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VARIATIONAL APPROXIMATION OF INTERFACE ENERGIES AND
APPLICATIONS

SAMUEL AMSTUTZ, DANIEL GOURION, AND MOHAMMED ZABIBA

ABSTRACT. Minimal partition problems consist in finding a partition of a domain into a given
number of components in order to minimize a geometric criterion. In applicative fields such
as image processing or continuum mechanics, it is standard to incorporate in this objective an
interface energy that accounts for the lengths of the interfaces between components. The present
work is focused on the theoretical and numerical treatment of minimal partition problems with
such interface energies. The considered approach is based on a I'-convergence approximation
combined with convex analysis techniques.

1. INTRODUCTION

Consider a partition of a bounded domain € of R? into relatively closed subsets Q,...,Qn,
called phases, that may intersect only through their boundaries:

N
Q=[JQ;,  with@nQ;=00,009,nQ fori#j.
j=1

Denote the interface separating €2; and Q; by I';; :
Fij zaQZﬁaﬂ]ﬁQ fOI”L'#j,

with the additional convention I';; = ), see Figure 1. The prototype problem of minimal partition
can be written as

N
minimize Z/ gi(x)dz + Z(Q,...,0QN) (1.1)
i=1 78

over all partitions (Q1,...,Qy) of Q, where g1, ..., gy are given functions in L*(Q2), and Z(2y, ..., Qn)
is the total interface energy. This energy is here chosen as

1
Z(Ql,---7QN)=§ > aHITHT), (1.2)

1<i<j<N

where o;; > 0 is a coefficient called surface tension associated with I';; and ’del(Fij) isthed—1
dimensional Hausdorff measure of I';;. It is convenient to assume that the surface tensions satisfy
a; = aj; whenever ¢ # j and oy; = 0. We denote

Sn = {(aij) € RVN sy = aji and ay; = 0} .

In order to guarantee the lower semicontinuity of the interface energy, it is required that the
surface tensions be nonnegative and satisfy the triangle inequality [4]

Qij < ok + QL Vi, 4, k. (13)
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2 VARIATIONAL APPROXIMATION OF INTERFACE ENERGIES AND APPLICATIONS

FIGURE 1. A partition of a domain into sets (€2;) that intersect only at their
boundaries. Interface I';; separates ; from €.

This condition is also discussed in [15,16,19]. We will therefore mainly place ourselves in the
classes of surface tensions
Sy = {(ay) € Sy : aij > 0},
Ty = {(O@j) S SX} Dy < a;r + Ak Vl,j,k} .

For the rigorous mathematical analysis, the lower semicontinuity of (1.2) needs to be formulated in
an appropriate framework, namely the space of sets of finite perimeter, or Caccioppoli sets [6,9,23].
In this setting, the total interface energy writes

1

3 > M (0m N ou; N Q), (1.4)
1<i<j<N
where Q4,...,Qxn are now assumed to be sets of finite perimeter in 2 such that Q = UﬁilQi up

to a Lebesgue negligible set and |Q; N Q;| = 0 for all 4 # j, denoting by | - | the d-dimensional
Lebesgue measure. Moreover, d)/€); is the measure theoretical (or essential) boundary of €; in €.
We refer to [6,9,23] for details on sets of finite perimeter and geometric measure theory.

Domain functionals of perimetric type are known to be difficult to handle within numerical
optimization procedures. The most direct approach in shape optimization relies on the concept
of shape derivative, often implemented by means of level-sets, see e.g. the seminal paper [3]
and [2] for a multiphase application. Drawbacks of this setting are that it does not allow all
types of topology changes, and that it raises the difficulty, when perimetric terms are involved,
of the numerical evaluation of curvatures. In this paper we follow another path, and propose
an approximation of the energy (1.4) by a I'-converging parameterized functional. This latter
is constructed upon the solutions of auxiliary elliptic boundary value problems, in the spirit of
[7,8]. This is in contrast with the celebrated Modica-Mortola I'-convergence approximation of
the perimeter [26] which, borrowing the terminology of numerical schemes, could be qualified as
explicit. The Modica-Mortola functional, special case of the Ginzburg Landau free energy, has been
used in particular by several authors to address minimal partition problems, see e.g. [10-12,27],
and specifically [15] where the energy (1.4) is considered. Closely related to our approach is the
parabolic approximation, applied to (1.4) in [19], see also [1,25] for the two phase case. Nonlocal
functionals, either elliptic or parabolic, lend themselves to optimization procedures which are less
sensitive to the spatial discretization than local, explicit ones. In particular, descent steps are
unrelated to mesh size. As we will see, the elliptic framework has a further advantage: it provides
a variational formulation which enables the implementation of alternating minimization schemes.
The separated subproblems may be linear or quadratic and be solved in one shot without line
search. Finally, different from I'-convergence based methods, we mention the convex approximation
of minimal partition problems from [17].

On the mathematical side, two main questions are addressed in the present work. The first one
is the I'-convergence of the approximating functionals, which we establish under two alternative
sets of assumptions. In the first setting we assume that the surface tensions satisfy an algebraic
property, denoted by (c;) € B]J{,, implying that the total interface energy can be written as a
conical combination of perimeters of clusters of phases. This allows to use results on the two-phase
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case from [7,8], under generalized forms. In the second setting we only assume that (a;;) € T, but
we suppose that  is a Cartesian product of intervals. To prove the I' — lim inf inequality we follow
a very different approach, to a large extent inspired from [19]. Our most novel contribution deals
with the second issue, namely the construction of the aforementioned variational formulation.
It is based on Legendre-Fenchel duality arguments, therefore it involves convexity assumptions.
We actually propose two complementary formulations in order to cope with all surface tensions
(aij) cTn.

The paper is organized as follows. In section 2 we recall and extend some useful results from [7,8].
In section 3 we introduce our interface energy approximation and analyze its pointwise convergence.
Section 4 deals with the lower semicontinuity and equicoercivity properties. In section 5 we recall
and complement known combinatorial issues concerning the decomposition of the interface energy
as a weighted sum of perimeters, and prove our two I'-convergence results. Sections 6 and 7 are
dedicated to the variational formulation. The resulting algorithm is presented in section 8, together
with some numerical examples. In section 9 we describe an enrichment of the algorithm in order
to take into account volume constraints. A technical lemma is deferred in appendix.

2. PRELIMINARY: A GRADIENT-FREE PERIMETER APPROXIMATION

To set up the mathematical framework, we assume that the hold-all 2 is an open and bounded
subset of R, d € {2, 3}, with Lipschitz boundary, and we first define the functional ' : L>(Q, {0,1}) —
RU {400} by
1
§\Du|(Q) if u e BV(2,{0,1}),

400 otherwise.

F(u) =

We recall that the total variation of u satisfies |Du|(Q) = H? 1 (01 N Q) whenever u €
BV (£,{0,1}) and wu is the characteristic function of a Lebesgue-measurable subset 2 of €2, de-
noted by u = xq,, see again [6,9,23]. Then we say that 2 is a set of finite perimeter and that
HI=L(Op Q1 N Q) is the relative perimeter of Q1 in Q. We also define the extended functional F
over the convex set L>°(, [0, 1]) by

+00 otherwise.

In all what follows we denote
(u,v) = / u(z) - v(z)dx
Q

for every pair of scalar or vector valued functions u, v having suitable regularity. It is shown in [7,8]
that a variational approximation of F'| in the sense of I'-convergence, is provided by the family of

functionals (F.)c~o defined by

. 1
Rt = ot {e090l + 2 (10l + (01 - 20))}. (2.1)
We recall below some results proven in [7,8]. The first one is a straightforward reformulation of
(2.1) with the help of Euler-Lagrange equations.
Proposition 2.1. Let u € L*(Q) be given and L.u :=v. € HY(Q) be the (weak) solution of

{—eQAvE +v. =u in ),

(2.2)
Opve =0 on 00.

Then we have

F.(u) = %(1 — Leu, u).
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It follows straightforwardly from (2.2) that L.1 = 1. Also, the weak formulation yields for all
u,v € L*(Q)

(Leu,v) = /Q (e°V(Leu) - V(Lew) + (Lew) - (Lev)) da,

whereby the operator L. : L?(Q) — L?(Q) is self-adjoint and positive definite. It follows that

F.(u) 1<L5u,1 —u).

e
Moreover, the weak maximum principle yields 0 <u <1=0< L.u < 1.
The second result will be useful for existence issues at ¢ fixed.

Lemma 2.2. The functional F. is continuous on L (52, [0,1]) for the weak-x topology of L>(Q).

The third result establishes the liminf inequality of the I'—convergence of the approximating
functionals. From now on, convergence statements for ¢ — 0 will refer to the convergence of the
corresponding quantity considering any sequence (&) of positive numbers such that limy_, 4o £ =
0.

Proposition 2.3. Let u € L*(£,[0,1]) and (u®) be a sequence of functions of L>=(,[0,1]) such
that u® — u strongly in L'(Q). Then we have

lim inf F.(u®) > F(u).
e—0

Proofs of the lim sup inequality of the I'-convergence may involve more geometrical aspects, with
a possible influence of the space dimension and the shape of 2. In [8] it was proved for a Lipschitz
domain © in any dimension, with the help of a recovery sequence (u®). However, recovery sequences
become problematic in the multiphase case, since independent recovery sequences (u5)1<;<n have

no reason to satisfy sz\; u$ = 1, even if this property is verified at the limit. In [7] the limsup
inequality was proved for the constant recovery sequence u® = u, which is obviously a remedy to
the above limitation, in two dimensions for §2 rectangular. Here we extend this result to Lipschitz
domains in dimension d € {2, 3}.

Proposition 2.4. For all w € BV(Q,{0,1}) and all € > 0 we have

N 1
limsup F (u) < 3 | Dul|().
0

E—r

Proof. We first note that for all u € BV (€, {0,1}) we can write
~ 1
F.(u) = Fc(u) := g<u — Lou,u).

