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Addressing the exciton fine structure in colloidal
nanocrystals: the case of CdSe nanoplatelets

Elena V. Shornikova,∗a,b Louis Biadala,∗a,c Dmitri R. Yakovlev,∗a,d‡ Victor F. Sapega,d

Yuri G. Kusrayev,d Anatolie A. Mitioglu,e Mariana V. Ballottin,e Peter C. M. Christianen,e

Vasilii V. Belykh,a, f Mikhail V. Kochiev, f Nikolai N. Sibeldin, f Aleksandr A. Golovatenko,d

Anna V. Rodina,d Nikolay A. Gippius,g Alexis Kuntzmann,h Ye Jiang,h Michel Nasilowski,h

Benoit Dubertret,h and Manfred Bayera,d

We study the band-edge exciton fine structure and in particular its bright-dark splitting in colloidal
semiconductor nanocrystals by four different optical methods based on fluorescence line narrow-
ing and time-resolved measurements at various temperatures down to 2 K. We demonstrate that
all these methods provide consistent splitting values and discuss their advances and limitations.
Colloidal CdSe nanoplatelets with thicknesses of 3, 4 and 5 monolayers are chosen for experi-
mental demonstrations. The bright-dark splitting of excitons varies from 3.2 to 6.0 meV and is
inversely proportional to the nanoplatelet thickness. Good agreement between experimental and
theoretically calculated size dependence of the bright-dark exciton slitting is achieved. The recom-
bination rates of the bright and dark excitons and the bright to dark relaxation rate are measured
by time-resolved techniques.

1 Introduction
Colloidal nanostructures are intensively investigated because of
their bright luminescence and simplicity of fabrication. Starting
from 19931, the research has been concentrated on nanometer-
sized spherical nanocrystals (NCs), also known as quantum dots
(QDs). Recently, two-dimensional nanoplatelets (NPLs) have
been synthesized and have attracted great attention due to their
remarkable properties. Most importantly, CdSe NPLs with zinc-
blende crystal structure have short spontaneous recombination
rates,2 narrow ensemble emission spectra due to their atomi-
cally controlled thickness,3 and dipole emission oriented within
the plane.4 Among other important properties the very efficient
fluorescence resonance energy transfer,5 the ultralow stimulated
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emission threshold,6,7 the enhanced conductivity due to in-plane
transport,8–10 and the highly efficient charge carrier multiplica-
tion11 can be highlighted. Widely varying structures have been
synthesized: CdSe wurtzite nanoribbons or quantum belts12–14,
NPLs of PbS,9,10 PbSe,15 Cu2−xS8,16, GeS and GeSe,17 CdS,2,18

ZnS19, CdTe2, and HgTe20, as well as various core-shell struc-
tures (for a review see Ref. 21). Among them CdSe-based NPLs
play a role of the model system, which optical properties includ-
ing quantum coherence and exciton dephasing have been inten-
sively studied.22–25 Compared to bulk semiconductors, in NPLs
the exciton binding energy is drastically increased, e.g. in CdSe
from 10 meV to hundreds of meV. There are three reasons for this:
(i) the large electron effective mass due to nonparabolicity of the
conduction band, (ii) the dimensionality reduction, and (iii) the
dielectric confinement.26 This raises questions about the band-
edge exciton fine structure and exciton recombination dynamics
in these two-dimensional nanostructures.

Similar to CdSe QDs, the exciton ground state in CdSe NPLs is a
two-fold degenerate dark state |F〉 with angular momentum pro-
jections±2 on the quantization axis.27 The first excited state with
angular momentum projection ±1 is an optically active (bright)
|A〉 state, which is separated from the ground state by a bright-
dark energy splitting (∆EAF) of several meV. The direct observa-
tion of the fine structure states in an ensemble of NCs is often hin-
dered by the line broadening resulting from size dispersion. Typ-
ically, the linewidth of ensemble photoluminescence (PL) spectra
is in the 100 meV range, much larger than ∆EAF of 1− 20 meV.
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Two optical methods are commonly used to measure ∆EAF. The
first technique is based on fluorescence line narrowing (FLN),
which gives direct access to ∆EAF.28 The second method relies
on the evaluation of ∆EAF from the temperature dependence of
the PL decay29,30 (more details are given in Supplementary Sec-
tion S1). While these two methods gave a similar result being
applied to the same CdSe/CdS core/shell QDs with a 3 nm core
diameter,31 no comparison has been made on the same bare core
NCs. It is important to do as a large discrepancy can be found
in literature for QDs with diameters less than 3 nm. Nirmal et
al. measured 19 meV in 2.4 nm diameter bare core CdSe QDs by
the FLN technique,32,33 while de Mello Donega et al. reported
∆EAF = 1.7 meV in bare core CdSe QDs with diameter of 1.7 nm
from temperature-dependent time-resolved PL,34 claiming that
FLN measurements systematically overestimate ∆EAF by neglect-
ing any internal relaxation between the exciton states. Recently,
it was shown that the Stokes shift in bare core CdSe QDs can be
also contributed by formation of a dangling bond magnetic po-
laron.35,36 Moreover, ∆EAF in QDs is strongly affected by the dot
shape and symmetry,33,37 which complicates the comparison of
results obtained by different groups. Obviously, more experimen-
tal methods are very welcomed to address the measurements of
the bright-dark exciton splitting in colloidal nanostructures. Here
we suggest and test a few new experimental approaches and ex-
amine them together with the commonly used ones on the same
samples of CdSe NPLs.

In this paper, we exploit four optical methods to study the
bright-dark exciton energy splitting in ensemble measurements of
CdSe nanoplatelets with thicknesses ranging from 3 to 5 monolay-
ers: (i) fluorescence line narrowing, (ii) temperature-dependent
time-resolved PL, (iii) spectrally-resolved PL decay at cryogenic
temperatures, and (iv) temperature dependence of PL spectra.
Most importantly, we compare fluorescence line narrowing and
temperature-dependent time-resolved PL techniques applied to
all samples. The results gained by different methods are in good
agreement with each other and confirm the bright-dark exciton
splitting of several meV in CdSe NPLs measured earlier by one
of the methods.27 Comparison of the thickness dependence of
the splitting with the results of model calculations allows us to
estimate the exchange strength constant and the dielectric con-
stants inside and outside the nanoplatelets. Theoretical calcula-
tions within the effective mass approximation with account of the
dielectric effect successfully reproduce experimental size depen-
dence of the bright-dark exciton splitting.

