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We experimentally investigate two cycles of Fermi-Pasta-
Ulam-Tsingou recurrence in optical fibers. Using three 
waves input we characterize the distance of maximum 
compression points against sideband amplitude and 
relative phase, outlining the qualitative changes of the 
dynamics due to separatrix crossing. Experimental 
results are in good agreement with numerical 
simulations and analytical predictions.  

OCIS codes: (190.4370) Nonlinear optics, fibers; (190.4223) Nonlinear 
wave mixing 

Fermi-Pasta-Ulam-Tsingou (FPUT) recurrences correspond to the ability of a multimodal system experiencing complex nonlinear dynamics to come back to its initial state [1].  Beyond this first step, these systems can exhibit multiple recurrence cycles before eventually reaching energy equipartition between the modes [2, 3].  Initially studied in the context of oscillator chains, the FPUT recurrence process can also be observed in many different frameworks such as plasma physics [4], hydrodynamics [5, 6] and optics [7-17]. In optics, FPUT has been investigated in particular in the context of modulation instability (MI) triggering the process [7]. MI consists in the exponential growth of a weak periodic modulation at the expense of a strong continuous pump wave [18]. Then, in χ(3) media such as silica optical fibers, harmonics are generated via subsequent four-wave mixing processes between the waves to form a triangular shaped spectrum [19] until the process reverses and the system returns to its initial state. This process has attracted a tremendous interest as it plays a key role in many nonlinear phenomena governed by the nonlinear Schrödinger equation (NLSE) such as rogue wave formation and supercontinuum generation [20, 21].  Until recently, experimental observations were limited to a single growth and decay recurrence cycle [7, 13, 14]. Such dynamics has been described by exploiting the exact solution of the NLSE known as Akhmediev breather (AB) [20,22], which represents a separatrix orbit emanating and returning at infinite distance to the pump wave though with a 

phase shift. On this basis, assuming three waves as initial conditions, a simple expression predicting the position of the maximum depletion (maximally compressed pulse train) has been derived [23, 24].  However, this expression is limited to a symmetric modulation and does not allow to account for the impact of the initial relative phase between the pump and the modulation signal, which is known to have a strong impact on the dynamics [9, 10]. Furthermore, more recent experiments in water waves [6], in fiber optics [15, 16] or in a bulk photorefractive crystal [17] has shown that two recurrence cycles become accessible.  All this calls for a more insightful theoretical approach that allows to describe the rich dynamics involved in the two recurrence cycles. In principle one could use general doubly periodic solutions of the NLSE developed by Akhmediev et al. [25] but these in general do not reduce to a spectrum with three frequencies thus making difficult to properly fit with the input three waves mostly used in experiments [23]. A significant step forward has been made by Grinevich and Santini [26], who considerably improved the matching theory with the AB, being able to characterize the dependence of the first compression point and the spatial period of successive recurrences on the parameters of three wave input.  Grinevich and Santini’s predictions have been recently verified experimentally in a spatial MI experiment involving a bulk 3D photorefractive crystal [17]. The aim of this letter is to report the experimental test of such predictions for fiber optics. Fibers indeed constitute one of the most convenient test bed to investigate FPUT process offering easy tuning of initial conditions, good control of fiber parameters and the opportunity of compensating losses while performing non-destructive measurements of the full (modulus and phase) electric field along the whole fiber length [15, 16].  The experimental setup is basically the same than in Ref. [15]. We used a 9.2 km SMF-28 fiber and launched three waves at the input (i.e. a pump, signal and idler).  To obtain this input, we generate first a frequency comb with a 35 GHz line spacing via phase modulation of a laser. A commercial programmable optical filter (Waveshaper) allows then to tailor this comb in order to keep 



only three waves and to precisely control their amplitudes and relative phase. To characterize the evolution of these waves, we used then a setup which consists in a heterodyne optical time-domain reflectometer [15].  Through the coherent detection of the Rayleigh backscattered waves, it allows to perform distributed measurements along the fiber of the phase and intensity of the pump, signal and idler waves. The longitudinal resolution of our system is about 20 m. Moreover, our set-up also features active compensation of the intrinsic fiber losses via a counter-propagative Raman amplification scheme.  This allows to consider our system as conservative, so that its dynamics can be described by the following integrable NLSE: ݅ ܼ߲ߖ߲ − ଶ2ߚ ߲ଶ߲ܶߖଶ + ߖଶ|ߖ|ߛ = 0 
 