Moreover, standard arguments provide the variational formulation
F.(u)= inf <e[|Vwl|? + 1||w — ul2
ST weH(Q) L) ¢ L) -

We will estimate F.(u) through three steps.
Step 1. 1In the first step we assume that u € H' (€, [0, 1]). We have in particular for all w € C?(f2)

1
Fo(u) < e[ Vw7 + o e ull22q);
which rewrites
1
F.(u) < 6/ Opw(w — u)ds + 5/ Vuw - Vudx + - / (—eQAw +w —u)(w — u)dz. (2.3)
a0 Q Q

Here we have used the Green formula for BV functions [6,9], which applies in Lipschitz domains.
We recall that u admits a trace in Lj,,_,(052), and that this trace can be lifted by a function in
Wll(fl \ ), where Q is a bounded open smooth set containing £, see [6,20]. Call @ the obtained
extension of u, further extended by 0 outside €. Inequality (2.3) extends by density to any function
w e CH(Q) with Aw € L*(Q). We choose w = w, := ®. » i where ®, is the fundamental solution
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of the operator —£2A + I. By construction, it holds —e2Aw. +w. = @ ae. in Q. Hence, since
e Wh(Q), w. € CH(Q) [21] and

F.(u)<e Opwe(we —u)ds + 5/ Vw, - Vudzx. (2.4)
90 Q

The construction from [20] permits to assume the 0 < @ < 1 a.e. in €. Using ®.(z) = e~ 9®, (¢ x)
we obtain

eVwe(z) = y Vo, (z)u(x — ez)dz.

Let v be a unit vector of R%. We infer

eVwe(z) v = y V&,(z) - vi(x — ez)dz < y max(V®(z) - v,0)dz.
Due to the radial symmetry of ®; we can without loss of generality assume that v is oriented along
the first basis vector of RZ. It follows that
eVwe(z) -v < y max(9y, P1(2),0)dz.
We subsequently infer

eVwe(z) v < /max (/ Oz, P1(21, 2)dz, 0) dz1
R Rd—1

because, due to radial symmetry, the sign of 9., ®1(z1,z) only depends on the coordinate z;. By
uniqueness, the function

21 @1(21,2)d§
Rd—1
is the one dimensional fundamental solution, i.e.,

1
/ @1(21,2)(12 = *6_‘21‘.
Rd—1 2
We arrive at
teo 1
eVwe(z) - v < / geledzl =35
0
whereby, since v is arbitrary,

e|Vwe(z)] <

N

Coming back to (2.4) we obtain

1 1 1 1
F.(u) < f/ |we — ulds + 7/ |Vu|de = 7/ |®. * @ — ulds + 7/ |Vu|dz. (2.5)
2 Joa 2 Ja 2 Joo 2 Ja

Step 2. We now assume that u € BV (2, [0, 1]). By density of C>(£2) in BV (Q) for the intermediate
convergence [6, 9], there exists a sequence of functions ux € H'(Q) such that uy — u in L*(£)
and |Dug|(Q) — |Du|(2). The construction by mollifiers allows to assume that 0 < wug < 1.
By Parseval’s equality, as the Fourier transform of ®; is F®;(£) = 1/(1 + [£]?), we infer that
®, € L*(RY). Since obviously uj, — u also in L2(Q), @, — @ in L?>(R?) by continuity of the trace
operator for the intermediate convergence, and F. is continuous on L?(f2), taking limits in (2.5)
yields

1 1
F.(u) < f/ |(I>5*ﬁ—u|ds—|—f/ | Du. (2.6)
2 Jog 2 Jo

Step 3. Tt remains to estimate the first integral in (2.6), which denoting w. = ®. *x & can be

rewritten
/ |we — u|ds = /
o0 o0

/Rd D4 (y) (u(z — ey) — u(x)) dy‘ ds(z).
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Let a > 0. Due to the decay of ®; at infinity there exists p > 0 such that

I8

The Cauchy-Schwarz inequality yields

ds(z) < a.

/ By (y) (i(z — ey) — a(x)) dy
R\ B,(0)

1/2
/ we — ulds < Hd71(89)1/2||¢1||L2(Rd) (/ / |a(z — ey) — t(x)] dyds(x)) + .
a0 09 J B, (0)

By a change of variable this rewrites as

1/2
/ lwe — ulds < HHOQ) 2| D1 || 12 (ray / 5’d/ |a(x — 2) — u(z)| dzds(x) + .
o9 o9 B.,(0)
Theorem 3.87 of [6] states the following: for H? - a.e. x € 99 it holds

Jimn ¢ / lu(y) — u(z)|dy = 0.
QNB(z)

t—0

Obviously the same limit holds for the exterior part, which entails

lim s*dp*d/ |i(z — z) —a(x)|dz =0
Bep(0)

e—0

for H?1- a.e. x € 9. Then it follows from Lebesgue’s dominated convergence theorem that

lim/ E_d/ |i(z — z) — a(x)| dzds(x) = 0.
o0 B.,(0)

e—=0
We infer that, for € small enough,

/ |we — ulds < 2a.
o9

This completes the proof. O

As straightforward consequences of Propositions 2.3 and 2.4, one obtains the desired I'-convergence
and pointwise convergence results.

Theorem 2.5. When ¢ — 0, the functionals E. T—converge in L°(,[0,1]) endowed with the
strong topology of L' () to the functional F defined by

P SIDu(©) ifue BV(@,{0,1)),

+00 otherwise.

Theorem 2.6. For all u € L*>(,[0,1]) it holds
21_% F.(u) = F(u). (2.7)

3. APPROXIMATION OF INTERFACE ENERGIES: POINTWISE CONVERGENCE

Given two subsets ; and ; of €, we look for an approximation of the interface energy
HY (O N OS2 N Q). The starting point is the following result established within the proof
of Proposition 1 of [5].

Lemma 3.1. Let Q;,Q; be sets of finite perimeter such that |Q; N Q;| = 0. There exists an
HA 1 negligible set L such that

(9]\/[(9z @] Qj) \L C 6MQZA8MQJ C 6M(QZ U QJ)

We obtain the following extension of Proposition 1 of [5].
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Proposition 3.2. Let (£;)i=1,...m be sets of finite perimeter such that |Q; N;| =0 for any i # j.
Then

HT (Ou (UL, Q) NQ) =Y HT O N Q) =2 Y HE N 0m N ou; NQ).
i=1 1<i<j<m
Proof. First we derive from Lemma 3.1 that if |2; N Q;| = 0 then
HIH O (% UQ)NQ) = H (00N Q) +HTH (00 N Q) — 2H (00 N0 NQ). (3.1)

This proves the proposition for m = 2. The general case is obtained by induction. For readability
we present the proof for m = 3. Using (3.1) we obtain

HEL O (U Qe UQ3) NQ) = HEH 00 N Q) + HIH (000 N Q) +HEH (0403 N Q)
—2HI (D0 NN Qe N Q) — 2HH (D0 (21 U Q) NN Q3 N Q).
Using Lemma 3.1 we get
HE (0 (21 U Q) N a3 N Q) = HE (021 N Onr Q3 NQ)A(93r Q2 N O Q3 NQ)).
Now, we will prove that
HEL (001 N Oar Qe NI Q3) = 0. (3.2)
Call Q? the set of points of density % relatively to §;, see e.g. [6]. By definition we have
02 NQINQ: =0
As a consequence, it follows that
0=HILQF N0 Q) = HE 1Oy N Oy Q2 N On Q). (3.3)
since the two sets above coincide up to an H? !-negligible set, see [6]. We infer that
HE (D01 N a3 N Q) A(Dpr Q2 N Q3 N Q))
= HEH (O N O Q3 N Q) + HE (0002 N O Q3 N Q)
and subsequently
HITH O (2 U Qe UQs) N Q) = HITH 002 N Q) + HITL (000 N Q) + HEH (0003 N Q)
— 2H (01 N O Qe N Q) — 2H (90 N O Q3 N Q) — 2H (93,0 N O3 N Q).
This proves the result for m = 3. 0
We have now all the ingredients to prove the pointwise convergence result.
Theorem 3.3. Let §;,Q; be two subsets of finite perimeter of Q such that |Q; N Q| = 0. If
u; = X, and uj = xq,, then
HI (O Q2 N O, N Q) = lim g(LEui, u;).
Proof. By Proposition 3.2, we have
HI (0 Qi N O NQ) = % [HH (00 N Q) + HITH O N Q) — HTH (O (U Q) N Q)]

Using Theorem 2.6 we obtain

HI (O N O 1 Q) = lim [Fg(ui) + Fo(ug) — Fe(u; +u;)

—_

. 1 1
= 21_13’(1) |:5<1 — LEUZ'7UZ'> + g<1 — LEU]‘,UJ'> — g<]. - LE(’LLZ —l—uj),ui + 'LLj>

.2
—31_1}(1) E<Lgui,uj>.
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. = G, FEM
e _—Tf—:“:'ré—:m:—‘_:_‘_ ______ —— -Gy, FDM
il = G, FEM
N — ——G,3FDM
500 \'\ G5 FEM
N\ f-- —G,; FDM

400 — — —Exactvalue|

-100
10° 10t 102 10°

€

FIGURE 2. (left) given partition, (right) convergence history of G.(u;,u;) com-
puted with the FEM (solid lines), the FDM (dashed lines) and the exact values
(horizontal lines).

‘We denote
1
GE(ui7 uj) = E<L€uia uj>' (34)

We present an example to illustrate the pointwise convergence of the functional G in Figure 2. The
values of the function G, are computed using two discretization methods, namely the finite element
method (FEM) with Q1 elements and the finite difference method (FDM) with 5 points stencil.
The parameter ¢ has the dimension of a length. In fact, in view of (2.2), it is a characteristic width
of the diffuse interface represented by the slow variable v.. Thus we start with a characteristic
size of Q, namely €y = £ax = max(m, n) where (m,n) is the size of the grid (its stepsize is fixed
as unitary). Then we divide £ by two between each computation, that is, we choose &; = epax/2".
In order to approximate (2.2) properly, ¢ must not be taken significantly smaller than the grid
resolution. Thus we stop the algorithm as soon as ; < e, = 1. We observe that the computed
values of G.(u;, u;) are always smaller using the FDM than using the FEM. This is due to higher
diffusion of the FEM.