2 Experimental results
The investigated samples are three batches of CdSe NPLs with
thicknesses of L = 3, 4, and 5 monolayers (MLs) of CdSe and
an additional layer of Cd atoms, so that both sides of the NPLs
are Cd-terminated. In the following, these samples will be ac-
cordingly referred to as 3ML, 4ML, and 5ML. TEM images of the
samples are shown in Fig. S1. Parameters of the studied samples
are summarized in Table 1.

Room temperature PL and absorption spectra of the 4ML NPLs
are shown in Fig. 1a. In absorption spectra two peaks at 2.426 eV
and 2.583 eV, separated from each other by 157 meV, are related

Table 1 Parameters of CdSe nanoplatelets

Sample 3ML 4ML 5ML
Thickness L, monolayers 3 4 5
Thickness L, nm 0.9 1.2 1.5
Lateral dimensions, nm2 6×40 8×16 7×30
Emission wavelength (T = 300 K), nm 456 512 551
Emission photon energy (T = 300 K), eV 2.717 2.420 2.248
Emission photon energy (T = 4 K), eV 2.804 2.497 2.319
FWHM of exciton line (T = 300 K), meV 50 44 40
FWHM of exciton line (T = 4 K), meV 19.6 16.5 15
Shift between emission lines (T = 4 K), meV 30 20 18
Light-heavy hole splitting, meV 159 157 137

to excitons involving the heavy hole (hh) and light hole (lh), re-
spectively. The heavy-hole exciton has a narrow emission line at
room temperature with full width at half maximum (FWHM) of
44 meV and a rather small Stokes shift of 8 meV from the ab-
sorption line, which is typical for CdSe NPLs2,38. Representative
spectra for the 3ML and 5ML samples are given in Fig. S2 and the
corresponding parameters are listed in Table 1.

Figure 1b shows PL spectra of all studied samples at T = 4.2 K.
The spectra consist of two lines, with the high-energy one (X) at-
tributed to the exciton emission. The shift between these lines
varies from 18 to 30 meV (Table 1). The PL dynamics of the ex-
citon line measured at T = 4.2 K with an avalanche photodiode
(APD) (Experimental section) is shown in Fig. 1c. The decays ex-
hibit the bi-exponential behavior typical for excitons in colloidal
NCs, where the short decay is associated with bright exciton re-
combination and exciton relaxation from the bright to the dark
state, while the long decay is associated with the dark exciton
emission. Monoexponential fits of the long-term tails are shown
by the black lines, the corresponding decay times τL range from
46 to 82 ns (Table 2). In order to resolve the fast initial dynamics
in the time range 20−30 ps, a streak-camera detection was used
(Experimental section). These results for the 4ML and 5ML sam-
ples are shown in Fig. 1d together with exponential fits (the re-
sulting times τshort are given in Table 2), while the streak-camera
images are shown in Fig. S4. Thicker NPLs have a longer τshort,
the same trend was reported for spherical QDs39.

The origin of the low-energy line in the NPL emission spectra
at low temperatures (Fig. 1b) is still under debate.40–42 Among
the considered options are LO-phonon assisted exciton recombi-
nation,40 emission of charged excitons (trions)40 and that this
line arises from recombination of a ground exciton state.41 Sev-
eral experimental features of the studied CdSe NPLs are in favor
of the charged exciton origin of this low-energy line: (i) The low-
temperature absorption peak is close to the high-energy emission
line proving its assignment to the exciton ground state (Fig. S3).
(ii) The energy separation between PL lines changes with NPL
thickness and becomes larger than the 25 meV reported for the
LO phonon energies in CdSe NPLs.43,44 (Table 1) (iii) The re-
combination dynamics and its modification in external magnetic
field are very different for the two lines. As one can see in the
left panel of Fig. 2a, the exciton decay of the high-energy line
strongly changes in high magnetic fields of 24 T. Namely, its
fast decay component becomes considerably longer and the long
decay component shortens, which is a result of magnetic field
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Fig. 1 (a) Photoluminescence (red) and absorption (black) spectra of 4ML CdSe NPLs at room temperature. (b) PL spectra of 3ML, 4ML, and 5ML
samples at T = 4.2 K. Exciton peaks are marked by the arrows. (c) PL decays of 3ML (green), 4ML (red), and 5ML (blue) samples measured at
the exciton peaks with an APD. Black lines are single exponential fits with τL given in Table 2. (d) Normalized PL decays of 4ML (red symbols) and
5ML (blue symbols) samples recorded with a streak camera. Data for 4ML sample are shifted vertically for clarity. Temporal resolution is . 5 ps
(Experimental section). Black lines are single exponential fits with τshort given in Table 2.
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Fig. 2 (a) PL decays of 4ML sample measured at B = 0 (black) and 24 T (red). Left panel: at the exciton line the PL decay is affected by magnetic field:
the short component vanishes. Right panel: at the low-energy line the decay is not affected by magnetic field. (b) Intensity of σ− (blue) and σ+ (red)
circularly polarized PL and DCP (green) of 4ML sample in B = 3 T and T = 4.2 K.

mixing of the bright and dark exciton states.33,45 No effect of
the magnetic field is found for the dynamics of the low-energy
line (right panel of Fig. 2a), which is typical for charged exci-
tons with a bright ground state.45 (iv) Also the magnetic-field-
induced degree of circular polarization (DCP) of the PL is very
different for the emission of the high-energy and low-energy lines
(Fig. 2b) evidencing their different origins. The DCP is defined
as Pc = (I+− I−)/(I++ I−), where I+ and I− are the intensities
of the σ+ and σ− circularly polarized emission, respectively. It is
controlled by the Zeeman splitting of the exciton complexes and
by their spin relaxation dynamics.45 The detailed analysis of the
DCP goes beyond the scope of this paper and will be published
elsewhere. In this paper we focus on the properties of the high-
energy exciton emission line to investigate the fine structure of
the neutral exciton in CdSe NPLs.

2.1 Fluorescence line narrowing

FLN is a commonly used technique to study the band edge exciton
fine structure in colloidal NCs. It is technically demanding as it
requires lasers, which photon energy can be tuned to the exciton
resonances, and double or triple spectrometers with high suppres-
sion of the scattered laser light for measurements in the vicinity
of the laser photon energy. FLN is used to resolve spectral lines in
an inhomogeneously broadened ensemble by selective laser ex-
citation.28,32,35,46,47 Under resonant laser excitation within the
inhomogeneously broadened exciton line, a subensemble of NPLs
is selectively excited. This results in a strong narrowing of the
emission lines in the PL spectrum, as the laser line is in resonance
with the bright |±1〉 exciton state of only a small fraction of NPLs.
The injected excitons relax into the dark state |±2〉, where the ra-
diative recombination occurs. The Stokes shift between the laser
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Fig. 3 (a) Fluorescence line narrowing spectrum of 5ML sample for laser excitation at 2.3305 eV (red) and PL spectrum under non-resonant excitation
(black). Acoustic phonon replicas (AC) in the FLN spectrum associated with the bright and dark exciton states are marked by the blue arrows. (b)
Fluorescence line narrowing spectra of 3ML, 4ML, and 5ML samples at laser excitation energies of 2.8076, 2.5407, and 2.3305 eV, respectively.

photon energy and the dark exciton emission directly gives ∆EAF

if possible contributions by dangling bond magnetic polarons or
acoustic phonon polarons are absent35 and internal relaxation
between the exciton states can be neglected.

