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Abstract

The aim of this work is to study the stability of the reconstruction of some mechanical

parameters that characterize interfaces within linear elastic bodies. The model considered
consists of two bonded elastic solids. The adhesive elastic layer between them is a thin
interphase that is approximated, by asymptotic analysis, as an interface. The resulting
interface model is in turn characterized by a typical spring-type linear elastic behavior.
In this context and on a 1D configuration, we investigate a Carleman-type estimate that
relates to a unique continuation principle. The proof is based on the construction of suitable
weight functions: their gradients are non-zero, the jumps of the derivatives are positive across
the interface and the averages of the derivatives vanish. The design of such weight functions
enables the control of the interface terms in the estimates. With this at hand, we establish
a Lipschitz stability estimate for the inverse problem of identifying an interface stiffness
parameter from measurements that are available on both sides of the external boundary.
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1 Introduction

The study of solid interfaces in structural problems has garnered much scientific attention due to its
meaningful role in several engineering fields (e.g. civil engineering, mechanical engineering, biomechanics,
geomechanics,...). There are basically two types of solid interfaces in composite materials. A perfect
interface describes the perfect (welded) contact between two solids, i.e. the displacement and the stresses
are both continuous across the interface. An imperfect interface delineates the situation when there is an
adhesive elastic layer of a different material (e.g. glue, lubricant,...) between the solids [14, 12, 15, 6, 17].

Aim of this study is the identification of some mechanical parameters that characterize imperfect
elastic interfaces. More precisely, the studied model corresponds to the sample problem of two bonded
elastic solids. The adhesive elastic layer between them is a thin material interphase that is modeled as an
interface by asymptotic analysis. The resulting interface model is in turn characterized by a typical spring-
type linear behavior. Namely, the interface tractions are assumed to be continuous, but the displacement
can be discontinuous across the debonded region and, as the case may be, proportional to the interface
traction via a stiffness parameter. The later is a diagonal matrix with components in the tangential and
normal directions expressed in function of the thickness and the Lamé parameters of the thin elastic layer
modeling the bond [15]. It is important to determine the stiffness parameters for the predications of the
mechanical properties of complex systems. This parametric inverse problem is treated from two aspects:
a numerical one by developing an algorithm aiming at the quantification reconstruction of the interfaces



elastic stiffnesses, which is developed in a previous work [13] and a theoretical one by quantifying the
stability of the parameters, which is presented in this paper.

Various forms of stability estimates for the Robin coefficients are developed in the literature: Both
local and monotone global Lipschitz stability for regular Robin coefficient are provided by Chaabane
et al. [7] under the assumption that the flux is non negative, Lipschitz stability estimate for piecewise
constant Robin coefficient is proved by Sincich [18], monotone global Lipschitz stability is developed by
Alessandrini et al. [1] using the three—spheres—inequalities as the main tool and also one can find global
logarithmic type [3, 8] based on the general Carleman inequality proven by Phung [16]. We refer to the
review [19] for more details about this kind of inequalities. Although, Belhachmi et al. [2] considered
a Laplace equation with a Robin transmission condition, i.e. the potential is continuous and the flux
is discontinuous, a dual problem for the one considered here. The proof of their directional Lipschitz
stability has the same lines as the one developed in [7]. Jaoua et al. [11] proved Local Lipschitz stability
for an impedance defined on a crack. Up to our knowledge, there are no studies in the literature concerning
the stability issue of the interfaces elastic stiffnesses.

In this framework, we focus on the toy problem of the imperfect interface problem as a first step,
avoiding the difficulties encountered with the complexity of the mathematical resolution. Therefore, we
are interested in the parametric inverse problem in the case of one-dimensional elasticity equation with a
spring-type linear law. More precisely, we study the stability issue of an interface elastic stiffness defined
on a known point under the assumption that the data are available on both sides of the external bound-
aries. Roughly speaking, we seek some information on the stiffness parameters from the measurements.
The reason for asking this question is that the experiment’s measurements are naturally subjected to
errors, so that, we are looking for a deviation of the measurements from the variations of the param-
eters. Thus, we concentrate on establishing a Lipschitz stability estimate, under a priori assumption
on the measurements, based on Carleman’s inequalities. To do so, we prove a Carleman estimate for
the problem under consideration by reconstructing an appropriate weight function. Carleman estimates
for parabolic equations with standard transmission conditions were proven by Doubova et al. [9] with a
monotonicity assumption (i.e. the observation takes place in the region where the diffusion coefficient
is the lowest) and later improved by Benabdallah et al. [4, 5] where the monotonicity assumption was
relaxed. The proof is based on the construction of suitable weight functions, whose gradient is non-zero
in the observation region and the jump of the derivative is positive across the interface. Here, we impose
to these constraints that the average of the derivative of the weight function vanishes as a new parameter
which enables to control the interface terms in the derivation of the Carleman-type estimate. Carleman’s
estimates in the 2D case is still an open question.

