
HAL Id: hal-02389639
https://hal.science/hal-02389639v2

Submitted on 18 Oct 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Modeling shear stress distribution in a deformable
airway tree

Jonathan Stephano, Benjamin Mauroy

To cite this version:
Jonathan Stephano, Benjamin Mauroy. Modeling shear stress distribution in a deformable airway
tree. Physics of Fluids, 2021, 33 (3), pp.031907. �10.1063/5.0038706�. �hal-02389639v2�

https://hal.science/hal-02389639v2
https://hal.archives-ouvertes.fr


Wall shear stress distribution in a compliant airway tree
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Abstract

The airflow in the bronchi applies a shear stress on the bronchial mucus, which can move the
mucus. The air–mucus interaction plays an important role in cough and in chest physiotherapy
(CP). The conditions under which it induces a displacement of the mucus are still unclear. Yet,
the air–mucus interaction justifies common technics of CP used to help the draining of the mucus
in prevalent diseases. Hence, the determination of the distribution of the shear stress in the lung
is crucial for understanding the effects of these therapies and, potentially, improve their efficiency.

We develop a mathematical model to study the distribution of the wall shear stress (WSS)
induced by an air flow exiting an airway tree. This model accounts for the main physical processes
that determines the WSS, more particularly the compliance of the airways, the air inertia and the
tree structure.

We show that the WSS distribution in the tree depends on the dynamics of the airways de-
formation and on the air inertia. The WSS distribution in the tree exhibits a maximum whose
amplitude and location depend on the amount of air flow and on the ”tissue” pressure surround-
ing the airways. To characterize the behavior of the WSS at the tree bifurcations, we derive new
analytical criteria related to the airway size reduction in the bifurcations.

Our results suggest that a tuning of the airflow and of the tissue pressure during a CP maneuver
might allow to control, at least partially, the air–mucus interaction in the lung.
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1 Introduction

The lung forms an interface between the ambiant
air and the blood. It is an easy entry point in
the organism for toxic or infectious particles. As
a protection, the walls of the bronchi are covered
by a mucus layer. The mucus captures the inhaled
particles and is incessantly moved toward the oe-
sopahryngeal region by the mucociliary clearance
[1]. Once in the oesopharyngeal region, the mucus
is either swallowed or expelled by coughing. In the
non-mature or pathological lung, the mucociliary
clearance might not be able to drain the mucus
correctly and the lung relies on the cough to drain
the mucus [2, 3]. The mucus is a complex vis-
coelastic material that moves as a fluid only when
its inner stress overcomes its yield stress [4]. Dur-
ing lung’s ventilation [5], during cough [6] or dur-
ing chest physiotherapy [7, 8, 5], the airflow inter-
acts with the mucus and applies a shear stress that
can potentially overcome the mucus yield stress.
Chest physiotherapy is commonly used to com-
pensate the dysfunctions of the mucocilliary clear-
ance and of the cough occurring in prevalent dis-
eases such as asthma, bronchiolitis, COPD or cys-
tic fibrosis [9]. However, the distribution of the
shear stress and the region in the lung where the
mucus might be liquified are not well identified
as of today. Hence, we propose in this work to
model the airflows in the bronchial tree to study
the distribution of the wall shear stress.

Past studies have developed models of the air
fluid dynamics in the lungs. However, the wide
range of scales covered by the airways makes lung’s
modelling a challenge [10, 11]. There are two main
approaches. The first approach is to model the
fluid dynamics in a subpart of the lung using 3D
geometries, either idealised or reconstructed from
CT-scans [12, 13, 14, 15, 16, 17, 18]. Some studies
go further and model the air–mucus interaction in
3D geometries using the volume of fluids method
[19, 20] or the thin layer theory [16, 18]. Such
studies are mainly focused on the upper respira-
tory region and assume the geometries to be rigid.
Micro scale models have also been developed to
study mucociliary clearance [21, 22] or the respi-
ratory gaz flows in the deep lung (acini) [23, 24].
The models are analysed with high-end computa-
tional fluid dynamics based on finite elements or
finite volumes, which are not well adapted to large
change of scales. In such models, good boundary
conditions to mimic the response of the regions
non accounted for are not trivially determined.
Nevertheless, the resulting predictions are often
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Figure 1: Schematics of the airway tree structure.
The number on the airways corresponds to the
generation index of that airway. The generation
index corresponds to the number of airways be-
tween the airway considered and the root of the
tree. From the generation i to the generation i`1,
the diameter of the airways is multiplied by a ratio
hi ă 1.

very detailed and give rich insights on the local
dynamics. The second approach, which we will
use in this work, is based on idealised represen-
tations of the lungs that reduce the behavior of
groups of airways to a single behavior. Typically
the airways are regrouped by generations, i.e. the
number of bifurcations between the airway consid-
ered and the root of the tree [25, 7, 8, 5]. These
approaches allow to mimic the whole airway tree
and have led to interesting fundamental insights
on the lung [26, 25, 7, 8, 27, 28].