Figure 3a shows a PL spectrum of the 5ML sample under non-
resonant excitation (black) and an FLN spectrum under resonant
excitation at 2.3305 eV (red). In FLN experiment the broad ex-
citon emission line marked as X vanishes. Instead, the FLN spec-
trum consisting of several lines appears. We attribute the line
with the highest PL intensity to the zero-phonon line (ZPL). Its
Stokes shift from the laser photon energy gives ∆EAF = 3.2 meV.
We assign two side peaks in vicinity of the ZPL line to acoustic
phonon replicas of the dark and bright excitons. The results for
all samples are shown in Fig. 3b. The bright-dark exciton split-
ting, ∆EAF, varies from 3.2 meV in the 5ML NPLs to 4.8 meV in
the 3ML ones being about inversely proportional to the NPL thick-
ness L (Table 3).

2.2 Temperature-dependent time-resolved PL

The PL decays of the exciton lines, which are bi-exponential at
liquid helium temperature, change with increasing temperature
(Fig. 4a): in 4ML τL drastically shortens from 82 ns at 2.2 K to
0.36 ns at 70 K, and the short decay component decreases in
amplitude and vanishes for T > 30 K. The recombination rates
ΓL = τ

−1
L deduced from monoexponential fits to the long-term

tails for all samples are shown in Fig. 4b as functions of tempera-
ture. Within the three-level model illustrated in Fig. 4c (see Sup-
plementary Section S1 for more details), the recombination rate
of the dark exciton, ΓF, is assumed to be temperature indepen-
dent, and the acceleration of ΓL with temperature is determined
solely by the thermal population of the bright exciton state with
the recombination rate ΓA� ΓF. The short component of the PL
decay is determined by bright exciton recombination and exciton
relaxation from the upper lying bright to the dark state with a
rate γ0(1+NB), where γ0 is the zero temperature relaxation rate,
NB = 1/ [exp(∆EAF/kT )−1] is the Bose-Einstein phonon occupa-
tion (Fig. 4c). This process requires a spin-flip of either the elec-
tron or the hole spin in the exciton and γ0 is often referred to as
a spin-flip rate. γth = γ0NB is the thermal-activation rate for the

reversed process. Within the model, the rate equations for the
populations of the bright and dark exciton states, pA and pF, are:

d pA

dt
= − [ΓA + γ0(NB +1)] pA + γ0NB pF,

d pF

dt
= − [ΓF + γ0NB] pF + γ0(NB +1)pA. (1)

Assuming pA(t = 0) = pF(t = 0) = 0.5, the dependence of the de-
cay rates on temperature is deduced from the solutions of rate
equations (1):30

Γshort,L(T ) =
1
2

[
ΓA +ΓF + γ0 coth

(
∆EAF

2kT

)
±

±

√
(ΓA−ΓF + γ0)

2 + γ2
0 sinh−2

(
∆EAF

2kT

)]
.

(2)

Here the sign “+” before the square root corresponds to Γshort =

τ
−1
short and the sign “−” to ΓL.

At low temperatures, such that ∆EAF� kT , ΓL =ΓF and Γshort =

ΓA + γ0. Substituting γ0 by γ0 = Γshort(T = 2 K)−ΓA, we fit the
ΓL(T ) dependences in Fig. 4b with the equation (2) and obtain
the values of ∆EAF and ΓA. All evaluated parameters are given in
Table 2. The bright exciton recombination rates ΓA ∼ 10 ns−1 are
in good agreement with the reported ΓA = 3.6 and 5.5 ns−1 for
CdSe NPLs.27 Note, that ΓA in CdSe NPLs is about two orders of
magnitude faster than in CdSe spherical NCs.29,30,34,48

The zero-temperature relaxation rates are γ0 =

35.6 and 24 ns−1 for the 4ML and 5ML NPLs, respectively.
For the 3ML sample an estimate γ0 = 40 ns−1 was made assuming
that both τ

−1
short and γ0 increase in thinner NPLs.†

The ∆EAF values obtained from the fit for all studied NPLs are
plotted in Fig. 4d together with the FLN results vs the inverse
NPL thickness L−1. For reference we show also the value for bulk
wurzite CdSe (w-CdSe) by a closed circle: ∆Ew

AF = 0.13 meV.49,50

For all samples, FLN gives slightly smaller values, but the trend

†Since no data for τshort in 3ML is available, γ0 is estimated by extrapolating thickness
dependence.
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is the same. These measurements confirm our previous result for
CdSe NPLs with ∆EAF of a few meV.27 Remarkably, the values
from Table 2 are sufficient not only for characterizing the PL dy-
namics, but also for modeling the temperature evolution of the PL
spectra without any additional parameters (see Subsection 2.4).

Table 2 Fitting parameters from Figures 1c, 1d and 4b

Sample 3ML 4ML 5ML
τL (T = 4.2 K), ns 46 82 58
τshort (T = 2 K), ps –‡ 22 29
∆EAF, meV 6.0±0.5 5.0±0.5 3.3±0.5
ΓA, ns−1 10 10 10
ΓF, ns−1 0.022 0.012 0.017
γ0, ns−1 40‡ 35.6 24

2.3 Spectrally-resolved PL decay
To obtain more insight into the exciton emission of the NPLs, we
performed a thorough analysis of the spectrally-resolved PL de-
cay. Figure 5a shows the time-resolved PL at different spectral
energies (streak-camera-like data presentation) for the 4ML sam-
ple measured at T = 2.2 K (Experimental section).