This article is outlined as follows. In the forthcoming, the forward and inverse problems of interest are
reviewed and the main results are stated. Carleman inequality is established in section 3. Subsection 3.3
details the choice of the weight function by writing the quadratic form in terms of the jump and the
average of the weight function gradient. The fourth section presents the stability result, based on the
established Carleman inequality, for the interface stiffness parameter. The closing section is devoted to
some comment.

2 Problem setting and main results

2.1 The forward problem

Consider 2 = (0,1) C R be a bounded open set and a be a point in (0,1). The point a split the reference
domain  into two sub-domains Q% being defined as Q= = (0,a), 2* = (a,1). These sub-domains are
characterized by the corresponding Young’s moduli E* which are elements of

{Ei eCHOF); 0< e < EF(z) <ey,Vr e Qi}.

Also, we denote Q' =QtUQ ™, S = {a} and T = {0,1}.



The one-dimensional elasticity problem considered is represented by the following elliptic boundary
value problem that involves a spring-type linear interface law. More precisely, the field ¢ satisfies

—0,(BO,q)(@) = f(a), we. 1)

Moreover, the interface flux is assumed to be continuous, but the field can be discontinuous across
the singular point a and, as the case may be, proportional to the interface flux. These conditions are
represented as follows

[[anQH =0, [[QH = k<Ea:1:Q>a (2)

where the jump of a quantity ¢ across a point a being defined as [¢] = q(a™) — g(a™), also the average

of ¢ is defined by (q) = %(q(a*) +¢(a7)) and k is a positive real-valued parameter. Besides, we impose

Neumann boundary conditions on the boundary T'.

2.2 The inverse problem

We are interested in the inverse problem of recovering a stiffness parameter k defined on the singular
point @ from available data on the boundary I' in the one-dimensional elasticity problem. Supposing g;
as a solution satisfying (1,2) associated to k = k;, for i = 1,2 and also f(z) = 0 for all x € '. Here
to achieve a stability result, we have to derive a Carleman-type estimate for the difference between two
solutions, ¢; and ¢a, (i.e. ¢ = 1 — ¢2). This difference is the solution of a non-homogeneous elliptic
equation, because of the difference of the stiffness constant it does not satisfy the appropriate spring-type
linear interface law, on the singular point a, defined above.

For this reason, we derive a peculiar Carleman-type estimate which includes additional interface
terms, as follows

[[EanQ]] =0, [[Q]] = k2<E8zQ> +9, (3)
where g = (k1 — k2)(E0zq1).

2.3 Statement of the main results

Here, we state our main results developed in this work. In first time, we present the following lemma
specifying the suitable weight function which enables to control the interface terms in the derivation of
Carleman’s estimate.

Lemma 1. There exists a weight function 3 € C?(Y) satisfying

[[B/ﬂ >0, <ﬂ/> =0,
for which the matriz M of the quadratic form is definite and positive, more precisely

—43c2cte?r?

detM ~gys —— 20T
M ~oxs (er —1)2

"(at _
where [f'] = c(r = 1), (") = §(r+1),c=5(a"), 7= %, ca=FE" ande= g—f
For example, 8 has the following shape (see Figure 1)

A Carleman-type estimate for linear elastic interfaces is established. This Carleman estimate would
be used later for the uniqueness and stability of the inverse solution of the parameter identification
problem under consideration.

Theorem 1. There exist Ao > 0, so > 0, p(x) = M@ and a weight function B satisfying the following
assumptions

[[B/H >0, <ﬂ/> =0,



Figure 1: Typical shape’s sketch for 3.

so that the following estimate holds

sAp(a
N [ g0 do+ X[ PR e < O g + DG e

+ sA (1) e®**W|Ed,q2(1) + sh ¢(0) > | Ed,q|2(0)
+570% (1) 29 W]g (1) + s7A% % (0) 29O [*(0),
for all X > Xo, s > sg, q piece-wise smooth field satisfying (1,3) and g = (k1 — k2){(Edzq1).

The stability estimate is a fundamental result in the inverse problem which immediately yields the
uniqueness result. Stability estimates are so meaningful from the theoretical aspects and also form the
numerical one, more precisely this type of estimates specifies the property of the numerical algorithms.
The stability estimate obtained here is based on the main global Carleman inequality which is valid only
in one-dimensional.

Theorem 2. Denoting by ' = (0,a)U(a,1) as a union of two open subsets of R. Moreover, one express
q¢; as the solution of (1,2) associated with k = k; and q; € H'(Y'), for i =1,2. Let m > 0 be a constant
where (E0yq1) > m on the point a. Then, there exists a positive constant C such that

k1 — ka|* < C (|1 — @2]*(1) + |1 — 2](0)) -

This result is a very important step to numerically solve the parameters identification problem in
elastic interfaces because it provides the condition in which this problem is stable numerically.

3 Carleman inequality

For simplicity, we divide the proof into five steps.