4. LOWER SEMICONTINUITY AND EQUICOERCIVITY

4.1. Lower semicontinuity. The following important result is found in [4]. An alternative proof
is given in [19] when  is a Cartesian product of intervals, in which case it is also a consequence
of Theorem 5.11.

Theorem 4.1. Let (a;;) € S%. The condition (1.3) is necessary and sufficient for the function

1
T:( Qo) > RN 0MQ N0, N Q)
1<i<j<N
to be lower semicontinous for the convergence in measure in the set of N-tuples (Q1,...,0Qn) of

Lebesgue-measurable subsets of Q such that xq, € BV () for all i and Y~ | xa, = 1.

This property will lead to the existence of minimizers for the exact minimal partition problem in
Theorem 5.2. In addition, lower-semicontinuity is a necessary condition for I'-convergence [9,14],
which will be addressed later. Equicoercivity is another important property. Basically, together
with I'-convergence, it implies that sequences of minimizers of approximating functionals converge
up to a subsequence to a minimizer of the limiting functional, see again, e.g., [9,14].
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4.2. Equicoercivity. We will rely on the following theorem from [7].

Theorem 4.2. Let u® be a sequence of functions of L>(Q,[0,1]) such that sup.soF(u®) < +oo.
There exists uw € L>(Q,{0,1}) such that u® — u strongly in Ll(Q) for a subsequence.

We set
1
IE(Ul,...,UN) = Z O[ijGE('LLi,Uj) = g Z Ctij<LE’U,i,’U,j>.
1<i<j<N 1<i<j<N

We now prove the equicoercivity of the functionals Z..

Theorem 4.3. Assume that (ayj) € S§ with i > a > 0. Let (u5,...,u%) be a sequence of
N-tuples of functions in L*°(,[0,1]) such that Zi\; ui =1 for all e and supesoZe(u, ..., uy) <
+00. For all i, there exists u; € L°(2,{0,1}) such that us — w; strongly in L*(Q) for a subse-
quence. Moreover we have Zfil u; = 1.

Proof. Using (3.4), we obtain
1

E @ijGe(uf, u5) = - E ij(Leus, u5)
1<i<j<N 1<i<j<N
o Q a N
> = E (L ul,uJ> = <L€uf,uj> = — g (Leus, E u?}
€ _= 2 = 2¢ ¢ :
1<i<j<N 1<i#j<N i=1 j=1
J#i

Due to >, u5 =1 —uf we infer

N
> ouCelufuf) 25 LU§71—u$>=%ZFE(u§).

1<i<j<N i=1 i=1
The result follows from Theorem 4.2. O

l\-’JHQ
m\»—l

5. CONICAL COMBINATIONS OF PERIMETERS AND I'-CONVERGENCE

In this section we rewrite the interface energy as a linear combination of perimeters of aggregated
phases. If all coefficients can be taken nonnegative (conical combination) then the I'-convergence
of the approximating functional is straightforward. Therefore special attention is paid to the signs
of the coefficients.

Let S C {1,...,N}. From now on, we will denote Qg = U;esQ; and S = {1,...,N}\ S.

5.1. Algebraic properties of interface energies.

Lemma 5.1. Let Q,...,Qn be subsets of finite perimeter of Q such that |\ UY,Q;| = 0 and
1Q:; N Q| =0 fori# 3. Let Lij = H 0 N O N Q), Ps =HIL(0y Qs N Q). Then

Ps=> Li=Ps
€S
igs

Proof. By the definition of the essential boundary, we have
012 = 0ns (R 0) =0 (U0, U (R 9) ).
VE)

As an elementary property of the essential boundary, we have that 9y (A U B) C Oy A U Oy B.
Moreover, as  is open, we have 9,;Q N Q = (). This yields

o U URINQ)|NnQc ([ uau® )nQ,
M(j#i] ( \)> (j#z‘MJ)
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which implies that
o, NQ = g(BMQJ NIy N Q) (51)
V)

For i # j,i # k,j # k, following (3.2), we have
Hd_l((aMQi N (“)MQJ n Q) N (a]\/jQi N Oy N Q)) = Hd_l(aMQi N 8MQJ N oM N Q) =0.

(5.2)
We deduce from (5.1),(5.2) that
Pip =Y Lij.
J#i
From this fact and Proposition 3.2, we obtain that
Ps=> Puy—2 > Lji=> L
= i.4)es? =
waes igs
O

We arrive at the announced existence result.

Theorem 5.2. Assume that (c;) € Ty with a;; > o> 0. Let g1,--- ,gn € LY (). The problem

N
minimize J(Q1,...,Qn) := Z/ gi(x)dx +Z(Q,...,0nN), (5.3)
=178

in the set of N-tuples (21,...,QnN) of Lebesque-measurable subsets of 1 such that xq, € BV (Q)
for all i and Ef\il X, = 1, admits at least a solution.

Proof. We have the inequality

N
o] d—1
J( Q... 0N) > —Z lgillzr () + 5 Z HH (O N OMQ; N Q).

i=1 1<i<j<N

Lemma 5.1 entails
N o N
o d—1
T, On) = = Zl lgill 1) + 1 27‘[ (Om €2 N Q).

Therefore, for a minimizing sequence (QF, ..., Q%), the quantity Zivzl HI (9 Q2FNQ) is bounded.
By a standard property of bounded sequences of sets of finite perimeters, see e.g. [6,9,23], there
exists a family (Q1,...,Qn) of subsets of finite perimeters of  such that QF — ; in measure
for each i, for a non-relabeled subsequence. Equivalently, xgr — Xq, in L'(€2), which implies
that Zi\; Xo, = 1. The lower-semicontinuity of Theorem 4.1 shows that (21,...,Qx) is a global
minimizer. g

5.2. Algebraic properties of approximate interface energies. We now prove the approxi-
mate counterpart of Lemma 5.1.

Lemma 5.3. Let ;,...,Qn be subsets of finite perimeter of Q such that |Q\ UX,Q;| = 0 and

1 1

1N Q| =0 fori#j. Let u; = xq,, L5, = g<L€ui7uj>, P% = E<1 — L) g Uiy segui). Then
§=) L =P%

€S

Jj¢Ss
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Proof. We have

P

m\»—l
m | =

<L52ui,1—2ui>.

€S €S

<1—L Zuz,zul> _

€S €S

Using 1 —_,cgui = > ¢ u; we obtain

< Zuz,zuj> S ) =YL

ieS j¢s icS €S
i¢s i¢s

m\H

O

We emphasize that the properties stated in Lemmas 5.1 and 5.3 are formally the same. This
will allow to obtain similar reformulations for the interface energy and its approximation. The
approximate counterpart of Theorem 5.2 is stated below.

Theorem 5.4. Assume that (cv;) € S]J{, with o;; > a > 0. Let g1, ,gn € L'(Q). The problem
N
minimize Je(u1, ..., un) = Z/ uigi(z)de + T (uq, . . ., un), (5.4)
/0

in the set of N-tuples (uy,...,uy) € L°(Q,[0,1))V such that Zivzl u; =1 a.e., admits at least a
solution.

Proof. Consider a minimizing sequence (uf,...,u%) € L*>(Q,[0,1])" such that Zz Juf =1
Up to a subsequence, this sequence converges weakly-* to some (uy,...,uyx) € L>(Q,[0,1])V.
Obviously it holds 21 L u; = 1. By Lemma 2.2, (u1,...,un) is a minimizer of (5.4). O

5.3. Matrix representation of algebraic properties. We define the column vector L made
of the values (L;;) in a chosen order. Similarly we define the column vector a of the surface
tensions (c;) and P the vector gathering the values Pg, for S € & € P({1,...,N}). The set
S is made as small as possible by exploiting the property of complementation. We adopt the
following construction: when N is odd the elements of S are the subsets of {1,..., N} containing
between 1 and (N —1)/2 elements; when N is even the elements of S are the subsets of {1,..., N}
containing between 1 and N/2 — 1 elements and the subsets containing N/2 elements including 1
(see Table 1 for N < 5). An alternative - bijective - set could be taken as the set of nonempty
subsets of {1,..., N — 1}, so that 4§ = 2V¥~! — 1. In view of Lemma 5.1, we can define a matrix

M= (my;) € R¥S*(%) such that
P = ML. (5.5)

Note that m;; € {0,1}.
Let 8 = (8s)ses. Starting from the dot products

B-P=p-ML=MT3-L,

one infers that

Z Oé” Z ﬁsps (5.6)

1<i<j<N ses
holds for any L and corresponding P as soon as the columns of coefficients satisfy the linear system
MT3 = a. (5.7)
Due to

1
Lij = 5(Pi+Pj = Py), (5.8)
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2 {{1}}
3 {1}, {2}, {3}}
=4 {{1}, {2}, {3}, {4}, {12}, {13}, {14}}
5 1 {13 {2}, {3}, {4}, {5}, {12}, {13}, {14}, {15},
{23}, {24}, {25}, {34}, {35}, {45}}

TABLE 1. The set S of values of S.

it turns out that M has full rank. However there are in general multiple ways to find a [ corre-
sponding to a given «. For the purpose of proving a I'-convergence property, possible nonnegative
solutions of this system will be privileged.

5.4. Existence of conical combination. We define the set
B]—\i} = {(Olij) €Sy :3(Bs) >0 st.a=MTg} C S]-i\}

We now address the identification of the set B;{,. We consider Sy, Ty and B]J\r, as subsets of
the Euclidean space RN(V=1)/2 Note that Sy is the full linear space, while T and B]J\r, are
polyhedral convex cones. Indeed, Ty is defined as intersection of half-spaces of RN(V—1/2 and
B]J\r, is the convex cone generated by the row vectors of M. The sets T and B;{, are sometimes
called the semimetric cone (or metric cone) and the cut cone (or Hamming cone), respectively, see
for example [18]. For the sake of completeness, we recall that a matrix (a;;) € Sn is called £!-
embeddable if there exists some integer K and N points @1, ..., 2y € RE such that a;; = ||z, —2;]1
for all 1 <4 < j < N. It is known that the set of /!-embeddable matrices is equal to Bj; (see for
example [18], proposition 4.2.2). It is also known that B}, C Ty for any N > 2 and that B}, = Ty
for N < 4. Nevertheless we present our own proofs of these results, without using the concept of
0'-embeddability.

