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Influence of a slow moving vehicle on traffic:

Well-posedness and approximation for a mildly nonlocal

model

Abraham Sylla*

Institut Denis Poisson, CNRS UMR 7013, Université de Tours, Uniwversité d’Orléans
Parc de Grandmont, 37200 Tours cedex, France

Abstract
In this paper, we propose a macroscopic model that describes the influence of a slow moving

large vehicle on road traffic. The model consists of a scalar conservation law with a nonlocal
constraint on the flux. The constraint level depends on the trajectory of the slower vehicle which
is given by an ODE depending on the downstream traffic density. After proving well-posedness,
we first build a finite volume scheme and prove its convergence, and then investigate numerically
this model by performing a series of tests. In particular, the link with the limit local problem
of [M. L. Delle Monache and P. Goatin, J. Differ. FEqu. 257 (2014), 4015-4029] is explored
numerically.
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1 INTRODUCTION

1 Introduction

Delle Monache and Goatin developed in [20] a macroscopic model aiming at describing the situation
in which a slow moving large vehicle — a bus for instance — reduces the road capacity and thus
generates a moving bottleneck for the surrounding traffic low. Their model is given by a Cauchy
problem for Lightwill-Whitham-Richards scalar conservation law in one space dimension with local
point constraint. The constraint is prescribed along the slow vehicle trajectory (y(t),t), the un-
known y being coupled to the unknown p of the constrained LWR equation. Point constraints were
introduced in [19, 17] to account for localized in space phenomena that may occur at exits and which
act as obstacles. The constraint in the model of [20] depends upon the slow vehicle speed g, where
its position y verifies the following ODE

§(t) =w (p(y()", 1)) - (A)

Above, p = p(z,t) € [0, R] is the traffic density and w : [0, R] — R™ is a nonincreasing Lipschitz
continuous function which links the traffic density to the slow vehicle velocity. Delle Monache and
Goatin proved an existence result for their model in [20] with a wave-front tracking approach in
the BV framework. Adjustments to the result were recently brought by Liard and Piccoli in [28].
Despite the step forward made in [21], the uniqueness issue remained open for a time. Indeed, the
appearance of the trace p(y(t)*,t) makes it fairly difficult to get a Lipschitz continuous dependency
of the trajectory y = y(t) from the solution p = p(x,t). Nonetheless, a highly nontrivial uniqueness
result was achieved by Liard and Piccoli in [27]. To describe the influence of a single vehicle on the
traffic flow, the authors of [26] proposed a PDE-ODE coupled model without constraint on the flux
for which they proposed in [9] two convergent schemes. In the present paper, we consider a modified
model where the point constraint becomes nonlocal, making the velocity of the slow vehicle depend
on the mean density evaluated in a small vicinity ahead the driver. More precisely, instead of A, we
consider the relation

0 = [ ple+u0.0u0)a0). ()

where 1 € BV(R;R") is a weight function used to average the density. From the mathematical
point of view, this choice makes the study of the new model easier. Indeed, the authors of [5, 3, 4] put
forward techniques for full well-posedness analysis of similar models with nonlocal point constraints.
From the modeling point of view, considering B makes sense for several reasons outlined in Section
3.5.

The paper is organized as follows. Sections 2 and 3 are devoted to the proof of the well-posedness of
the model. In Section 4 we introduce the numerical finite volume scheme and prove its convergence.
An important step of the reasoning is to prove a BV regularity for the approximate solutions. It
serves both in the existence proof and it is central in the uniqueness argument. In that optic, the
appendix is essential. Indeed, it is devoted to the proof of a BV regularity for entropy solutions
to a large class of limited flux models. Let us stress that we highlight the interest of the BVigc
discrete compactness technique of Towers [32] in the context of general discontinuous-flux problems.
In the numerical section 5, first we perform numerical simulations to validate our model. Then we
investigate both qualitatively and quantitatively the proximity between our model — in which we
considered B — as 6 — pg+ and the model of [20] in which the authors considered A.
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2 MODEL, NOTION OF SOLUTION AND UNIQUENESS

2 Model, notion of solution and uniqueness

2.1 Model in the bus frame

Note that we find it convenient to study the problem in the bus frame, which means setting X =
x — y(t) in the model of Delle Monache and Goatin in [20]. Keeping in mind what we said above
about the nonlocal constraint, the problem we consider takes the following form:

( Op+ 05 (F(y(t),p) =0 R x (0,T)
p(x,0) = po(x + yo) z€R
F@(t), p)ly—o < Qy(1)) te(0,7) (2.1)
i = ([ sautas)  reo.
y(O) = Yo-

Above, p = p(z,t) denotes the traffic density, of which maximum attainable value is R > 0, and

denotes the normal flux through the curve z = y(t). We assume that the flux function f : [0, R] — R
is Lipschitz continuous and bell-shaped, which are commonly used assumptions in traffic dynamics:

F(p) 20, £(0) = f(R) =0, A7 € (0.R), f'(p)(5—p)>0forac.pe(0,R).  (22)

B 2

In [20], the authors chose the function Q(s) = a TS to prescribe the maximal flow allowed

through a bottleneck located at x = 0. The parameter o € (0,1) was giving the reduction rate of
the road capacity due to the presence of the slow vehicle. We use the s variable to stress that the
value of the constraint is a function of the speed of the slow vehicle. In the sequel the s variable will
refer to quantities related to the slow vehicle velocity. Regarding the function @, we can allow for
more general choices. Specifically,

Q: [0, [lw]Lee] = RT

can be any Lipschitz continuous function. It is a well known fact that in general, the total variation of
an entropy solution to a constraint Cauchy problem may increase (see [17, Section 2] for an example).
However, this increase can be controlled if the constraint level does not reach the maximum level.
A mild assumption on @ — see Assumption (3.7) below — will guarantee availability of BV bounds,
provided we suppose that

po € LY(R; [0, R])) NBV(R).

2.2 Notion of solution
Throughout the paper, we denote by
®(a,b) =sign(a — b)(f(a) — f(b)) and q)y(t)(a, b) = ®(a,b) — y(t)|a — b|

the entropy fluxes associated with the Kruzkov entropy p — |p — k|, for all K € [0, R], see [25].
Following [20, 17, 6, 15], we give the following definition of solution for Problem (2.1).
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2 MODEL, NOTION OF SOLUTION AND UNIQUENESS

Definition 2.1. A couple (p,y) with p € L®(R x (0,T)) and y € W1°((0,T)) is an admissible
weak solution to (2.1) if

(i) the following regularity is fulfilled:
p € C([0,T]; Lioc(R)); (2.3)

(ii) for all test functions p € C(R x RT), ¢ > 0 and & € [0, R], the following entropy inequalities
are verified for all 0 < 7 < 7/ < T*:

|p — E[Owp + @4ty (p, k) Onpdzdt + [ [p(z, 7) — Klp(z, ) dz
R R
- /R (2, 7") — &lp(z, ') do + 2/ Ry (r,q(t))e(0,t) dt > 0,

where
Ry (k,q(t)) = F(y(t), k) —min{F(y(t),x),q(t)} and q(t) =Qy(t));

) =
(iii) for all test functions ¢ € C*°([0,77]), > 0 and some given ¢ € C°°( ) which verifies ¢(0) = 1,
the following weak constraint inequalities are verified for all 0 < 7 < 7/ < T*:

/ / pO1(0) + F(3(1), p)0n(ipi6) it — / ol 7)) (r) dz
R* (2.5)

v [ ot et ae < [ g a

(iv) the following weak ODE formulation is verified for all ¢ € [0, T:

v =w+ | P ([ st omtoas) as (26)

Definition 2.2. We will call BV-regular solution any admissible weak solution (p, y) to the Problem
(2.1) which also verifies

p € L=((0,T); BV(R)).

Remark 2.1. It is more usual to formulate (2.4) with ¢ € C°(R x [0,7)), 7 = 0 and 7/ = T. The
equivalence between the two formulations is due to the regularity (2.3).

Remark 2.2. As it happens, the time-continuity regularity (2.3) is actually a consequence of in-
equalities (2.4). Indeed, we will use the result [12, Theorem 1.2] which states that if € is an open
subset of R and if for all test functions ¢ € CX(2 x [0,7)), > 0 and x € [0, R], p satisfies the
following entropy inequalities:

T
/ / lp — K|Owp + Py (p, £)Orp dz dt +/ |po(z) — klp(z,0)dx > 0,
0o Jo Q

then p € C([0,T]; Liy.(©)). Moreover, since p is bounded and Q\Q has a Lebesgue measure 0,

p € C([0,T};Li (Q)). We will use this remark several times in the sequel of the paper, with
Q=R".
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2 MODEL, NOTION OF SOLUTION AND UNIQUENESS

Remark 2.3. Any admissible weak solution (p,y) to Problem (2.1) is also a distributional solution
to the conservation law in (2.1). Therefore, inequalities (2.5) imply the following ones for all 0 <
T<7<T:

[ [ rotow)+ P00 00 dedt+ [ o pla)itr) do

7_/

- [ e [ awut dr,

T

where ¢ and 9 are such as described in Definition 2.1 (iii).

The interest of weak formulations (2.5)-(2.6) for the flux constraint and for the ODE governing the
slow vehicle lies in their stability with respect to p. Formulation (2.4) — (2.6) is well suited for
passage to the limit of a.e. convergent sequences of exact or approximate solutions.

2.3 Uniqueness of the BV-regular solution

In this section, we prove stability with respect to the initial data and uniqueness for BV-regular
solutions to Problem (2.1). We start with the

Lemma 2.3. If (p,y) is an admissible weak solution to Problem (2.1), then y € W5h%°((0,T)). In
particular, y € BV([0,T7]).

Proof. Denote for all ¢t € [0, 7],

st = ([ plo.tmtoa).

Since p € LY(R) N L*®(R) and p € C([0,T);Li,.(R)), s is continuous on [0,7]. By definition, y

loc

satisfies the weak ODE formulation (2.6). Consequently, for a.e. t € (0,7), y(t) = s(t). We are
going to prove that s is Lipschitz continuous on [0, T], which will ensure that ¢ € W1°°((0,7)).
Since p € BV (R), there exists a sequence (jn)neny C BV(R) N C(R) such that:

I —plles = 0 and TV(ua) —— TV(n).

n—-+o00

Introduce for all n € N and ¢ € [0, 7], the function

£alt) = /R ol )pin () .