  (1)    where ߖ(ܼ, ܶ) is the field envelope, Z and T account for the distance along the fiber and the retarded time, respectively, ߚଶ is the group velocity dispersion and ߛ is the nonlinear coefficient. Our experiments are then described by the following initial condition:  ߖ(ܼ = 0, ܶ) =  ඥ ଴ܲ(݁௜ఃబ + ܿଵ݁௜ఆ் + ܿିଵ݁ି௜ఆ்)  (2) 

where ଴ܲ and ߔ଴ are the pump power and phase, respectively, ߗ the modulation angular frequency, ܿ±ଵ = หܿ±ଵห݁௜ఃభ, where หܿ±ଵห ≪ 1 are the normalized amplitude of the signal and idler wave, respectively, and ߔଵ their phase. Using an equivalent ansatz in Ref. [26], Grinevich and Santini have derived the positions ܼଵ and ܼଶ of the first and second maximum compression points which read respectively as ܼଵ = 2݃ ݈݊ ቆ ݃ଶ2|ߙ|ቇ ×  ே௅ܮ
 (3) 

 ܼଶ = 4݃ ݈݊ ቆ ݃ଶ2ඥ|ߚߙ|ቇ × ே௅ܮ + ܼଵ 
 (4)  where  ݃ = ߱√4 − ߱ଶ is the MI gain, with ߱ = ߙ ,ே௅ the normalized modulation angular frequencyܮ|ଶߚ|ඥߗ = ܿଵ∗ − ݁௜ଶఃഘܿିଵ and ߚ = ܿିଵ∗ − ݁ି௜ଶఃഘܿଵ with  ߔఠ = arccos ቀఠଶቁ and ܮே௅ = ߛ) ଴ܲ)ିଵ the nonlinear length. Using our experimental setup, we are then able to investigate the impact of the initial modulation sideband amplitude and relative phase between the pump and sidebands [ߔ߂଴ = ଴(zߔ =0) − ݖ)ଵߔ = 0)] on the two first FPUT recurrence cycles and to compare the positions of these recurrences with the previous estimates from Eqs. (3-4). To do so, we used a 470 mW pump wave with a 35 GHz modulation and tuned the initial sidebands amplitude and phase via the Waveshaper. An example of experimental recording is showcased in Fig. 1. In this case, the initial sideband powers are equal and their phases identical. The signal/idler to pump ratio was set to -10.4 dB and the initial relative phase to ߔ߂଴ =  The experimental longitudinal evolution of the pump and signal power are then displayed in solid lines in Fig. 1(b). We observe almost two complete conversion cycles, in good agreement with simulations (obtained via the numerical .[see the spectrum of the simulated input in Fig. 1(a)] ߨ0.50

integration of the NLSE) displayed in dashed lines. These cycles can also be seen in Fig. 1(c), which illustrates the simulated spatiotemporal evolution of the power.  Moreover, the setup allows also to measure the relative phase ΔΦ(ݖ) between the pump and the sidebands whose impact is represented by drawing the trajectories in a phase plane ( ௦ܲcosΔΦ, ௦ܲsinΔΦ), ௦ܲ(ݖ) being the signal power fraction [see Fig. 1(d)] [9, 10, 15]. In the case shown, the ߨ (half-period) shift in time domain of the second apex conversion (Fig. 1 (c)) is the signature that the mixing follows a figure of eight outer trajectory with respect to the separatrix. Conversely, inner trajectories are characterized by consecutive in-phase recurrences and are confined in left or right semi-phase-plane (see discussion below). Noteworthy, the position of the pump minima nearly coincides with the maximum compression points (as highlighted by the magenta dashed lines in Figs 1(b,c)). Hence, in what follows, we will focus on the position of these pump minima to characterize the FPUT process. First, we investigated how the input relative phase  ߔ߂଴ between the pump and two sidebands with equal amplitude affects the recurrence distances, comparing with Eqs. (3-4). To this end, we measure the evolutions (as in Fig. 1) by varying ߔ߂଴ from −2/ߨ to 2/ߨ while maintaining the signal/idler to pump power ratio fixed at -10.4 dB. The results are summarized in Fig. 2(a) which shows the position of the first (green) and second (magenta) pump minima. Crosses account for the experimental recordings, solid lines for the theoretical predictions [Eqs. (3-4)] and dashed lines for numerical simulations. Clearly, the finite fiber length highlighted by the horizontal grey line sets an upper bound to measurable distances. Significantly, Eqs. (3-4) predict that both  ܼଵ and  ܼଶ diverges for ߔ߂଴ = ߔఠ (in our case ߔఠ =  ఠ the sidebands experience the most rapid growth to the apex, thus yielding the minimum  ܼଵ, whereas ܼଶ diverges since backconversion still occursߔ− = ଴ߔ߂  This is because such phase corresponds to the stable manifold of the separatrix (or AB solution) entailing asymptotic conversion from the input sidebands to the pump.  Conversely, on the unstable manifold corresponding to .(ߨ0.29