Theorem 5.5. For any N > 2 it holds B]f, CcTy.

Proof. Using the conic descriptions of B]J\r, and T, we only have to check that any row vector
of M is an element of Ty. Consider an arbitrary row of M. It corresponds to a set S € S§. Call
(m;;) the entries of this row vector in the system of indices associated with phases. Recall that
my; € {0,1}. Consider a nontrivial triangle inequality m;; < m;x + my; (with ¢,j and & distinct
integers) defining T. In view of Lemma 5.1, if both ¢ and j are in .S, then m;; = 0 and the
inequality is satisfied. The same holds if both ¢ and j are not in S. If i € S and j ¢ S, then
m;; = 1. In this case, either k € S and my; =1, or k ¢ S and m;; = 1. In both cases the triangle
inequality is satisfied. Obviously the same occurs if ¢ ¢ S and j € S. Thus any row vector of M
belongs to T, which implies that B]J(, CTn. O

Theorem 5.6. If N = 3,4 then Ty C BY,.

Proof. We will use the notations 3; for 8;; and B;; for By;;;. We treat separately the two cases.
e Case 1: N = 3. The unique solution of (5.7) is
8y = —Qp3 + a2 + o3 By = —aq3 + a2 + o3 By = —aq2 + Qa3 + a3
1 5 y b2 5 , P12 5 .

If (a;5) € T5, then (1, B2, and B12 are nonnegative, which implies that 75 C B;r.
e Case 2: N = 4. Solving (5.7) for N = 4, we choose the particular solution

—Q12 + Q14 + Qog —a13 + 14 + a3y —Qo3 + Qo4 + (34

P12 = 5 , Bz = 5 , Baz = 5 ;
Q12 + (13 — Qiag — Qi34 Q12 + (23 — (vig — (i34
51 = 5 182 = )
2 2
Q13 + Qo3 — (Qryg — Qg
B3 = , Ba=0.

2
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It is immediate to see that if (cy;) € T4, then Bi2, Si3, and (23 are nonnegative. Now,
we want to prove that if (a;;) € T4, then 1,2, and B3 are nonnegative too. Let us
define for i = 1,....,4, X; = Zj# a;j. Up to reordering the phases, we assume that
Yu < Y3 <3¥5 <3¥i. Then we have

Y4 < a14 + g + azq < 12 + Q13 + 0y
Y4 <Yy = qoaistaytaz <ap+as+ay
Y4 < X3 Q14 + oq4 + a3q < g3 + Qo3 + Qg

Qg + 34 < 12 + Qa3 B1=>0

= {aytay <apptas =62>0

a1 + agy < aq3 + ass B3>0

O

We now discuss the numerical search for some (8g) > 0, given coefficients (c;;). Let us first
recall the definition of a conical combination and Carathéodory’s theorem. Given a finite number
of vectors vy, vs,...,v, in a real vector space, a conical combination of these vectors is a vector of
the form

AU+ Agvg + ...+ /\p’(}p7
where the real numbers Aq,--- , A, are non-negative.

Theorem 5.7 (Carathéodory). In a vector space of dimension n, all conical combination of m
vectors (m > n), can be written as a conical combination of n of these vectors.

By the above theorem and the linear system (5.7), when a = (a;;) € Bj;, o can be written
as a conical combination of (g ) rows of the matrix M. Calling B the corresponding submatrix,
we have BS = a, with § > 0. Denoting k& = rank B, then a belongs to the space spanned by k
linearly independent columns of B. By Carathéodory’s theorem again, « is a conical combination
of k columns of B. By completion of these vectors (since MT has full rank), « writes as a conical
combination of (I;[ ) linearly independent columns of MT. This leads to Algorithm 1.

Data: Given o = (o;) € RG)x1 M e RES*(3),

1 repeat
. . . My (d) _
2 Loop on the set of square invertible submatrices A € R(2)x(2) of MT;
3 Compute 8 = Ao
4 until g > 0;
5 Complete 8 by zeros at the entries corresponding to the columns of MT that have been
removed.

Algorithm 1: Search for (5s) > 0.

Using Algorithm 1 we are in particular able to find counterexamples to Theorem 5.6 when
N = 5. For instance, it is immediately seen that the matrix

02 3 2 1
2 01 2 3
(Otl‘j) = 31 0 3 3
2 2 3 01
13 3 10

satisfies the triangle inequality, but Algorithm 1 terminates without finding any 5 > 0.

The complexity of Algorithm 1 rapidly grows with N: for example for N = 6, there are
300540195 (J;' ) X (1; ) submatrices of MT. Hence, it is impossible in practice to use this algo-
rithm for N > 5. For this reason we propose a second algorithm. Let (BX,)O denote the polar cone
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of BJJ{,. Moreau’s decomposition theorem directly implies that o € Bj\', if and only if the projection
of @ on (B%)° is 0. This leads us to the following positive definite quadratic program:
. 2
_ , 5.9
minfla—y] (5.9)
where (a;) are the rows of M. Then o € Bj; if and only if the optimal value of this program is
0. This program is easily tractable up to N = 13. This technique, however, does not provide any

possible 5. Note that the algorithms developed in sections 8 and 9 do not require the knowledge
of such .

5.5. I'-convergence with nonnegative coefficients. Define the set

N
En = {(ul,...,uN) € L (Q,[0,1)N - Zui =1 a.e.}

and the functional Z : € '~ — R such that

1 . .
Tluy, . uw) =43 di<ici<N i H (O N O N if w; € BV(Q,{0,1}) Vi, u; = xq,,
+00 otherwise.

Theorem 5.8. If (a;;) € BJ"\',, then the functionals Z. T- converge to I in En endowed with the
strong topology of L*(Q)N.

Proof. We first prove the liminf inequality. Let (u$) € Ey be a sequence such that (u$) converges
to u;. From (3.4), (5.6) and Lemma 5.3 we have

> aijGe(Uf,Uj)2225s <1—LEZU?,Zuf>. (5.10)

1<i<j<N sSes i€S  ieS

This entails

FN e € BN 1 5 5
llg(glf Z aijGE(ui,uj)EZhgélfgﬁg<lLEZui,Zui>.

1<i<j<N ses i€S €S

We infer from Theorem 2.5 and (5.6) that

lim inf Z i Ge(us,us) > I(uy, ..., un).

e—0 v
1<i<j<N

Second, due to the pointwise convergence (Theorem 3.3), the limsup inequality holds for the
constant recovery sequence. O

5.6. I'-convergence in the general case. Here we generalize Theorem 5.8 to arbitrary surface
tensions when ) is a Cartesian product of intervals. Our proof is widely inspired from [19],
nevertheless it incorporates some adaptations to our context. In [19] the functional

1
E.(uy, - ,un) = - Z aij/ Ge * ujujde (5.11)
D

€
1<i<j<N

is considered. The convolution kernel G is mainly chosen as the Gaussian, and more generally it
is assumed to fulfill some properties which are not all satisfied in our case. The main ingredient
in the proof of [19] is an approximate monotonicity argument. Here we follow the same path. We
start with a rough estimate of derivative, however different from [19] since we exploit here the
underlying boundary value problems instead of the convolution structure. Therefore, we do not
need at this stage any geometric assumption on 2.
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Lemma 5.9. For all (uy,--- ,uy) € En we have

N
d 1 e €€
£Is(ul, e uN) = Y E aij/ﬂ (731)1' uj + 20; vj) dx,

ij=1
y E . __
with v§ = Leu,, and

d
e (53I€(u1, cee ,uN)) > 0.

15

(5.12)

Proof. For arbitrary N-tuples v = (vy,---,vn) € HY(Q)N, w = (w1, ,wy) € HY(Q)V, we

define the Lagrangian

N N
1
L(e,v,w) = % Z Qij /Q viu;dr 4 Z /Q(&ZVW - Vw; + viw; — ujw; )de.
i=1

i,j=1

Whenever v; = v; the last integral vanishes, which results in
Lg,v®,w) =T (uy, - ,un) vw e HY(Q)N.

Differentiating the Lagrangian with respect to v in the direction ¢ yields

oL 1 - al
—(g,v,w)0 = — ai‘/ v;u;dr + / 2V, - Vw; + w;)dz,
oL, 2z 2o [ oade v [ )
which can be rearranged as

N

%(5,1},11})@ = Z /

N
1
i=1 \7¢ €= Q

This vanishes as soon as, foralli=1,--- | N,

N
R I
T 9 RACAN
j=1

Going back to (5.13) we infer
d oL

47 = e vt we).
de E(uh ,’LLN) 65 (€7U , W )

By definition of the Lagrangian this entails

N N
d 1
d—gIE(ul,--- JUN) = ~5a2 Z aij/gzvfujdx—&—;/QZEva~wadx.

ij=1

Using now the expression (5.14) of the adjoint state we arrive at

N N
d 1
CTEIE(UIV" S UN) = T2 Z aij/ﬂ“f“jdx_ Z aij/ﬂvvf-ijda:.

ij=1 ij=1
Using that
/(52va V5 4+ vjv§)de = / u;vidr
Q Q
we infer

d 3 & 1 ¢
Igzs(ula"' JUN) = 92 Z az‘j/QUijdm‘*‘Zz Z aiiAvajdm’

i,j=1 i,5=1
that is (5.12). We recognize that
N
d 3 1
%Ig(u1,~- JUN) = —EIS(uh--- JUN) + = Z Olij/Q’U?’UJE-d{,C.

4,j=1

(5.13)

(5.14)
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This implies that

d 3
—6(5I€(u1,-~-, —EZa”/ v;vjdr > 0.

1,j=1

The key estimate is the following.