After absorption of a non-resonant laser pulse and exciton en-
ergy relaxation, the bright and dark excitons are populated about
equally.29 However, due to its much larger oscillator strength only
the bright exciton contributes to the PL immediately after the
laser excitation. An example of a time-resolved spectrum at t = 0
is shown in Fig. 5b (upper panel, orange). The emission line max-
imum is shifted to higher energy (∼ 2.5025 eV) compared to the
time-integrated spectrum with the maximum at 2.498 eV (black
line). As the excitons relax towards thermal equilibrium, the
bright state becomes depopulated, and the emission maximum
shifts to lower energy. At a delay of t = 200 ns the emission comes
only from the dark exciton |F〉 state with the emission line max-
imum at ∼ 2.497 eV (blue line). Therefore, the bright-dark split-
ting can be directly obtained from comparing the spectra at t = 0
and t→∞. We obtain 5.5±0.5 meV for the 4ML and 4.0±0.5 meV
for the 5ML NPLs (Fig. S5). For comparison, the time-integrated

spectrum measured with a CCD is shown in the lower panel of
Fig. 5b. The magenta and cyan Gaussian lines show the time-
integrated contributions of the bright and dark excitons to the
emission, respectively (see Subsection 2.4).

2.4 Temperature dependence of PL spectra

To explore in more detail the scattering rate between the dark
and bright excitons and their splitting, γ0 and ∆EAF, respectively,
we analyzed the evolution of PL spectra with temperature for the
4ML (Fig. 6a) and the 5ML (Fig. S6) samples. At T = 2.2 K (upper
panel Fig. 6a) the non-equilibrium exciton population relaxes into
the lowest dark state and the maximum of the time-integrated
exciton emission is at ∼ 2.4975 eV. With increasing temperature
(middle and lower panels) the population of the bright exciton
state grows and the emission maximum shifts to higher energy.
This behavior is in agreement with experiments on single NCs.51

To simulate the interplay between the exciton states, we fit the
spectra with three Gaussian peaks centered at the energy posi-
tions corresponding to the bright exciton EA (magenta filling),
the dark exciton EF (cyan filling), and the low-energy peak ELE

(green line). The full width at half maximum (FWHM) was
kept fixed for all temperatures, and was 9.5, 10 and 13.3 meV
for the bright and dark exciton, and the low-energy peak, re-
spectively (best fit). The fitting curves for PL spectra in Fig. 6a
are shown by the red lines. The best fit for the 4ML sample is
achieved with EF = 2.4973 eV and EA = 2.5025 eV, which gives
∆EAF = EA−EF = 5.2 meV, in very good agreement with the re-
sults of temperature-dependent time-resolved measurements (Ta-
ble 2).

In addition to the energy splitting, the temperature dependence
of the PL spectra brings insight into the thermal population of the
bright and dark exciton states. Interestingly, within the three-
level model described above, the integral PL intensity ratio of the
dark to bright states, IF/IA, is directly linked to the bright-to-dark
spin-flip rate, γ0. Integrating the set of equations (1) and assum-
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ing pA(0) = pF(0) = 0.5, we obtain

IF

IA
=

ΓF

ΓA
· ΓA +2γ0(NB +1)

ΓF +2γ0NB
. (3)

Figure 6b shows the experimental temperature dependence of
the IF/IA ratio and its calculation according to equation (3) using
the parameters from Table 2. We stress, that good agreement is

achieved without using any fitting parameters.

3 Discussion

3.1 Bright-dark splitting

In two-dimensional CdSe NPLs the exciton binding energy was
estimated to amount 200–300 meV,26 i.e. in between the bulk
CdSe value of 10 meV and the 500–1000 meV measured in 1–2
nm diameter CdSe QDs (Ref. 52 and references therein). There-
fore, ∆EAF values of the order of several meV, i.e. between the
bulk (0.13 meV)49 and QD (∼ 20 meV)53 values are reasonable.
They are about an order of magnitude larger than typical values
in epitaxial II-VI QWs.54 All four optical methods used in this pa-
per provide consistent values of ∆EAF for the CdSe NPLs, which
are collected in Table 3.

We would like to note here that the variety of optical methods
presented in this paper can be further extended by application of
magnetic fields. One example of such experiment is presented
in Supplementary Section S4. This method exploits the differ-
ence in the degree of circular polarization (DCP) of the bright
and dark exciton emission in an external magnetic field due to
the different Zeeman splittings, which is controlled by their g-
factors. The DCP maximum indicates the position of the dark
exciton (Fig. S7a), while the PL maximum shifts with increasing
temperature from the dark to bright exciton position (Fig. S7b).
The energy difference between the DCP and PL maxima of about
5 meV at T > 10 K corresponds well with the ∆EAF values for the
4ML NPLs (Table 3).

3.2 Bright-dark splitting calculation within effective mass
approximation, accounting for dielectric confinement
effects

The origin of the bright-dark splitting ∆EAF in NPLs is the
electron-hole exchange interaction. Below we present calcula-
tions for ∆EAF obtained from consideration of the short-range ex-
change interaction. In the spherical approximation the exchange
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Table 3 ∆EAF values in meV measured by different optical methods

Sample 3ML 4ML 5ML
Fluorescence line narrowing 4.8±0.1 4.0±0.1 3.2±0.1
Temperature-dependent time-resolved PL 6.0±0.5 5.0±0.5 3.3±0.5
Spectrally-resolved PL decay − 5.5±0.5 4.0±0.5
Temperature dependence of PL spectra − 5.2±0.5 3.9±0.5

Hamiltonian can be written as:33

Hexch =−
2
3

εexchνδ (rrre− rrrh)(σσσ · JJJ), (4)

where εexch is the exchange constant, σσσ = (σx,σy,σz) is the Pauli
matrix, and JJJ = (Jx,Jy,Jz) is the matrix of the hole total angular
momentum J = 3/2. Here we use the unit cell volume ν = νc = a3

c
(with ac being the lattice constant) for cubic material and ν =

νw = a2
wcw
√

3/2 (with aw and cw being the lattice constants) for
wurtzite semiconductors.

In NPLs strong confinement of the carriers occurs only in one
direction so that exciton wavefunction can be written as:

Φ(rrre,rrrh) = Ψ(ρe−ρh)ψ(ze)ψ(zh), (5)

where Ψ(ρe − ρh) is the normalized wavefunction describing
the exciton relative motion in the plane of a nanoplatelet, ρe

and ρh are in-plane coordinates of electron and hole, respec-
tively. ψ(ze,h) = (2/L)1/2 sin(πze,h/L) is the wavefunction describ-
ing quantization of electron (hole) along the z direction in an
infinitely deep quantum well of thickness L. The splitting be-
tween bright and dark excitons calculated using the wavefunction
Φ(rrre,rrrh) and the Hamiltonian Hexch gives:

∆EAF = ∆exch|Ψ̃(0)|2/L̃, (6)

where L̃=L/a0 is the dimensionless NPL thickness, Ψ̃(0)=Ψ(0)a0

is the dimensionless in-plane wavefunction evaluated at ρe = ρh,
and ∆exch = εexchν/a3

0 is the renormalized exchange constant.
Here we use a0 = 1 nm as the length unit.