3.1 Change of variables and outlines

In this step, we set the differential equation satisfied by a new function ¥, which will be ¢ up to a weight
function. Thus, we introduce

P(x) = e‘“”(z)q(x), Pi(x) = —eS‘P(m)@g;(E@x(e_s“p(r)w)),

where s is a positive constant and ¢ is a positive function defined as a weight function as follows

pla) = M@

Let us assume that we already find a weight function S(x). So that, we have the following relations in
Q' holds

O = M3 .



We can rewrite the right-hand side of (1) by
/ e de = [ [Py(x)) da.
’ Q/

Therefore, our task is a lower estimate of HP?/}H%Q(Q,). Direct calculations yield

Ptp = —0,(E00) 4 25X BB 0p1p — s2 X202 (B')2 B + shg (EB') 1 + s\2p E(8')2 .

For obtaining a lower estimate for ||73¢H%2(Q,), we decompose the operator P into the symmetric part
P+ and the anti-symmetric part P_ such that P =P, + P_.
We define the adjoint operator P* as follows

Prp = =0, (Edup) — 25Mp B 0ptp — s?A20% (8)? EYp — s @ (EB') ¢ — s\’ E(8')* 4.
We define the symmetric part Py and the anti-symmetric part P_ of P by
Po=2(P+PY),  Po= (P-P").
Then, we have Py = Py +P_1 and
Piip = —0:(B.0) — s*X2¢? (8')* By
and
P_tp =25 p BB 0,00 + shp (EB') ¥ + s\ E(B') 1.

To get the desired estimate, we take into consideration other changes in the above decomposition as
follows

Pry = Pyyp = =0, (BEd,9) — s*A*0* (B')* B,
Patp = 250p BB’ 1) + 25320 B(B')* 4,
fs=ef —sdp (EB) ¢+ sN0 E(8')* 4.
Hence
1 fsll72(@n = 1P + Pollie oy = IP1911 72y + P2t F20ry + 2 (P1ths Path) 2oy
> 2(P1, Pa¥) 2y -

In the following steps, we see that the definition we have made of ¢ makes (P11, Path) L2(Q) positive up
to several terms that can be controlled whenever we make an appropriate choice of the parameters s and
A

More precisely, in the next step, we make the computations of the double products (P11, Pat)) L2()-

This will give an inequality with two global terms of |1|? and |0,1|? and also an interfacial term on the
left-hand side, while the observations terms will appear on the right-hand side. Finally, we will turn back
to the original function ¢ and deduce the Carleman inequality.

3.2 First estimates

In this step, we estimate the right-hand side of the desired estimate from below by means of (P4, P_v) @)
For this, we develop the four terms appearing in (P19, Path) L2(0) and we have

2(Pr, Pa) 2y = 2 (—0u(BOst) — s2X20% (B')? B, 25Mp BB 00t + 2500 E(6')¥) 11 )
= 2(=0:(BE0:v), 25Ap B’ 059) pa gy + 2 (—0u(EDu), 25X B(B')*¥) 15 )
+2(=s"A2% (8)° B, 25Ap BB’ 0:0) 12 ) + 2 (—5°N°¢0" (8')2 B, 25X B(8')* %) 12

2
=2> I

4,j=1



We reduce the orders of derivatives of ¥ by the integration by parts, so that we have the term 7Z;;, with
the consideration 0, (Ed,) Edy ) = $0,(|E0,v|?), as follows

le = —2s\ 4,0,8, 3x(E3x¢) Eaﬁtd) dx
Q/
- —sA/ o B 0,(|E0,u[?) du
Q/

= —sA[p B |E0|?] 4 + 5N / @ (") | B0y |* dz + sA / 0 B" |E0.)|* da,
Q Q

where, for a quantity p,
[plsur = p(1) — p(0) — [p].

The term Z;; is given by

Ty = —sA [p B/ B0 ] g p + sA° / )2 B0 do + Xy,

where

X1 = s /Q ¢ B |Ed, | da.
Using the fact that 0, = AS’p, the term Z;5 is given by
Tip = 253 /Q o (B 0,(E0,) da
= =20 [p BB 0 B0 ] g+ 253 [ BB 60 da+ 250 | o (B(F)) 6 BOsda
2502 /Q (BB dr
=20 [ (82 PO, da + 2

where
Xz = —2s)° [ E(B')* Y Ed ] g 1 + 23)\3/ 0 E2(B')2 1) Optp da + 23)\2/ 0 (E(8)?) ¢ Edyp da.
Q/ ’
Next, noting that 2¢ 9,1 = 9,(|1|?) and by an integration by parts, the term Z; is given by
Ty = —26N3 / & BB 0 0,1 du
= [P B 0,0 da
%
= -5\ [¢° B*(8)° W\Q]SUF+383/\4/ ¢® E*()* |w|2d$+83/\3/ S(E2(B)) []? da
o o
— N [P B 0P+ 3N [ P EAE) U do o+
o

where
o = 5N [ BB P e,
QI
The term Zss is given by
122:—253/\4/ O B2(B)* [¢)? da.
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Therefore, noting that s® and s are the maximum orders respectively among all the terms 12 and |9,/
and estimating any lower order terms as non-principal terms, we have