However, in either approach, no model did in-
clude both the role of the air inertia and of the air-
ways compliance, although these are known to af-
fect notably the flow properties in the lung [12, 8].
Indeed, the airways diameters depend on the air-
ways inner air pressure, the airways inner air pres-
sure depends on the air fluid dynamics, potentially
affected by inertia, and the air fluid dynamics de-
pends on the airways diameters. These interac-
tions occur in a tree-like structure which increases
the complexity of the system [25]. In this frame-
work, we propose an original model to study for
the first time the physics of an inertial flow in
an airway tree with compliant airways. Because
the mucus thickness is far smaller than the airway
diameters [29], we neglect the mucus layer and as-
sume that the shear stress induced by the air on
the airways wall is a good estimation of the shear
stress felt by the mucus in the lung.
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For the first time, a study is able to propose
a detailed physical analysis of the interactions be-
tween the airflows and the deformation of the air-
ways in the tree structure. Our model predicts
the existence of a maximum of wall shear stress
(WSS) within the tree. We uncover a new analyt-
ical criterion that allows to explain the existence
of this maximum. This criterion is based on the
physics occurring in the bifurcations and allows to
determine whether the shear stress will increase or
decrease when the air is going through a bifurca-
tion. The criterion depends on the geometries of
the deformed airways and on the amount of air in-
ertia. We show that the location of the maximum
of WSS is a function of the total airflow rate in
the tree and of an homogeneous ”tissue pressure”
that surrounds the airways. Modulating these two
quantities allows, to some extent, to control the
location and amplitude of the maximum of wall
shear stress.

This model can be considered as an idealised
representation of the lung, with the tissue pressure
being a representation of the pressure in the lung’s
parenchyma. In that framework and in the limit of
our hypotheses, our model brings for the first time
a better understanding of the shear stress induced
by the air on the mucus in the lung. Moreover,
our work highlights the underlying biomechanics
involved in high ventilation regimes and in some
of the most common chest physiotherapy technics.
This study might pave the way for future improve-
ments of the manipulations of chest physiotherapy.

2 Model

The airflow inside the airway induces an air pres-
sure that opposes the mechanical pressure that
surrounds the airways and that we will call from
now on the tissue pressure. The balance between
these two pressures affects the diameters of the de-
formable airways, which in turn affects the airflow
inside the airway.

2.1 Model of the bronchial tree

We mimic the bronchial tree using the model of
the human lung from [26]. The bronchial tree
is represented by a cascade of bifurcating cylin-
ders with radius R and length L representing the
bronchial airways. The generation of an airway is
an index that counts the number of bifurcations on
the path between the root of the tree, that mim-
ics the trachea (index 0), and the airway under

consideration. Each cylinder has a fixed length
and a variable diameter that is adjusted depend-
ing on the transmural pressure that it is submit-
ted to. The transmural pressure of an airway is
the difference between its inner air pressure and
the pressure surrounding the airways, the tissue
pressure. In our model, the tissue pressure is as-
sumed homogeneous and the air pressure results
from the air flow inside the airway. The bifur-
cations are assumed symmetric, consequently all
the cylinders with the same generation index have
exactly the same physical and geometrical prop-
erties. Hence, it is sufficient to study one single
airway per generation. The ratio between the di-
ameter of a cylinder in the generation i` 1 and a
cylinder in the generation i is called the reduction
ratio and is denoted hi.

In [26], the authors propose a model for static
compliant airways based on bronchi data. In a
generation with index i, this model links a nor-
malized section of the airways αi to the transmural
pressure Pi. The section is normalized relatively
to a maximal surface area Smax,i reached for an in-
finite transmural pressure. Since we hypothesize
that the airways remain cylindrical whatever the
transmural pressure, the model can be expressed
in terms of the airways radii. Hence, the maxi-
mal surface area Smax,i corresponds to a maximal
radius Rmax,i and Smax,i “ πR2

max,i. Finally, the
radius Ri of an airway in the generation i is re-
lated to the normalised surface area of the airway
by Ri “ Rmax,i

?
αi. The reformulated Lambert’s

model writes
$

’

’

&

’

’

%

αi “
Piď0

α0,i p1´ Pi{P
´
i q
´n´

i

αi “
Piě0

1´ p1´ α0,iq p1` Pi{P
`
i q
´n`

i

Ri “ Rmax,i
?
αi

(1)
The quantities α0,i, P

˘
i , n˘i and the maximal pos-

sible radius for the airway in generation i, Rmax,i,
are positive fixed data given by the model. They
depend on the generation index i only.

Since an healthy mucus layer is very thin, from
about 3 micrometers to 10 micrometers [29], its
influence on the airways radii and on the air fluid
dynamics can be neglected.

2.2 Fluid dynamics in the airways

We consider a cylindrical airway with a radius R
and a length L. We will assume the velocity pro-
file to be stationary, axisymmetric, invariant along
the airway axis and parallel to the airway axis. A
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Figure 2: Model of compliant airways from [26].
The curves represent the normalised surface areas
of the airways of a same generation as a function
of the transmural pressure in these airways. The
normalisation is made relatively to a maximal pos-
sible surface area of the airways. The transmural
pressure is the difference between the inner (air)
and outer pressures (surrounding tissue) of the air-
ways. The boxed index indicates the generation of
the corresponding airways.

volumetric integration of the Navier-Stokes equa-
tions with the above hypotheses leads to a rela-
tionship between the wall shear stress σ and the
pressure drop q through the airway,

σ “ ´q
R

2L
(2)

Details of the computation are given in the Sup-
plementary Materials (A). Since we are studying
the outgoing flow that is positive, the pressure
drop is negative. Hence, the wall shear stress is
positive.

