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Abstract. We extend below a limit theorem [3]] for diffusion models used in population
theory.
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§1. Introduction

A diffusion with small noise is defined as the solution of a stochastic differential equation

(SDE) driven by standard Brownian motion B,(-) (defined on a probability space and progres-

sively measurable with respect to an increasing filtration)

dX? = w(X?)dt + Jeo(X?)dB;,, >0, 0
X;=x0=¢&X €l :=(0,r)

where 0 < ¥ < +00, e > 0,u: I » R, 0 : I — R,p and y, o satisfy conditions ensuring
that (I has a strong unique solution (for example, u is locally Lifshitz and o satisfies the
Yamada-Watanabe conditions [[18] (2.13), Ch.5.2.C]).[§

When ¢ — 0, is a small perturbation of the dynamical system/ordinary differential
equation (ODE):

% = pu(x), 120, )
which will also be supposed to admit a unique continuous solution x;, ¢t € R, subject to any
Xp € (0, 7), and the flow of which will be denoted by ¢,(x).

A basic result in the field is the “fluid limit", which states that when (1) admits a strong
unique solution, the effect of noise is negligible as € — 0, on any fixed time interval [0, T']:

§For reviews discussing the existence of strong and weak solutions, see for example [9][17}[12].
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Theorem 1. [Freidlin and Wentzell] [I5) Thm 1.2, Ch. 2.1] Let X} satisfy @, assume pu, o
satisfy the Lifshitz condition, and that X i0> xo € Ry, where L denotes convergence in
probability. Then, for any fixed T

I
sup |XF — x| —> 0,
<T e—0

where x; is the solution of @) subject to the initial condition x. fl

Although interesting, this result does not give any understanding of the asymptotic be-
havior of the diffusion process for times converging to infinity; in particular, it does not tell
us how the diffusion travels between equilibrium points (which requires times converging to
infinity). Following [6} 3], we go here beyond Theorem[I] by analyzing the way a diffusion
process leaves an unstable equilibrium point. Precisely, we make the following assumptions:
Assumption 1. Suppose from now on that [ = 0, u(0) = 0,u’(0) > 0, which makes zero an
unstable equilibrium point of () and of ().

Note that under Assumption[T] the Freidlin-Wentzell theorem [Ilimplies that the solution
of started from a small positive initial condition X§ = & > 0 converges to zero on any
fixed bounded interval

sup|Xe| =0, VT >0.

1<T &0
Assumption 2. Put now a(x) = o(x), and assume that a(0) = 07(0) = 0,4’(0) > 0, which
makes 0 a singular point of the diffusion (I)- see for example [12].
Remark 1. Note that a’(0) > 0 rules out important population theory models like the linear
Gilpin Ayala diffusion [22] with

u(x) = yx(l - (xi)”), o(x) = Vex © a(x) = exz,y >0,x.>0,a>0, 3)

which includes by setting @ = 1 another favorite, the logistic-type Verlhurst-Pearl diffusion
(16,13, 1].

Recently, a new type of limit theorem [3]] was discovered when 7" — oo under Assump-
tions[Il 2 when x{ converges to the unstable equilibrium point of ). Following [3]], let

1 1
Té := log - “)
W) e
denote the solution of the equation ¢, ;;,(xo) = xpe”’©" = 1 where ¢, j,(xo) is the flow of the
linearized system of (2)) in 0, and divide the evolution of the process in three time-intervals:

[0,¢. := T, [te, 11 := T?), [y, 00),c € (1/2,1) 5)

(the restriction ¢ > 1/2 is used in (23))).
It turns out that this partition allows separating the life-time of diffusions with small noise,
exiting an unstable point of the fluid limit, into three periods with distinct behaviors:

IFor other deterministic limit theorems for one-dimensional diffusions, see also Gikhman and Skorokhod [24],
Freidlin and Wentzell [15], Keller et al. [21], and Buldygin et al. [[10].
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Figure 1: 6 paths of the Kimura-Fisher-Wright diffusion dX;, = yX,(1 — X,)dt +
eX,(1 — X,)dB,, where x, = 1 is an exit boundary, with & = .01. On the right, three stages
of evolution may be discerned

1. In the first stage, the process leaves the neighborhood of the unstable point. The lin-
earization of the SDE implies that here a Feller branching approximation may be used,
and this produces a certain exit law W which will be carried over to the next stage as a
(random) initial condition.