(P1t), Path) 2y = =5 [ B |[EOP|*] o 1 + sA? /Q/ 0 (8)2 B0,y dz + Xy,
25 [ (8 B0 da+ o
= N [ B [0 gp+ 35K | 0 B(B) 0P da +
28N [ B o e

Adding all the terms together to the form (P1t), P2t) 2o in ||f5||L2 o) ||771¢||L2 @)t ||7721/JHL2(Q/
2 (P, Pgw)LQ ), We have

1Pl ) + P22 + 6572 /Q o (8 |E0, 0] de + 26°X* /Q o B () 9P da

— 25\ [0 B |E0*) o p — 25°A° [@° B2 (B')? 9] g = IfsllZoqary — 2{ X101 + X1z + X}

3.3 Choice of a weight function

In this step, we focus our attention on the jump term at the singular point a on the left-hand side of the
above equality to find the appropriate weight function § for p as a positive definite quadratic form

1= sA\[p B' [E0v|*] + s*N3[® E*(8)% [v[].

Remark 1. The perfect interface was treated in the work by Benabdallah et al [5]. They controlled the
interface terms only from one side a™ due to the continuity of the interface conditions. Theirs approach
fails in our case. For that reason, we propose to write the interface terms in function of the average (i.e.
information from both sides). This consideration is more general and even proved by finding the same
choice of the weight function for the perfect case as in the work of Benabdallah et al [5]. So, we adopt
our proposed idea for the standard transmission conditions as [5] and we get the following forms

[W]1=0,  [E0.Y] = sAe[EBT(¥)

and
= NATUBOY + 23 BB (B0r0) + 53 { B2 + 0BT | (o1,

which gives the same choice of weight’s function as [5] for the perfect interface.

Remark 2. We did the calculations for B continuous and even discontinuous and we remark the same
behaviour for both cases. To simplify the calculations, we consider B as a continuous weight function at
the point a.

Now, we adopt this idea for our case and for that we develop these formulas below
k(Edpq) = —shkp(a) e (BB ) + e ¢k (EO,),
[E0:q] = —sAp(a) e *# I [EF 4] + e *#V[Ed,].

So that, we write the spring-type linear interface law verified by ¢ at the point a using (3) under the
condition [ES'] # 0 and denoting Q(a) = (1 + 1sAky(a) [[Eﬂ’]])f1

[¥] = —sAkp(a) Qa)(ER') (v) + kQ(a)(Edyt)) + Q(a)gs(a)



and
[£0:¢] = (sAp(@)[EB'] — s*A? kp®(a) Qa)(EB')?) () +sX kip(a) Q(a) (BB’ ) (Edu) +sAp(a) Q(a) (BB gs(a),
where g(a) = e*?(® g(a) and we use the fact that

[ap] = lalip) + (@[P],  (ap) = i[[q]] [P] + (a)(p)-
After, we need the following formula in the calculation of the form u
[v¥]? = s*A? k?9?(a) Q* (a)(ES')* (¥)* + k* Q*(a) (BO:)* — 25M k¢ (a) Q*(a)(ES") (Y ) (B0 )
+ Q%[gs(a)]? — 25A kip(a) Q% (a)(EB') () g (a) + 2k Q% (a) (EDz 1) gs(a)
and
[E0.9]* = ("X @*(@)[EST + s* X k20" (a) Q*(a)(E')! — 25°X° k® (a) Q(a) [EB(ES')?) (¥)?

+5° A2 k% (a) Q% (a)(EF')* (ED, 1)
+2 ("N ke® (a) Q) [BSTES) — s*X° k2% (a) Q*(a)(EB')?) (Y)(ED )
+520%0%(a) Q*(a)(EB')?|gs(a)
+2(s*X°9*(0) Q) [EFNES") — s° N k®(a) Q% (a)(ES')?) (1) gs(a)
+ 2527 kp? () Q*(a)(EB')* (BDy1)) g5 (a).

Below, we write the form p as a quadratic form with the fact that

1 =2Bl), %)= Bl + )
So, the form p is as following
= s p(a)[ B |EO 9] + s* N o* () [ E*(5')° [¢°]
= sAp(a) [ S UIEO ) + shp(a)(B)|EOy ] + s> X0 (@) [ B2 (B )’ I{[¢ ) + s° A2 (a) (B2 (8)°) [I¥°]

= isw(a)[[ﬁ’]] [E0:4]? + sAp(a)[B1{E0:0)? + 2sXp(a) (B) [EO- Y[ (B0 )
+ is?’ABsolg(a)[[Ez(ﬁ’):‘]] [V + s* X () [ E*(B)°](4)? + 25° X% (a) (E*(8')) [w] (#).