For each airway, the pressure drop q between
its two extremities is linked to the flow rate Φ go-
ing through the airway and to the hydrodynamic
resistance R of the airway,

q “ R Φ (3)

The resistance depends on the airway’s geometry
and on the air fluid dynamics. In the case of a
Poiseuille flow -i.e. slow, fully developed regime-,
the hydrodynamic resistance RP depends only on
the airway geometry,

RP “
8µL

πR4
(4)

The quantity µ is the viscosity of the air. How-
ever, in higher regimes, the air flow is affected by
the inertial effects and the hydrodynamic resis-
tance becomes larger than in Poiseuille’s regime,
R “ Z RP where the prefactor Z is larger than 1.
Various models have been proposed to express the

prefactor Z [30, 31]. We choose to use the veloc-
ity profile proposed in [32]. It accounts for inertia
using a power law. The axial velocity depends on
the position r on the radius of the airway,

vzprq “ v0

´

1´
´ r

R

¯α¯

with α “ max

ˆ

2,
Re
150

˙

where Re is the Reynolds number Re “ 4ρΦ
µπR .

Then, we can compute the flow rate Φ through
the airway, Φ “ α

α`2πv0R
2, and using the relation-

ship between the wall shear stress σ “ µdvzdr pRq “
´µαv0{R and the pressure drop q, σ “ ´qR{p2Lq,
we can deduce that q “ α`2

4 RPΦ. Hence, the ex-
pression of Z in our model is

Z “ max

ˆ

1,
1

2
`

Re
600

˙

Consequently, the resistance factor Z has a lower
bound equal to 1 that is reached for Re “ 300 and
that corresponds to the Poiseuille’s regime.

Finally, we set the density of the air to ρ “
1.225 kg.m´3, and its viscosity to µ “ 1.70 10´5

Pa.s. The reference pressure is set to 0 at the
opening of the first generation, that corresponds
to the trachea. Notice that, with this hypothe-
sis, we do not account for the nasopharyngeal or
buccopharyngeal pathway to the air pressure. Ac-
tually, the error made with this hypothesis may
be of various importance, depending on the flow
rate and on the sizes of the airways.

2.3 Resolution of the model’s equations
and validation.

The global model leads to a set of non linear equa-
tions for each generation of the airway tree. The
generations are coupled by the conservation of the
air flow and by the continuity of the air pres-
sure. The equations are solved using a Newton
algorithm, implemented in C++ with the library
Eigen [33]. The set of equations, its properties and
the numerical process are detailed in the Supple-
mentary Materials (B, C and D).

To validate our model, we ran it with simple
configurations whose behaviors were either straight-
forward or predicted by the analytical results pre-
sented in the section 3.1. Hence, we tested trees
with fractal geometries and rigid airways as in
[25], trees at different scales reduced to a single
deformable airway or to a single bifurcation.
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Generation
FRC Maximal dilation

Radius (mm) Ratio Radius (mm) Ratio

1 8.18 0.708 8.69 0.707
2 5.79 0.687 6.14 0.769
3 3.98 0.716 4.72 0.790
4 2.85 0.740 3.73 0.802
5 2.11 0.711 2.99 0.769
6 1.50 0.733 2.30 0.783
7 1.10 0.736 1.80 0.783
8 0.810 0.756 1.41 0.801
9 0.612 0.755 1.13 0.787
10 0.462 0.751 0.889 0.792
11 0.347 0.769 0.704 0.805
12 0.267 0.798 0.567 0.834
13 0.213 0.831 0.473 0.879
14 0.177 0.847 0.416 0.882
15 0.150 0.873 0.367 0.902
16 0.131 0.878 0.331 0.894
17 0.115 0.296

Table 1: Radii and radii reduction ratios in the airway tree as a function of the generation index, from
[26]. Two states are presented: functional residual volume (FRC) (no airflow, transmural pressure of
5 cmH2O) and maximal dilation (no air flow, infinite transmural pressure).

3 Links between the tree geom-
etry and the wall shear stress
distribution

3.1 Inertial and viscous critical ratios

Our model predicts that the wall shear stress ex-
hibits a bell distribution with a maximal value
somewhere in the airway tree. On each side of
the maximum, the wall shear stress varies expo-
nentially, increasing in the proximal airway and
decreasing in the distal airway, as shown in fig-
ure 3A. Actually, we will show that this behavior
results from the geometry of the airway tree.

In a bifurcation, the radius Ri`1 of the daugh-
ter airways is a reduction of the radius Ri of the
mother airway, Ri`1 “ hiRi. The ratios hi allow
to derive a scaling for the mean velocity in the air-
way v “ Φ{pπR2q, with vi`1 “

1
2h2i

vi, and for the

Reynolds number Re “ 4ρΦ{pµπRq, with Rei`1 “
1

2hi
Rei. For Poiseuille’s regime (low flow), we have

shown that the change of the wall shear stress
through a bifurcation determines the behavior of
the wall shear stress at the scale of the airway tree,
see [5]. Indeed, in Poiseuille’s regime, the change
of the wall shear stress σp “ 4µΦ{pπR3q through
a bifurcation scales as σpi`1 “

1
2h3i

σpi . Depending

on the position of the ratio hi relatively to the

viscous critical ratio
`

1
2

˘
1
3 » 0.793, the wall shear

stress can either increase or decrease through the
bifurcation. The different scenarios for the wall
shear stress and for other physical quantities are
given in table 2. For example, in the case of a con-
stant ratio hi “ h throughout the airway tree, the
radii Ri, the velocities vi and the mean wall shear
stresses σpi will either grow exponentially, remain
constant or decrease exponentially.