2. In the second “semi-deterministic stage" (meaning that paths cross very rarely here),
the system moves towards its first stable critical point x., following the trajectories of
its fluid limit @), again over a time whose length converges to co. A further renormal-
ization produces here the main result, the limit exit law ().

3. In the third stage, after the SDE has approaches the stable critical point of the fluid
limit, “randomness is regained" — see crossings of paths in figures[fland D); (if the pro-
cess may reach and overshoot the stable critical point, convergence towards a stationary
distribution may occur).

The following result was obtained first in [3]], for the "Kimura-Fisher-Wright" diffusion,
and extended subsequently to diffusions with bounded volatility.

Theorem 2. Fluid limit with random initial conditions [3]]. Let X? satisfy Assumption[l]
(@, and X = &> 0. Suppose in addition that the diffusion coefficient o(-) is continuous and
bounded, as well as its first derivative, and that u(-) satisfies the following drift condition:

) — )| < Oy —xl, x,yeR,.
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Let Y; denote the solution to the scaled linearized equation

! !
dY, = @' (0)Ydt + \a’'(0)Y,dB, Yo =1= Y, =1+ f H(0)Yds +f Va'(0)YdBg, (6)
0 0

known as Feller branching diffusion.
Then, it holds that :

(A) .
Xie — (W), %)

where

(i) the random variable W is the a.s. martingale limit

Wi=lime* Oy, =1+ f e @ (0)Y.dB, (8)
0

—o0

(ii) ¢(x) denotes the limit of the deterministic flow pushed first backward in time
by the linearized deterministic flow ¢, ;;,(x) = xe’ O near the unstable critical

point 0 _
$(x) = lim ¢(¢-in()) = lim y(xe™ ), x20. ©)
(B) Also, forany T > 0,
. 1
sup |X5.,, — x| — 0, (10)
1€[0,T] -0

where x; is the solution of (2)) subject to the initial condition Xy = a(W).

Remark 2. Note that W depends only on the local parameters u’(0), a’(0) of the diffusion at
the critical point. Assume from now on, without loss of generality that a’(0) = 1 (recalling
however that this is the only part of the stochastic perturbation that survives in the limiting
regime), and let

v :=u'(0)>0 (11)

denote the Malthusian parameter.

In the one -dimensional case, the Laplace transform of W, is well known [23]] and easy
to compute. Indeed, letting u,(1) = —% log(E [e~*"] denote the cumulant transform of this
branching process, and solving the Riccati-type equation

Oou(t) _ _d(0)

1 b
ot yu( 2y u)
yields an explicit expression:
s xse”!
E.e™" = exp o | s>0 (12)
1+ 2—7(67 - 1)

see, e.g., [23, Ch 4.2, Lem. 5, pg. 24].
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One may conclude from the explicit that

_ . B 2sy/a’(0)
sWe _ yty — _ -
Eie - rlgg w(se™) = exp( 2y/a’(0) + s) ’

(13)
and one may check that W, is a Poisson sum with parameter 2y/a’(0) of independent expo-
nential random variables

NZy
We = 7;,7; ~ Expo(2y/a’(0)). (14)
Jj=1

—sWqo —se Y,

Remark 3. Computing the limit ¢(s) := Ee = lim,,o Ee
the theory of supercritical branching processes. Recall that

is a famous problem in

1. For Galton-Watson processes, ¢(s) satisfies the Poincaré - Schroeder functional equa-

tion

@(ms) = ple(s)),m =p'(1) 5)
where p(s) is the probability generating function of the progeny [2, 1.10(5), Thm
1.10.2].