Using the conditions verified by 1 at the singular point a, we get the quadratic form gy in function of
the average of ¥ and Ed,1 as follows and the form py in function of g,(a)

p= p1 + o,

where
i = Xp(a) (14202 K220 Q@) [ (BB + [9] + 25 k() Q(a) (8) (B

+ 1N () Q@) [ BB THEO. )

+206@) {JIPNEST + 120 PP C@IFNED) ! - 3oA kol [PESNED | ()

+ N a) {%w PR @B FIET + [E)] + 25\ bola) QA B FHES) | )7

+220202(0) { JA QB TIEFES) - 123 )@ @IUES® } ) (E0.)
+25°X%p*(a){

it
(B)ES] ~ s k(@) Qa) (BB — 157X Ko (a) (@) (31 (BS)
+ 5\ kp(@)Q(a)(E

2(B')%) (W) (EOu1p)



and

pig = 383/\3903(61)92(@) (IBUES)? + [E*(8)°]) lgs(@)* + 25°N¢*(a) Q(a) (8')(EB) (ED: 1) g5 (a)

+ 35X k(@) Qa) (1B + [EX()°]) (B0 ), a)
+ 0 @0 (I IEFUES) + 2 ) (W)
- %8“\4 ke (a)Q%(a) (I8 UEB)’ + [E*(8')I{EB")) (¥)gs(a).
We note that we can write the quadratic form p; in a matrix form as follows

= shg(a) (U7 M- W),

where ¥ is the following vector
U = ((BEd,0), sAp(a)(¥)T

and the coefficient of the symmetric matrix M are given by
My = 10 @)@ (@) [FIUES) + 171+ 257 kola) Qa)(B) (BB + 12N K6 (@) @) B8]
Moz = ZIB BB + 352X K@) Q@I BB — S5\ k@ Q@ BNESNES)?
+ 1R B PNESY + [E(5)] - 25M b (@ Q) E>(5)°) (BB,
Mz = M1 = 15M k(@) Q@) [ FIIEFUES) - 35X K6 (@) Q@I BNES) + ()[BT

1 . .
= s\ kp(a)Qa) () (EB)? — 15" k*¢?(a) Q(a) [ B* (') I(ER') + sA k() Q(a)(E*(8)%).
The determinant of the matrix M is calculated by considering A = sA ky(a)Q(a)
detM = M1 Moy — M%Q

= S AIBUESYLEE Y] + 28 PIERT + JAIPTHES) — S ABTIESUESY + [N E*(3)°]
2L WESNEXB)) + 2ALEX (S 1 HES) — 242 WEGY (B(F')°) + 15 18T BSTIE (5]
£ JRIE VT~ [BFTAS) — AX(FVUES)Y — A () — 5 AP NESUES) (B (5
+2A[EF) (BB + L ALEFE(B)) B ES) — 2ALES NS WE(B)")
Developing all the terms of [ E2(8')%] and (E2(8')?) as follows
(28] = 21FNES + S WES) +2ABE ) ES),
(B2(5')) = SIFUESNES) + FIESTS) + (8)(B6),
the determinant of the matrix M is then given by
detM =~ S R[FPIEFTAES) + A TUESY + JIFTPIEST — SAIPTIESES) + [F1(ES)
+2AFNESUSNES) — AIYWEST () (BF) + 4AIESUS) (B + L[EST B
AR (BRY - L AEFTNEY + S AISTIESY + SIS NES T (9)(ES) - [BF T8

— SAIEFTHS).



The determinant det M is given as follows

BT3B, (8 (ES)

Aot M~ [9TIBE T —ABH P (8) 818 B8+ 328 (B8 +16 2 £ T

with the fact that A ~ ﬁ for sA > (i.e. large enough).

We remark that the determinant of the matrix M is a polynomial of fourth order with the consider-
ation of the following changes
_ Bah) ET

Cl:E‘77 €:F.

[BT=clr-1), (8)=

Finally, the determinant is as follows

1 4
detM ~gys cict (—4r(er —1)2 +8r(er +1)% — 47"%)
| —432cte?y
 (er—1)2

The determinant of the matrix M is given in function of its variable r. Here, one needs to seek the
properties of the weight function (i.e. the values of the variable r) for which the determinant is positive.
In this case, we can choose r = —1 which gives 8'(a™) = —3’(a™). This choice explains that one needs
to observe from both sides of the exterior boundary to control the interface terms. Finally, one chooses
the derivative of the weight function as follows

[]=a>0,  (8)=0.

It is easy to verify that M is a positive term with these properties of the chosen weight function. So,
the form g4 is a definite positive form as follows

f1 > Cshp(a)(Ed,)? + Cs*Xp® (a) (1) 2.