In the case studied in this paper, we also ac-
count for the inertial effects by deforming the para-
bolic velocity profile of the linear regime into a
plug-like velocity profile that depends on the Rey-
nolds number [32]. The plug like profile induces
higher wall velocity gradients than the parabolic
profile. Consequently, inertial effects increase the
pressure drops and the wall shear stresses in the
airways. In the presence of inertia, the shear stress
decomposes into σi “ σpi {2` σ

I
i where σIi reflects

the influence of the inertia,

σIi “

$

&

%

σp
i
2 “

2µ
π

Φi

R3
i

if Rei ď 300

8ρ
600π2

Φ2
i

R4
i

if Rei ą 300

When inertia is dominant (Rei ąą 1), the change
in wall shear stress between the generations i and
i`1 depends on the location of hi relatively to the

inertial critical ratio
`

1
2

˘
1
2 , since

Φ2
i`1

R4
i`1
“

´

1
2h2i

¯2 Φ2
i

R4
i
.

When inertia is small (Re ď 300 in our model),
the change in wall shear stress between the gener-
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Figure 3: A, B: Shear stress distribution along the airway tree as a function of the generation index,
for different airflows Φ and tissue pressures Ptissue (A: with inertia, B: without inertia). The dashed
horizontal lines represent an estimation of the the yield stress for healthy mucus (1 Pa) and for cystic
fibrosis mucus (15 Pa). The red dots indicates regions where inertia is large, i.e. Z ď 2 which is
equivalent to σi ą 2σiP .
C: Radius reduction ratios hi between two successive generations of the airway tree as a function of
the generation index i, for different airflows Φ and tissue pressures Ptissue. The ratios exhibit up to
three different regimes.
D: Radii of the airways located on their compliance curve as a function of their transmural pressure,
for a subset of the cases tested in this study. One symbol represents a specific configuration of air
flow and pressure. The horizontal shift between two generations corresponds to the air pressure drop
between these geenrations.
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reduction ratio hi

airway radius Ri

mean air velocity vi

Reynolds number Rei

wall shear stress (Poiseuille) σpi

wall shear stress (inertia) σIi
(Rei ą 300)

1
2

b

1
2

3

b

1
2 1
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Table 2: Variations of the core quantities involved in our study from one generation i to the next
generation i`1, depending on the value of the ratio hi between the radius of the airways in generation
i ` 1 and the radius of the airways in generation i. The upwards arrows indicate that the quantity
is increasing from the mother airway to the daughter airways, the horizontal arrow that it remains
constant and the downward arrows that it is decreasing.

ations i and i ` 1 is that of the Poiseuille regime
and, as detailed above, it depends on the location

of hi relatively to the viscous critical ratio
`

1
2

˘
1
3 .

The Reynolds number is multiplied from the
generation i to the next by the ratio 1

2hi
. Hence,

the influence of inertia on the shear stresses is also
changing from one generation to the next with the
same rate. Since hi is in general larger than 1

2 , the
influence of inertia is decreasing along the gener-
ations of the tree and disappears in the distal air-
ways.

3.2 A bell-shaped distribution of the wall
shear stress

The bell shape exhibited by the shear stresses in
the airway tree results from the interaction of the
flow with the geometry of the airway tree. This in-
teraction is driven by the reduction ratios hi that
correspond to the relative change of the radii be-
tween one generation and the next. If we compute
these ratios during idealised manipulations, shown
in figure 3B, we can see that the bifurcations along
which the shear stress is increasing correspond to
the low values of hi and the bifurcations along
which the shear stress is decreasing correspond to
the high values of hi.

In the case of a low air flow rate (0.1 L.s-1),
inertia is low and the behavior is controlled by
the location of the ratios hi relatively to the vis-

cous critical ratio
`

1
2

˘
1
3 . In this configuration, the

generation at which the maximum of the shear
stress is reached is exactly where the transition

hi “
`

1
2

˘
1
3 occurs, see figure 3A and B (0.1 L.s-1),

table 2 and [5]. In the presence of inertia, the
shear stress in the proximal airways is increased
relatively to the Poiseuille regime, see figure 3A
and C. The shape of the wall shear stress distribu-
tion and the location of its maximum result from
the relative contribution and evolution along the
generations of the two terms in the decomposi-
tion of the shear stress, σi “ σpi {2 ` σIi . For the
large flows, typically 4 L.s-1, the shear stress in
the proximal airways is dominated by inertia, i.e.
σIi ąą σpi . Then, the maximum of the shear stress
is located where hi exceeds the inertial critical ra-

tio
`

1
2

˘
1
2 » 0.707, see figures 3A and B (4 L.s-1)

and table 2.