The value of the renormalized exchange constant ∆exch is re-
lated to the bright-dark exciton spitting in bulk semiconductors
as:33

∆
c
exch =

3π

8
∆Ec

AF

(
ac

ex
a0

)3
, (7)

∆
w
exch =

π

2
∆Ew

AF

(
aw

ex
a0

)3
, (8)

where aex is the bulk exciton Bohr radius, "c" and "w" superscripts
denote cubic and wurtzite material, respectively. This allows us
to determine ∆w

exch = 35.9 meV using the exciton splitting in w-
CdSe ∆Ew

AF = 0.13 meV from Refs.49,50 and the bulk exciton Bohr
radius in w-CdSe aw

ex = 5.6 nm33. As there is no experimental
data for ∆Ec

AF, we assume below that ∆c
exch = ∆w

exch = 35.9 meV.
The results of calculations for ∆Ec

AF with other possible choices of
contributing parameters are given in Supplementary Section S5.

To find |Ψ(0)|2 we performed effective mass calculations for the
exciton states following the approach from Refs. 55,56. This ap-
proach includes the electron-hole Coulomb interaction and single

particle potentials (Eqs. (5) and (3) from Ref. 55, respectively)
modified by the difference in dielectric constants between the
NPLs, εin, and the surrounding medium, εout. As electron and hole
are localized inside a relatively small volume of the nanoplatelet,
there arises a question: which dielectric constant εin should be
used for calculation of the Coulomb interaction between carri-
ers inside the nanoplatelet? This issue has been raised previ-
ously57,58 and concerns the number of resonances which give
contribution to the dielectric response of the medium. We did
the modeling for two values of εin which equal to: (i) the high
frequency dielectric constant of c-CdSe ε∞ = 6,26 which is rel-
evant for the case when the quantum confinement energies of
electron and hole are much larger than the energy of the opti-
cal phonon, and (ii) the background dielectric constant of CdSe
εb = 8.4, which takes into account the contribution from all crystal
excitations except the exciton.57 The value of the dielectric con-
stant of the surrounding medium can vary in wide range, depend-
ing on the ligands at the NPL surface, the solvent, the substrate
material on which the NPLs are deposited. Thus, we considered
values of εout ranging from 2, which is the case for randomly ori-
ented ligands in solution26,59 (strong dielectric contrast), to εin

(dielectric contrast is absent). Here we present results of calcula-
tions with εin = 8.4, εin = 6 and εout = 2. For the results of calcula-
tions with other values of dielectric constants see Supplementary
Section S5.

One can see from Fig. 7 that calculations with ∆c
exch = 35.9 meV

and with dielectric constants εin = 6, εout = 2 or εin = 8.4, εout = 2
are in good agreement with the experimental data. We note that
εin = 6 and εout = 2 also give a good agreement between the cal-
culated and experimental absorption spectra of the CdSe NPLs26.
It is difficult to determine the exact values of dielectric constants
εin, εout and renormalized exchange constant ∆c

exch in c-CdSe, as
experimental data can be fitted using the wide range of these pa-
rameters (Supplementary Section S5). However, all the parame-
terizations use reasonable set of fitting parameters εin, εout, ∆c

exch
and for all of them the calculation of ∆EAF based on the effective
mass approximation with accounting for dielectric confinement
effects agrees well with the experiment.

3.3 Zero-temperature bright to dark relaxation rate

We have shown by spectrally-resolved and time-resolved PL
(Fig. 5), that the bright excitons mostly contribute to the emis-
sion for t < 500 ps. Interestingly, even at a temperature as low
as 2.2 K the PL signal from the bright exciton recombination still
represents up to 10% of the overall signal, as can be seen from
the temperature dependence of PL spectra (Fig. 6). This is due to
the fact that, in contrast to spherical QDs where γ0� ΓA, in NPLs
γ0 ' 25−40 ns−1 is only three times larger than ΓA (Table 2). In
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small size QDs γ0 of the same order of magnitude (∼ 10 ns−1)
were reported.29. This points to a considerably enhanced oscil-
lator strength of the bright exciton in NPLs compared to QDs.
Indeed, according to the present paper, in NPLs the bright ex-
citon recombination rate ΓA = 10 ns−1, which is consistent with
our previous measurement (ΓA = 3.6 and 5.5 ns−1, Ref.27), and is
comparable with the one in epitaxial II-VI and III-V quantum wells
under nonresonant excitation.60,61 In colloidal QDs ΓA is about
two orders of magnitude smaller: 0.08229, 0.12548, 0.02534, and
0.1630 ns−1. On the other hand, in epitaxially grown CdS quan-
tum discs γ0 = 10 ns−1 and ΓA = 6 ns−1 have been reported.62

In this case, even large ∆EAF = 4 meV reported in these struc-
tures would not lead to prominent dark exciton emission, since
the bright exciton decay would be dominated by radiative recom-
bination rather then relaxation to the dark exciton. This raises the
question of the impact of γ0 onto emission properties of different
nanostructures.

4 Conclusions

In summary, we have measured the parameters characterizing the
band-edge excitons in CdSe nanoplatelets. We have used four op-
tical techniques to study the exciton fine structure in ensembles of
the nanoplatelets, in particular the bright-dark exciton splitting.
All techniques give consistent values for the bright-dark splitting
∆EAF ranging between 3.2 and 6.0 meV for the platelets thickness
decreasing from 5 to 3 monolayers. The splitting scales about
inversely with the platelet thickness. Theoretical calculations of
∆EAF based on the effective mass approximation with account-
ing for dielectric confinement effects were performed. Despite
of uncertainty of parameters and limited applicability of effec-
tive mass approximation for small-sized nanostructures, we find
a good agreement between experimental and calculated size de-
pendence of the bright-dark exciton splitting. The recombination
rates of the bright and dark excitons and the bright to dark re-
laxation rate have been measured by time-resolved techniques.
The recombination time of the bright excitons in nanoplatelets
of about 100 ps is considerably faster than in colloidal QDs. As
a result, in contrast to QDs with γ0 � ΓA, in CdSe nanoplatelets

γ0 ≥ ΓA, providing a different regime for the population of the
bright and dark exciton states. A variety of the optical methods
for measuring the bright-dark exciton splitting examined in this
paper for CdSe colloidal nanoplatelets can be readily used for the
whole family of colloidal nanostructures, which composition and
design is in tremendous progress nowadays.