3.4 Final estimates

The final step will be to estimate the terms on the right-hand side of the following equation. So, we
obtain after the consideration of the weight function choice

Py ey + Pty + 653 | o (32 1B00R da+ 253! [ o B3(8)* o da

FCAPNEDL U2 + CEN PP + 5@ Q@) (ASUES? + {IFUEST) ln(a)P

< fsllZo @y = 2 {0 + Xz + Aot + V1 + W} + 250 0(1) B'(1) [ B0 0 *(1) — 25X (0) 5'(0) | EOz[*(0)

+25° A2 % (1) (B2(8)°) (1) [ (1) — 25°X% %(0) (B2(8')°)(0) [ 1*(0),
(4)

where

¥ = R k@@ (ATUES Y + {IFTBST) (E00)0.la)

and

Vi = 3N QITTEFES) )9 (0)- 55X ke (@ Q@S (AFUES) + {IVNEST ) (W)as(a)
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Remark 3. Observe that the coefficients in front of the trace terms at 0 and 1 on the r.h.s. in the
inequality (4) are positive because of the properties of the function 3.

Now, we estimate the right-hand side terms in the above inequality (4) using the properties of the
derivative of 8 and of the Young moduli E as follows

|X11] =

s)\/ ©B"|Ed > dx
QI

< Clar, e2)s / lowbPde, Clas,cz) = ancd,
Q/

|X21| = 53>\3

| & @) 10k

We remark that the second term of the following equation absorb the third one

< C(al,eg)sg)\3/ <p3 WJ\de, Cay,es) = 3630&10&2 ap = sup ||
Q zeQ

| x| = ’—23A2 (@ E(8")? ¢ B0 g 1 + 25X° / @ E?(B')2 1) Optp da + 25)\? / 0 (E(8")?) ¢ Edyp da
Q Q
and we estimate it by the Young inequality mn < %: + % as follows

2523 /Q/ © |E2(ﬁ’)31/18m¢‘ dx < Ce(a,eg,e)s)\4/Q olp|Pdx + esA? /Q/ ©|0,|?da,

where
esa

Ce(av €2, 6) =

—
We develop the first term in X715 using the formula for the jump of function’s product

—2sX* [0 E(8')? Y EO,] 4 1
= —2s\(1)(E(B')*)(1)¢(1) (BO:1)(1) + 25Xp(0) (E(5')*)(0) $(0) (E0:1)(0) + 25A*¢(a) [ E(B') ¥ ED,)]

= 25\ ((E(FY)1)(1) (BO)(1) + 25X0(0) (B(F)(0)$(0) (B0) 0) + 55¥p(a) [ 11 TE0. 0]
+ 25N p(@)[E(8)? 1) (E0) + 25X 0(a) (B3 )W EOu) + 25X p(a)(E(B)) () [EO,].

We use the conditions verified by ¢ and E0,1 to obtain the following expression

2502 (a) [E(8")? ¢ EOy]

= (5~ NP (@Q B PUES B + 35 XK ) (@) E(F)(E)’

+ 252X (B2 [EF'] - 25Xk (0) Q(a) (B(B')2)(BB')?) ()

+ (R @IEE PLES) + 253 kela) QBB ) ) (E0,0)°

+ (3R @CIEE IES] - SN @@ @@ PHES P + 2530 LB 1) (4)E0,)
+ SN @@ a) (BF) BB Vls (@) — £3 ke (@) Q@) [B(8 1B ()5 )

+ %szx\?’wQ(a)Q(a)[E(B’)ZMEﬂ'H (¥)gs(a) +25*° X% (a) Q(a)(E(B')*)(EB') (¥)gs(a)
+ 52 Xk* (a) Q% (a) (BB [E(B)’1{ B0z ) gs(a) + 25X p(a) Q(a)(E(B')*) (Ez ) gs ().
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We estimate the above term with the consideration that

1 4 .
sk (@IEF] < SN (@) [EF] for s\ sufficiently

large
2502p(a)[E(8)? ¢ E,1)]
< (25° X0 () [B(B')’UEB') + 85> A3 p*(a)

(E(B)?*)(E8)?
[E57]

T (4sw<a> [E(8')2] + 165X%p(a)

3 \3
[W +25° X% (a)(E(8)) [EF']
[E(B)2(ES) (E(8')%)

[E(B))(ES)?
[[Eﬂ,ﬂg) (V) (EO)

+ 852 A\3¢%(a) ) (W) + <8)\ ) (E0)?

gl + SE (S ot S )
16MEBN[E(B)?]  SME(B)?)
(o k) B0

Using ¢p(a) < p3(a), we obtain
ol < Culaean)sX! [ Pufdot e | plodPdo+ (€N + Coodd 4 esX)(a) ()
ol %

+ (CX 4 Cesh + eNp(a)(Bdu)? + (CX + Ceshp(a) + Oe)\)% lgs(a)]?
+ 22 (VWP (1) + s*A°0%(0) [0 [2(0) + A[E, 42 (1) + A Ed,v[*(0),

where C' is a constant depending only on the Young moduli and the weight function 5.
The terms );— 2 are estimated as follows

sAp(a)

D)1| SOG ]{32

|95 (a)|* + esAp(a)(ED,1)*

and
Ceshp(a)

k2

V2| < |95 (a)? + es°A%% (a) (v)*.

Similarly, we have

£l < Clle Ml + O3 [ fof?da.