4 Role of the fluid dynamics

4.1 Three regions, three behaviors

The distribution of the ratios hi along the gener-
ations of the tree can be decomposed into three
regions, see figure 3B: a proximal region, where
the diameters reduction ratios are low; A transi-
tional region, where the diameters reduction ra-
tios increase; A distal region, not present at low
flow rates, where the diameters reduction ratios
are high. The three regions arise from different
resolutions of a trade-off between the air pressure
in the airways and the air pressure drops in the
airways bifurcations.

Proximal region. The air pressure drops
in the large airways are low, even in the pres-
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ence of inertia. Hence, the airway diameters are
mainly affected by the tissue pressure. As the
daughter airways in a bifurcation are more com-
pliant than the mother airway, they are more con-
stricted. Consequently, their radii reduction ratios
are smaller than the ratios at functional residual
volume (FRC) shown in table 1. Hence, the ra-
tios tend to be close to the inertial critical ratio
`

1
2

˘
1
2 » 0.707 and smaller than the viscous critical

ratio
`

1
2

˘
1
3 » 0.793. Consequently, in the proxi-

mal region, the shear stress is in general increasing
from one generation to the next.

Transitional region. The diameters of the
airways are decreasing along the generations, see
figure 3D. Hence, the pressure drops are increas-
ing, at least in the first generations of the transi-
tional region. The change of the transmural pres-
sure through a bifurcation starts to compensate
the lower compliance of the daughter airways. The
daughter airways are actually less compressed rel-
atively to the mother airway than in the proximal
region. This results in higher ratios hi. This effect
becomes stronger and stronger along the genera-
tions, and the ratios increase steadily. Eventu-

ally, they exceed
`

1
2

˘
1
2 and

`

1
2

˘
1
3 , and the maxi-

mum of the shear stress and of the pressure drop
is reached.

Distal region. In the distal region, the trans-
mural pressure is slightly positive, at least in the
cases that we tested. The small transmural pres-
sures in the distal region corresponds to near max-
imal compliances values, as they correspond to
large slopes zones on the pressure–section curves
shown on figure 3D. Moreover, since the smaller
airways have larger compliances and higher inner
air pressures, they are, relatively, more dilated
than the larger ones. As a consequence, the reduc-
tion ratios are relatively high in the distal region,
reaching values near 0.9 or higher.

4.2 Dependance on air flow rates and
tissue pressures

The distribution and amplitude of the shear stresses
in the airway tree depend on the flow rate Φ and
on the tissue pressure Ptissue, more particularly
the position and amplitude of its maximum, see
figure 3. The shear stress depends on the ratio be-
tween the air flow and the cube of the radius of the
airway, σ “ α`2

4
8µ
π
|Φ|
R3 . An increase of the air flow

rate induces higher pressures in the airways, which
are more dilated. The variation of the shear stress
is the result of the balance between the air flow

rate increase and the increase of the cube of the
airways’ radii. Since our model predicts that the
amplitude of the maximal shear stress increases
with the air flow rate, this suggests that the in-
crease of the air flow rate might be dominant over
the increase of the airways’ radii, at least in the
range of the parameters tested. In this configu-
ration, pressure drops in the airways are larger
because of the higher flows and the air pressure
in the airways increases more quickly along the
generations. Hence, both the proximal and the
transitional regions are covering less generations.
The location of the maximum of the shear stress
is then shifted toward the proximal generations of
the airway tree.

When the tissue pressure increases at constant
air flow rate, the amplitude of the shear stresses
also increases, see figure 3. This phenomenon is
due to the resulting decrease of the radii of the
airways. Hence, the pressure drops between two
successive generations are increased. In the proxi-
mal region, the reduction ratios are smaller due to
the increase of the compliance with the generation
index. However, the inner air pressures needed
to increase the ratios are also higher. As long as
these inner air pressures remain low, the transmu-
ral pressures change very little. As a consequence,
the range of generations covered by the proximal
region remains the same. The two other regions
are however affected by the larger pressure drops.
In the transitional region, the reduction ratios in-
crease more quickly, hence reducing the range of
generations covered by the region. In the distal
region, the air pressure is high as it results from
the addition of all the pressure drops. The airways
are then closer to their maximal dilation, and for
high tissue pressures the reduction ratios are near
0.9, see table 1.

Our model predicts that the location in the
airway tree of the maximum of the shear stress
depends only slightly on the tissue pressure. This
phenomenon results from the variation of the re-
duction ratios in the transitional region. In that
region, if the tissue pressure is increased, the re-
duction ratios are increasing from values that are
lower, as the higher tissue pressure decreases the
ratios in the proximal region. Nevertheless, in the
transitional region, the increase of the ratios from
one generation to the next occurs at a higher pace,
due to the higher pressure drops. This results in
an increase in reduction ratios that compensates
the lower values in the proximal region. This al-
lows to reach the critical value of the ratio, which
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corresponds to the maximum of the shear stress,
in a generation index close to that of a lower tissue
pressure.