Fix ¢ € C((0,T)). Since p is a distributional solution to the conservation law in (2.1), we have
for all n € N,

/OTgn(t)z/}(t) dt—/OT/Rpat(Wn)da;dt
. /O ' [ U020 )
T

-/ ( [ F 0. o) dx> By,

which means that for all n € N, &, is differentiable in the weak sense, and that for a.e. ¢t € (0,7,

€alt) = /R F((t), iy (x) d.
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2 MODEL, NOTION OF SOLUTION AND UNIQUENESS

In particular, since both the sequences (||pn|/11)n and (TV (uy))s are bounded — say by C > 0 — we
also have for all n € N,

lénlle < RO and  [lnllr < C(If[lL= + [|wllL=R).

Therefore, the sequence (£,), is bounded in WH*°((0,T)). Now, for all t,7 € [0,7] and n € N,
triangle inequality yields:

[5(t) = s(7)] < 2wl Rllpn — pellus + [l |lLee

/ (Pl 1) — plae, ) pn(2) da
R

= 2[[w[lLee Rllpin — prllns + [[w'[[Loe[€n (t) — &n(T)]
< 2|0 |l Rllpm — plips + Cllw'lluoe (1f l[uee + l|wllneR) [t = 71.
K

Letting n — +o0, we get that for all ¢,7 € [0,T7], |s(t) — s(7)| < K|t — 7|, which proves that s is
Lipschitz continuous on [0,7]. The proof of the statement is completed. O

Before stating the uniqueness result, we make the following additional assumption:

Vs € [0, [|w|lLe], argmax F(s,p) > 0. (2.7)
p€[0,R]

This ensures that for all s € [0, ||w|lLe<], the function F(s,-) verifies the bell-shaped assumptions
(A.2). For example, when considering the flux f(p) = p(R — p), (2.7) reduces to ||w|r~ < R, which
only means that the maximum velocity of the slow vehicle is lesser than the maximum velocity of
the cars.

Theorem 2.4. Suppose that f satisfies (2.2) and (2.7). Fiz p}, p3 € L*(R;[0, R]) N BV(R) and
ys,y2 € R. We denote by (p',y') a BV-regular solution to Problem (2.1) corresponding to initial
data (p,y3), and by (p%,y*) an admissible weak solution with initial data (p3,y2). Then there exist
constants «, B,y > 0 such that

for ace. t € (0,7), o' () — 2Ols < (1w — ATV + llob - pllis) explat)  (28)
and
vt € (0,70, |y' (1) — > ()] < lyo — w5l + (Blyg — u3| +Vllp6 — p3llLi) (exp(at) — 1). (2.9)
In particular, Problem (2.1) admits at most one BV -reqular solution.
Proof. Since (p',y') is a BV-regular solution to Problem (2.1), there exists C' > 0 such that
vt € [0,T], TV(p'(t)) < C.

Lemma 2.3 ensures that ¢!, 92 € BV([0,T];R"). We can use result (A.3) to obtain that for a.e.
te (0,T),

t
lp" () =p*®)llLr < lyo—45ITV (06)+llp5—r5 |+ (2]1Q L= + 2R + C)/O |9 (s) =9 (s)] ds . (2.10)
Moreover, since for a.e. t € (0,T),

') = 2 (O)] < o e llluello" () = p*(B) L1,
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2 MODEL, NOTION OF SOLUTION AND UNIQUENESS

Gronwall’s lemma yields (2.8) with a = (2/|Q'||L~ + 2R + C) ||w'||Le<||gt||Lee. Then for all ¢ € [0,T],

WA (8) — g2 (0)] < [ — o2+ / 9'(s) — 9(s)] ds

t
< b — 93] + [ oo el loe / 10 (s) — p2(5) s ds

<lys — vl + (Blys — v5| + vllp6 — Plln) (exp(at) — 1),

where .
TV 1
B = (Po) and v = .
2|Q |l +2R+C 2|Q"||lL~ +2R+C
The uniqueness of a BV-regular solution is then clear. O

Remark 2.4. Up to inequality (2.10), our proof was very much following the one of [21, Theorem
2.1]. However, the authors of [21] faced an issue to derive a Lipschitz stability estimate between the
car densities and the slow vehicle velocities starting from

jw (p'(0+,1)) — w (P*(0+, 1)) |-

For us, due to the nonlocality of our problem, it was straightforward to obtain the bound

]w ([ e tutean) —o ([ #o (o) ae)

Remark 2.5. A noteworthy consequence of Theorem 2.4 is that existence of a BV-regular solution
will ensure uniqueness of an admissible weak one.

< w'l[wee [l 1o (o t) = P2 (1)Lt
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3 TWO EXISTENCE RESULTS

3 Two existence results

3.1 Time-splitting technique

In |20], to prove existence for their problem, the authors took a wave-front tracking approach. We
choose here to use a time-splitting technique. The main advantage of this technique is that it relies
on a ready-to-use theory. More precisely, at each time step, we will deal with exact solutions to a
conservation law with a flux constraint, which have now become standard, see [17, 6, 15].

Fix pg € LY(R; [0, R]) and yo € R. Let § > 0 be a time step, N € N such that T € [N6, (N + 1)6)
and denote for all n € {0,..., N + 1}, t" = nd. We initialize with

vt € R, p°(t) = po(- +y0) and Ve [0,T], y°(t) = yo.
Fix n € {1,..., N + 1}. First, we define for all ¢t € ("1 ¢"],

o (t) = w </R ot — 8)u(x) dac) §m = o™ (") and ¢" = Q(s").

Since both ¢™ and p"~(-,#"~!) are bounded, [6, Theorem 2.11] ensures the existence and uniqueness
of a solution p™ € L*®(R x [t"~1,t"]) to

dip + 9y (F(s™,p)) =0 R x ("1, ")
p(x, t" ) = p(z, ") reR
F(s",p)|peg < " te (@i,

in the sense that p" satisfies entropy/constraint inequalities analogous to (2.4)-(2.5) with suitable
flux/constraint function and initial data, see Definition A.1. Taking also into account Remark 2.2,
p" € C([t" 1, t"]; LL (R)). We then define the following functions:

loc

N+1
o ps(t) = p"Lg-(t) + D> p"(t)Lpn—1 n)(t)

n=1

o 05(t),qs5(t),s5(t) = a™(t),q", s" if t € (t" 1, "]

. yé(t)=y0+/0 os(u) du.

First, let us prove that (ps,ys) solves an approximate version of Problem (2.1).

Proposition 3.1. The couple (ps,ys) is an admissible weak solution to

Orps + Oz (F(s6(t), ps)) =0 R x (0,7)

ps(x,0) = po(z + yo) z€R

F(s5(t), p6)| g0 < a5(t) t<(0,T) (3.1)
i) = [ otet = Du)ar) e 1)

y5(0) = o,

in the sense that ps € C([0,T);Li,.(R)) and satisfies entropy/constraint inequalities analogous to

(2.4)-(2.5) with flur F(ss(-),-), constraint qs, and initial data po(- + yo); and ys satisfies, instead of
(2.6), the following weak ODE formulation:

Vi € 0,T], ya(t) = yo+/0tw ([ pstars = Dty ae ) as.
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3 TWO EXISTENCE RESULTS

Proof. By construction, for alln € {1,...,N+1}, p" € C([t""!,¢"}; L{,.(R)). Combining this with
the "stop-and-restart" conditions p™ (-, t" 1) = p"~1(-,#"~1), one ensures that ps; € C([0, T); LL .(R)).
Let t € [0,T] and n € {1,..., N + 1} such that ¢t € [t"~1,#"). Then,

) — Yo = Z/t ds—i—/tt o"(s)ds

n—1

t
= / Y, s — ) p(x)de | ds + / w / p" N, s —6) p(x)da | ds
tk %/—’ tn—1 RN———
ps(xz,5—0) ps(z,5—9)

:/Otw (/Rp(;(a:,s—(S)u(:L‘) d:c) ds,

which proves that gs solves the ODE in (3.1) in the weak sense. Fix now ¢ € C(R x R*),p >0
and x € [0, R]. By construction of the sequence ((p*,4*))x, we have for all n,m € {0,...,N + 1},

(3.2)

tm
/ / |ps — K|Owp + Puy1)(pss 1) Opp d di
tn

Z/ /ka—ﬂ|8t¢+¢sk(pk7ﬂ)3xsodwdt
th R

k=n+1

tk

> / 10 (2, %) — wlio(a, ) d / P D)l de —2 [ R(mgF)(0,1) db

th—1
k= n+1 pk—1 xtk 1y

tm

= [ 1ot t™) = wlola ey do = [ lpstet") = sl ") do =2 [ Ry (st o(0. ).

tn

It is then straightforward to prove that for all 0 <7 <7/ < T,

[ [105 = Hl0wp + @05, 0s dod s | [ps(o.m) = rlipla,) da
T R R (33)

= [t = st 7y o +2 [ R (s, as()(0,8) e > 0,

Proving that ps satisfies constraint inequalities is very similar so we omit the details. One has to
start from

a /T /R+ P50 (p) + F(s5(t), ps) 0 (pyp) dudt

and make use once again of the construction of the sequence ((p¥,4"*))x to obtain

/ / 050k () + F(s5(t), p5)Dalip0) dadt — / pa(, T)p()(r) da
R* (3.4)

+ [ osta ol da < / as(y(t)dt

T

This concludes the proof. O
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3 TWO EXISTENCE RESULTS

Remark 3.1. Remark that we have for all § > 0,
losllee < [[wllLee  and [[ysllLee < [yol + Tjw]|Le.

This means that the sequence (ys)s is bounded in W1°((0,7T)). Then the compact embedding of
WL((0,T)) in C([0,T]) yields a subsequence of (ys)s, which we do not relabel, which converges
uniformly on [0, 7] to some y € C([0,T]).