2. For continuous time branching processes, letting ¥(s) = p(s) — s denote the branching
mechanism, and 6(s) = ¢(s)~! denote the functional inverse, it holds that
AN (¢ ZOY

= = 0<s<1=0(s)=(1—s)e b T+ g <5< 1 (16)
Tos)  W(s) T T et

o(1)
see [2, III.7(9-10), p.112] and
s¢'(s) = W' (1) W(g(s)), ¢(0) = 1. (17

For example, for binary splitting with branching mechanism ¥(s) = s> — s, we find

1 1-
5¢/(5) = () = 1) = 9ls) = 7. 0(5) = —

with W, exponential with parameter 1, and for geometric branching with parameter
1 —u we find ]

(- s)u
(1 —u(l + )™
The example of k-ary fission is also explicit—see [8, p. 218] and [19, p. 119].
Problem 1. Extend the results of [5] from birth-death to Markov discrete space with

finite number of transitions upwards and downwards. Solve numerically the Schroeder
equation.

g(s)l—zu —

3. For the continuous state case, letting —«(s) = In (E [e‘fW‘”]) denote the logarithm of the
Laplace transform and ¥(s) denote the branching mechanism, it holds that

52(s) = W' (0)"W(k(s)) (18)
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see [[7, Cor. 4.3] and also the Appendix, for the multi-type case.
Also [[7, Thm 4.2], it holds that the functional inverse 6(s) = «(s)~! satisfies

o(s) _ 'O
0(s)  P(s)’

0<s<W0) = 6(s) = seh Fa D 0 < s <W(0). (19)

For example, for the Feller branching diffusion with branching mechanism ¥(s) =
ys — %S‘z we find

ySs

o(s) = 5 ()—m

Remark 4. The main part of Theorem[2is the equation (7)) which identifies the limit after the
second stage

X5, = @5.(8) — lim gu(@-rin(W) = H(W), (20)

D?(x) denotes ~the flow generated by the SDE ().
Note that ¢ depends only on the dynamical system p. By [3, Prop. 4.1], it is a nontrivial
solution of the ODE

©(0)x¢ (x) = p(¢(x)), $(0) = 0 (21)

which is equivalent to the Poincaré functional equation

B(xe") = ¢ (P(x)) & u(P(x)) = lyx) (22)

arising in Poincaré conjugacy relations for dynamical systems. Interestingly, this is the same
type of equation as (I8), minus the restriction that v(-) be a Bernstein function.
The inverse w(x) = ¢(x)~' when ¢(x) satisfies (Z1)) is given by

w(x) = xeh @0 0 < x < . (23)

1), @2) suggest possible generalizations to multidimensional diffusions (and possibly
to jump-diffusions (where a CBI might replace the Feller diffusion in the limit).
Remark 5. Part 2. of Theorem 2 follows immediately by a simple change of time: letting
XS X%, ,and B, Bye,; — Bre one obtains from (1))

Te+1>
! t
=%+fﬂﬁm+quaW&
0 0

and the result follows from (7)) by the fluid convergence Theorem[Il This part may be viewed
as describing “short transitions" (invisible on a long time scale) between the second and third
stages.
Remark 6. The limit ([Z) describing the position after the second stage has been established
n [3] for one dimensional distributions with bounded o-(x). This assumption seems however
restrictive, since for typical diffusions whose fluid limit ¢,(x) admits a stable critical point x.,
the probability of leaving the neighborhood of the stable point x, is very small as € — 0. This
intuition is confirmed by simulations —see Figure 2]
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The remark[@] suggests the relation of our problem to that of studying the maximum of X;.
More precisely, we would like to establish and exploit the plausible fact that V6 > 1

lim P{Tor, < T%1Xo = €] = lim P[ sup X > 6xXo = ] =0, (24)

e20  o<<Te

where x. is the closest critical point towards which the diffusion is attracted, and Ty, is
the hitting time of 6x,; clearly, @4) renders unnecessary the assumption that the diffusion
coefficient o(-) be bounded.