5 Model limitations

Our predictions should be considered as qualita-
tive only, since our model is based on several sim-
plification hypotheses. First, both the fluid dy-
namics and the airways deformation [26] are con-
sidered stationary. Moreover, we assume that the
air velocity profiles in the airways are not affected
by the bifurcations and are unchanged along the
axis of the airways. Turbulence was neglected as
it can scarcely be established in the airways, with
the notable exception of the trachea [34]. Actu-
ally, in most of the airways, the air flow reaches
the bifurcation before the turbulence could really
develop and have some influence on the pressure
drops. Also, neglecting turbulence allows to get a
more tractable model. Nevertheless, a more pre-
cise evaluation of the role of turbulence will be
made in future evolutions of our model. In term
of geometry, the airway tree mimicking the lung
in our model has symmetric bifurcations, unlike
the lung where asymmetric branching is known to
affect the fluid dynamics [25, 35]. Also, our air-
ways remain perfectly cylindrical whatever their
transmural pressure. The typical star shape of
the lumen of a constricted airway is not accounted
for [36]. A total collapse of the airways is also
not possible in our model since the air flow rate
is constrained. The computation of the transmu-
ral pressure is an approximation, as we assume an
homogeneous tissue pressure all throughout the
lung. Finally, we neglect the pressure drops in-
duced by the bifurcations and by the nasopharyn-
geal or buccopharyngeal pathway. Actually, only
a full 3D analysis of the different regimes could
bring adequate estimations of these pressure drops
[16, 11]. Such a study is out of the scope of this
paper but should be performed in the near future
in order to reach better estimations of the pressure
drops.

Nevertheless, our model includes the main phys-
ical and physiological phenomena affecting the wall
shear stress in the lung: the airway tree structure
with deformable airways and the resulting fluid
dynamics, including some inertial effects. Hence,
the predictions of our model should highlight char-
acteristic behaviors for the wall shear stress distri-
butions in airway trees such as the lung.

6 Discussion

Our work predicts the distribution of the wall shear
stress induced by an air flow exiting an airway
tree surrounded by an external pressure. The wall
shear stress exhibits a bell-shaped distribution a-
long the generations of the tree. This shape results
from the complex, non-linear interactions between
the fluid dynamics, the geometry of the tree and
the compliance of the airways. Our analyses allow
to uncover the dynamics of these interactions. We
show that the change in diameter of the airways
through a bifurcation determines if the wall shear
stress increases or decreases through that bifurca-
tion. We derived analytical criteria that charac-
terize specific regimes. They are based on the ratio
hi between the diameters of the daughter airways
and the mother airway, see table 2. In Poiseuille’s
regime, the wall shear stress increases through a
bifurcation only if hi is larger than the viscous crit-

ical ratio
`

1
2

˘
1
3 » 0.793 and decreases otherwise.

In regimes where inertia is dominant, the inertial

critical ratio is lower and equal to
`

1
2

˘
1
2 » 0.707.

When both viscous and inertial influences are of
the comparable order of magnitude, then the cor-
responding critical ratio stands between the vis-
cous and the inertial ones.

Our results give insights about the air–mucus
interactions at expiration, not only during nor-
mal ventilation but also during chest physiother-
apy. Chest physiotherapy uses the air wall shear
stress to help the draining of the mucus from the
bronchial tree. But in order for mucus to be mo-
tioned, the mucus yield stress has to be overcome.
Our model suggests that a maximum of the wall
shear stress can be, to some extent, localized in
the airway tree by tuning the tissue pressure and
the air flow rate. The existence of an adjustable
maximum of wall shear stress by accessible physi-
cal parameters is of great importance for validat-
ing scientifically the technics used by chest phys-
iotherapists. Our results suggest that the chest
physiotherapists might intuitively manipulate the
location and the amplitude of the maximum of the
wall shear stress in order to overcome the yield
stress of the mucus in specific regions of the lung.

Our results and analyzes can be obtained only
because our model is a ”minimal model”. Min-
imal is meant here in the sense that the model
includes only the core physical properties of the
lung’s biomechanics: the tree structure, the defor-
mation of the airways, the air fluid dynamics with
inertia and an external tissue pressure. The first
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benefit in using a minimal model is to catch and to
interpret more easily the dynamics of the system.
The effects of each physical process can be isolated
and confronted to the others. The second benefit
in using a minimal model is that the model is nu-
merically tractable. This allows the exploration of
many scenarios as its computation time is cheap.
Tractable models such as ours are crucial for ana-
lyzing future models with higher complexity.

Future evolutions of our model will include a
more realistic tree structure that accounts for the
asymmetry of the bifurcations [32]. Moreover, we
plan to mimic both the entering (inspiration) and
the exiting (expiration) airflows. We will also eval-
uate the role of the turbulence in the airways with
large Reynolds numbers. Finally, in the lung, the
tissue pressure and the amount of airflow are re-
lated. In order to link these two physical quan-
tities, we plan to couple an idealised 0D model
of the lung’s tissue mechanics to the model pre-
sented in this paper. This will allow to mimic
lung’s configurations that reflect better the phys-
iology of the lung, most particularly during chest
physiotherapy.