By gathering all the estimates, we get the following inequality
Pl + [Povlacn +53 | (802 B0 do+ 531 [ o8 B2(EY [0 da
+CANBOP + CERP WP + 5550 @) (ATUEF) + [V NEDT ) ()
< Clle feny + (X! + 883 +-Ces®) [ P wPda+ A+ esh?) [ glorvPda
(C?N% 4+ CesA® + esA® 4+ esA® + €5303) 03 (a) (1) + (CX + Cesh + X + e + es\)p(a) (ED,1))?

1
+ (CA+CsA+ C A+ CA+ Cesh+ C A+ Ces)\)ﬁgo(a)\gs(a)|2

+ (A + ) 9(1) [BO[*(1) + (sA + ) ¢(0) [Ed1[*(0)
+ (227 + 22N P (1) [0 (1) + (s°X° + 522%) ¢ (0) [ (0).

12



By choosing € sufficiently small and taking A > Ag, s > sg, we obtain
Pl + IPov e +58 | plosiitdo+sixt [ o0 da+ 283863 @) 0)?

+sAp(a) (B0 )* + %83’%3@3(@)9"(@) (IBNES)? + [E*(8)]) lgs(a)®

A
< Ol F i + 28D g, @ + 2p(1) |ED,0I2(1) + 5 0(0) | E0, v (0

+ 82277 (1) [ (1) + %A% ¢°(0) [4]*(0).

3.5 Carleman’s inequality

Recalling that ¢ = e*?q, we have
€°0,q = D, — sApBY i€,

which yields
sA2pe*%)0,q)? < CsA\?@|0,9|* + Cs* M P [y in

to be used on the left-hand side of (5). Consequently, we obtain

1Pl ) + P22y + 572 / e 0,q]? dz + 5°M / & €2%|g 2 du + N33 (a)e? (g)?
Q/ Q

+ 5Xp(a)e? (B0 + Mg [a]? + 35° XX (@)Q(a) (I9UESY + [BX(F)*]) 7ol

S S)\(p(a/) S a S S
< Ol fl3aqay + 52 R D]g 2 + 5A (1) 2V Bl (1) + 52 0(0) 290 Bl (0)
50N (1) 20D g (1) + 4% 62(0) €220 g 2 0)

Remark 4. The Carleman estimate, established here, gives the unique continuation for the 1D elasticity
equation with an imperfect interface from the knowledge of the boundary data on both sides.

4 Stability of the inverse problem

Supposing ¢; as a solution satisfying (1,2) associated to k = k;, for i = 1,2 and also f(z) = 0 for all
z € Q. Let ¢ be the difference between both solutions ¢; and ¢z which satisfies the following boundary
condition at the point a

[[E8$Q]] = 0’ [[q]] = k2<anQ> + (kl - k2)<E8x(J1>

We apply the Carleman inequality, Theorem (1), to the inverse problem presented above with the interface
term g = (k1 — k2)(Fd,q1) and we get

Pl + 52 [ €062 of da

< 1Pl + IPeilagy + 53 | 9p BoaPdo+ 83! [ o lPar (o)
A
< obser + 0%2((1)62599(“) 19 (a),
2

where

obser = sA (1) e2*°W | B, q|*(1)+5A (0) e2*? V| B, q|*(0)+5°A3 ¢ (1) e2¢ W) g2 (1) +5°A% 03 (0) 27V |¢[*(0).
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Using the fact that ¥ = e*#q, one develops the first term of the above inequality as follows

Piip = —0,(B0,¢) — s*N*¢* (8)* B
= —0u(Ey(e*%q)) — s°A*¢* (B')* Ee*?q (7)
— (SAEB) ¢+ s’ E(8')%¢* + 25* N> E(8)*¢?) €*?q — 253/ pe*? Ed,q,

with the fact that 0,(F0,q) = 0.
From (7), we get the following estimate

— (sNE(B)% + 28 N E(8')2¢%) €*q — 25A8 pe P Ed,q = Pyp + sA(EB')' 0 g, (8)

Now, we estimate the last equality (8) using Cauchy’s inequality as follows
S S 2 S
|| (s/\2E(6’)2g02 + 252)\2E(ﬁ')2<p2) e’Pq + 2s\3 e ‘PEﬁquLQ(Q,) + 53)\4/ 250 0% |q|* da
o
< 1P+ B e Pl +5°41 [ 00 da )

< ||7317/’H%2(Q/) +Cs%\? /Q/ e25% p? |q\2dx—|—33/\4/ e25?¢? |q|? da.

’

Then, we remark that the third term in the last inequality (9) absorbs the second one and we get by
Carleman’s estimate (6) the following estimate

[(sA2E(8)%0% + 252X B(8')2%) €*%q — 2578'pe™* Bdaq| ;2 )+S3A4/ e**9¢? |q|* da
< Pul2a gy + 55N / 2552 |gf? da (10)

< obser + 02224 ( ) %@ |g|?(a).
k3

Next, we need to estimate the boundary integral in terms of the domain integral and for that we present
the following theorem.