Fig. 1. (a) Simulated input spectrum. (b) Longitudinal evolution of thepump (in blue) and signal (in red) power for ΔΦ଴ = 0.50π.(c) Simulated spatio-temporal evolution of power. The magentadashed lines highlight the position of the maximum compressionpoints. (d) Corresponding phase-plane structures. Solid linescorrespond to experiments and dashed ones to numerical simulation.All power plots are normalized to their maxima. Parameters: fiberlength L = 9.2 km, group velocity dispersion βଶ = −19 ×10ିଶ଻sଶ/m, nonlinear coefficient γ = 1.3 × 10ିଷ/W/m, pumppower P଴ = 470 mW, signal to pump ratio -10.4 dB, signal detuning35 GHz from the pump. 



asymptotically along the separatrix. Incidentally, for ߔ߂଴ = −ߔఠ, such minimal ܼଵ from Eq. (3) coincides with the estimate of Ref. [23]. Conversely, it underestimates ܼଵ for any other values of input phase. Importantly, the values ߔ߂଴ = ௖ߔ߂ ௖ withߔ߂± = ଴ߔ߂ ఠ   represent the critical phases (in the limit of very weak sidebands) across which the nonlinear MI undergoes separatrix crossing [9, 10, 15], or in other words transition from shifted to unshifted recurrences. However, the NLSE simulations as well as the measured value of ܼଵ, which are in excellent agreement with the numerics, indicate that this transition occurs at slightly shifted value of input phaseߔ± = |଴ߔ߂| due to the relatively strong modulation (in our setting the sidebands contain nearly 15% of total input power). In Fig. 2(a) such values mark the border between yellow and cyan shaded areas, in turn yielding measured evolutions along outer orbits (phase-shifted recurrences) and inner orbits (unshifted recurrences), respectively. Examples of outer orbits yielding alternate shifted recurrences, obtained whenever (instead of 0.29π) ߨ0.32 > ଴ߔ߂ ௖, are reported in Fig. 1(b,d) and Fig. 2(b,c) for input phaseߔ߂ = ଴ߔ߂ and ߨ0.50 = ௖ߔ߂− respectively.  On the contrary, whenever ,ߨ0.42− < ଴ߔ߂ <  From the results reported in Fig. 2, we can conclude that the measured values of the distances for the first two maximal compressions agree well with the estimate from Eq. (3-4) in the observed range (2-6 km for ܼଵ and 7-9 km for ܼଶ).  We attribute the slightly larger .( .rad ߨto 0.5 ߨsee Visualization 1 for all input phase values ranging from −0.5) which determines the initial direction of the power flow [9, 10] (଴ߔ߂2)ୡ (cyan domain in Fig. 2(a)), the system follows single loop orbits which correspond to successive unshifted maximally compressed pulse trains, as shown in Figs. 2(d,e) and 2(f,g).  Noteworthy, in the case shown in Figs. 2(f,g) which gives the longest measured value of ܼଵ,   the power initially flows from the sidebands towards the pump, at variance with all the other cases shown in Figs. 1-2, and consistently with the positive sign of sinߔ߂ 

discrepancy between the numerics and measured data for ܼଶ [magenta dashed line and crosses in Fig. 2(a)] to residual small losses due to imperfect compensation (via the Raman amplification scheme), which have stronger impact on longer distances of propagation. Finally, we point out that, in the experiment, further improving the resolution of the input phase that determines separatrix crossing is extremely challenging due to (i) the intrinsic sensitivity to initial condition and perturbations close to the separatrix; (ii) the need for much longer fibers in turn requiring more involved loss compensation schemes.  In a second set of experiments, we set the initial relative phase to ߔ߂଴ = 0  and studied the influence of the input sidebands power on the recurrence positions in both the symmetric and asymmetric case.  First, we considered symmetric sidebands with 

Fig. 3. Position of the first (in green) and second (in magenta)pump minima versus signal (idler) to pump ratio. The crossescorrespond to experimental recordings, dashed lines tonumerical simulations from NLSE and solid ones to the thetheoretical model. The grey line indicates the fiber length. 