7 Conclusion

This work aims to improve our understanding of
how the wall shear stresses are distributed during
expiration in an airway tree with deformable air-
ways. The wall shear stress has a bell-shaped dis-
tribution along the generations of the tree. This
shape results from the interactions between the
geometry of the tree, the compliance of the air-
ways and the air fluid dynamics. The proximal
part of the bell and the location of the maximum
are dependent on the presence of inertia. Our
analyses show that the properties of the distri-
bution of the wall shear stress, and more partic-
ularly the location of the maximum, are affected
by the air flow rate and the tissue pressure. In
the limit of our model, these results could allow
to do physics-based analyses of several commonly
used chest physiotherapy technics. Moreover, our
model suggests that the control of these two quan-
tities during chest physiotherapy manipulations
might allow to focus the draining of the mucus
on a specific region in the lung. Hence, our work
might help to understand, or possibly improve, the
current mucus draining strategies.
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Appendix

A Derivation of the relationship between the wall shear stress and
the pressure drop

We consider a cylindrical airway b with a radius R and a length L. We use cylindrical coordinates
and the axis of the airway is aligned with the axis Ẑ. The airway is delimited by three surfaces: the
airway wall SWall where the air velocity is assumed to be zero (non slip boundary conditions), the
normal vector to SWall is denoted r̂; the airway inlet SIn, where the air flow rate is Φ “

ť

SIn
vzdS with

vz the component of the air velocity along the axis of the cylinder, the normal vector to SIn is ´ẑ;
the airway outlet SOut where the air flow rate equals the inlet flow rate, Φ “

ť

SOut
vzdS, the normal

vector to SOut is ẑ. The total surface of the airway is denoted Sb “ SIn Y SOut Y SWall. A schematics
of the airway is shown in figure 4.

The fluid dynamics of the air in the airway is driven by the Navier-Stokes equations that relates
the pressure p and the velocity v̄ of the air,

"

ρBtv̄ ` ρ∇̄ ¨ pv̄ b v̄q “ ´∇̄p` µ∆v̄
∇̄ ¨ v̄ “ 0

(5)

The shear stress is the consequence of the friction between the air layers and between the air
and the airway’s wall. The friction is related to the viscosity of the air, i.e. the term µ∆v̄ in the
Navier-Stokes equations. Due to the stationary hypothesis, we have Bv̄{Bt “ 0.

L

2R

Φ

SIn SWall SOut

Figure 4: Schematics of a cylindrical airway: the cylinder has a length L and a diameter 2R. The
inlet is denoted SIn, the outlet SOut and the wall SWall. The air flow through the airway is denoted Φ.

We denote pIn and pOut the mean pressures at the inlet and the outlet: p˚ “ pπR
2q´1

ť

S˚
p dS

with ˚ “ In or Out. We define the wall shear stress σ as the mean norm of the friction constraint on
the airway wall: σ “ µp2πRLq´1

ť

SWall
||Bv̄{Br||dS.

Then, by integrating the Navier-Stokes equations (5) on the volume of the airway Vb, using the
Stokes theorem and projecting the result on the Ẑ axis, we have

ρ

£

Sb

d̄S ¨ pv̄ b v̄q ¨ ẑ “

ĳ

SOut

dS ρv2
z ´

ĳ

SIn

dS ρv2
z (6)

The term ρv2
z is the local kinetic energy of the air in the direction of the axis of the airway. Due to

the assumption that the velocity profile is invariant along the airway axis Ẑ, the axial kinetic energy
is conserved all along the airway and the previous term is zero.

The term resulting from the ∇̄p in the Navier-Stokes equations can be expressed using the airway
pressure drop q “ pIn ´ pOut:

£

Sb

d̄S ¨ ẑ p “

ĳ

SIn

dS p´

ĳ

SOut

dSp

“ πR2q
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The viscous term µ∆v̄ becomes:

µ

£

Sb

d̄S ¨ ∇̄b v̄ ¨ ẑ “ µ

ĳ

SOut

dS
Bvz
Bz

´ µ

ĳ

SIn

dS
Bvz
Bz

` µ

ĳ

SWall

dS
Bvz
Br

Under the assumption that the air velocity is invariant along the axis of the airway, the quantity
Bv̄{Bz is zero, hence

µ

£

Sb

d̄S ¨ ∇̄b v̄ ¨ ẑ “ µ

ĳ

SWall

dS
Bvz
Br

Finally, the hypotheses of axial and axisymmetric air velocities that are unchanging along Ẑ allow
to write ||µBv̄{Br|| “ |µBvz{Br|. Using our definition for the mean wall shear stress σ leads to

µ

£

Sb

d̄S ¨ ∇̄b v̄ ¨ ẑ “ ˘µ
ĳ

SWall

dS |
Bvz
Br
|

“ ˘µ

ĳ

SWall

dS ||
Bv̄

Br
||

“ ˘2πRLσ

Then regrouping all the previous transformed terms as in equations 5, we obtain:

σ “ |q
R

2L
| (7)

The wall shear stress is directed in the same direction as the airflow and in the opposite direction of
the pressure drop. The signed mean shear stress relationship is then σ “ ´q R2L .