At this point, we propose two ways to obtain compactness for the sequence (ps)s, which will lead to
two existence results.
3.2 The case of a nondegenerately nonlinear flux

Theorem 3.2. Fiz pg € L'(R;[0; R]) and yo € R. Suppose that f is Lipschitz continuous, satisfies
(2.2)-(2.7) and the following nondegeneracy assumption

for a.e. s € (0, |w|lL=), mes{p € [0,R] | f'(p) —s=0}=0. (3.5)
Then Problem (2.1) admits at least one admissible weak solution.
Proof. Condition (3.5) combined with the obvious uniform L* bound
V6 >0, V(z,t) e R x [0,T], ps(x,t) € [0, R,

and the results proved by Panov in [30, 31| ensure the existence of a subsequence — which we
do not relabel — that converges in L _(R* x (0,7)) to some p € Li_(R* x (0,T)); and a further
extraction yields the almost everywhere convergence on R x (0,7") and also the fact that p € L*(R x
(0,7); 10, R]). We now show that the couple (p,y) constructed above is an admissible weak solution

to (2.1) in the sense of Definition 2.1.
For all 6 > 0 and t € [0, 77,

us(0) — 1o :/Otw (/R ps( 5 — O)u(x) dx) ds
:/Z_éw (/R ps(, 8)p(x) dx) ds
= [w([ostmsmrar)as+ ([ = [ Yo ([ ostosiutarar) as.

The last term vanishes as 6 — 0 since w is bounded. Then, Lebesgue theorem combined with the
continuity of w gives, for all ¢t € [0, T,

ys(t) oo Yot /Otw (/R p(z, s)p(x) da:) ds.

This last quantity is also equal to y(¢) due to the uniform convergence of (ys)s to y. This proves
that y verifies (2.6). Now, we aim at passing to the limit in (3.3) and (3.4). With this in mind,
we prove the a.e. convergence of the sequence (oj)s towards ¢. Since u € BV (R), there exists a
sequence of smooth functions (pn)neny C BV(R) N CP(R) such that:

|\, — 1]t n_)—+>000 and TV (u,) — TV(u).

n—-+0o
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3 TWO EXISTENCE RESULTS

Introduce for every § > 0 and n € N, the function
& (t) = /R,Oa(%t)un(:zr) dx .

Since for all 6 > 0, ps is a distributional solution to the conservation law in (3.1), one can show —
following the proof of Lemma 2.3 for instance — that for every n € N, £& € WH°((0,7)), and that
for a.e. t € (0,7),

£n(t) = /R F(ss(t), po)it () da.

Moreover, since both the sequences (||itn|/r1),, and (T'V(un))n are bounded, it is clear that (£§),

is uniformly bounded in W((0,T)), therefore so is (w(£}'));,,- Consequently, for all n € N, § > 0
and almost every ¢t € (0,7T), triangle inequality yields:

o5(t) — w ( | ptauta) dx) \ < 2 Rl — s + 6 sup. o) s =

+ [|o oo

[ (os(a.t) = plar )nta) da| — .
R —

n—-+oo

which proves that (os)s converges a.e. on (0,7) to y. To prove the time-continuity regularity,
we first apply inequality (3.3) with 7 = 0, 7/ = T (which is licit since pg is continuous in time),
p € CP(R* x[0,7)),¢ >0 and k € [0, R]:

T
/ / lps — K|Owp + Poy (1) (Ps, k) Oztp dadt + / lpo(x + yo) — K|e(x,0)dz > 0.
0 R R

Then, we let 6 — 0 to get

T
| 1o =rlowe+ @0 (pmioupdzat+ [ Imia+ ) - rle(a,0) do > 0.
0

Consequently, p € C([0,7]; Li,.(R)), see Remark 2.2. Finally, the a.e. convergences of (0s)s and
(ps)s to y and p, respectively, are enough to pass to the limit in (3.3). This ensures that for all
test functions ¢ € CX(R x RT), ¢ > 0 and x € [0, R], the following inequalities hold for a.e.

0<7<7<T:

|p = K[Owp + P4ty (p, £)Onp dadt + [ [p(z,7) — Klp(z,T) dz
R R
- /]R |p(.Z', T/) - 5‘90(377 T/) dz + 2/ Ry(t) (Ka q<t))80(07 t) dt > 0.

Observe that the expression in the left-hand side of the previous inequality is a continuous function
of (7,7') which is almost everywhere greater than the continuous function 0. By continuity, this
expression is everywhere greater than 0, which proves that p satisfies the entropy inequalities (2.4).
Using similar arguments, we show that p satisfies the constraint inequalities (2.5). This proves the
couple (p,y) is an admissible weak solution to Problem (2.1), and this concludes the proof. O
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3 TWO EXISTENCE RESULTS

In this section, we proved an existence result for L™ initial data, but we have no guarantee of
uniqueness since @ priori we have no information regarding the BV regularity of such solutions.
Assumption (3.5) ensures the compactness for sequences of entropy solutions to conservation laws
with flux function F'. However, it prevents us from using flux functions with linear parts — which
corresponds to constant traffic velocity for small densities — whereas such fundamental diagrams are
often used in traffic modeling. The results of the next section will extend to this interesting case,
under the extra BV assumption on the data.

3.3 Well-posedness for BV data

To obtain compactness for (ps)s, an alternative to the setting of Section 3.2 is to derive uniform BV
bounds.

Theorem 3.3. Fiz pg € L1(R;[0, R))NBV(R) and yo € R. Suppose that f satisfies (2.2) and (2.7).
Suppose also that

Vs € [0, [wllLe], F(s,-) € CH([0, R\{7,}), (3.6)
where py = argmax F(s, p). Finally assume that Q satisfies the condition
p€[0,R]
Je > Oa Vs € [07 ||w||L°°]a Q(S) < max F(Svp) —¢&. (37)
p€[0,R]

Then Problem (2.1) admits a unique admissible weak solution, which is also
BV -regular.

Proof. Fix 6 > 0. Recall that (ps,ys) is an admissible weak solution to (3.1). In particular, ps is
an admissible weak solution to the constrained conservation law in (3.1), in the sense of Definition
A.1. It is clear from the splitting construction that for a.e. t € (0,7),

os(t) = [ ot = ohute) az).

Following the steps of the proof of Lemma 2.3, we can show that for all § > 0, o5 € BV([0, T]; R™).
Even more than that, by doing so we show that the sequence (T'V(os))s is bounded. Therefore,
the sequence (T'V(ss))s is bounded as well. Moreover, since @ verifies (3.7), all the hypotheses of
Corollary A.7 are fulfilled. Combining this with Remark A.3, we get the existence of a constant

C¢ = C?(||0sF||L) such that for all ¢ € [0,T],

TV (ps(t)) < TV(po) + 4R+ C° (TV(gs5) + TV(ss))

< TV(po) + 4R+ C(1 + Q=) TV (s5). 35

Consequently for all ¢ € [0,7], the sequence (ps(t))s is bounded in BV(R). A classical analysis
argument — see [24, Theorem A.8| — ensures the existence of p € C([0,T]; Li,.(R)) such that

Wt € [0, 7], ps(t) > plt) in Lige(R).

With this convergence, we can follow the proof of Theorem 3.2 to show that (p,y) is an admissible
weak solution to (2.1). Then, when passing to the limit in (3.8), the lower semi-continuity of the
BV semi-norm ensures that (p,y) is also BV-regular. By Remark 2.5, it ensures uniqueness and
concludes the proof. O

Page 11



3 TWO EXISTENCE RESULTS

3.4 Stability with respect to the weight function

To end this section, we now study the stability of Problem (2.1) with respect to the weight function
. More precisely, let (,L/) , CBV(R; R™) be a sequence of weight functions that converges to u in
the weak L' sense:
v e L*®), [ '@ de — [ glouta)do. (3.9)
R L—~+00 R
Let (y5)¢ C R be a sequence of real numbers that converges to some yo and let (p§), C L'(R; [0, R])
be a sequence of initial data that converges to pg in the strong L' sense. We suppose that the flux

function f satisfies Assumptions (2.2)-(2.7)-(3.5). Theorem 3.2 allows us to define or all £ € N, the
couple (p*,y%) as an admissible weak solution to the problem

ot + 0, (FGHH.0)) =0 Rx(0.7)
p'(x,0) = pf(z + yf) zeR
P, )], < QWD) te(0.7)
§() = w ( [ on @ dx) te(0.7)
y'(0) = y§.

Remark 3.2. Using the same arguments as in Remark 3.1 and as in the proof of Theorem 3.2, we get
that up to the extraction of a subsequence, (y%), converges uniformly on [0, 7] to some y € C([0,T])
and (p*); converges a.e. on R x (0,7 to some p € L*(R x (0,T)).

Theorem 3.4. The couple (p,y) constructed above is an admissible weak solution to Problem (2.1).

Proof. The sequence (u‘); converges in the weak L' sense and is bounded in L!(R); by the
Dunford-Pettis theorem, this sequence is equi-integrable:

Ve >0, Ja >0, VA € B(R), mes(4) <a = W eN, / pf(z)de < e (3.10)
A
and
Ve >0, 3X >0, ¥/ € N, / pf(z)de <e. (3.11)
|z|>X

Fix t € (0,T) and ¢ > 0. Fix o, X > 0 given by (3.10) and (3.11). Egoroff theorem yields the
existence of a measurable subset E; C [—X, X] such that

mes([— X, X]\E;) < « and p“(-,t) — p(-,t) uniformly on Ej.