Experimental section

Sample preparation

The CdSe NPLs were synthesized according to the protocol re-
ported in Ref. 3. They have a zinc-blend crystalline structure,
i.e. c-CdSe. Samples for optical experiments were prepared by
drop-casting of a concentrated NPL solution onto a quartz plate.

Optical measurements

The optical experiments at low temperatures were performed
on a set of different NPL ensemble samples. The NPL samples
were mounted in a titanium sample holder on top of a three-axis
piezo-positioner and placed in the variable temperature insert
(2.2− 70 K) of a liquid helium bath cryostat. For the measure-
ments in external magnetic fields up to 17 T we used a cryostat
equipped with a superconducting solenoid. For higher fields up to
24 T a cryostat was inserted in a 50 mm bore Florida-Bitter elec-
tromagnet at the High Field Magnet Laboratory in Nijmegen. All
optical experiments in magnetic fields were performed in Faraday
geometry (light excitation and detection parallel to the magnetic
field direction).

For nonresonant excitation measurements, the NPLs were ex-
cited using a pulsed diode laser (photon energy 3.06 eV, wave-
length 405 nm, pulse duration 50 ps, repetition rate between
0.8 and 5 MHz) with a weak average excitation power density
< 0.02 W/cm2. The PL detected in backscattering geometry was
filtered from the scattered laser light with a 0.55-m spectrometer
and detected either by a liquid-nitrogen-cooled charge-coupled-
device (CCD) camera or by an avalanche Si-photodiode. For
polarization-resolved measurements, PL was analyzed by a com-
bination of a quarter-wave plate and a linear polarizer. For the
absorption spectra measurements at T = 5 K the sample was illu-
minated by an incandescent lamp with a broad spectrum.

Time-resolved measurements with avalanche photodiode
(APD)

To measure long-lasting PL decays, we used an avalanche Si-
photodiode connected to a conventional time-correlated single-
photon counting setup (the instrumental response function is
∼ 100 ps).

Spectral dependence of PL decay

PL was filtered by a 0.55-m spectrometer equipped with a 2400
grooves/mm grating, slicing the spectra into bands that were
. 1 nm wide, and sent to an avalanche photodiode (APD). To
prove that the APD quantum yield was the same for each wave-
length range we compared the time-integrated PL spectrum with
the PL spectrum measured by a the CCD camera. To obtain the
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streak-camera-like image (Fig. 5a) the time-resolved PL measured
at different wavelengths was plotted across the energy in a two-
dimensional plot. To obtain time-resolved PL spectra the two-
dimensional data were integrated: for the spectrum at t = 0 from
−32 to 32 ps and for the spectrum at t = 200 ns from 195 to 205 ns.

Time-resolved measurements with a streak-camera
In order to measure the initial fast PL dynamics, the NPLs were
excited by a frequency-doubled mode-locked Ti-Sapphire laser
(photon energy 3.06 eV, wavelength 405 nm, pulse duration 2 ps,
repetition rate 76 MHz). Time-resolved PL spectra were recorded
by a streak-camera attached to a spectrometer, providing tem-
poral and spectral resolution of . 5 ps and . 1 nm. In these
experiments the samples were in contact with superfluid helium
providing a temperature of about 2 K.

Fluorescence line narrowing
For resonant excitation of the 5ML sample (Figure 3a) a
continuous-wave laser with photon energy 2.3305 eV (wave-
length 532 nm) was used. The signal was passed through a notch
filter to suppress the scattered laser light. The PL was dispersed
by a triple-grating Raman spectrometer (subtractive mode). The
resonant PL emission was dispersed by a 500 mm stage (1800
grooves/mm holographic grating) and detected by a liquid nitro-
gen cooled CCD.

For excitation of 3ML, 4ML and 5ML samples (Figure 3b),
we used the lines of Ar-ion (514.5 nm, 486.5 nm, 488 nm), He-
Cd (441.6 nm), and Nd:YAG (532 nm) lasers. The laser power
densities focused on the sample was not higher than 2 W/cm2.
The scattered light was analyzed by a Jobin-Yvon U1000 dou-
ble monochromator equipped with a cooled GaAs photomultiplier
and conventional photon counting electronics.
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Supplementary information:
Addressing the exciton fine structure in colloidal
nanocrystals: the case of CdSe nanoplatelets
Elena V. Shornikova, Louis Biadala, Dmitri R. Yakovlev, Victor F. Sapega, Yuri G. Kusrayev, Anatolie A. Mitioglu, Mariana V. Ballottin, Peter
C. M. Christianen, Vasilii V. Belykh, Mikhail V. Kochiev, Nikolai N. Sibeldin, Aleksandr A. Golovatenko, Anna V. Rodina, Nikolay A. Gippius,
Michel Nasilowski, Alexis Kuntzmann, Ye Jiang, Benoit Dubertret, and Manfred Bayer

S1. Band-edge exciton fine structure
It is well established theoretically and experimentally that in nanometer-sized colloidal semiconductor crystals the lowest eightfold
degenerate exciton energy level is split into five fine structure levels by the intrinsic crystal field (in hexagonal lattice structures),
the crystal shape asymmetry, and the electron-hole exchange interaction.33,63 These levels are separated from each other by so large
splitting energies, that at temperatures of a few Kelvin the photoluminescence (PL) arises from the two lowest exciton levels. In nearly
spherical CdSe wurtzite QDs29,31,32,34,48,64, as well as in zinc blende NPLs27, the ground exciton state has total spin projection on the
quantization axis J =±2 and is forbidden in the electric-dipole (ED) approximation.§ Therefore, it is usually referred to as a “dark” state,
|F〉. The upper lying “bright” state, |A〉, has J =±1L, and is ED allowed. The energy separation between these two levels ∆EAF = EA−EF

is usually of the order of several meV and is relatively large compared to epitaxially grown quantum wells and quantum dots. These
levels are schematically shown together with the relevant recombination and relaxation processes in Figure 4c.

Typically, the linewidth of ensemble PL spectra of colloidal nanocrystals is one-two orders of magnitude larger than the characteristic
∆EAF = 1−20 meV. There are two optical methods that are commonly used to measure ∆EAF in different NCs.