Lemma 5.10. If (a;;) € Tn and Q is a Cartesian product of open intervals, then for all € < g
and (u1,--+ ,un) € En we have

3
€
T (uy, - ,un) > <€0<0F€) Teo(ug, - un). (5.15)
Proof. We assume that Q = (0,L1) x --- x (0,Ly) and we define the extended domain D =
(0,2L1) x --- x (0,2Lg). We extend the functions uy,--- ,un to D by successive symmetries, then

to R? by periodicity, keeping the same notation. This leads to the representation L.u; = ®. * u;,
with the convolution kernel

<1>( ), (5.16)

1
®(x) = o Ko(la|) ford =2, ®(z) = el for d =3,

4rr|x]
involving the modified Bessel function K in the two-dimensional case. Indeed, ®. is the funda-
mental solution of the operator —?A + I, and the construction yields the Neumann boundary
condition on 9. We obtain

N N
1 11
fle) ==Ze(ur, - ,un) = % E aij/ﬂég*uiujdx = a1 E Qi /D(I)e*uiujdx~
i,j=1 ,j=1

This formulation is identical to (5.11), except that the kernel is different, in particular it admits
here a singularity at 0. A change of variable using (5.16) and the symmetry of the kernel yields

2d+1 Z ”/ /Rd h)u;(z + eh)u;(z)dhdx.

i,j=1

This rewrites as 11

with

Zaw/ uw;i(z + h)u,;(x)dz.

1,7=1
For the above function ¥ (note that it does not involve the kernel), it is shown in [19] (proof of
Lemma A.2) that

U(h+h)<U(h)+W(H)  Vhh R (5.18)
This obviously entails ¥(nh) < nW¥(h) for all n € N\ {0}, and, in view of (5.17)
f(ne) < f(e)  VYneN\{0}. (5.19)

We conclude similarly to [19], choosing n such that

€
n—1<—0§n
€

and combining (5.19) and Lemma 5.9 to derive

. 3
FE) = F(ne) = () *(0e)*(ne) > ()b fe0) = (2)" o) > (52 ) e

gote¢



VARIATIONAL APPROXIMATION OF INTERFACE ENERGIES AND APPLICATIONS 17

The exponent 3 appearing in (5.15) is not necessarily the same as the exponent d + 1 obtained
in [19], but it enables the same proof of I'-convergence, as shown below.

Theorem 5.11. If (a;;) € Tn and Q is a Cartesian product of open intervals, then the functionals
T. T'- converge to L in Ex endowed with the strong topology of L' ().

Proof. As in Theorem 5.8 only the liminf inequality needs to be checked. We exploit the ap-
proximate monotonicity in the same way as in [19]. Let (u$) € Ex be a sequence such that (u5)
converges to u,;. For any €9 > 0, owing to Lemma 5.10 and the continuity of Z.,, we have

liminf 7, (u®) > 7., (u).
e—0

It suffices then to pass to the limit when €y — 0 using the pointwise convergence to achieve the
proof. O

6. CONVEXITY ISSUES
6.1. Conditional negative semidefiniteness.
Definition 6.1. A real symmetric N x N matriz Q = (aj) is said to be conditionally negative

semidefinite ifo\fj:l ;&€ <0 for all§ = (&1,...,&n)T € RY such that Zf\;l & =0. We denote
Q=0.

In contrast we use the standard notation @ < 0 if @ is negative semidefinite.
We define the (N — 1) x (N — 1) submatrix of @ = (a;;) by

Q = (aij)i<ij<n-1
and the column vector C = (C;) by

C = (win)1<i<N-1- (6.1)
We also define the (N — 1) x (IV — 1) matrix

Q=Q-1CT - C17 =: (ay), (6.2)

where 1= (1,...,1)T. Let £ = (¢1,...,&n)T € RN, € = (&)r<icv—1- If @ € Sy and SN &E=0
it is immediately obtained that Q¢ - & = Q& - £&. This leads to the following characterization.
Lemma 6.1. Let Q € Sy. Then Q <0 if and only if Q < 0.

6.2. Sufficient condition for conditional negative semidefiniteness. According to [19], a
sufficient condition for a matrix to be conditionally negative semidefinite is its ¢!-embeddability.
Since Q is /'-embeddable if and only if Q € Bj\',, we infer the following statement, for which we
provide a direct proof.

Theorem 6.2. If Q € B;{,, then @ =< 0.

Proof. The set of conditionally negative semidefinite matrices is a convex cone, and B;{, is the
polyhedral cone generated by the row vectors of the matrix M. Therefore, as in the proof of
Theorem 5.5, it is enough to prove that any row vector of M defines a conditionally negative
semidefinite matrix Q). Consider an arbitrary row vector of M with entries (m;;) in the system of
indices associated with phases, and denote by S € S its row index in the same system. Let & € RV
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such that Zfil & = 0. We have

N-1 N-1
S omiG& = & [ minén + Y mig
i=1

1<i<j<N Jj=i+1
N-1 N-1
=Y G min(=& = =)+ D misE
=1 j=it1
N-1
==Y min&+ Y (mij—min —mn)6é
i=1 1<i<j<N-1

Since m;n € {0,1} then m;n = m?y. Moreover, we claim that

Mij — MN — MyN = —2M;NM;N-
Indeed, if either i € S, j € Sand N ¢ Sori ¢ S, j ¢ Sand N € S, then m;; — m;y —mjn =
—2m;nm;n = —2. In the other cases we check that m;; — m;n — mjny = —2m;nm;ny = 0. We

derive

N—-1
Do omgb& == min& -2 Y mivmnég
i=1

1<i<j<N 1<i<j<N-—1

N-1 2
- (Z miNfi) <0.
=1

O
By Theorem 5.6 we obtain the following useful implication.
Corollary 6.3. If N =3,4 and Q € Ty, then Q < 0.
The converse of Corollary 6.3 is false. For N = 3 a counterexample is given by the matrix
0 1 1
Q=110 3 |. (6.3)
1 30

We have det(Q) = 3 and trace(Q) = —8, which implies that Q < 0, but ass > aja + 3.
Corollary 6.3 is not true for N > 5. A counterexample is given by

01 2 1 1
102 2 2
Q=2 2011
1 210 2
12120

This matrix satisfies the triangle inequality, but the corresponding @ admits a positive eigenvalue.

7. VARIATIONAL FORMULATIONS OF THE APPROXIMATE INTERFACE ENERGY

For algorithmic purposes we give in this section variational formulations of the approximate
interface energy Z.. Our approach relies on Legendre-Fenchel duality. Since this is strongly related
to convexity we distinguish between two cases. In the first case we assume that @ < 0, which covers
a rather wide range of situations as seen in Corollary 6.3. Then the energy is concave with respect
to its natural variables and the Legendre-Fenchel transform directly provides a formulation as a
minimization problem. In the second case we assume that @@ = 0, which corresponds to a convex
energy. We follow a parametric duality approach to obtain concavity with respect to well-chosen
perturbation variables. The general case is obtained by additive decomposition of the quadratic
form.
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Other variational formulations, based on the representation of the total interface energy as a
linear combination of perimeters, are given in [28].

7.1. Case @ = 0. We assume that @ is a conditionally negative semidefinite symmetric N x N
matrix. Note that, with the aforementioned additive decomposition in mind, we do not assume
that @ € T, not even that @@ € Sy. Therefore we will use the expression of the approximate
energy

N
1
T (uq, ... =5 Z i(ui, Leuyj). (7.1)
We set for all u,v € H(Q)
(u,v) 1 = / (£?Vu - Vo + uv) du, (7.2)
Q

and for all u,v € H'(Q,RY)

We first state a small technical lemma.
Lemma 7.1. Let &€ € HY(QL,RN) such that Y© | & = 0. Then [Q€,£] <0
Proof. We have by definition

N
@5.6= Y [ V(@9 - v + Qo)) do.

which yields
N

Q&&= | D iy (V& - V& + &) da

1,7=1

[O
9

\

lZeQ (QOk&) - Ol + Q¢ - €| d

Q| g=1

The fact that @ < 0 implies [Q&, £] < 0. O

With the help of the canonical embeddings H'(Q) — L?(Q) — HY(Q)’, where H'(Q)’ is the
continuous dual space of H!(2), we consider the extended operator L. : H*(2) — H* (), defined
by L.u = u. such that

/9(62Vu5.V<p + uep)dx = (u, @) Yo € HY(Q). (7.4)

Here the notation (-,-) is used for the duality pairing between H'(Q2) and H'(Q2). Clearly this
defines a linear and continuous operator. If u,v € H*(Q)’, then choosing ¢ = v, := L.v in (7.4)
yields

(u, Lev) = /(€2VuE.VUE + ueve )d. (7.5)
Q

This shows that L. is self-adjoint. In addition, (u, Leu) > 0 and L.1 = 1, from (7.4).
The operator Z. defined in (7.1) canonically extends to a continuous functional on [H*(£2)"]V.
A direct calculation yields for all u,v € [HY(Q)']V,\ € [0,1]

A— DA &

Zo(Au+ (1= A)v) — AZ.(u) — (1 — N (v) = o Z o {uj —vj, Le(u; — v;)).
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Using (7.5), denoting ¢ = €0k L. (u; — v;), 7; = Le(u; — v;), we obtain

N d
Z.(Au+ (1 = Nv) — M. (u) — (1 — N)Z(v) = o‘;;))\/ﬂ Z %’(Z arqf +rirj) | da.
ij=1 k=1

We define the affine space

V= {u e H QY u = 1}.

If u,v € V then ), qF = >, = 0. Since @ is conditionnally negative semidefinite, we infer that
7. is concave on V.

Let 0y : [H*(Q2)']Y — {0,400} be the indicator function of V. We have that &y —Z. is a proper,
closed, convex function on [H*(Q2)']"V. Hence the Fenchel-Moreau biconjugation theorem tells us
that (0y — Z.)** = oy — Z.. This leads to the following theorem.