For a sufficiently large ¢ € N,

efI,' E(II Xr — X X X
/Rm,t)uud /p< ) d

R

S/ " — plp’ do + ’/ (p" — p)p‘ dz
|z|>X Ey

+

/ (p" = p)p’ dz
X, XN\E:

+ /p,uedx—/p,uda:
R R
<R+~ plueey [ ie)dor B[ pf@)doe
Ey [— X, X\ E:
<2(R + 1)e,
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3 TWO EXISTENCE RESULTS

which proves that for a.e. t € (0,7),

/pf(a;,t);/(x) dr — [ plw,t)u(w)de. (3.12)
R —+oo JR

We get that y verifies the weak ODE formulation (2.6) by passing to the limit in

O =sb+ [ o [ S o)

By definition, for all £ € N, the couple (p?, y*) satisfies the analogue of entropy/constraint inequalities
(2.4)-(2.5) with suitable flux/constraint functions. Applying these inequalities with 7 =0, 7/ =T,
e € CP(R* x [0,T)),¢ >0 and k € [0, R], we get

T
| 16 = st + @00 00ttt [ Johta+ u) = rlea.0) da >0,

The continuity of w and the convergence (3.12) ensure that (1), converges a.e. to 7. This combined
with the a.e. convergence of (p°), to p and Riesz-Frechet-Kolmogorov theorem — (pg) , being strongly
compact in L!(R) — is enough to show that when letting £ — 400 in the inequality above, we get,
up to the extraction of a subsequence, that

T
/ / lp — K[Op + @y (p, K)Orp da dt +/ lpo(x + yo) — K|e(x,0)dx > 0.
0o JR R

Consequently p € C([0,7]; Li,.(R)), see Remark 2.2. Finally, the combined a.e. convergences of
(99)¢ and (p), to § and p, respectively, guarantee that (p,y) verifies inequalities (2.4)-(2.5) for almost
every 0 < 7 < 7/ < T. The same continuity argument we used in the proof Theorem 3.2 holds here
to ensure that (p,y) actually satisfies the inequalities for all 0 < 7 < 7/ < T. This concludes the

proof of our stability claim. O

3.5 Discussion

The last section concludes the theoretical analysis of Problem (2.1). The nonlocality in space of the
constraint delivers an easy proof of stability with respect to the initial data in the BV framework.
Although a proof of existence using a fixed point theorem was possible (cf. [4]), we chose to propose
a proof based on a time-splitting technique. The stability with respect to u is a noteworthy feature,
which shows a certain sturdiness of the model. However, the case we had in mind — namely p — dg+
— is not reachable with the assumptions we used to prove the stability, especially (3.9). We will
explore this singular limit numerically, after having built a robust convergent numerical scheme for
Problem (2.1). Let us also underline that unlike in [27, 28] where the authors required a particular
form for the function w to prove well-posedness for their model, our result holds as long as w is
Lipschitz continuous.

As evoked earlier, the nonlocality in space of the constraint makes the mathematical study of the
model easier. But in the modeling point of view, this choice also makes sense for several reasons.
First of all, one can think that the velocity ¢ of the slow moving vehicle — unlike its acceleration
— is a rather continuous value. Even if the driver of the slow vehicle suddenly applies the brakes,
the vehicle will not decelerate instantaneously. Note that the LWR model allows for discontinuous
averaged velocity of the agents, however while modeling the slow vehicle we are concerned with
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3 TWO EXISTENCE RESULTS

an individual agent and can model its behavior more precisely. Moreover, considering the mean
value of the traffic density in a vicinity ahead of the driver could be seen at taking into account
both the driver anticipation and a psychological effect. For example, if the driver sees — several
dozens of meters ahead of him/her — a speed reduction on traffic, he/she will start to slow down.
This observation can be related to the fact that, compared to the fluid mechanics models where
the typical number of agents is governed by the Avogadro constant, in traffic models the number of
agents is at least 102 times less. Therefore, a mild nonlocality (evaluation of the downstream traffic
flow via averaging over a handful of preceding cars) is a reasonable assumption in the macroscopic
traffic models inspired by fluid mechanics. This point of view is exploited in the model of [16]. Note
that it is feasible to substitute the basic LWR equation on p by the nonlocal LWR introduced in [16]
in our nonlocal model for the slow vehicle. Such mildly nonlocal model remains close to the basic
local model of [20]. It can be studied combining the techniques of [16] and the ones we developed in
this section.
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4 NUMERICAL APPROXIMATION OF THE MODEL

4 Numerical approximation of the model

In this section, we aim at constructing a finite volume scheme and at proving its convergence toward
the BV-regular solution to (2.1). We will use the notations:

aVb=max{a,b} and aAb=min{a,b}.

Fix po € LY(R; [0, R]) and yo € R.

4.1 Finite volume scheme in the bus frame

For a fixed spatial mesh size Az and time mesh size At, let x; = jAz, t" = nAt. We define the
grid cells K 1/5 = (zj,7j11). Let N € N such that T' € [N N+ We write

R X 0 T C U U ]+1/2, ]+1/2 Kj+1/2 X [tn,tn+1).
n=0j€Z

We choose to discretize the initial data po(- + yo) and the weight function p with ( J+1/2) - and
je

(ij/Q) where for all j € Z, p° and f1;41/9 are their mean values on the cell K;_ ;.

j+1/2

Remark 4.1. Others choice could be made, for instance in the case pg € C(R) such that lim pg(x)

\x|—>+oo
exists (in which case, the limit is zero due to the integrability assumption), the values pj ‘12 =

00 (:Uj+1/2 + yo) can be used. The only requirements are

Vj €L, pg+1/2 € [07R] and pOA = Zp?+1/21Kj+1/2 AZZO Po(- + QO) in Llloc(R)‘

JEZ
Fixn € {0,..., N —1}. At each time step we first define an approximate velocity of the slow vehicle
s"*t1 and a constraint level ¢"*!:
s =w ZP?H/QM]'H/ZAQU ) an =Q (SnH) . (4.1)

jET

With these values, we update the approximate traffic density with the marching formula for all
j € Z:

n+1

) (F]+1 (p]+1/2vpj+3/2) Fj+1(pj—1/27pj+1/2)> ) (4.2)

Pivije = Pivie = Ay

where, following the recipe of [6, 15],

F*t1(a,b) itj#0
n+1 _ J

Fj (a’ b) - { min {F”+1(a b n—i—l} lf] =0, (43)
F"*! being a monotone consistent and Lipschitz numerical flux associated to F(s"!,.). We will

also use the notation

1 1
p?jr—l/2 =B (07120 01172 P sp2): (4.4)
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4 NUMERICAL APPROXIMATION OF THE MODEL

where H?H is given by the expression in the right-hand side of (4.2). We then define the functions

* pa(z,1) Zzpj+l/2]17’7+1/z($ t)
n=0 jE€Z
o sa(t),qa(t) = s"T1 ¢"thif ¢t € [t ")
t
e ya(t) = yo +/ sa(u) du.
0
Let A = (Az,At). For our convergence analysis, we will assume that A — 0, with A\ = At/Azx
verifying the CFL condition
(HGFS
sup

€[0,l|lw|[Loe]

OF?
Loo 0b

Lw) <1, (4.5)

where F¥ = F*(a, b) is the numerical flux, associated to F'(s,-), we use in (4.2).

Remark 4.2. When considering the Rusanov flux or the Godunov one, (4.5) is guaranteed when

2A(1f e + llwllnee) < 1.

4.2 Stability and discrete entropy inequalities

Proposition 4.1 (L* stability). The scheme (4.4) is

(i) monotone: for alln € {0,...,N —1} and j € Z, H?H is nondecreasing with respect to its three
arguments;
(i) stable:

vne€{0,...,N}, Vj €Z, pjy€[0,R] (4.6)

Proof. (i) In the classical case — j ¢ {—1,0} — we simply differentiate the Lipschitz function H;LH
and make use of both the CFL condition (4.5) and the monotonicity of F**1. For j € {—1,0}, note
that the authors of [6] pointed out (in Proposition 4.2) that the modification done in the numerical
flux (4.3) does not change the monotonicity of the scheme.

(#) The L stability is a consequence of the monotonicity and also of the fact that 0 and R are
stationary solutions of the scheme. Indeed, as in [6, Proposition 4.2 for all n € {0,..., N} and
Jj €L,
+1 _ +1 —
H?7(0,0,0)=0, H}"(R,R,R)=R
O

In order to show that the limit of (pa)a — under the a.e. convergence up to a subsequence — is a
solution of the conservation law in (2.1), we derive discrete entropy inequalities. These inequalities
also contain terms that will help to pass to the limit in the constrained formulation of the conservation
law, as soon as the sequence (ga)a of constraints is proved convergent as well.

Proposition 4.2 (Discrete entropy inequalities). The numerical scheme (4.4) fulfills the following
inequalities for allm € {0,...,N — 1}, j € Z and k € [0, R]:

(’p?illﬂ — &l = pfi10 — “’) Az + (®fy, — Of) At

< R (5, )AL S 1y + (OF — Bly) A (8= 1 — 5m0),
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where <I>” and O

o+ denote the numerical fluzes:

(I)? _ Fn—H(p;L—l/Q VK, p?+1/2 \Vi ,.;) — Fn—i-l(p;?_l/Q N K, p?+1/2 A Ii)’
P min{FnH(pﬁl/z V K, p711/2 \/ /{)7 qn-f—l} — min{FTH—l (021/2 N K, p?/Q A ﬁ), qn+1}

int —
and

Rgn+1(K, q"“) = F(S"Jrl7 K) — min{F(s”H, K), q”Jrl}.

Proof. This result is a direct consequence of the scheme monotonicity. When the constraint does
not enter the calculations i.e. j ¢ {—1,0}, the proof follows [23, Lemma 5.4|. The key point is not
only the monotonicity, but also the fact that in the classical case, all the constants x € [0, R] are
stationary solutions of the scheme. This observation does not hold when the constraint enters the
calculations. For example if j = —1,

H’_LJ{I(/-@, Ky k) = K+ ARt (K, ¢" ).

Consequently, we have both

an1r/12 VES HTlLl(/ﬁ:a/z ViR Ly ja VK prg V)

and
,OTHl'/l2 ANk > HT{l(p’j:s/z N K, Py g N K, P19 A K) = AR gnr1 (K, ¢,

By substracting these last two inequalities, we get

0"y = Kl =P )y V= "y Ak
<H"}! (Pl3ya V Ry pZyyo Vs pY gy V K) = HT{I(PE:%/Q Ny pLy g Ny PLjg A K) + ARgnta (K, ")
= oo = Kl = A (mind B oV, pla V R), g7} = T (o Ve pl V) )
A (min{F o AR s A ), @ = FEL( o AR, pl AR )+ AR i (g™ )
= 1"y — Kl = A(®F — ®2y) + A(DF — ®F,) + ARt (5, ¢" ),
which is exactly (4.7) in the case j = —1. The case j = 0 is similar so we omit the details of the
proof for this case. 0

Starting from (4.2) and (4.7), we can obtain approximate versions of (2.4) and (2.5). Let us introduce
the functions:

N
n+1
DA (pa, K ZZ¢ SIED INONVINED B S VI eyiy |
n=0 jE€Z n=0 jeZ

Proposition 4.3 (Approximate entropy/constraint inequalities). (i) Fiz ¢ € CX(R x RT), 0 > 0
and k € [0,R]. Then there exists a constant C¥ = CY(R,T,L), nondecreasing with respect to its
arguments, such that the following inequalities hold for all 0 < 7 < 7' <T':

[ [1oa = rlono+ @ o) dupddt + [ lpatar) = oo, 1) ds
T R R (48)

~ [ Ipate, ) = lpta ) do+2 [ Ry aa(0)(0,1) dt > ~CE(A¢ + Aa),
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(it) Fiz ¢ € C*([0,T]),¢ > 0 and ¢ € CZ(R) such that p(0) = 1. Then there exists a constant
Cf’w = C§’¢(R, T,L, ||Q|lLe), nondecreasing with respect to its arguments, such that for all 0 <
r<1 <T:

- / ' / padi() + Fa(sa, pa)ds (o) de di / pa(w, 7)p (@) (7) da
T JRY , R (4.9)

+/ pa(z, 7 )o(z)y(r") dz < /T aa(t)y(t)dt + Cf’w(Ax + At).
R+ T

Proof. Fix k,m € N such that 7 € [tF t**1) and 7/ € [t t™+1).