Fig. 2. (a) Positions of the first (green) and second (magenta) pump minima. The crosses correspond to experimental recordings, dashed lines to numerical simulations from the NLSE and solid lines to the theoretical model. (b,d,f) Longitudinal evolution of the pump (blue) and signal power (red) and (c,e,g) their corresponding phase plane trajectories, for ߔ߂଴ = ଴ߔ߂ ,ߨ0.42− = ଴ߔ߂ and ߨ0.15− =  .respectively. Solid lines correspond to experiments and dashed ones to numerical simulations. The grey line indicates the length of the fiber. All power plots are normalizedto their maxima  ,ߨ0.30



a signal/idler to pump ratio varied from -5 dB to nearly -30 dB. The recorded positions of the pump minima are shown in Fig. 3.  Crosses account for experiments, solid lines for predictions from Eqs. (3-4) and dashed ones for simulations (green for the first pump minimum and magenta for the second one). The first minimum ranges from about 1 km to 6 km. We observe a logarithmic dependence of the position on the modulation intensity, as expected from theory [Eq. (3)]. The second pump minimum, however, is expected from Eq. (4) in the range 3 - 18 km for such variation of the modulation depth. Therefore, only two experimental recordings fall under the length of our 9.2 km fiber (see the grey line in Fig. 3). They are found in excellent agreement with simulations. From a general point of view, increasing the induced modulation strength clearly shortens the growth and decay cycles. The nonlinear phase acquired by the sidebands through Kerr effect is thus larger and forces the systems to evolve more rapidly toward the critical value of relative phase for which energy exchanges are reversed [9, 10].  Second, while maintaining fixed the initial signal to pump ratio at -10.4 dB and the initial phase at ߔ߂଴ = 0, we have decreased the idler power in order to induce a power imbalance between the sidebands and investigate the asymmetric case. Fig. 4 shows the positions of the pump minima when the initial power imbalance between the idler and the signal ranges from 0 dB to 20 dB. Again, the crosses correspond to experiments, the solid lines to predictions from Eqs. (3-4) and the dashed one to simulations. Here, the distance ܼଵ of the first pump minimum range from about 2 km to 3 km and the second one (ܼଶ) from about 6 km to 9 km. As shown, the larger the asymmetry the longer it takes to reach the maximum depletion. Interestingly, however, most of the variation occurs while the idler power is still close to the signal one, since the variation rapidly saturate to an asymptotic value for large imbalances. Experimental recordings are in a good agreement with numerical simulations for both minima. Furthermore, in order to illustrate the stability of our measurements we reported the typical error bar for one of the measurements in Fig. 4. The standard deviations for the first and second pump minima are low as they turn out to be about 100 m and 200 m, respectively. One of the causes of these variations could be the variation of the pump power. Indeed, we checked numerically that varying the pump power by only 2% give similar deviations.  

In conclusion, we have reported the careful quantitative characterization of the first two induced cycles of conversion and the associated separatrix crossing phenomenon in nonlinear MI. To do that, we used a non-destructive experimental setup enabling to perform distributed measurements of the pump and signal power and phase in a 9.2 km fiber. We focused on the impact of initial modulation sidebands relative phase and intensity on the positions of the first and second maximally compressed pulse train appearance, comparing with recent analytical estimates by Grinevich and Santini [26]. A good agreement is obtained although the input modulation was relatively strong.   
Funding.  Agence Nationale de la Recherche (ANR) (Labex CEMPI ANR-11-LABX0007, Equipex FLUX ANR-11-EQPX-0017); European Regional Development Fund (ERDF) (CPER Photonics for Society P4S, HEAFISY); French Ministry for Higher Education and Research (MESR); Hauts de France Regional Council. 
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