A weaker statement than (24)), but still sufficient for a slight extension, is provided in the
elementary Lemma (3)) below.

Contents. The paper is organized as follows. In Section 2l we offer, based on Lemma[3] a
slight extension of Theoremlof [3]]. A conjecture (see Problem[2)) is presented here as well.
We illustrate our new result with the example of the logistic Feller diffusion in Section[3 We
include for convenience in Sectiond]an outline of the remarkable paper [3]].

§2. An extension of Theorem 2 [3]]

Recall now from [3]] that the restrictive condition ||o|| < oo is used for proving that@

12
llolleo < 00, ¢ € (1/2, 1) = @1, 1 (X7) = ¢1.0, (X)) —= 0, (26)

where t. = ¢T*.

We will show now that it is possible to remove the condition ||o]|c < oo in 28), if only
convergence in probability is needed, by assuming rather weak and natural conditions on the
scale function s(-). Recall that the scale function s is defined (up to two integration constants)
as an arbitrary increasing solution of the equation Ls(x) = 0, where £ is the generator
operator of the diffusion, and that this function is continuous — see [20, Ch. 15, (3.5), (3.6)]
(noting that [20] denote the scale function by S (-)).

Lemma 3. Assume that O is an attracting boundary and that r is an unattracting boundary,

i.e. that ,s(0,) > —oo, s(r—) = co. Put

X = sup X, (27)

0<t<oco

where X? is defined in (1). Then:

fLet us recall the proof of this important piece of the puzzle. Let ®;,(x), ¢,,(x) denote the stochastic and
deterministic flows generated respectively by the SDE (1) and ODE (@), put 7 = <D,(,,,(,+,(Xf; ), ¢ = ¢,E,,E+,(Xf; )
for brevity, and define 6% = ®f — ¢,. Subtracting equations (I) and @) and applying the It6 formula:

f f 3
E((Sf)2 = Ef 2685 (u(D%) — u(dy))ds + f eEo(D%)ds < f ZyE((SS)zds + &t]|o|lco, t € Ry
0 0 0
where assumption @) was used. By Gronwall’s inequality
2 1
E(®1en (X7) = b1 (X)) = B, )" < Crene? 170 < Cre*Hog — — 0 25)
E &

where the convergence holds since ¢ € (%, 1).
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. ~° _ e 3@ —50) _ . 1 _
() e P> M= I oy — s~ 0@ SO o o) - B
and
(B) ¢ €(1/21) = 0y (X0) = ., (X[) = 0. (29)

Proof. 28 is straightforward. Indeed, recall that the boundary 0 is attracting. Then,

PX" > M] = P.[Ty < To] = % (30)

where T, Ty are the hitting times of X; at 0 and M — see [20, Ch. 15, (3.1), (3.10)]. Using
now the continuity of the scale function s(-) [20, Ch. 15, (3.5), (3.6)] (note that [20] denote
the scale function by S (+)) yields limy,_,, s(M) = s(r_) = co and the result.

follows by a similar argument. Indeed, denote the deterministic and stochastic flows
generated by the ODE (2) and SDE (1)) (i.e. the solutions of these equations at time ¢ that start
at x at time s) by ¢, ,(x) and @, ,(x), respectively, and put ®° := @, ,, (Xf() and ¢* := ¢, ,, (Xri)
for brevity and define 6° = ®° — ¢°. For fixed £ and M, it holds that

V8 > 0, Po[|6°] > 6] < Po[Xye < MIPL[I6°] > 6 X7e < M+ Po[Xye > M]
< P Xy < MIP.[|6°] > 6|X;e < M] + Po[X > M.