1
i) Define for all n € N and j € Z, ¢ = — z,t)dz dt. Multiplying the discrete
Pji+1/2 ; 12 g
AxA n

Jj+1/2
entropy inequalities (4.7) by cp;?H/Q, then summing over n € {k,...,m — 1} and j € Z, one obtains

after reorganization of the sums (using in particular the Abel/"summation-by-parts" procedure)

A+B+C+D+E >0, (4.10)
with

m—1 m—1
A= Z Z 1054172 — K (90?—}—1/2 - ‘P?J;l/z) Az, B= Z Z o] (90§L+1/2 - 90?—1/2) At

n=k+1 jEZ n=~k jEZ

k k -1

C = 1P5s1je = Klofa e = 10— Kl A

JEZ JEZ

m—1 m—1
D= Z Rgnt1(k, q”“) (gozl/g + SO?/Q) At, E= Z (P25 — Pine) (‘PL/Q - W?/z) At.
n=~k n=Fk
Inequality (4.8) follows from (4.10) with
C{=R|(T (-t 4 dp(-t
f= R (T [0 0ll +4 s e 0l )
+ RL <T nax, 107,05 t) |t + 2 nax, 10z0(-, D)Lt + 4L + 2T”ax90HL°°> :

making use of the bounds:

A—/ /’PA—Rthpdxdt
T R

B—/ /%(pa,fﬁ)axcpdxdt
T R

<R(T 2ot 2 ot At
<R (T mae [0l +2 max [o(. Dl ) At

< 2 . .
< RL (T nas 10220 (5 ) lLs Az, +2 nas 10z¢0( 7t)HL1At>

C’—/ pA(x,T)—/i\ga(x,T)da:+/ lpa(z, ") — Klp(z,7')dz| < 2R max ||0pp(-, 1|1 At,
R R te€[0,T]

< RL (4)|¢||ee At 4+ T'||OppllreAx) 5 |E| < 2RTL||0p¢l|ne Ax.

D-2 / Ras (2 4a (£))0(0, ) dt

(#) In this case, the constant Cf’w reads

C5* = Rllelu: (TI" L + 4l1¢/ =) + QU= [l (2+ T¢' =)
+ RL[[¥[lLee (21€ e + T¢I + ") -
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Following the proof of (4.8), define for all n € N and j € Z,

tn+1

w1 L A
Cemf, va wa pap=g [T e,

z;
multiply the scheme (4.2) by ;1 /99", then take the sum over n € {k,...,m —1} and j > 0. Since
the proof is very similar to the one of (i), we omit the details. O
The final step is to obtain compactness for the sequences (pa)a and (ya)a in order to pass to the

limit in (4.8)-(4.9). We start with (ya)a.

Proposition 4.4. For all t € [0,T],

ww:m+éb(4m@MM@m)m. (111)

Consequently, there exists y € C([0,T]) such that up to an extraction, (ya)a converges uniformly to
y on [0,T].

Proof. Tor all t € [0,T], if t € [t",t"1) for some n € {0,..., N}, then we can write

tk+1

n—1 t
ya(t) —yo = Z/ sPH du —I—/ s" du
=0 tk tn

1 th+1
=0
t

t
/fk w Z/RP?H/QMHQA!U du+/fnw Z/RP?H/QMJ‘H/QA%‘ du

JEZ JEZ

:/0 w(/RpA(x,u)M(x)dQ du.

Let us also point out that from (4.1), we get that for all A and almost every ¢t € (0,7,

sa(t) =w </ pa(z, t)p(x) dx) . (4.12)
R
Combining (4.11) and (4.12), we obtain that for all A,

[9alle = llsallLe < [lwlLe  and |lyallLe < yol + Tllw|lLe.

The sequence (ya)a is therefore bounded in WH*°((0, T')). Making use of the compact embedding
of WL°((0,T)) in C([0,7]), we get the existence of y € C([0,T]) such that up to the extraction of
subsequence, (ya)a converges uniformly to y on [0, 7. O

The presence of a time dependent flux in the conservation law of (2.1) complicates the obtaining of
compactness for (pa)a. In particular, the techniques used in |10, 11] to derive localized BV estimates
don’t apply here since our problem lacks time translation invariance. In the present situation, it
would be possible to derive weak BV estimates ([6, 23]). We choose different options. Similarly
to what we did in Section 3, we propose two ways to obtain compactness, which will lead to two
convergence results.
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4.3 Compactness via one-sided Lipschitz condition technique

First, we choose to adapt techniques and results put forward by Towers in [32]. With this in mind,
we suppose in this section that f € C2([0, R]) and strictly concave. Therefore,

Ja >0, Vpe[0,R], f"(p)<—a. (4.13)

Though this assumption is stronger than the nondegeneracy one (3.5), since f is bell-shaped, these
two assumptions are similar in their spirit. We will also assume, following [32], that

the numerical flux chosen in (4.2) is either the Engquist-Osher one or the Godunov one. (4.14)

To be precise, the choice made for the numerical flux at the interface — i.e. when j = 0 in (4.3) —
does not play any role. What is important is that away from the interface, one chooses either the
Engquist-Osher flux or the Godunov one. We denote for all n € {0,...,N + 1} and j € Z,

D’ = max {p}lflﬂ — ,0?“/2,0} .

We will also use the notation
Z =7\{-1,0,1}.

In [32], the author dealt with a discontinuous in both time and space flux and the specific "vanishing
viscosity" coupling at the interface. The discontinuity in space was localized along the curve {x = 0}.
Here, we deal with only a discontinuous in time flux, but we also have a flux constraint along the
curve {x = 0} since we work in the bus frame. The applicability of the technique of [32] for our case
with moving interface and flux-constrained interface coupling relies on the fact that one can derive
a bound on D7 as long as the "interface" does not enter the calculations for D i.e. j € Z. This is
what the following lemma points out under Assumptions (4.13)-(4.14). For readers’ convenience and
in order to highlight the generality of the technique of Towers [32], let us provide the key elements
of the argumentation leading to compactness.

A A
Lemma 4.5. Letn € {0,...,N — 1} and j € Z. Then if a = Ia} we have

2
D?ﬂ < max {Dj ;,D},D},, } —a (max {Dj ,, D}, D}, }) (4.15)

and 1
7 7 min{|j| - 1,n+ 1}a (4.16)

Proof. (Sketched) Inequality (4.16) is an immediate consequence of inequality (4.15), see [32, Lemma
4.3]. Obtaining inequality (4.15) however, is less immediate. Let us give some details of the proof.
First, note that by introducing the function v : z + z — a2?, inequality (4.15) can be stated as:

D+ <4 (max {D}_;, D}, D}, }). (4.17)

Then, one can show — only using the monotonicity of both the scheme and the function ¢ — that
under the assumption
inequality (4.17) holds when (o755 — p}11/9), (Pj_1/2 = Pj_5/2) <0, (4.18)

it follows that inequality (4.17) holds for all cases. And finally in [32, Page 23|, the author proves
that if the flux considered is either the Engquist-Osher flux or the Godunov flux, then (4.18) holds.
U
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4 NUMERICAL APPROXIMATION OF THE MODEL

The following lemma is an immediate consequence of inequality (4.16).
Lemma 4.6. Fizr 0 <e < X. Let i,J € N* such that e € K; 175 and X € K;_y/5. Then if Ax/e

11
1s sufficiently small, there exists a constant B = B <R, X, -, ), nondecreasing with respect to its
a’ €

arguments, such that for olln >i—1,

J-1 —i—1
Z ‘p?+1/2 - P?71/2|7 Z ’P?+1/2 - P}Zl/g‘ <B (4.19)
J=i j=—J+1
and
J—2 —i—2
1 1
D05t = Paal D 195 = pirjel < 2ALB. (4.20)
Jj=t j=—J+1

Proposition 4.7. There exists p € L°(R x (0,T)) such that up to the extraction of a subsequence,
(pa)A converges almost everywhere to p in R x (0,7).

Proof. Fix 0 <e < X and t > Ae. Denote by Q(X,¢e) = (=X, —¢) U (¢, X). Introduce i, J,n € N
such that ¢ € K /9, X € Kj_1p and t € [t",t"T1). Remark that

(n+ 1At >t > Xe > A\ Ax) = iAt,

i.e. m > 1 — 1. Then if we suppose that Ax/e is sufficiently small, we can use Lemma 4.6. From
(4.19), we get
TV(pa(t)axe) < 2B (4.21)

and from (4.20), we deduce
/ lpa(z,t + At) — pa(z,t)| dz < ALBAt. (4.22)
Q(X,e)

Combining (4.21)-(4.22) and the L* bound (4.6), a functional analysis result (|24, Theorem A.§|)
ensures the existence of a subsequence which converges almost everywhere to some p on Q(X,¢) x
(Ae,T). By a standard diagonal process we can extract a further subsequence (which we do not
relabel) such that (pa)a converges almost everywhere to p on R x (0, 7). O

Theorem 4.8. Fiz py € L'(R;[0,R]) and yo € R. Suppose that f € C? satisfies Assumptions
(2.2)-(2.7)-(4.13). Suppose also that in (4.3), we use the Engquist-Osher flux or the Godunov one
when j # 0 and any other monotone consistent and Lipschitz numerical flur when j = 0. Then

under the CFL condition (4.5), the scheme (4.1) - (4.3) converges to an admissible weak solution to
Problem (2.1).

