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ABSTRACT
This technical report summarizes all the simulations performed for the PVTOL case
study testing the control scheme proposed in [3], combining single-rate MPC with
a multi-rate trajectory planner (MR MPC). The proposed scheme is compared to
both stand-alone multi-rate control (MR) and a standard MPC controller with an
cascade FIR based filters for trajectory generation (FIR MPC).

1. Case study: Planar Vertical Take Off and Landing aircraft PVTOL

In this section we introduce the case study, and highlight the validity of the proposed
approach in terms of following a given trajectory, namely a straight line reference on
the position. This scheme is compared to the stand-alone MR control (see for example
[1] and the references therein), thus specifying the result referenced in Remark 4.3 and
Theorem 3.1 in [3] to this particular example, as well as a typical SR MPC with a
given trajectory planner. Let the model of the PVTOL take the form:

ẍ = −sin(θ)v1 + εcos(θ)v2

z̈ = cos(θ)v1 − 1 + εsin(θ)v2

θ̈ = v2

(1)

for which the output y = h(x, ẋ, z, ż, θ, θ̇) = (x, z)>.

1.1. Construction of the MR planner model

To use our control scheme, we first define the multi-rate sampled data model of the
PVTOL. To this end, it is known (e.g. [1]) that (1) is feedback equivalent to a finitely
discretizable system, by setting

v =

(
1

cosθ + εθ̇2

−2θ̇2 tan θ

)
+

(
1

cosθ 0
0 cos2 θ

)
u



plus together with the coordinates change

ζ = ϕ(x, ẋ, z, ż, θ, θ̇) = ε


cos θ

−θ̇ sin θ
0

− sin θ
0

−θ̇ cos θ

+



z
ż

tan θ
x
θ̇

cos2 θ
ẋ

 .

Thus obtaining

ζ̇ = f̃(ζ) + g̃1(ζ)u1 + g̃2(ζ)u2

f̃(ζ) =
(
ζ2 0 ζ5 ζ6 0 −ζ3

)>
, g̃1(ζ) =

(
0 1 0 0 0 −ζ3

)>
g̃2(ζ) =

(
0 0 0 0 1 0

)> (2)

The above model (2) admits the closed-form sampled-data equivalent model of the
form ([3], eqn. 2) that can be computed. We then select our multi-rate order m = 4
and, in particular

u1(t) = uj1(k), t ∈ [(k +
j − 1

2
)T, (k +

j

2
)T [, j = 1, 2

u2(t) = uj2(k), t ∈ [(k +
j − 1

4
)T, (k +

j

4
)T [, j = 1, . . . , 4.

so getting the MR planner dynamics(dropping the subscript k for the control):

ζk+1 = (Aδ +Bδ
1(u21))
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1(u11))

2ζk (3)
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1(u21))

2(I +Bδ
1(u11))B
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0(u11, u

1
2)
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1(u21))

2Bδ
0(u11, u

2
2)

+ (I +Bδ
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3
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4
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with ζk = ϕ(xk, ẋk, zk, żk, θk, θ̇k) for all k ≥ 0 with

Aδ =


1 δ 0 0 0 0
0 1 0 0 0 0
0 0 1 0 δ 0

0 0 − δ
2

2 1 − δ
3

6 δ
0 0 0 0 1 0

0 0 −δ 0 − δ
2

2 1

 , Bδ
1 =
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2

2 u1 0 − δ
3
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−δu1 0 − δ
2

2 u1 0
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(
δ2u1

2 δu1
δ2u2

2
−δ4(1+u1)u2

24 δu2
−δ3(1+u1)u2

6

)>
with δ ≥ 0 being the sampling period and T = 4δ.

1.2. Planning and control

For all t = kT with k ≥ 0 planning is made on the basis of the sim-
plified equivalent model (3) so getting, for the original system (1) a sequence
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of admissible outputs {(x̂ik+j , ẑik+j), i = 1, . . . , 4 and j = 0, 1} when setting

(x̂ik+j ,
˙̂xik+j , ẑ

i
k+j ,

˙̂zik+j , θ̂
i
k+j ,

˙̂
θik+j)

> = ϕ−1(ζ̂ik).

Consequently, for all t = kT + iδ, the MPC computes the feedback uik (for i =
0, . . . , 3) with the sampled data SR model of the PVTOL used for prediction. This
feedback is then applied to the simulation model of system (1) while recomputing the
reference for all t = kT .