Theorem 7.2. Let Q =0, ue V. We have
L= w5 ay () - 5 (T Vo Ly
u) = — in aij | (ui,v5) — = (Vug, Vo) — = (v5,05) ] .
¢ € velH (N — T\ 2 ) J
E'Zivzl vi=1 W=

Proof. Let w € H'(Q)N. The Legendre-Fenchel transform of 8y, — Z. is defined as

s

N
0y —Z.)"(w) =  sup {Z(ui,w) —5V(u)—|—IE(u)},
wE[HY(Q)IV 3=
which can be rewritten as
N N

N 1
oy —Z)* (w) = 21618 ; (ug,w;) + % ijzl aj (Wi, Lewg) p . (7.6)

By definition of L. and the fact that it is an isomorphism from H!(Q)" into H'(£2), we obtain with
the change of variables 4; = L.u;

N
(0y —Zo)*(w) =  sup {Z/ (£°V; - Vw; + Uyw;) da
aeH IV Ui Ja

ZfV:1 ;=1

N
1 PO
+ % E Oéij/Q (EQVUZ' . VUJ‘ + uiuj) d.’L‘}

ij=1
With the notation (7.2) this reads

N N
* ~ 1 PN
(ov —Z.)"(w) = aqfﬁl&)w Z}WW&H; + % 42{_:1 Oéij<uiauj>Hsl )
Zﬁvzl ;=1 - v
which we rewrite as
N | X
(v ~Z)'(w)= s ;wi,wm{g + 5 ;«Q?/J)jﬂ/)jh{g
S =l
From (7.3), we obtain
1
0y —=Z.)"(w) =  sup [w, Y] + = [QY, Y] ¢ . (7.7)
welHH Q)N 2

ngzl Pi=1
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Observe that, for any A € H* (),
(G — )" (w + A1) = /Q e + Sy — T (w).
Call

N
- {(51,...,§N) eRV:> g :0},

and Py the orthogonal projection of RY onto H, i.e.,

XN
Py = 5—*(]1 &)1 (NZ )
Let R = Py o Q o Py and denote
©(zx) = Py ((w + iQ]b]l)(x)) .

We distinguish between two cases.
e Case 1: We assume here that

w(z) € ImR for a.e. z € Q.

21

Hence there exists v € [H'(Q)]" such that w(z) = Rv(z) for a.e. x € Q. We can write

1 .1
w+gQN]l:w+u]1:Rv+u]1:PH(Q17)+u]l:Qz7+)\]l,

with o = Pyv, u, A € H(Q). Setting

1 1
b =5 — —1=Pyv— —1
VTUTN HYT N
we arrive at w = Q0 + A\1. Plugging this into (7.7)-(7.8) yields
€ 1
(6V—IE)*(w):/)\das—f At suwp [Q+ed), el

o 2 28 e (@)Y

Y =1

Observing that

N
65 ’lA}i:*
=1

and using Lemma 7.1, we conclude that

Oy —Z.)*(w) = [ Ada — g[Q@,@].
Q

Note that conversely, if w = Q0 + A1 with ¢ satisfying (7.10), then
1 1 . 1
w(z) = Py <w(aj) + EQNII) =PyoQ (fu(sc) + 5]\7]1)> € ImR.

o Case 2: There exists W C €, |W| > 0 such that
Vo € W,w(z) ¢ ImR = (ker R)*,

(7.9)

(7.10)

(7.11)

(7.12)

since R is self-adjoint. Let p(z) be the orthogonal projection of w(x) onto ker R. By

assumption we have p(z) # 0 Vo € W. Defining

1
wt = N]l +tPHpv

we will show that

[,] + 5 Q, 9] - +oo,

(7.13)

(7.14)
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when t — +o00. To see this we proceed by
2

1 1 t
—Q1,—1 —Q1, P, —|QPyp, Pupl.

Observing that QPyp(z) € H*, since p(z) € ker R, and Pyp(z) € H, we infer that
QPyp(z) - Pyp(x) = 0. In addition, writing QPyp(x) = A(z)1, we have Oy (A1) - Oy Pup =
Ok A0 (1 - Pyp) = 0. This entails

[QPup, Pup] = 0.
Now, noting that 0y (Pgp) = Pu(0kp), we have

. 9] + 5 (@9 9] = [ +

Hence, when ¢ — 400, it holds

[w, '] + Q—Z[th, P! — +o0. (7.15)
We infer from (7.7) that
(oy — Z.)*(w) = +o0. (7.16)
The biconjugate of dy — Z. is defined by

N

(Ov )" = sup > (uiwi) — By — L) (w).
welHH Q)N 745

In view of (7.16) it is equal to

N
Oy —Z)"™(u) =  sup Z(u“wﬁ = (6v — Z:)" (w).

welHY ()N 755
weImR

We now assume that v € V, which permits to write
Ze(u) = =(0v — Zc)(u) = —(0v — Z)"" (u).
By (7.11) and (7.12), we infer

N
€

Z = inf — i, (QD); + A Adx — =[Q0, 0 7.17
W= B { > (o (@0 )+ [ e - G v1} (717)

e N 0i=—1 N

N €
= @e[f}?(fﬂ)]f\’ {— ;(W, (Q0);) — 2[Qv,v]} . (7.18)
e XL ti=—1 N
A change of variables yields
1 al 1
T (u) = gve[l}?(fm]f" {Zlm“ (Qu);) — i[QU’ U]} ) (7.19)
Z,Ji\]:l ’Uizl =

which completes the proof. O

Remark 7.1. For N = 2 the variational formulation amounts to (2.1) and has been used within
alternating minimization schemes in [8] in a context of structural optimization. The multiphase
case with uniform surface tensions has been considered in [7].
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7.2. Case @ > 0.

Theorem 7.3. Given (ui,...,uy) € L>®(Q,[0,1])Y with >, u; = 1 consider the approzimate
interface energy (7.1) with Q = (a,;) symmetric conditionally positive semi-definite. We have the
exrpression

1
T (upyyun) = — inf Z Qj / 7; - Tidr + Z am/ —ediv 1) (u; — ediv 7;)dx.

2 div
€ Te€[H§ (Q i1

N
i=1Ti=

(7.20)

Proof. We compute a dual formulation with respect to an auxiliary perturbation variable, in order
to place ourselves in an appropriate convexity framework. Therefore u is considered as fixed, as
well as €, and we set

I =27 (uy,....,un) = %(Qu,v} = 2—1&_ ((Qu,v) + (Qu,u) Z oz,J/ w;ivj + u;v;)d

7,]1

with v; = L.u;. We define for all 7 = (7;,...,7n) € L?(Q,RH)V

Za”/ (Vo] =) - (Vo] —n)—i—v[v}—uiv;—ujv[)dx

3,j=1

where v] € H(Q) is the solution of

/ (e*(Vo] —73) - Vo +v]p)dz = / uipdr Yo € HY(Q).
Q 0

We have immediately F(0) = —
There exists A € L(L?(9, Rd) (Q)) such that v7 = v{ + A7;. Elementary differential calculus
leads to

D?F(1)(7,7) =2 Z a”/ (VAT — 7)) - (VAT — 75) + (ATl)(AT]))

,j=1

Hence F' is convex over the Hilbert space

Hz{TELQQRd Zn_o}

Let us compute the Legendre-Fenchel transform of F' over H, given for any 7* € H by

This rewrites as

F*(r*) = sup Z/ Z ozij/ (62(V1}i 7i) - (Vv; — 1) + vjv; — wvj — ujvi) dx
Q

TEH
ve[H (Q)]NV nI=t
(7.21)
subject to
/ (e*(Vo; — 1) - Vo + vip) da = / uipdr Yo € HY(Q), Vi=1,..,N. (7.22)
Q Q

Assume that F*(7*) < +o00. Since the functional to maximize is made of quadratic and linear
terms, the supremum is attained. Call (7,v) a maximizer. There exists Lagrange multipliers
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(wi,--+ ,wyn) € HY(Q)YN such that
N
> [
i=1 7%
N

— Z Oéij/ (62(V’U,’ — Ti) . (Vﬁj — 72]) + 62(Vf1i — 721) . (ij — Tj) + UﬂA}j + ’[)i’Uj — uiﬁj — ’UJJlA}z) dx
Q

i,j=1
N
+ Z/ (e2(Vo; — 7) - Vi + djw;) de =0 V(F,0) € Hx H'(Q)N. (7.23)
=1 Q

Choosing 7 = 0 yields

N
— Z Oéij/ (EQ(VW — Ti) . V’IA)] + EQVﬁi . (ij — Tj) + UﬂA}j + ’IAJin — ’U,ﬂA]j — Ujﬁi) dzx
Q

i,j=1
N
+ Z/ (e°Vi; - Vw; + dyw;) dz =0 Vo e H' (V.
i=1 7/

Due to the constraint (7.22) the first line vanishes. This entails w; = 0. Choosing now ¢ = 0 yields

42:/97’;< . 7A'i — Z aij/Q (EQ(VUZ' —Ti) . (—72]‘) +€2(—7A'i) . (V’Uj —Tj)) dr =0 V7 € H.

ij=1
It follows that
N
Ti*+2522aij(ij—Tj) EHL,
j=1

i.e., there exists \* € L%(Q,R?) such that

1<i<N

N
422 (Vo — ) =X Vi=1,.,N. (7.24)
j=1
Setting
n = —2e*(Vo; — 1;) € Hi™ (), (7.25)

by (7.22), we write (7.24) as 7* = Qn* + X\*. Since 7 € H and ZZ]\LI u; = 1, the constraint (7.22)
implies Zf\il v; = 1, whereby Vv € H and n* € H. From (7.22) and (7.24) we obtain

—div (77 = X*) =230 agi(v; — ;) in Q (7.26)
(Ti* _ )\*) .n = 0 on 39 .