Proof. We have shown that — up to the extraction of a subsequence — ya converges uniformly on
[0,T] to some y € C([0,T]) and that pa converges a.e. on R x (0,7 to some p € L>®(R x (0,7)).
We now prove that this couple (p, y) is an admissible weak solution to Problem (2.1) in the sense of
Definition 2.1.

Recall that for all A and t € [0,T],

ya(t) = yo + /Otw (/R pa(x, u)pu(x) dx) du .
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4 NUMERICAL APPROXIMATION OF THE MODEL

When letting A — 0, the dominated convergence theorem ensures that y satisfies (2.6). Apply
inequality (4.8) with 7 =0, 7" =T, p € C(R* x [0,7T)),¢ > 0 and « € [0, R] to obtain

T
| [ Ipa = rlowe + @ateasmdpdudt+ [ 164 = nloe.0)do > ~Cf(Aa + A1),
0 R R

Then the a.e. convergence of (sa)a to ¢ — coming from (4.12) — and the a.e. convergence of (pa)a
to p ensure that when letting A — 0, we get

T
| [ 1= sione+ @500 (o miomodode + [ pn(o -+ o) — slp(a,0)ds 20,
0 R R

and consequently p € C([0,T];L{ .(R)), see Remark 2.2. Now, we pass to the limit in (4.8) and
(4.9) using the a.e. convergence of (sa)a to ¢ and of (pa)a to p as well as the continuity of @
and w. Consequently, for all test functions ¢ € CX(R x R"),p > 0 and x € [0, R], the following

inequalities hold for almost every 0 < 7 < 7/ < T
[ [ 10— it + @y 0. 0mpdadt + [ ot r) = gt ) da

= [ a7 = rlte ) dn 2 [ Ry roa(t)pl0. 00t > 0.

To conclude, note that the expression in the left-hand side of the previous inequality is a continuous
function of (7, 7') which is almost everywhere greater than the continuous function 0. By continuity,
this expression is everywhere greater than 0, which proves that p satisfies the entropy inequalities
(2.4). Using similar arguments, one shows that p also satisfies the constraint inequalities (2.5). This
shows that the couple (p,y) is an admissible weak solution to (2.1), and that concludes the proof of
convergence. U

We proved than in the L* framework, the scheme converges to an admissible weak solution, but
note that there is no guarantee of uniqueness in this construction. Also stress that we cannot extend
this result to general consistent monotone numerical fluxes beyond hypothesis (4.14).

4.4 Compactness via global BV bounds

The following result is the discrete version of Lemma 2.3 so it is consistent that the proof uses the
discrete analogous arguments of the ones we used in the proof of Lemma 2.3.

Lemma 4.9. Introduce for all A > 0 the function {a defined for all t € [0,T] by

Ealt) = /RpA(:B,t)u(a:) dz.
Then Ea has bounded variation and consequently, so does sa.

Proof. Since 1 € BV (R), there exists a sequence of smooth functions (u¢)eey C BV (R) N C°(R)
such that
lee — | i 0 and TV(u) — TV(u).

L—+o00

Introduce for all £ € N and ¢ € [0,T], the function &a ¢(t) = / pa(x, t)ue(z)dz and let K > 0 such
R

that
VEEN, |l TV () < K.
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4 NUMERICAL APPROXIMATION OF THE MODEL

For all ¢ € N and t,s € [0,T], if t € [t*,#**1) and s € [t™, t™*1), we have
[€ae(t) = Eaels)] = |€ae(t) — fA,é(tm)‘
— | [ patatynta)do — [ pate () do
R

R

k m ¢ ¢ I
= § (Pj+1/2_/)j+1/2)ﬂj+1/2A$ v Bt T AL pe(z) d
JEZ Zj

k—1
= Z Z (P]Till/g - /)]T‘+1/2)M§+1/2A13

JEZ T=m

k—1
T+1 T4+1 l
=12 (Fj+ (P10 P1172) = Fi1 (0] 2 P§+3/2)) Hjs1 /280
T=m jEZ

k—1
+1 ¢ ‘
= Z ZF;H (p}—+1/27 P;+3/2)(/Lj+3/2 - Mj+1/2)At
T=m jEZ

k—1
< RL Y TV(u)At < RLK(|t — s| + 2At).

T=m

Consequently, for all £ € N, A > 0 and ¢,7 € [0, 7], the triangle inequality yields:
€t) — €a(r)] < 2R|ju — pellus + RLK (|t — | + 2A¢).
Letting £ — 400, we get that for all A > 0 and ¢, 7 € [0, T7,
€alt) — €a(r)] < RLE (|t — | + 2A1),
which leads to

N
TV(Ea) =Y ‘gA(tkH) — ¢a(th)| < SRLE(T + Ab).
k=0

This proves that éa € BV(]0,77]). Since w is Lipschitz continuous, sa also has bounded variation.
O

Theorem 4.10. Fiz py € L*(R; [0, R]) N BV (R) and yo € R. Suppose that f satisfies (2.2)-(2.7)-
(3.6) and that Q satisfies (3.7). Suppose also that in (4.3), we use the Godunov flux when j = 0
and any other monotone consistent and Lipschitz numerical flur when j # 0. Then under the CFL
condition (4.5), the scheme (4.1) — (4.3) converges to a BV -regular solution to Problem (2.1).

Proof. All the hypotheses of Lemma A.4 are fulfilled. Consequently, there exists a constant C* > 0
such that for all n € {0,..., N — 1},

TV (pa(t"™)) < TV(p) + 4R + C* (Zn: ‘q’““ - qk‘ + Zn: ’s’““ - s’“D
R=0 h=0 (4.23)

< TV(po) + 4R + C(1 + |Q'li=) 3 |+ = 5.
k=0
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4 NUMERICAL APPROXIMATION OF THE MODEL

Making use of Lemma 4.9, we obtain that for all n € {0,..., N},

n

Z P — sF| = Z lsa (1) — sa(t)] < [|lw||Lee Z Ea(t*1) —€a(t)] < BRLK ||w||Le< (T + At).
k=0 k=0 k=0

where the constant K was introduced in the proof of Lemma 4.9. The two last inequalities imply
that for all ¢ € [0,T], we have

TV (pa(t)) < TV(py) + 4R+ 3C*(1 + ||Q'||L=)||w||L< RLK (T + At). (4.24)

Therefore, the sequence (pa)a is uniformly in time bounded in BV (R). Using [22, Appendix], we
get the existence of p € C([0,T]; Li,.(R)) such that

loc

V€ [0,T), pa(t) < p(t) in Lise(R).

Following the proof of Theorem 4.8, we show that (p,y) is an admissible weak solution. Then
passing to the limit in (4.24), the lower semi-continuity of the BV semi-norm ensures that (p,y) is
also BV-regular. g

Remark 4.3. Note the complementarity of the hypotheses made in the above theorem with the
ones of Theorem 4.8. Recall that in Theorem 4.8, we needed the Godunov flux only away from the
interface.
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5 NUMERICAL SIMULATIONS

5 Numerical simulations

In this section we present some numerical tests performed with the scheme analyzed in Section 4.
In all the simulations we take the uniformly concave flux f(p) = p(1 — p) (the maximal car velocity
and the maximal density are assumed to be equal to one). Following the hypotheses of Theorem
4.10, we choose the Godunov flux at the interface, and the Rusanov one away from the interface.
We will use weight functions of the kind

p (@) = 2’“]1[0. ](w),

for one (in Section 5.1) or several (in Section 5.3) values of k € N*.

5.1 Validation of the scheme

In this section, consider a two-lane road on which a bus travels with a speed given by the function

e ﬁ if 0<p<0.6

1—p if 06<p<1,

where a and § are chosen so that w(0) = 0.7 and w(0.6) = 0.4, as illustrated in Figure 1 (left).
The set-up of the experiment is the following. Consider a domain of computation [0, 11], the weight
function p4 and the following data:

1_ 2
pule) = 05t gsae). w=15. Q) =05 x (132)

The idea behind the choice of @ is that in average (between the two lanes), the presence of the slow
vehicle reduces by 25% the maximum traffic flow. As we can see in Figure 1 (right), the slow vehicle
nearly always travels at maximum velocity. It makes sense because even though we can see that
cars are overtaking it (Figure 1, right and Figure 2), the density £ ahead of it is never sufficiently
important to make it go slower.

1.0 —— car velocity 0.7 /"
———w
0.6
0.8
0.5
0.6 ) .
04 — ¥a
&n
0.4 0.3
0.2
0.2
0.1 K
0.0 0.0
0.0 02 0.4 0.6 0.8 1.0 0 2 1 6 8 10 12
density time

Figure 1: Evolution in time of the bus velocity ya and of the subjective density A, with Az = 0.01.
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Time=3.465 Time=5.712

T 06
--== initial data —— num. solution
—— num. solution 05 —— slow vehicle
— slow vehicle

06

05 =
04 04
03 03

0.2 0.2

0l 01

—

0.0

T T T 0.0 T T T T T T T
2 3 4 5 30 is 40 45 50 55 60 65 70

o
Time=8.808 Time=12.997
06 06
—— num. solution —— num. solution
05 —— slow vehicle 051 —— slow vehicle
04 04
03 03
02 02
0.1 ____________\“ 01 /__
00 T T T T T T T 00 T T T T

5.0 5.5 60 65 70 75 BO 85 9.0 7.0 75 BO 85 5.0 85 10.0 105 1.0

Figure 2: The numerical solution at different fixed times, red dashed lines correspond to the slow
vehicle initial position; for an animated representation of the solution, see https://utbox.univ-
tours.fr/s/BoTnsEqmrjndy66

Remark 5.1. The function w we chose above is not of the form as required in [27, 28]. Once
again, let us stress that the particular form w(p) = min {Vius; 1 — p}, where Vi is the maximum
bus velocity, is crucial for the well-posedness result of [27, 28] to hold. Indeed, it is essential in the
analysis of [27, 28] that the velocity of the bus be constant (equal to Viys) across the nonclassical
shocks. Our nonlocal model is not bound to this restriction.

5.2 Convergence analysis

We also perform a convergence analysis for this test. In the Table 1, we computed the relative errors

Epa = [lpa — pajlluiori@y) and Eya = [lya —ya,ollLe,

for different number of space cells at the final time 7" = 13. We see (Figure 3) that those ratio
converge with convergence orders approximately equal to 0.76 for the car density and approximately
equal to 1.1 for the slow moving vehicle position.