Letting now & to 0 makes the first term go to 0 by (26), yielding

VM <rVé >0, liriljélpPg[|6g| > 0] < :151_{% % _

where we have used again the continuity of the scale function.

Theorem 4. The conclusions of Theorem[2still hold under the assumptions of Lemma[3]

Proof. Theorem 2 of [3]] only uses the assumption ||o]lc < oo in establishing the unneces-
sarily strong result (26)). Providing weaker conditions for the weaker but still sufficient result
(29) establishes therefore our claim.

O

Problem 2. Note that essential use of s(0) > —co was made in (28). We conjecture however
that a finer analysis will reveal that the result of Theorem i still holds whenever r is “re-
pelling/unattracting”, more precisely when it is natural unattracting or entrance, cf. Feller’s
classification of boundary points [20, Ch. XV].
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§3. Examples with lim,_,., X;/x, = 0: The logistic Feller and Gilpin-Ayala
diffusions

We recall now some famous examples for which the conditions of our Lemma [3 hold. The
logistic Feller diffusion is defined by

o X

c

dX, = YXr( )dt + VeXdB;, X, € (0, 00).

The limit point x, of x; is a regular point for the diffusion; w.l.o.g. we will take it equal to

1. The scale density s’'(x) = e’z?y("’%) is integrable at 0, but not at oo, and the speed density

2
x—2

[20] ' (x) = €2 )

8;7) is integrable at oo, but not at 0, so that the conditions of Lemma[3]hold.

Therefore, fluid convergence with random initial point before 7. [3] still holds, with
the same deterministic flow and random initial condition as for the Kimura-Fisher Wright
diffusion studied in [3]]

yt

4
T W+l

oi(x) = ———

~ X
X+ xert’ o) = 1 +x’X0
(since u(.), a’(0) did not change)-see Figure[2]

In fact, the paths of the logistic Feller and Kimura-Fisher-Wright diffusions are almost
indistinguishable up to T¢ of each other —see Figure[3l After reaching the neighborhood of x,
however, the paths split, reflecting the different natures (regular and exit) of x, for these two
stochastic processes.

Some other examples of interest in population theory are the diffusion processes defined
by the SDEs

0
dX; = )’Xt(l - (% )dt+ U\/ZdB,,O‘ >,0>0,

c

X

n—1
t
1+X"

dx, = [yx(1 - iﬁ—ﬁ )|dt + o VXidB. 20,021,
which are stochastic extensions with square root volatility of deterministic population models
introduced by Gilpin and Ayala and Holling respectively.

It is easy to check that adding the exponents 6 and n does not affect integrability of the
scale and speed densities of these diffusions, so that our extension applies. Furthermore, the
rescaled flow ¢ may be computed numerically by [3, Prop. 4.1] (and even symbolically for
small integer values of 6, n).

Moving away from the square root volatility case, an interesting, still open question is
to investigate whether analogues of the [3]] result are available for the processes satisfying

dX, = yX(1 - (2))dr + Ve(X)"dB,, a> 0.8

SFurthermore, conform Feller’s boundary classification [20], O is an exit boundary since s’ (x)m[x, 1] is integrable
at 0, and absorbtion in 0 occurs with probability 1, and oo is an entrance (nonattracting) boundary, since m’(x)s[1, x]
is integrable at co—see also [11l 4] and [14] for the generalization to continuous-state branching processes with
competition.

SThe particular case @ = 6 = 1 is the famous Verlhurst-Pearl diffusion (VP)- see for example [22].
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logistic Feler difusion unti -Log(e)=5 logistic Fellr iftusion unti 2 €*(-1)=200

5 100 150 200

Figure 2: 6 paths of the logistic Feller diffusion (x, = 1 is regular) with € = .01, until T,
and after

§4. Sketch of the proof of Theorem 2! [3]

Recall that 7. = cr; with ¢ € (1/2, 1), arbitrary, and note that X7, = @y, (X7) = @y, (D, (€)).
The idea of the proof is to approximate this random variableby