Choosing ¢ = v, 7 = 7 in (7.23) and recalling that w = 0, we obtain

N N
Z/ Ti* T — Z Oéij/ (252(V’Ui — Ti) . (Vﬂj — Tj) + 2’Ui’Uj — Ui’Uj — Uj’l)i) d.’ﬂ = O
=179 Q

ij=1

Plugging this in (7.21) entails
F*(T*) = Z aij/ (ez(Vvi - 7—7,') . (V’Uj - Tj) + 'Ui'l}j) dx.
This rewrites as

N N N N
F*(T*) = Z\/Q 52(V1}i - Ti) . Z Ozij(V’Uj - Tj) dr + Z A) V; Zaijvj dx.
j=1 i=1 j=1

i=1
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Taking into account (7.24) and (7.26) we arrive at

N N N
1 1
F*(r") = -5 Z/Q(Vvi —7) - (1 = AN)dx + Z/QU’ Zaijuj ~5 div (777 = A*) | da.
i=1 i=1 j=1

This can be rearranged as

N N N N
F* (%) = —%Z/Q(Vvi—ﬂ-).(Ti*—)\*)dac—f—Z/Quj (Zaijm) dx—%Z/Qvidiv (1 = A")dz.
i=1 j=1 i=1 i=1

Using again (7.26) we obtain

N N N N
1 1 1
F*(r*) = -5 E /Q(Vvi—n)(ri*—)\*)dx—i— E /Quj ( E QU — §div (] — A*)) daz—§ g /Qvi div (77 =\")dx.
i=1 j=1 i=1 i=1

With (7.24) and the notation (7.25) this leads to

N N
1

i,j=1 1,5=1
1 & 1 <
_Z Z alvj/uj div nide — = Z aij/ v; div n;da:.
2 Q=1 Q 2 ij=1 Q

Using (7.24) and (7.26) yields

N N N
P = 3 [ 3)ret 35 g [ e 3 a [ e
j=17% ij=1 Q ij=1 @
N

N
) E 1/Q (E aijui—§dlv (7 = A )) div njdz.
j=

i=1
Expressing 7* in terms of n* leads to

N | XN
Z aij/Quiujdxf 5 Z aij/Quj div nfdx

i,j=1 i,5=1

N N
1 1
-5 Z ozij/ u; div njdz + 1 Z aij/ div n; div n;dz.
Q Q

ij=1 1,5=1

N

%[ % 1 * *

F(T):@Zaij/ﬂm'njder
ij=1

Rearranging entails

N N
F*(r") = ) Z aij/ﬂm - dx + Z ozij/Q(ui—idlv Ui)(uj_§d1V n;)dr =: ®(n*). (7.27)

i,j=1 i,j=1
To recapitulate, we have shown so far that
Fr () = @(n").
Suppose now that F*(7*) < 400 and 7* = Qn + X\ € H for some (\,n) € L?(Q,R?) x (H N
HIV(Q)N). Writing F*(7*) = ®(n*) with 7* = Qn* + A* and observing, from inspection of (7.27),
that Q(n —n*) = A* = A = &(n) = ®(n*), we infer that F(Qn+ ) = &(n).

We are now in position to obtain the dual formulation of F, given for any 7 € H by

N

F(r)=F"(r) = sup Z/ 7 Tide — F*(77).
T*eH i—1 79

F*(7%) < 400 = I(\*, %) € L2, RY) x (H N HFV(Q)N) s.t. {
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We infer from the preceding findings that

N
F(r) = sup Z/TZ Za”nj—i—)\ d;v—ﬁ Za”/m njdz
¥ 5/

77*€HO[H811V i,j=1
A* € L2(Q,RY)
Qn*+X* € H
N
- Z a”/(ui = div 9} (u; div n;)dz
ij=1 Q

Since 7 € H this simplifies as

F(r)= sup Z oz,j/T, njd:c—4—2 Z am/m “njdz

n*€HN[HGY ()] i,j=1 i,7=1

Lo Lo
_ Z aw/ §d1V Ui)(uj—§d1V n;)dz.

Recalling that I = —LF(0) we arrive at

1 : Lo .
I= - n*eHﬁ[lllil(‘)E‘V(Q)]N 452 Z Q;j / n; - m;dr + ”21 Qi / - = d1v 0y ) (u; ~3 div n;)dz.
A change of variable yields (7 .20). O

7.3. General case. Consider an arbitrary @@ € Ty. We see it as the matrix representation of a
quadratic form ¢ on RY. Then ¢ can be decomposed as ¢ = ¢~ + ¢, where ¢~ and ¢t are negative
semi-definite and positive semi-definite, respectively, on the linear subspace {£ € RV : > & =0}
This leads to the decomposition Q = Q= + Q*, where Q~ and Q* are conditionally negative
semi-definite and conditionally positive semi-definite, respectively. The linearity of the interface
energy with respect to @ allows to combine the two variational formulations. Let us recall that
when N < 4 we have Q =< 0, hence it is natural to assume that QT = 0.

8. APPLICATIONS

8.1. Algorithm. We consider the approximate minimal partition problem

N
. 1
min Z(gi,ui) + = Z o {Leui,uj) o . (8.1)
(w1, un)€EEN | T2 € 1<i<j<N
Consider the decomposition a;; = ay; + oz”, with (a;;) <0 and (o ) = 0. Plugging the adequate
variational formulation of each component of the approx1mate mterface energy, (8.1) rewrites as

N
min inf inf {Z (94, u4)

(utyeun)€€n (Vi on)EHN QN (1, 7)) €[HY (N LS
SN vi=l SN, =0

We propose an alternating minimization algorithm with respect to the three N-tuples of variables
(u1,...,un), (v1,...,on) and (11,...7n).
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N L "

FIGURE 3. Partition with 4 phases: data FE; (left), obtained result for case (a)
(middle), obtained result for case (b) (right)

(1) Minimizing with respect to (v1,...,vn) simply amounts to setting v; = L.u; for each j.

(2) From inspection of the Euler-Lagrange equations, minimizing with respect to (71,...,7n)
is achieved with 7; = —eVv;.

(3) Minimizing with respect to (ug,...,un) is a quadratic problem with linear constraints,
spatially uncoupled. If QT = 0, then the problem is linear. It is straightforwardly solved
by

ui(a) = {1 if i = k(z),

0 otherwise,

where

Gi :gi+ézaiﬂ]jv Cr(zy = min {¢1(z), ..., (n(2)} -
J

If QT # 0, then the problem becomes more complicated. In fact, it can be simplified
by performing the decomposition @ = QT + Q~ in such a way that Q7 satisfies special
properties. For instance, one can always choose QT of the form Q* = Iy, with v > 0
large enough. Then the minimization with respect to u amounts to performing at each
point an orthogonal projection onto the simplex of RY. Note that in this case u is no
longer binary-valued during the iterations, and that large values of v tend to enhance this
property.

The main computational tasks within each iteration is the numerical solution of L.. In the
subsequent experiments we use the standard finite difference scheme with 5 points stencil combined
with the Fast Fourier Transform, since the discrete system writes in terms of convolutions. In the
examples under consideration the matrix ) is always chosen conditionally negative semi-definite,
hence we choose @~ = Q, QT = 0.

8.2. Examples. Let Ey, Eq,..., En be a given partition of 2. We define g;,i=1,..., N, by

9i = Z xe; =1—Xxg,-
0<j<N
J#i
This means that, in the set F; , ¢ > 1, the label i is favored, whereas in the set Ej there is no
preference, or, said otherwise, no information on which label to choose.

Figure 3 shows an example with four phases with two different sets of surface tensions. The
domain is discretized by 512 x 512 pixels. We use enax = 512 and e, = 1, with the mesh size
fixed to 1. For the initialization each w; uniformly equals 1/4. In case (a) we fix a;; = 1 for all
i,7. We obtain a classical picture with two Fermat points. In case (b) we prescribe «;; = 1 if E;
and F; share a common boundary and o;; = 2 otherwise.
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8.3. Comments. The present algorithm shares some common features with the generalized ver-
sion of the threshold dynamics presented in [19], see [24] for the seminal paper. Let us briefly point
out some similarities and differences. We recall that the approximate interface energy used in [19]
is based on convolutions with the heat kernel, whereas we consider instead of this latter its implicit
semi-discrete counterpart. In addition, rather than convolutions, we work with the related bound-
ary value problem which we believe more versatile regarding the geometry of the computational
domain, even if both formulations are equivalent in the cases addressed here as examples. More
fundamentally, our elliptic framework appears to be well-suited to develop optimization strategies,
while in contrast the parabolic framework is exploited in [19] to simulate time evolutions.

9. VOLUME CONSTRAINTS

In this section we extend the previous algorithm to the minimal partition problem with con-
straints on the measure of each phase. Given my,...,my € Ry such that Zf\;l m; = |Q], we
define the set

SN:{(ul,...,uN)EgN: /uidarzmi Vz}.
Q

The approximate minimal partition problem with volume constraints and g; = 0 is

. 1
mm- Q- E ij(Leui, ug) p - (9.1)
(u1,...,un)€EN | € 1<i<j<N

Theorem 7.2 yields the formulation

1 2 1
min inf - Zaij ((ui,vj> - %(Vvi,Vv]) - 2<vi,vj>> .

N ui=1 v €HN(Q) € f
u; 20, [ouidz=m; YL vi=l

J

We implement the same type of alternating minimization algorithm as previously. The only dif-
ference is that the minimization with respect to w is no longer explicit due to spatial coupling. It
requires solving a linear programming subproblem. Standard routines may be used, however we
present a specific algorithm to take advantage of the fact that the number of volume constraints is
usually very small in comparison with the number of pixels. In order to highlight this aspect we
will analyze the algorithm in the continuous spatial setting.

9.1. Linear programming subproblem. Let ( = (1,...,(y) € L2(Q)Y andm = (my,...,my) €
R% be given such that Zfil m; = |Q]. Foru = (uq,...,un) € L*(Q)" consider the primal criterion

N
Au) = Z/quidx.
i=1

Our goal is to solve the minimization problem

min A(u). (9.2)
§V:1 wi=1

u; >0, fn u;dr=m;

In the discrete case, this kind of problem is sometimes called a semi-assignment problem, see
for example [22]. As already seen, removing the volume constraints makes this problem trivial.
Therefore we limit the duality treatment to those constraints. For A = (A1,...,Ax) € RY we
define the Lagrangian

L(u, ) = Au) Jév;xi (/Q wsdz — mi> .
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By standard duality results (see e.g. [13] Theorem 3.9 and Theorem 3.4, note that Robinson’s
qualification holds for such linear constraints), if u is a minimizer of (9.2) then there exists A € RV
such that

L(u,A) = _min  L(v, A). (9.3)
= ’Uizl

’U;ZO

Moreover, such A are maximizers over RY of the dual criterion

D(A) = inf L(v,\).

va=1 vi=1

Vg ZO

Let us compute this dual criterion. A rearrangement yields

N N
L(U, /\) = Z /Q(CZ + )\i)vidx — Z Aim;. (94)

It follows immediately that

D(\) = /Qmin{(g + )N - Z)\imi.