5.3 Comparisons with experiments on the local model

Now we confront the numerical tests performed with our model with the tests done by the authors
in [14] approximating the original problem of [20]. We deal with a road of length 1 parametrized by
the interval [0, 1] and choose the weight function us. Moreover,

2
w(p) =min{0.3; 1 —p} and Q(s) =0.6 x <1 ; S) .
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line of slope 0.76

Number of cells E, A (x1072) E,a (x1073) -
160 24.053 48.0643 6
320 15731 15.939 7 line of slope 1.10

640 9.647 7.698
1280 6.197 3.715 o s s " 73
2560 3.226 1.777 In(Ax)
5120 1.936 0.889
10240 1.055 0.443 Figure 3: Rates of convergence for pa
(in black) and ya (in green), with T' =
Table 1: Measured errors (1" = 13). 13.
First, consider the initial datum
04 if <05
pole) = { 05 if z>05 Y0705 (5.1)

The numerical solution is composed of two classical shocks separated by a nonclassical discontinuity,
as illustrated in Figure 4 (left). Next, we choose

0.8 if z<05
polz) = { 05 if z>05 YJ0=05 (5:2)

The values of the initial condition create a rarefaction wave followed by a nonclassical and classical
shocks, as illustrated in Figure 4 (right).

1o Time = 0.7295 10 Time = 0.8245
—— num. solution —— num. solution
— slow vehicle — slow vehicle

0.8 0.8

‘7

o4 o4

02 02

0.0 T T T T 0.0 T T T T
0.0 0.2 04 06 08 10 0.0 0.2 04 06 08 10

X X

Figure 4: Evolution in time of the numerical density corresponding to initial data (5.1) (left) and
(5.2) (right), with Az = 0.001.
Finally, still following [14], we consider

0.8 if <05
po(@) = { 04 if z>05 =04 (5:3)
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5 NUMERICAL SIMULATIONS

Here the solution is composed of a rarefaction wave followed by nonclassical and classical shocks on
the density that are created when the slow vehicle approaches the rarefaction and initiates a moving
bottleneck, as illustrated in Figure 5.

" Time= 0 1o Time=0.1645
—— num. solution —— num. solution
08 —— slow vehicle 08 —— slow vehicle

06 06 \
04 04

0.2 02

0.0 T T T 0.0 T T T T
0o 0z 0.4 06 08 10 00 02 04 06 0.8 10

Time=0.2995 Time=0.7245

1a 10
—— num. solution
—— slow vehicle

08 { 08
06 AN 06 \
04 L 0.4

02 021 —— pum. solution ‘

—— slow vehicle

0.0 T T T T 0.0 T T T T
0o 0.2 0.4 06 08 10 00 02 04 06 08 10

X X

Figure 5: Evolution in time of the numerical density corresponding to initial data (5.3), with Az =
0.001.

With these three tests, we can already see — in a qualitative way — the resemblance between the
numerical approximations to the solutions to our model and the numerical approximations of [14].
One way to quantify their proximity is for example to evaluate the L' error between the car densities
and the L error between the bus positions. More precisely, denote by (pa,ya) the approximation
of the BV-regular solution to (2.1) obtained with the scheme (4.1) — (4.3), and denote by (pa,TJa)
the couple obtained with this same scheme but

replacing " =w Zp?+1/guj+1/2A$ by " =w (,0@2) :
JEZ

Let us precise that this is not the scheme the authors of [14] proposed. However, this scheme is
consistent with the problem

Op + 0y (F(y(t),p)) =0  Rx(0,T)

p(z,0) = po(z + yo) reR

F(@(t), p)lpmo < QM) t€(0,T) (5.4)
y(t) = w (p(0+,1)) te(0,7)

y(0) = yo
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and behaves in a stable way in the calculations we performed. Therefore, the couple (pa,7Ja) is
expected to give a reasonable approximation of the solution to (5.4). With this in mind, for the case
(5.3) and still with the weight function ps, we computed in Table 2 the measured errors

EA = lpa — PallLiorynir) and EX = |lya — ¥allLe-

Number of cells EX (x10~%) EX (x1073)

160 32.672 18.519
320 14.236 7.341
640 5.837 3.701
1280 3.833 4.879
2560 3.207 6.405
5120 2.922 7.144
10240 2.776 7.501
20480 2.698 7.674
40960 2.658 7.759

Table 2: Measured errors at time T = 0.7245.

These calculations indicate that for a sufficiently large number of cells J > 40960,
E\ ~27x107* and EX ~7.6x 1075

This indicates the discrepancy between our nonlocal and the local model (5.4) of [20]. The idea is
now to fix the number of cells J = 40960 and to make the length of the weight function support
go to zero. In Table 3, we have computed, for different weight functions, the error between the
approximations of the two models. This error corresponds, as in the above calculation, to the
residual error observed starting from a sufficiently small Azx.

weight function EX EX
I 6.810 x 1072 5.489 x 10~
Lo 1.105 x 1073 1.972 x 1072
3 2.658 x 107*  7.759 x 1073
m 9.232 x 107° 2.913 x 1073
s 6.190 x 107®  9.110 x 1074

Table 3: Measured errors at time T = 0.7245

Remark 5.2. The previous simulations show a closeness between our model as u — dg+ and (5.4).
Let us however point that the nonlocality in space for the slow vehicle introduces an undesirable
artefact into the model. In the rarefaction regime one may observe that the large vehicle may move
a bit faster that the surrounding flow. The situation where this effect becomes truly perceptible is
when considering initial data of the type

1 if z<ux
po(x) = ) (5.5)
0 if =>uax.

Indeed, for such data, there exists a small time interval [0, 4] in which ¢(t) > v(p(y(t)™)) = 0, which
would suggest that the slow vehicle moves forward while the cars in front of it do not. This time
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interval is in fact quite small due to the narrowness of the support of the weight function. The
local model does not develop such phenomena. This qualitative artefact precludes us from giving
a microscopic interpretation to the model, which main output is the global influence of the slow
vehicle on the flow; however, let us stress that the phenomenon becomes quantitatively negligible for
larger times. Indeed, Oleinik estimate on decay of positive waves ensures that data of the type (5.5)
evolve into rarefaction waves and do not appear while driving: the classical LWR model precludes
the formation of rarefaction waves focused at positive time. The modification of the classical LWR
brought by the constraint may produce nonclassical waves at positive times; while these waves are
downward jumps in density like in (5.5), they are situated precisely at the location of the constraint
and not slightly behind it, like in (5.5).

Even if we are unable, at this time, to rigorously link our problem (2.1) with p — dy+ and the original
problem (5.4) of the authors in [20], this last experiment corroborates the conjecture that the local
model (5.4) is the singular limit of our model in the case w is of the form w(p) = min {Vius; 1 — p}-
The other interesting question is whether the local model is well posed beyond this particular choice
of w.

Acknowledgements. The author is most grateful to Boris Andreianov for his constant support and
many enlightening discussions.
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A  On BV bounds for limited flux models

We focus on the study of the following class of models:

Oip+ 0, (F(s(t),p)) =0 Rx(0,T)
p(z,0) = po(x) rzeR (A.1)
F(s(t), p)lo=o < a(t) t€(0,7),

z=0 —

where s € BV([0,77;]0,%]) for some ¥ > 0 and ¢ € BV([0,T];R"). We suppose that F €
C([0,%] x [0, R]) and that for all s € [0,%], F(s,-) is bell-shaped i.e.

Vs €10,%], F(s,0) =0, F(s,R) <0and 3! p, € (0,R), 0,F(s,p) (ps — p) > 0 for a.e. p € (0, R).
(A.2)
This framework covers the particular case when F takes the form:

F(s(t),p) = fp) = s()p,

with bell-shaped f : [0, R] — R, which our model (2.1) is based on. This class of models is well
known, especially when the flux function is not time dependent, ¢f. [17, 6]. In this appendix, we
establish in passing the well-posedness of Problem (A.1), but our main interest lies in the BV in
space regularity of the solutions. More precisely, we aim at obtaining a bound on the total variation
of the solutions to (A.1), using a finite volume approximation which allows for sharp control of
the variation at the constraint. Note that the alternative offered by wave-front tracking would be
cumbersome because of the explicit time-dependency in (A.1). In the general case, entropy solutions
to limited flux problems like (A.1) do not belong to L*°((0,7"); BV(R)), see [1]. We will show that
it is the case under a mild assumption on the constraint function ¢ — see Assumption (A.8) below —
and provided that
po € LY(R; [0, R]) N BV (R).

Throughout the appendix, for all s € [0,X] and a,b € [0, R], we denote by
(I)s(av b) = sign(a - b)(F(S7a) - F(S7 b))
the classical Kruzkov entropy flux associated with the Kruzkov entropy p — |p—kl|, for all k € [0, R],

see [25].

A.1 Equivalent definitions of solution and uniqueness

Let us first recall the following definition.

Definition A.1. A bounded function p € L*°(R x (0,7)) is an admissible weak solution to (A.1) if
(i) the following regularity is fulfilled: p € C([0,T]; Li,.(R));

(ii) for all test functions p € C°(R x RT),¢ > 0 and & € [0, R], the following entropy inequalities
are verified forall 0 <7 < 7' < T

[ 1o o+ eoomtspdsdt + [ |pta,r) ~ wlpla,7) do
T R R

= [ o7 = wlpte. ) do 2 [ Ry (. a0)p(0. )t 2 0
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where

Ry (£, (1)) = F(s(t), k) — min {F(s(t), ), ¢(t)} ;
(iii) for all test functions ¢ € C>([0,77),v > 0 and some given ¢ € COO(R) which verifies ¢(0) = 1,
the following weak constraint inequalities are verified for all 0 <7 <7/ < T

/ / pOh(0) + F((t), )0 () dz lt — / pl, T)p(@)p(r) de

R+

v [ ot a < [ g a

Definition A.2. An admissible weak solution p will be called BV -regular if it verifies p € L*((0,7); BV(R)).

As we pointed out before, this notion of solution is well suited for passage to the limit of a.e.
convergent sequernces of exact or approximate solutions. However, it is not so well-adapted to prove
uniqueness. An equivalent notion of solution, based on explicit treatment of traces of p at the
constraint, was introduced by the authors of [7]. This notion of solution leads to the following
stability estimate.

