynamics,

(ii) higher modes are more damped.
By analyzing the complex-valued roots1 of the characteristic polynomials Pm(λ) = λ2+2(a+bk4m)λ+k4m
of (2.1), these conditions are found to be met if a

π2 + bπ2 < 1 (i), and if 2b(a− bπ4) ≤ 1 (ii). In this case,
the real part of these eigenvalues are lower than −α < 0 and γ? is found to be bounded by γ, with

α = a+ bπ4 and γ = 1/α. (6)
1A similar analysis can be found in [5] (detailed analysis of poles in the Laplace domain), for the case of a beam excited

by a force at one extremity and free boundary conditions.
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3. Nonlinear problem (η > 0)

3.1 Nonlinear state-space representation

Based on the same modal decomposition on E, a straightforward computation shows that (1) admits
the following exact2 reduced order model

ẋ(t) = Ax(t) +B u(t) + A3

(
x(t), x(t), x(t)

)
and x(0) = 02M×1, (7)

with A3(a, b, c) = η

(
aT
[

L2 0M×M
0M×M 0M×M

]
b

) [
0M×M 0M×M
−L2 0M×M

]
c (multi-linear operator). (8)

This multi-linear operator is bounded and an estimate of the bound (derivation not detailed here) yields
η

2
√

10
≥ ‖A3‖ = sup

‖x1‖X=···=‖x3‖X=1

‖A3(x1, x2, x3‖X. (9)

3.2 Solution based on a Volterra series expansion

The trajectory x of (7-8) can be represented by a Volterra series expansion [10, 11] (see also [6, 9]
for applications on nonlinear damped vibrating strings): it can be decomposed as a sum of contributions
with homogeneous of order m w.r.t. to input u given by

x(t) =
+∞∑

m=1

xm(t), (10)

where x1(t) = xlin(t) =

∫ t

0

S(t− τ)χ1(τ) dτ, with χ1(τ) = B u(τ) (11)

and, for m ≥ 2, xm(t) =

∫ t

0

S(t− τ)χm(τ) dτ with χm(τ) =
m∑

k=2

∑

p∈M3
k

A3

(
xp1(τ), . . . , xpk(τ)

)
, (12)

where the index set M3
m :=

{
p ∈ (N∗)3

∣∣ p1 + p2 + p3 = m
}

selects occurrences xpi such that their
combination through the multi-linear operator A3 is of homogeneous order m. Deriving the first con-
tributions yields χ2p = 0 for p ≥ 1 (only odd nonlinear orders are activated) and χ3 = A3(x1, x1, x1),
χ5 = A3(x1, x1, x3)+A3(x1, x3, x1)+A3(x3, x1, x1) = A3(x1, x1, x3)+2A3(x1, x3, x1) (using the sym-
metryA3(a, b, c) = A3(b, a, c)), χ7 = A3(x3, x3, x1)+2A3(x1, x3, x3)+A3(x1, x1, x5)+2A3(x1, x5, x1),
etc.

The interest for simulation is that solution (10-12) only involves linear filtering (S) and static func-
tions (A3), to be combined through sums.

3.3 Convergence and error bound

According to [3, 4], the convergence of the series (7-8) can be characterized by a radius ρ, a gain
bound function Φ and an error bound function RMΦ as follows:

if ‖x1‖X < ρ, then ‖x‖X < Φ
(
‖x1‖X

)
, (convergence in norm) (13)

and
∥∥∥x−

M∑

m=1

xm

∥∥∥
X
< RMΦ

(
‖x1‖X

)
. (truncation error bound) (14)

2In (1), the nonlinear operator is a Laplace operator multiplied by a scalar (depending on an integral of (∂zw)
2), that

preserves the co-linearity of functions em.
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Based on [3, 4] and using estimates (6) and (9), the radius ρ and the functions Φ and RMΦ are found to
be (see also figure 1)

ρ =
2 4
√

10

3

√
α

η
, (15)

∀z ∈ [0, ρ[, Φ(z) = 3ρ cos

(
π + arccos(z/ρ)

3

)
, (16)

RMΦ(z) = Φ(z)−
M∑

m=1

φmz
m, (Taylor expansion remainder of Φ) (17)

where the Taylor coefficients are φ2p = 0 for all p ≥ 1 and φ1 = 1, φ3 = 22

33ρ2
, φ5 = 24

35ρ4
, φ7 = 28

38ρ6
,

φ9 = 28×5×11
312ρ8

, etc.

10
−2

10
−1

10
0

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

 

 

ϵ=10−1

ϵ=10−2

ϵ=10−3

z/ρ

D
ϵΦ

/ρ

10
−2

10
−1

10
0

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

 

 

Φ/ρ
M = 1
M = 3
M = 5
M = 7
M = 9

z/ρ

R
M

Φ
/ρ

a⃝ b⃝

Figure 2: a⃝ Function DϵΦ/ρ where DϵΦ(z) = Φ
(
z(1 + ϵ)

)
− Φ(z) for relative errors ϵ of

0.1%, 1% and 10%. b⃝ functions RMΦ/ρ (M = 1, . . . , 9) and Φ/ρ.

6.5. Numerical results

Two sets of parameters are studied.

Configuration 1. We consider a single mode (n = N = 1), a fluid damping

only (b=0) tuned to be close to the critical regime (a = 0.999π2). Parameter

η is chosen such that ρ = 1, which corresponds to η = 13.857. The excitation

duration is θ = 3. Four amplitudes are tested, chosen such that ∥x1∥X /ρ ∈
{0.8; 1; 1.2; 2}.