Note that D(A+cl) = D(A) for any ¢ € R, therefore the dual problem can be set over the quotient
space RV /R. We suggest alternating maximizations with respect to each multiplier. Since the
function D is not smooth some care must be taken as regards to the relevance of such a procedure.
It is supported by the following equivalence.

Proposition 9.1. The N-tuple (A1,...,AN) is a mazimizer of D if and only if each \; is a

mazximaizer of the partial function i DA, N1, i Xit1s---3AN). This is also equivalent to
satisfying for eachi=1,..., N
{6 A < min(G + M)} < ma < [{G 4+ A < min(G + ). (9.5)

Proof. Using Lemma 11.1 we obtain on the one hand the superdifferential of D as

(9*73(/\1,...,/\1\/):{(sl—ml,...,sN—mN)eRN:

N
[{Gi+ i < rjf,l;gl((j FAH<si <H{G+ N < I;O;Iil(Cj F A Vi, Y s = |Q|}~

i=1
Since ), m; = |Q] it follows

I*D(A1,...,AN) = {(ﬁ,...mN) eRY:

N
HG+ A <min(G + )} < mi 70 < G+ A S min(G+ )Y Vi 37 = 0}.
7 7 i=1
We derive the optimality condition
0€ ™D, .. Av) = [{G A <min(GA)} < mi < {G+Ai <min(G+A)}Hvi=1,..., N.
JF J7
On the other hand the partial maximization with respect to A; provides in a similar (simpler) way

the optimality condition

0€9/D(A1,...,An) = {G+ i < m;n(éj FA)H <mi S H{G+ N < m;iél_l(éj + Aj)H-
J7F JF

This means that
0e 8*D()\1,...,)\N) —0 E(Q)Z?MD()\l,...,)\N) Vi=1,...,N,
completing the proof. a
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FIGURE 4. Partition with 5 phases and volume constraint: initialization (top left),
obtained result in case (a) (top middle), obtained result in case (b) (top right),
obtained result in case (¢) (bottom left), obtained result in case (d) (bottom right).

Each iteration of the alternating procedure consists in solving (9.5), i.e., finding A; such that
i < I?;?(Cj +A) = GH <m < H{A < Ijgiégl(@ +Aj) = G}l

In the discrete framework this only requires sorting the values of min;;(¢; + A;) — (; and selecting
the m;-th largest value. Once the multipliers (A1,...,Anx) have been fixed, the primal solution
(u1,...,un) is searched among the minimizers of (9.3). In view of (9.4) this minimization is
straightforward, as in the unconstrained case. Note that in case of multiple solutions one that
satisfies the volume constraints has to be chosen, however this situation is unlikely in practice due
to numerical errors.

9.2. Examples. In figure 4 we consider 5 phases: 4 interior phases and the remaining set, called
exterior phase (in white). We use the indices I to represent an arbitrary interior phase and E for
the exterior phase. The computational grid is made of 512 x 512 pixels and we choose ey, = 64,
€min = 1. The volume constraints are given by the initialization. In case (a) we fix ay; = ayp = 1.
In case (b) we set aj; =1 and oy = 0.5. In case (¢) we choose oy =1 and ayp = 2. Case (d) is
the same as case (c) except that ey = 512.

We now illustrate Herring’s law at triple junction points between phases ¢, j, k, namely

sinf; sinf; sinfy

QL Qi Q5 ’
where 0;,0;,0;, are the opening angles of phases i, j, k, respectively. To do so we consider a four
phase problem similar to the previous one, see figure 5. In case (a), the surface tensions are taken
uniformly equal to 1, leading to the classical Fermat point. In the other cases we only modify a
surface tension between two interior phases, chosen equal to /2 in case (b) and 0.01 in case (c).
This gives rise to a right angle and a nearly flat angle, respectively.

In figure 6, we again consider 5 phases, but one of them is not subject to optimization. We
use the indices L to represent the 3 first phases (liquid), S to represent the fixed phase (solid, in
black), and V for the remaining set (vapor, in white). The grid contains 600 x 400 pixels and we
use Emax = 16, emin = 1. The surface tensions are chosen as ay;, = ars = apy = agy = 1 in case
(a), arr, = aps =1, ary = agy = 2in case (b), arr, = 0.5, ars = 1, ary = agy = 2 in case (c).
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4

FIGURE 5. Tllustration of Herring’s law. Initialisation (top left), obtained result
in case (a) (top right), obtained result in case (b) (bottom left), obtained result in
case (c) (bottom right). The theoretical angles at the junction point are displayed
in dashed line.

Finally we illustrate the lack of lower semicontinuity when the triangle inequality fails to hold
in figure 7. We consider 3 phases and surface tensions given by (6.3). Phase 1 is the background
medium, phases 2 and 3 are initially two half-disks. We incorporate forcing terms by functions g;
as in (8.1), while maintaining the initial volumes. These functions are chosen as g; = —10~2ul",
in order to enforce u; to stay close to its initial configuration u!™, since for characteristic functions
satisfying the constraint —2(u;, uj™) is equal to [|u; — ui™[|72q) up to an additive constant. The
band of phase 1 appearing between phases 2 and 3, which can be theoretically arbitrarily thin,
shows the lack of lower semicontinuity of the optimization problem, resulting in the absence of

solution.

10. CONCLUSION

In this paper we have introduced and analyzed a I'-convergence approximation of a class of
interface energies for minimal partition problems. We have derived variational formulations of
this functional that permit the implementation of alternating minimization algorithms. Our main
numerical application has been the computation of equilibrium shapes of incompressible phases
with surface tensions. The extension of this approach to other types of interface energies and to
dynamical problems could be subjects of future research.

11. APPENDIX

Lemma 11.1. Let fi,..., fxy € L*(Q) and define the function ® : RN — R by



32 VARIATIONAL APPROXIMATION OF INTERFACE ENERGIES AND APPLICATIONS

hd L

FIGURE 6. Partition with 5 phases and volume constraint: initialization (top left),
obtained result in case (a) (top right), obtained result in case (b) (bottom left),
obtained result in case (c) (bottom right).

F1Gure 7. Ilustration of the lack of lower semicontinuity when the triangle in-
equality does not hold. Initialisation (left) and obtained result (right).

Then ® is convexr and its subdifferential is

6®(t1,...7tN) = {(81,...,81\[) S RN:

N
[{Fi +ti > max(f + 1)} < s < |{fi 1 = max(f; + )} Vi, D si= IQI}-
i=1
Proof. Tt is obvious that ® is convex, since the integrand is itself convex as supremum of convex
functions. Let us compute the subdifferential at 0. Then the subdifferential at (Z1,...,x) will be
inferred with the help of the change of functions f; = f; +¢;. We must show that

i=1

N
99(0, .., 0) = {<s1,...,sN> € RV I{f; > max S} < si < 1{fi > max i} Vi, Y si = |Q|}.
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Assume that (s1,...,sy) € 09(0,...,0). By definition we have

N
Oty,...,tx) = ®(0,...,0) > sity  V(t1,...,ty) €RY,
i=1
that is,

N
A 12%\]@1(%) +ti)dz — . A, fi(z)dz = ;81752 Y(ty,...,ty) € RY.

Choosing t; = 1 for all 7, then ¢t; = —1 for all 4, yields already

N
Zsi = / dx =19
i=1 Q

Fix k and take t, = —t, t > 0, t; = 0 if i # k. We have

sktZ/Q(maX fi(z) — max (fi(x)ﬁ—ti)) da.

1<i<N 1<i<N

The integrand vanishes whenever f;(z) < max;-y fi(x). Thus

Spt > / (fk(ﬂ«“) — max (fi() +ti)> dz.
{fe>maxixk fi} IsishN

This can be rewritten as

St > / min (fi(z) — fi(x) — t;)dz,
{fr>max;xp fi} 1<i<N i i

that is,

Spt > / min (t,min(fk(x) - fz(x))> dz.
{fx>max;2y fi} i#k
Adding and substracting t yields

it t{f > max i} + [

{fx >maxixk fi

min (0.min( (o) - i) = )

Dividing by t entails

sk > H{ fr >maxfi}|+/ min (0,
i#k {fe>max;xp fi}

Letting t—0 yields by monotone convergence
> > max f; |-
Sk Z |{fk iak fl}‘

Now fix k and take t, =t, ¢t > 0, t; =0 if i # k. We have

skt < /Q ( max (fi(x) +t;) — max, fl(a?)) dz.

1<i<N

This entails

sut < t{f = max )|+ [

{fr<maxixp fi}
Rearranging yields

st < t|{fr > max f;}| + / max(0, fr(z) + t — max f;(x))dz.
i#k {fx<max;xk fi} i#k
Hence

Skg ‘{fk ZmaszH—F/ maX(O, fk(x)_maxi?ékfi(x)
i#k {fx<maxixy fi} t

+ 1)dz.

min,z (fr (%) — fi(2)) — 1) dx.
t

(12%\,(]2(%) +ti) — 19‘?5\/ fz(x)) dzx.
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Letting ¢t — 0T yields by monotone convergence

sk < {fr > IgggifiH-

Assume now that

N
I fi >I§,1§Z?<fj}| <si < |{fi Zr?gffj}wi’ ;51=|Q|~

Thus, there exists a partition Q = UY | 4; such that

{fi > max fitc A c{fi= mgxfj} Vi, |Ai| = s; Vi.
JF JF#L

Indeed, such a construction is immediate for NV = 2, then one proceeds by induction setting
g = maxi<i<n—1 fi- In each A; it holds

max (fz( )+ti) — B fi(z) > tg.

1<:i<
It follows
max + t;)dx — JHax, Ydx > trdx = ti|A trs
[ i (o) + t)do — | mx fia Z/ . Zu ol = ZM
This completes the proof. O
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