Theorem A.3. Fiz s*,s? € BV([0,T);10,%)]), ps, p2 € Ll(R; [0, R])OBV(R) and q',q*> € BV ([0, T];RT).
Denote by p' a BV- regular solution to (A.1) with data p},q*, st and p* an admissible weak solution

to (A.1) with data p3,q?,s*. Suppose that the flur functions (t,p) — F(s(t),p), F(s2(t), p) satisfy
(A.2). Then for a.e. t € (0, T), we have:

1046 — Al < 10b— pBllus +2 / g4(7) — ¢3(r) d7 + 2 /0 IF(s (), ) — F(s3(r), )L dr

/ 10, (s' (7). ) = 0 F(5*(7). )| | e TV (o () dr
(A.3)
In particular, Problem (A.1) admits at most one BV -reqular solution.

Proof. Since our interest to details lies rather on the numerical approximation point of view, we
do not fully prove this statement but we give the essential steps leading to this stability result.

e Definition of solution. First, the authors of [7] introduce a subset of R? called germ, which can be
seen as the set of all the possible traces of a solution to (A.1). Then, they say that p is a solution to
(A.1) if it satisfies entropy inequalities away from the interface — i.e. with ¢ € C(R* x R™") in the
entropy inequalities — and if the couple constituted of left-side and the right-side traces of p belongs
to this so-called germ.

o Fquivalence of the two definitions. The next step is to prove that this latter definition of solution is
equivalent to Definition A.1. This part is done using good choices of test functions, see |7, Theorem
3.18] or [6, Proposition 2.5, Theorem 2.9].

e First stability estimate. One first shows that if s' = s2, then for a.e. t € (0,7, one has

16°(0) — P2O)lls < 10b — p2lles +2 / " (7) — ()] dr. (A4)

The proof starts with the classical doubling of variables method of Kruzkov [25, Theorem 1] and
then uses the germ structure, what the authors of |7] called

L!-dissipativity, see [7, Definition 3.1] and [6, Lemma 2.7].

o Proof of estimate (A.3). The proof is based upon estimate (A.4) and elements borrowed from
[8, 18]. Most details can be found in the proof of |21, Theorem 2.1]. O
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Remark A.1. Though the definition of solutions with the germ explicitly involves the traces of
p, we did not discuss the existence of such traces. A first way to ensure such existence is to deal
with BV-regular solutions. That way, traces do exist and are to be understood in the sense of BV
functions. Outside the BV framework, existence of strong traces for solutions to (A.1l) is ensured
provided an assumption on the fundamental diagram like (3.5), see [2, 29]. Finally, if one does not
want to impose such a condition on the flux, (which is our case in this appendix), one can follow
what the authors of [7] proposed (in Section 2) and consider the "singular mapping traces."

A.2 Existence of BV-regular solutions
We now turn to the proof of the existence of BV-regular solutions by the means of a finite volume

scheme.

Fix pp € LY(R;[0,R]). For a fixed spatial mesh size Az and time mesh size At, let z; = jAx,
t" = nAt. We define the grid cells K;_ 1/, = (7;,7;41) and N € N* such that T' € [tV N+ We
write

N
Rx (0,71 C |J Pl Pliaje = Kjpaje x [t 7).

n=0j€Z
We choose to discretize the initial data pg and the functions s, g with (p?+1/2>j7 (s")n and (¢")n
where for all j € Z and n € {0,...,N}), p2+1/2, s™ and ¢" are their mean values on each cell

K1/ and [t", "), Following [6], the marching formula of the scheme is the following: for all
ne{0,...,N—1}and j € Z:

At
n+1 n n n n n( n n
Pjil/g = Pjit1/2 — Ar (Fj+1<pj+1/27 Pj+3/2) - Fj (Pj71/27/)j+1/2)> ) (A.5)

where

F"(a,b) if 40

Fj(a,b) = { min {F"(a,b),q")} if j =0, (4.6)

F™ being a monotone consistent and Lipschitz numerical flux associated to F(s",-). We then define
pa(@,t) = piiq o if (z,1) € Py and  sa(l),qa(t) =", ¢"ift € [t7, 7).
Let A = (Ax, At). For the convergence analysis, we will assume that A — 0, with A = At/Ax,

verifying the CFL condition
FS
s

s€[0,%] da

OF?
0b

|

> <1, (A7)
Lee Lee

L

where F* = F%(qa,b) is the numerical flux — associated to F'(s,-) — we use in the scheme (A.5). From
now, the analysis of the scheme follows the same path as in Section 4. In that order, we prove
that the scheme (A.5)-(A.6) is L™ stable, satisfies discrete entropy inequalities similar to (4.7) and
approximate entropy/constraint inequalities similar to (4.8)-(4.9). Only the compactness for (pa)a
is left to obtain since the Li  compactness for the sequences (sa)a and (ga)a is clear. One way to

loc
do so is to derive uniform BV bounds.
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Lemma A.4. We suppose that py € L'(R; [0, R]) "BV (R) and that q verifies the assumption

3> 0, VEE[D.T], Vs € (0,5, q(t) < max Fls,p) — e = ac(s). (A.8)
pe

Then there exists a constant C* = C&(||0sF||L~) nondecreasing with respect to its argument such
that for alln € {0,...,N — 1},

TV (pa(t"*)) < TV(po) + 4R + C* (Z " =g+ Y s - Skl> ; (A.9)
k=0 k=0

where pa = (p?+1/2)nj is the finite volume approzimation constructed with the scheme (A.5)-(A.6),

using the Godunov numerical flur when j =0 in (A.6).

Proof. Fixn € {0,... N —1}. With this set up we can follow the proofs of [13, Section 2| to obtain
the following estimate:

D10 =l S TV (o) +4R 42 kzo | (P (") = s (d")) = (B (61) = Pnld)
Je

I

where for all k € {0,...,n}, the couple (P (q"), P (¢")) € [0, R]? is uniquely defined by the
conditions
F(s*, b (d") = F(s", 5o (¢") = ¢*  and  p(q") > P (d").

Denote by Q(e) the open subset
U Qs(e)

s€[0,3]
where for all s € [0,X], Qs(e) = (ps(q=(5)), ps(g=(s))). By Assumption (A.8), the continuous function
(s,p) = |0,F (s, p)|is positive on the compact subset [0, £]x [0, R]\Q(e). Hence, it attains its minimal
value Co > 0. Consequently, for all s € [0,X], if one denotes by I : [0, ps(g=(s))] — [0, ¢:(s)] the
increasing part of F(s,-), this function carries out a C!-diffeomorphism. Moreover,

Vq e [O,Qa(S)], < —.

Q

Then, for all k£ € {0,...,n},

P (¢571) = P (") = | (150 ) = P (a")|

< ald = (IO - ()]

= Gl = @) — U)o T (F(a))
< é (Iq'“+1 —d"|+ ‘q’“ — I (ﬁsk(q’“)>‘)

= oo (167 = [P (5. a) = F (71,5l
< oo (1671 = ¢+ 0. F o541 - 5¥])

< 1+ HiOF’Lw <‘qk+1 — bl 4 |sF - $k|> '
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Using the same techniques, one can show that the same inequality holds when considering |pgx+1 (qk

Therefore, inequality (A.9) follows with

e =gy (L0 F Ly
Co

0

Remark A.2. Recall we suppose that F' : [0, X] x [0, R] is continuously differentiable, but if we look
in the details of the proof above, we actually need F' = F(s, p) to be continuously differentiable with
respect to s and
Vs € [0,%], F(s,-) € CH[0, R)\{ps}), P, =argmax F(s,p).
p€[0,R]
Corollary A.5. Fiz pg € L'(R;[0,R]) N BV(R), s € BV([0,7],[0,%]) and ¢ € BV([0,T],R").
Suppose that q verifies Assumption (A.8). Let pa = <p}‘+1/2> ~ be the finite volume approrimate
n?]

solution constructed with the scheme (A.5)-(A.6), using the Godunov numerical fluz when j =0 in
(A.6), and any other monotone consistent and Lipschitz numerical flux when j # 0. Then there
exists p € C([0,T]; Li (R)) such that

loc
vt € [0,T], palt) — plt) in Lige(R).
A—0

Proof. Since s and ¢ have bounded variation, inequality (A.9) leads to an uniform in time BV
bound for the sequence (pa),. Then the result from [22, Appendix| establish the compactness
statement. O

Theorem A.6. Fiz py € L'(R;[0,R]) N BV(R), s € BV([0,7];[0,%]), F € C!([0,%] x [0, R])
verifying (A.2) and ¢ € BV([0,T];R"). Suppose that in (A.6), we use the Godunov flur when
j = 0 and any other monotone consistent and Lipschitz numerical flurx when j # 0. Finally, suppose
that q satisfies (A.8). Then under the CFL condition (A.7), the scheme (A.5)-(A.6) converges to
an admissible weak solution p, to (A.1), which is also BV -regular. More precisely, there ezists a
constant C° = C°(||0sF ||Lee) nondecreasing with respect to its argument such that

vt € [0,T], TV(p(t)) < TV(po) + 4R + C* (TV(q) + TV (s)). (A.10)

Proof. From the scheme (A.5), one can derive approximate entropy/constraint inequalities analo-
gous to (4.8)-(4.9) of Section 4. Let p be the limit to the finite volume scheme, the compactness of
(pa) o coming from the last corollary. We already know that p € C([0,T]; L, .(R)). By passing to
the limit in the approximate entropy/constraint inequalities verified by (pa) A We get that p satisfies
the entropy/constraint inequalities of Definition A.1. This shows that p is an admissible weak solu-
tion to Problem (A.1). Finally, from (A.9), the lower semi-continuity of the BV semi-norm ensures
that p € L>([0, T]; BV (R)) and verifies (A.10). This concludes the proof. O

Corollary A.7. Fiz py € LY(R;[0, R]) NnBV(R), s € BV([0,T];[0,%]), F € C([0,%] x [0, R])
verifying (A.2) and ¢ € BV([0,T];R"). Suppose that q satisfies Assumption (A.8). Then Problem
(A1) admits a unique BV -reqular solution p. Moreover, p satisfies the bound (A.10).

Proof. Uniqueness comes from Theorem A.3, the existence and the BV bound comes from Theorem
AL6. O

Remark A.3. Under the hypotheses of Corollary A.7, if we prove the existence of an other admis-
sible weak solution p to (3.1) (by another method, splitting for instance), then Theorem A.3 ensures
that p = p.
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