The nonlinear system is simulated using a standard ODE solver (ode15s,

Matlab). These trajectories are compared to those obtained from truncated

versions of (7) by simulating a sequence of linear systems (lsim, Matlab)

given in proposition 1. Signals w(z = 0.5, t) = X1(z = 0.5, t) are displayed

in figure 3 for several truncation orders M = 1, 3, 5, 7. For ∥x∥X = 0.8, a

good approximation is obtained as soon as M ≥ 3. For ∥x∥X = 1, the

approximations are significantly more accurate when increasing the order

M . This is no longer true for ∥x∥X = 1.2, for which the convergence seems

24

Figure 1: Normalized gain bound function Φ/ρ and normalized remainder functions RMΦ/ρ.

4. Numerical experiments and discussion

We consider a modal excitation f(z, t) =
∑M

m=1 em(z)um(t) with a uniform impulsion um = u01[0,T ](t)
with T > 0. Two configurations are examined.

Configuration 1 We consider a single mode (M = 1). In this case, the nonlinear problem corresponds
to a Duffing oscillator. The damping is chosen to be of fluid type only (b = 0) and tuned to be close to the
critical regime (a = 0.999π2). Parameter η is chosen such that ρ = 1. The excitation duration is T = 3.
Four amplitudes u0 are tested such that ‖x1‖X/ρ ∈ {0.8; 1; 1.2; 2}. Signals w(z = 0.5, t) = x1(z =
0.5, t) are displayed in figure 2 for several truncation orders (M = 1, 3, 5, 7) of (10). They are simulated
by combining (exact) convolutions by S with (exact) operator A3, according to (11-12)

For ‖x‖X = 0.8, a good approximation is obtained as soon as M ≥ 3. As guaranteed by (13), the
convergence is numerically observed. For ‖x‖X = 1, the approximations are significantly more accurate
when increasing the order M (see also the zoom in figure 3). This is no longer true for ‖x‖X = 1.2,
for which the convergence seems to be lost. For ‖x‖X = 2, the divergence is so fast (see the time range
1 ≤ t ≤ 3) that the best approximation is the linear approximation.

As a conclusion, the guaranteed bound ρ is close to the exact convergence radius.
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Figure 2: Simulations for configuration 1 (the reference is computed by the standard ODE solver ode15s,
Matlab).
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Figure 3: Zoom for the case ‖x‖X = 1 in figure 2.
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Configuration 2 The second configuration corresponds to an oscillating beam. The damping parame-
ters a = 0.02 and b = 5× 10−5 are chosen to produce “wooden beam” sounds3. As for configuration 1,
η is chosen such that ρ = 1. The excitation is chosen such that M = 3 with T = 200. Numerical results
are displayed in figure 4 for three amplitudes u0 such that ‖x1‖X/ρ ∈ {1; 3; 5}.
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Figure 4: Simulations for configuration 2 (oscillating wooden beam)

For ‖x1‖X = 1, the nonlinear dynamics is very close to the linear approximation and the convergence
is fast. For ‖x1‖X = 3, increasing the truncation order from M = 1 to M = 7 numerically improves
the results (see the zoomed part). Although the convergence is no longer guaranteed, it can still be valid
as ρ is a (guaranteed) lower bound of the maximal convergence radius. For ‖x1‖X = 5, the convergence
seems to be lost and nonlinear contributions xm≥3 build unrealistic high amplitudes signals in the first
part with high magnitudes (see the zoomed part between t = 99 and t = 102).

For large input signals (outside the convergence domain), high order contributions xm have increasing
amplitudes with m.

3 To listen to a result with a first mode at frequency f0 on a sound card with sampling frequency fs, the simulated
trajectories is sampled at T = 2πf0/(fs=ms1) where (s1, s1) are the poles associated with the first mode (T ≈ 0.00292 for
f0 = 220Hz, fs = 48000Hz).
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Discussion Outside the convergence domain, the high magnitudes observed on signals xm for orders
m ≥ 3 correspond to the so-called phenomenon of “secular modes” [8]. This phenomenon is well-known
for the Duffing oscillator. It is due to the nonlinear effect type: in this system, the nonlinearity is mainly
responsible for a frequency modulation of the input signal for large magnitudes. The regular perturba-
tion method represents and approximates this frequency modulation with polynomial combinations of
oscillating signals with fixed frequencies.

In the case of a conservative problem, this kind of approximation produces signal envelopes that
increase as as tp−1 for orders m = 2p + 1. As a consequence, there is no possible convergence over
T = R and ρ is zero. In the case of the damped beam, the damping makes these envelopes behaves as
tp−1 exp

(
<e(λn)αnt

)
for each mode n, so that signals xm are all bounded and the convergence radius is

nonzero. In other words, the convergence radius ρ appear to be a guaranteed bound for which high order
contributions xm are not secular over T.

5. Conclusion and perspectives

The Volterra series approach is a regular perturbation method that provides external representation of
nonlinear input-output systems, as transfer functions or impulse convolution do for linear time invariant
problems. This has been successfully used to represents the vibrations of a damped nonlinear beam. The
convergence analysis provides a computable domain, available for bounded excitation signals with any
waveshape, for which (due to the damping) no divergence is activated by secular modes. In this domain,
the series expansion provides accurate approximations of the solution: this is well-adapted to account
for distortions and timbres modification of sounds and vibrations produced by any input waveshape.
Outside this domain, secular modes appear and express that frequency modulations become a significant
phenomena. A perspective is to propose extensions of this work to efficiently represent such modulations,
based on other perturbation methods and approaches that are adapted to any input signal waveform.
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