1. Temperature-dependent time-resolved PL
The exciton fine structure leads to an interplay between the upper lying bright |A〉 and the lower dark |F〉 states that is typical

for colloidal nanostructures. The recombination rates of these exciton states are ΓA and ΓF. The PL intensity in this case can be
written as I(t) = ηAΓA pA +ηFΓF pF, where ηA,F are the corresponding quantum efficiencies, and pA,F are the occupation numbers of
the corresponding levels. The relaxation rates between these levels are given by γ0 and γth, where γ0 is the zero-temperature relaxation
rate, and γth = γ0NB corresponds to the thermally-activated relaxation rate form the bright to the dark exciton state, where NB =

1/ [exp(∆EAF/kT )−1] is the Bose–Einstein phonon occupation. Assuming that γ0, ΓA and ΓF are temperature independent parameters,
the system dynamics can be described by the set of rate equations (1). The solutions of this system are:

pA = C1e−tΓshort +C2e−tΓL ,

pF = C3e−tΓshort +C4e−tΓL , (S1)

with Γshort = τ
−1
short and ΓL = τ

−1
L being the rates for the short-lasting and the long-lasting decays, respectively:

Γshort,L(T ) =
1
2

[
ΓA +ΓF + γ0 coth

(
∆EAF

2kT

)
±

√
(ΓA−ΓF + γ0)

2 + γ2
0 sinh−2

(
∆EAF

2kT

)]
, (S2)

Here the sign “+” in front of the square root corresponds to Γshort and the sign “−” to ΓL. For nonresonant excitation, after the laser
pulse absorption, both |A〉 and |F〉 levels are assumed to be populated equally with pA(t = 0) = pF(t = 0) = 0.5, which gives:

pA = C1e−tΓshort +(0.5−C1)e−tΓL ,

pF = C3e−tΓshort +(0.5−C3)e−tΓL . (S3)

Here C1 and C3 are temperature dependent parameters:

C1 =
γ0 +ΓA−ΓL

2(Γshort−ΓL)
,

C3 =
−γ0 +ΓF−ΓL

2(Γshort−ΓL)
. (S4)

The PL intensity is then described by:

I(t) = [ηAΓAC1 +ηFΓFC3]e−tΓshort +[ηAΓA(0.5−C1)+ηFΓF(0.5−C3)]e−tΓL . (S5)

§ In colloidal NCs, the exciton ground state is usually dark, with projection either ±2 or 0L, depending on the shape and/or crystal structure.
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This dependence represents a bi-exponential PL decay, as typically observed in colloidal NCs at cryogenic temperatures. Indeed, after
nonresonant photoexcitation and energy relaxation of excitons the bright and dark states at t = 0 are populated about equally, but only
the emission from the bright exciton is observed due to ΓA� ΓF. In the limit kT = 0, the excitons relax to the |F〉 state with a rate γ0.
These two processes, namely, recombination of the bright exciton and relaxation to the dark state, result in a fast initial drop of the
time-resolved PL with a rate Γshort = ΓA + γ0(1+2NB)≈ γ0(1+2NB). At longer delays, the |A〉 level is emptied, and the emission arises
from the |F〉 state with a rate ΓL = ΓF.

At a temperature of a few Kelvin, when ∆EAF � kT the time-resolved PL is also bi-exponential with the decay rates Γshort and ΓL

defined by equation (S2). When the temperature is increased, the short-lived (long-lived) component decelerates (accelerates). If
γ0� ΓA, at elevated temperatures corresponding to ∆EAF ≤ kT the decay turns into becoming mono-exponential with ΓL = (ΓA +ΓF)/2
(see Figure 4a).

The temperature dependence of the ΓL rate is therefore a powerful tool to measure the ∆EAF value. At a single dot level, it has been
shown that the energy splitting obtained by this method is in excellent agreement with the energy splitting directly measured from
the PL spectra and also with theoretical calculations.30 The analysis of the temperature dependence of the time-resolved PL decay is
routinely used to evaluate ∆EAF in NCs.27,31,34,48,64,65 However, this method is indirect and might be affected by thermal activation of
trap states,34,48 surface dangling bonds,35,36 as well as contributions from higher energy states.65

It is important to note, that typically in colloidal quantum dots γ0� ΓA so that the equations (2) can be simplified:29

Γshort = ΓA + γ0(1+2NB)≈ γ0(1+2NB),

ΓL(T ) =
ΓA +ΓF

2
− ΓA−ΓF

2
tanh

(
∆EAF

2kT

)
. (S6)

However, this simplification cannot be used in case of NPLs, where as we have shown in this paper ΓA can be comparable with γ0.
2. Fluorescence line narrowing
By exciting resonantly a small fraction of the NCs, the broadening due to the size distribution is drastically reduced and linewidths

down to 300 µeV can be measured28. However, this method neglects any internal relaxation between the exciton states.34 Moreover,
it was shown recently that the Stokes shift in bare core CdSe QDs can be also contributed by formation of dangling bond magnetic
polarons.35 The FLN technique, therefore, may overestimate ∆EAF.

S2. Sample characterization

Fig. S1 TEM images of (a) 3ML, (b) 4ML, (c) 5ML CdSe NPLs.
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Fig. S2 Emission (red) and absorption (black) spectra of (a) 5ML and (b) 3ML CdSe NPLs measured at T = 300 K.
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Fig. S3 Emission (red) and absorption (black) spectra of 5ML CdSe NPLs at T = 5 K. Exciton emission and absorption peaks are marked by arrows.
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S3. Supplementary data for 5ML sample
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S4. “Method No. 5”. Polarization-resolved PL spectra in magnetic fields
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Fig. S7 (a) PL spectra of 4ML sample at various temperatures measured at B = 1 T. Left scale: intensity of σ− (blue) and σ+ (red) circularly polarized
PL components. Right scale: degree of circular polarization. The spectral position of DCP maximum indicates the dark exciton energy EF and does not
shift with temperature (black dashed line). (b) Spectral position of the DCP maximum (blue) and PL maximum (green) versus temperature.