£ % i (D,(8)) 5 (W), G1)

with the random variable W from (8).
The proof of [3]] involves several steps

1. The first idea for establishing the approximation ¢(W) of X, is to blow-up the process
near the boundary 0
X¢:=g'X8,

which fixes the initial condition to 1 and changes the SDE to

a(s)?f)

dX? = & \u(eX?)dt + -

dB,, >0, (32)

it is easy to check that a subsequent linearization of the SDE yields

X ~Y,
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1.2

1.0

0.8

0.6

0.4

0.2

Figure 3: 6 paths of the logistic Feller and Kimura-Fisher-Wright diffusions with £ = 1/20,
before and after T,

where Y; is a Feller branching diffusion started from 1, defined by

! !
Y, =1+ f W (0)Y,ds + f VY. dB,, t>0. (33)
0 0

One may take advantage then of the well-known nonnegative martingale convergence
theorem for the “scaled final position" of the branching process Y,

W := lim e # Oy, (34)

1—00

Remark 7. Let us note that the linearization for processes satisfying a(x) = O(x?) and
failing Assumption 2] like the linear Gilpin-Ayala (@), leads to geometric Brownian
motion. In this case, (34) holds with W = 0, and a different approach seems necessary.

After “blowing up" the beginning of the path, the second idea is to “look from far
away''. We want to break the trajectory at a suitably chosen time point

1 1
tc<t1=T8=;10g; 35)

such that before f., the original process is close to Feller’s branching diffusion (33)),
and convergence to the limit W of the Feller diffusion occurs, i.e.

Xti — 8X2 =W Xz ~ e Y, = e V(=T gVl Y, ~ e Y=TIW (36)
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—_ 1
The first approximation e~ X7 L—0> Y, follows from the following lemma [3] show-

ing that the solution of (1)) converges, under appropriate scaling, to the Feller branching
diffusion (33).

Lemma 5. Let )?f := &' XF, where X? is the solution of (1) subject to X; = &. Then

— L!
X —Y, VYtz20,
e—0

where Y; is the solution of (33).
Putting these together yields ¢, (X7) i0> H(W).
3. The hardest part is proving that in the second portion [f,?#], the influence of the
2
stochasticity is negligible, for example that @, ;, (X7) — ¢, (X7) L—0> 0, as proved
in [3]] under the restrictive assumption |07l < oo.

Putting it all together in one line, one must prove that
X5 = By (X) ~ By (We 07 % gy (We 70 0) 5 Gw). (37)
£

To extend [3]], it is sufficient to improve the third approximation step above.
Acknowledgement: We thank J.L. Perez for useful remarks and the referee for the help
in improving the exposition.

References

[1] Arvarez, L., anp HENING, A. Optimal sustainable harvesting of populations in random
environments. arXiv preprint.arXiv:1807.02464 (2018).

[2] ATHREYA, K. B., AND NEY, P. E. Branching Processes. Springer, Berlin, 1972.

[3] BAKER, J., CHiGaNsKY, P., Hamza, K., AND KLEBANER, F. Persistence of small noise and
random initial conditions in the wright-fisher model. arXiv preprintlarXiv:1802.06231
(2018).

[4] BansavE, V., CoLLET, P., MARTINEZ, S., MELEARD, S., AND MARTIN, J. S. Diffusions from
infinity. arXiv preprint.arXiv:1711.08603 (2017).

[5] BaArBOUR, A., CHiGaNsKY, P., AND KLEBANER, F. On the emergence of random initial
conditions in fluid limits. J. Appl. Probab. 53(4) (2016), 1193—-1205.

[6] BarBour, A. D., Hamza, K., Kaspr, H., AND KLEBANER, F. C. Escape from the boundary
in markov population processes. Advances in Applied Probability 47, 4 (2015), 1190—
1211.

[7] Bingaam, N. H. Continuous branching processes and spectral positivity. Stochastic
Processes and their Applications 4, 3 (1976), 217-242.