Theorem 3. (for more details see [10], Theorem 1.5.1.10) Let Q be a bounded open subset of R™ with
a Lipschitz boundary I'. Then, there exists a constant C such that

/|u|pds§0<elzlv/ \Vu|pdx+67%/ u|p) de,
r Q Q

for allw € W)(Q) and € €]0,1]. In addition, C is a constant independent of u and e (defined in Lemma
1.5.1.9 [10]).

We present the above estimation in the following form

ep_l/ |ulPds < C (/ |Vu\pdx+e_1/ |u|p> dz
r Q Q

and to apply it in our case, we make the following choices
u = s\pe’fq,
Vu = sA2f pefq+ 2 N2 B/ 0% e5Pq + shp e 0,0,
e=(s\?)7!
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By Theorem 3, we get then the trace inequality
$P2A 2 (lq(a)? + a(a7)[?) < 872N €% (Ja(D)* + [g(0) + [q(a™)* + la(a7)I?)
sAp(a) (11)
k

< obser + 07262399(@)|g|2(a).

We use the expression [q]] = k2(E0,q) + g to get the following inequality
l9/* = Ila] ~ k2(Ezq)/”
<2 (Il + [ka(BO.) )
< 2|q(a™) = q(a™)|* + 2 [ka(ED,q) |
< 4 (Jata®)* + |a@ )]*) +2 ks (BOuq)*
Then, inserting the above inequality in (11), it yields
2N g2 < sAp(1) €| Eduql? (1) + 52 (0) €V BD,q1*(0) + s°X° 0° (1) ¢ |g[*(1)

g SA :
5N G0) 2O g (0) + OOy — kol (01)? + 87N k(B

We divide all the terms by the factor s/2\3
2 W|ky — ko> (B0, q1)°

1 1
< 2s¢p(1) ]2 - 2s¢(0) a2 3 2s¢p(1) 12
< oD WIEOLGR) + 2 ol0) OB O + VAW IR gy

1 ¢(a
TVE(0) g (0) + 0 %e%“’@lkl — o (021)” + €27 ka (B )|

For s large enough, the left-hand side in (12) can absorb the last term of the right-hand side and the first
terms of the right-hand side are sufficiently small. Therefore, since ¢ is a bounded function, we obtain

by — k| (Edxq1)? < C (1g*(1) + |g?(0)) + €21 [ky(Ed,q)[*.
For (E9,q1) > m > 0, we have the stability estimate
by — kal* < C (I — @2*(1) + a1 — q2/(0)) + €22 [ky (Ednq) |

Now, we estimate the second term by using a trace inequality, ¢ as a harmonic function and the properties
of the function ¢
2 2 2
[v17200) < C'llvll7 @) < Cllvll72(0)-

Here, we choose
v = @1/26590895 q.

So, one gets
72X p(a)e? W [y B,q) < C'5% N[00, e

and we estimate the right-hand side of the above inequality by Carleman’s inequality (1) as following
s7/2N3 |1 2e2 0, qll72 0
= /20 [N/ 2¢"%0, 13 )

< 32\ {s/\ (1) 625"”(1)|E6$q|2(1) + sA (0) e252(0) |E0.q|*(0) 4 s3X\3 ©*(1) e2se(1) \q|2(1)}

A
£ {5008 (0 P00 + CTEE D~ kP 0san)?
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We divide all the terms by /23
0(a)e?*?() |ky(Ed,q)|*
1

<

1
(1) ¥ D|Bdql* (1) + 5 0(0) 27O |Edql* (0) + 5°A 0* (1) e2° Vg (1)
. 1
+5°A9%(0) 27 g*(0) + C L p(a)e> W kiy — kol (Daan)*.

For A large enough, the left-hand side can absorb the last term of the right-hand side and the first terms
of the right-hand side are sufficiently small.
Therefore, since ¢ is a bounded function, we obtain

Ik2(E0:q)|* < C {]a*(1) +1a*(0)} -

Remark 5. The main idea for the above proof is presented by two step, the first one by estimating the
interfacial term (FE0,q) by the parameter s and the second one by estimating the interface additional
term (Ed.q1) by the parameter \. It is indispensable to write the Carleman estimate in terms of the two
parameters s and \.

5 Conclusion

By borrowing the approach developed by Benabdallah et al. [5], we prove a Carleman-type estimate
that quantifies the unique continuation result for the case of one-dimensional elasticity equation with a
spring-type linear law. The proof is based on the construction of suitable weight functions, whose gradient
is non-zero, the jump of the derivative is positive across the interface and the average of the derivative
vanishes which is a new parameter imposed to enable the control of the interface terms. We have proved a
stability estimate for the inverse problem of identifying a stiffness parameter from measurements available
on both sides of the external boundary. The extendibility of this stability estimate to the case of the
non-stationary problem will be pursued in the future. An extension to higher dimensions will be a
continuation of this work such that the challenge will be in the reconstruction of the weight function to
get a higher dimensional Carleman-type estimate but the stability proof will have the same lines as the
one presented in this work.
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