B Solving the model’s equations

The section 2 describes the model used in this work. The system of equations that needs to be solved
is based on one sub-system for each generation i of the airway tree that writes

$

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

%

qi “
8µ
π ZiLiΦiR

´4
i

Zi “ max
´

1, 1
2 `

Rei
600

¯

Rei “
4ρΦi

µπRi

Ri “ Rmax,i
a

αi
π

αi “ αLambert,i pPiq

Pi “
ři´1
k“0 qk `

qi
2 ´ Ptissue

σi “
qiRi

2Li

Φi “ Φi´1{2

(8)

The pressure drop qi in the airways in generation i depends on their radius Ri which depends in
turn on the pressure drop qi. The shear stress σi can be computed only when the pressure drop qi is
known. So, solving the system is equivalent to find a fixed point qi of the previous system of equations
(8). Hence, the system can be reformulated into finding the fixed point qi of an application Fi that
computes a pressure drop Fi pqq from a given pressure drop q in generation i.

For any generation index i, the pressure drops qk for k ă i are the fixed points of the systems
associated to the generations k ă i. Hence, we can compute all the fixed points of the tree-wide
system by starting with the generation 0 and progressing downward the tree, down to the final one. A
Newton algorithm is ran to find the zero of the application Fipqq ´ q to determine the fixed point qi.
In the Supplementary Materials (C), we show that the system has only one solution, hence ensuring
that the convergence of the Newton algorithm leads to the correct pressure drops distribution. In the
Supplementary Materials (D), details about the numerical method are given.
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C Existence and uniqueness of the solution of the model equations

In order to be sure that our algorithm converges towards the correct physical solution, we need to
highlight the existence and unicity of the solution.

The first step is to study the behavior of the quantity Fi pqq´ q. The derivative of Fi pqq relatively
to q writes

pBqFiq pqq “ pBRiFi ¨ BαiRi ¨ BPiαi ¨ BqPiq pqq (9)

Fipqq is a function of Ri that can be expressed as Fipqq “ aR´4
i ` bR´5

i , with a and b data that
depends on the flow rate Φi and on the hydrodynamic resistance. Since, we know that a and b are
always positive, BRiFipqq is always negative:

pBRiFiq pqq “ ´4a R´5
i ´ 5b R´6

i ă 0 (10)

Now, for BαiRi, we have:

BαiRi “
Rmax,i
2
?
παi

ą 0 (11)

Next, for BPiαi, we have:

BPiαi “
Piď0

n´i
α0,i

P´i

ˆ

1´
Pi

P´i

˙´n´
i ´1

ą 0 (12)

“
Piě0

n`i
1´ α0,i

P`i

ˆ

1`
Pi

P`i

˙´n`
i ´1

ą 0 (13)

Finally, for BqiPi, we have:

BqPi “
1

2
ą 0 (14)

This leads to
@ q P R pBqFiq pqq ´ 1 ă ´1 (15)

So, Fipqq ´ q is strictly decreasing and limqÑ`8 Fipqq ´ q “ ´8.

The next step is to show that the application Fipqq ´ q is bijective from R onto R, i.e. that it can
reach any real value with a unique value of q. The model for airway compliance makes the values of
the airway radius Ri range unequivocally from 0, at a limit transmural pressure Pi “ ´8, to Rmax,i,
at a limit transmural pressure Pi “ `8. The dependance of Ri on q is identical, since the transmural
pressure Pi is linearly and positively dependant on the pressure drop q. Hence, the application Fipqq
that depends on 1{R4

i ranges from `8 when q goes to ´8 to a limit value qinf,i when q goes to `8.
We can conclude that the application Fipqq ´ q ranges from `8 when q goes to ´8 to ´8 when
q goes to `8. Finally, adding the fact that the application Fipqq ´ q is strictly decreasing, we can
conclude that Fipqq ´ q is bijective from R to R

Hence, there is one, and only one, solution Fipqq ´ q “ 0 for the equations (8).

D Numerical method for solving the system

For each generation i, we start by testing if the inertia is affecting the flow profile. To get this
information, we use the fact that Fipqq is decreasing. A simple graphical analysis shows that, for
any pressure drop qa, the solution of Fipqq “ q lies between the values of qa and Fipqaq. We define
the pressure drop q|Re“300 that corresponds to a Reynolds number in the airway equal to 300. The
pressure drop q|Re“300 at Re “ 300 is computed with the Reynolds number formula to compute the
corresponding airway radius Ri|Re“300. The radius Ri|Re“300 is then injected into the formula that
links the pressure drop to the air flow, see equation (8). As the solution q‹ of Fipqq ´ q “ 0 stands
between q|Re“300 and Fipq|Re“300q, two cases are possible. The first case corresponds to q‹ ď q|Re“300.
As the solution of the equation has a pressure drop which is smaller than q|Re“300, the transmural

15



pressure is lower and the airway is more constricted. A smaller airway radius induces an airway
Reynolds number larger than 300. Consequently, we have to account for inertia in our model. The
second case is the opposite and a similar reasoning leads to an airway Reynolds number for the solution
of the equations that is smaller than 300. The air fluid dynamics in our model is then in Poiseuille
regime.

Finally, we use a Newton algorithm to search for the solution of the equation Fipqq ´ q “ 0 for
each generation i from the root of the tree to the leaves of the tree. Starting with the initial condition
q0,i “ 0, the numerical scheme in the generation i writes:

qj`1,i Ð qj,i ´
Fi pqj,iq ´ qj,i
pBqFiq pqj,iq ´ 1

(16)

Here the quantity qj,i is the value computed for the pressure drop q at the jth step of the iterative
algorithm.
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