[8] BngaaMm, N. H. On the limit of a supercritical branching process. Journal of Applied
Probability 25, A (1988), 215-228.


http://arxiv.org/abs/1807.02464
http://arxiv.org/abs/1802.06231
http://arxiv.org/abs/1711.08603

Beyond Wentzell-Freidlin 13

[9] Breman, L. Probability, volume 7 of classics in applied mathematics. Society for
Industrial and Applied Mathematics (SIAM), Philadelphia, PA (1992).

[10] Burpyain, V., KLEsov, O., AND STEINEBACH, J. Prv property and the ¢-asymptotic behavior
of solutions of stochastic differential equations. Lithuanian Mathematical Journal 47,
4 (2007), 361-378.

[11] Carriaux, P., CoLLET, P., LAMBERT, A., MARTINEZ, S., MELEARD, S., AND SAN MARTIN, J.
Quasi-stationary distributions and diffusion models in population dynamics. The Annals
of Probability 37,5 (2009), 1926-1969.

[12] Cuerny, A. S., anp EnGeLBerT, H.-J.  Singular stochastic differential equations.
No. 1858. Springer Science & Business Media, 2005.

[13] Evans, S. N., HENING, A., AND ScHREIBER, S. J. Protected polymorphisms and evolu-
tionary stability of patch-selection strategies in stochastic environments. Journal of
mathematical biology 71, 2 (2015), 325-359.

[14] Foucart, C. Continuous-state branching processes with competition: Duality and re-
flection at infinity. arXiv preprint.arXiv:1711.06827 (2017).

[15] FremLiN, M. 1., aND WENTZELL, A. D. Random perturbations of dynamical systems.
Springer, Heidelberg, third edition, translated from 1979 Russian original, 2012.

[16] GiEr, J.-S., VaLLo1s, P., AND WanTz-MEziERES, S. The logistic sde. Theory of Stochastic
Processes 20, 1 (2015), 28-62.

[17] Herranp, I. One-dimensional diffusion processes and their boundaries. Preprint series.
Statistical Research Report http:/furn, nb. no/URN: NBN: no-23420 (1996).

[18] Kararzas, 1., AND SHREVE, S. Brownian motion and stochastic calculus, vol. 113.
Springer Science & Business Media, 2012.

[19] KarLN, S., aND McGREGOR, J. Embeddability of discrete time simple branching pro-
cesses into continuous time branching processes. Transactions of the American Mathe-
matical Society 132, 1 (1968), 115-136.

[20] KaruN, S., aND TavarE, S. Linear birth and death processes with killing. Journal of
Applied Probability (1982),477-487.

[21] KELLER, G., KERSTING, G., AND ROSLER, U. On the asymptotic behaviour of first passage
times for discussions. Probability theory and related fields 77,3 (1988), 379-395.

[22] L, L., anp SHen, Y. Sufficient and necessary conditions on the existence of station-
ary distribution and extinction for stochastic generalized logistic system. Advances in
Difference Equations 2015, 1 (2015), 10.

[23] Parpoux, E. Probabilistic models of population evolution. Mathematical Biosciences
Institute Lecture Series. Stochastics in Biological Systems. Springer, Berlin (2016).

[24] SkorokHOD, A. Asymptotic methods in the theory of stochastic differential equations.

Florin Avram and Jacky Cresson

CNRS / UNIV PAU & PAYS ADOUR/LMAP - IPRA, UMRS5142
64000, PAU, FRANCE

Florin.Avram@orange. fr and jacky.cresson@univ-pau. fr


http://arxiv.org/abs/1711.06827
http://urn

	1 Introduction
	2 An extension of Theorem ?? BCHK 
	3 Examples with 
ext limt  Xt/xt = 0
ext : The logistic Feller and Gilpin-Ayala diffusions 
	4 Sketch of the proof of Theorem ?? BCHK 