The circularly polarized emission in an external magnetic field can be also used for identification of the bright and dark excitons in
colloidal NPLs. This method exploits the difference in the Zeeman splittings of the bright and dark excitons, which is controlled by
their g-factors, gA

X and gF
X : ∆E(A,F)

Z (B) = g(A,F)
X µBBcosθ , where µB is the Bohr magneton and θ is the angle between the normal to the

NPL plane and the magnetic field. Then the degree of circular polarization of the emission gained by the different thermal occupation
of the exciton Zeeman sublevels is described by Pc(B) = [τ/(τ + τs)] tanh[∆EZ(B)/(2kT )]. Here τ is exciton lifetime and τs is exciton
spin relaxation time. The dark exciton state with angular momentum projection ±2 has g-factor gF

X = ge− 3gh.33,66 While the bright
exciton state with ±1 has g-factor gA

X =−(ge +3gh) for the case when the exchange interaction is smaller than the splitting between the
light-hole and heavy-hole states, which is valid for NPL. One can see, that the gF

X and gA
X can differ considerably. The difference depends

on ge and gh, which measurement for the studied NPLs goes beyond the scope of this paper.
A difference in g-factors has an immediate effect on the DCP by providing different values of Pc(B) for the dark and bright excitons

and different temperature dependences for them. This is confirmed by the experimental data in Fig. S7a, where the spectral dependence
of the DCP is shown at B = 1 T and various temperatures from 4.2 to 15 K. With increasing temperature the absolute value of DCP
decreases, but its maximum remains located at the spectral position of the dark exciton, while the PL maximum shifts with increasing
temperature from the dark to bright exciton position (Fig. S7b). The energy difference between the DCP and PL maxima of about 5 meV
at T > 10 K corresponds well with the ∆EAF values for the 4ML NPLs (Table 3).
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S5. Calculation of exciton parameters in c-CdSe NPL

In our calculations we consider only the contribution from the short-range exchange interaction to the bright-dark exciton splitting
∆EAF in c-CdSe NPLs. In spherical approximation it is described by:

Hexch =−
2
3

ε
c
excha3

cδ (rrre− rrrh)(σσσ · JJJ), (S7)

where εc
exch is the exchange constant, ac = 0.608 nm is the lattice constant of c-CdSe67, σσσ = (σx,σy,σz) is the Pauli matrix, and JJJ =

(Jx,Jy,Jz) is the matrix of the hole total angular momentum J = 3/2. We have found (see the main text) the resulting splitting as:

∆EAF = ∆exch|Ψ̃(0)|2/L̃, (S8)

where L̃ = L/a0 is the dimensionless NPL thickness, Ψ̃(0) = Ψ(0)a0 is the dimensionless in-plane wavefunction evaluated at ρe = ρh, and
∆exch = εexchν/a3

0 is the renormalized exchange constant. Here we use a0 = 1 nm as the length unit.
The influence of dielectric contrast on the in-plane wavefunction of exciton Ψ(0) is taken into account according to approach described

in Ref. [55]. The full Hamiltonian of the system includes potential Ue,h(ρ,ze,zh) which describes the Coulomb attraction between electron
and hole, the attraction of the electron to the hole image, and of the hole to the electron image. Potential Ue,h(ρ,ze,zh) depends on εout

and εin as follows:

Ue,h(ρ,ze,zh) =−
e2

εin

[
1√

ρ2 +(ze− zh)2
+

εin− εout

εin + εout

1√
ρ2 +(ze + zh)2

]
, (S9)

where ρ = ρe−ρh is the exciton in-plane motion coordinate, ze and zh are coordinates of electron and hole along the quantization axis.
Let us consider the results of the ∆EAF calculations, performed for different sets of dielectric constants of the nanoplatelet εin and the

surrounding media εout. We consider four different values of renormalized exchange constant ∆c
exch.
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Fig. S8 Dependence of ∆EAF on NPL thickness for: (a) ∆c
exch = 18.1 meV, εc

exch = 84 meV (b) ∆c
exch = 35.9 meV, εc

exch = 160 meV, (c) ∆c
exch = 71.9 meV,

εc
exch = 320 meV, and (d) ∆c

exch = 101.1 meV, εc
exch = 450 meV. Lines are calculations. Values of ∆EAF measured by FLN are shown by red crosses and

values from temperature-dependent time-resolved PL are shown by black open circles.

a. The straightforward way to determine ∆c
exch is based on the knowledge of the bright-dark splitting ∆Ec

AF in bulk c-CdSe (see Eq.7).
However, there is no available experimental data for ∆Ec

AF. The empirical expression for the bulk exchange splitting in zincblende
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semiconductors was obtained in Ref. [68] from linear fit of splitting values in InP, GaAs and InAs. According to Eq.12 from Ref. [68] we
find:

∆Ec
AF

(
ac

ex
a0

)3
= 15.4 meV. (S10)

It corresponds to the renormalized exchange constant ∆c
exch = 18.1 meV in c-CdSe, as well as in all other semiconductors with zincblende

structure. One can see that this choice of ∆c
exch gives calculated ∆EAF smaller than the experimental data at any εin and εout (Figure S8a).

b. The next approach is based on the assumption about equality of the renormalized exchange constants of c-CdSe and w-CdSe:
∆c

exch = ∆w
exch = 35.9 meV. This approach gives good agreement with the experimental results if we use εin varying from the high

frequency dielectric constant of c-CdSe ε∞ = 6 to the background dielectric constant of CdSe εb = 8.4, and the outside dielectric constant
εout = 2. The results of calculations with the same ∆c

exch and other sets of dielectric constants are presented in Fig. S8b.

c. Another approach is based on assumption about equality not of the renormalized exchange constants, but of the exchange
constants εexch in c-CdSe and w-CdSe: εc

exch = εw
exch = ∆w

excha0
3/νw = 320 meV. Here νw = a2

wcw
√

3/2 = 0.112 nm3 is the volume of
the w-CdSe unit cell,69 where aw = 0.43 nm and cw = 0.70 nm. Using the definition of c-CdSe unit cell from Refs. [70,71], we find
νc = a3

c = 0.224 nm3 ≈ 2νw, where ac = 0.608 nm according to Ref. [67], and ∆c
exch = 2∆w

exch = 71.9 meV. The choices εin = 8.4 and εout = 4
fit the experimental data (Fig. S8c). Note, that the value of ∆c

exch = 35.9 meV in the case b corresonds to the εc
exch = ∆c

excha3
0/νc = 160meV .

d. The last approach is also based on assumption about equality of the exchange constants εc
exch = εw

exch with the use of εw
exch = 450 meV

from Ref. [33]. It gives us ∆c
exch = εc

exchνc/a0
3 = 101.1 meV. The calculated ∆EAF is larger than the experimental data for any choice of

εin and εout, except of the not very realistic case without a dielectric contrast: εin = εout = 8.4 (Figure S8d).

While we can exclude the cases without dielectric confinement, when εin = εout, and the cases with ∆c
exch < 35.9 meV, there are still a

wide range of suitable parameterizations between those used in Figs. S8 b,c. Independent determination of the renormalized exchange
constant ∆c

exch, or dielectric constants εin, εout would allow one to narrow down the number of parameterizations. However, all these
parameterizations use reasonable values of εin, εout, ∆c

exch and allow us to describe dependence of bright-dark exciton splitting in c-CdSe
NPLs as a result of short-range exchange interaction between electron and hole within the effective mass approximation approach.
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