1.3. Simulations and Remarks

In the following we will compare the proposed control algorithm (MR MPC) to both
the stand-alone MR control and MPC with the trajectory planner proposed by [2]
(FIR MPC). In all simulations δ = 1 seconds while np = nc = 4. In the exact steering
scenarios, The PVTOL is required to perform the classical lateral maneuver of 10 m,
namely a reference on the normalized position of (x z)> = (1 0)>. While in the time
varying references, a linear path is fixed on both the lateral and vertical displacements
(that is x, z respectively) as a ramp signal with velocity v0 = 1m/s to be tracked at
t = kT, T = 4δ.

1.3.1. Exact steering with Perturbation

Here we perform the manuever of a lateral displacement, assuming the system is
perturbed by a disturbance w(t) where w is a randomly generated actuation white
noise (that is u(t) = umpc(t) + w(t)). In that case, the following comparisons are
made:

• Figure 1 compare the performance of this control scheme to that obtained in [1].
Notice that in the figure the MR MPC is able to stabilize the vertical displace-
ment to zero despite the disturbance, while the MR alone fails at doing so. On
the other hand, the rotation is kept bounded by the MR MPC below 0.1 rads
after 10 seconds.
• Figure 2 compare the performance of this control scheme to that obtained with

an FIR MPC trajectory planner with a rest to rest motion. In this case, both
control schemes perform similarly in the steady state keeping the desired position
while also ensuring the stability of the θ dynamics (the PVTOL doesn’t perform
flips around its axis). It’s worth mentioning that the FIR MPC does better
in the transient compared to our scheme and requires less vertical movement
to recover the required lateral manuever. Once stabilization is achieved, both
control schemes stabilize the PVTOL.

1.3.2. Exact steering with ε variation

Here we perform the same manuever above, without an actuation perturbation, and
we assume that the value of ε = 1.1 in the actual model, while it’s the nominal value
for defining the MR planner simplified model and the MPC prediction models, we
perform the following comparisons

• Figure 3 compare the performance of MR MPC to that obtained with an FIR
MPC. Similar performances are recovered, although MR MPC performs slightly
worse than FIR MPC in the transient as expected due to the fact that the
feedback and coordinate change bringing (1) to (2) are not defined for ε 6= 0.8
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Figure 1. perturbed steering to (x, y) = (1, 0) MR VS MR MPC with R = 0, Q = I

Figure 2. perturbed steering to (x, y) = (1, 0) FIR MPC VS MR MPC with R = 0, Q = I
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Figure 3. perturbed steering to (x, y) = (1, 0) FIR MPC VS MR MPC with ε = 1.1, R = 0, Q = I

1.3.3. Time-varying references tracking

We require both the lateral x and vertical displacement z to follow a given reference, in
this case, a ramp signal with velocity v0 = 0.1 (i.e without normalization v0 = 1m/s).
We show that the proposed scheme outperforms both stand-alone MR control and FIR
MPC one, and to this end, the following comparisons are made:

• In the nominal case depicted by Figure 4, we set R = 0. Notice that, contrarily
to the MR MPC scheme, the FIR MPC is unable to follow the reference over
the larger steps T , and for the same choices of Q,R, np, nc an off-set is evident.
• Figure 5 on the other hand, compare the performance of this control scheme to

that obtained in [1], which in the nominal case turns out to be similar as expected.
In fact, one can interpret it as that this scheme is a way of implementing sampled
data multi-rate controllers via optimization.
• Figure 6 shows that, even when there is actuation perturbation, and parameter

variation, our proposed scheme outperforms the FIR MPC one, not just on the
big sampling instants kT , but also during the smaller sub-intervals kδ.
• Figure 7 compares our scheme tracking a straight line, under the action of a

perturbation, against the stand-alone MR control, and the benefit in using our
proposed scheme is evident as expected, both in terms of tracking at the small
sampling instants, and maintaining the variation in the θ dynamics small. This
reflects the idea that MR MPC is a robust way to implement MR controls.
• Figure 8 shows the effect of weighting the output R > 0 and verifying that the

MR MPC scheme performs better compared to FIR MPC in this case, under
both the action of a perturbation and the parameter ε change.
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Figure 4. Nominal tracking of a straight line FIR MPC VS MR MPC with R = 0, Q = I

Figure 5. Nominal tracking of a stright line MR VS MR MPC with R = 0, Q = I
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Figure 6. perturbed tracking of a straight line FIR MPC VS MR MPC with ε = 0.5, R = 0, Q = I

Figure 7. perturbed tracking of a straight line MR VS MR MPC with ε = 0.8, R = 0, Q = I
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Figure 8. perturbed tracking of a straight line FIR MPC VS MR MPC with ε = 0.5, R = 0.5I, Q = I

2. Concluding remarks

In this brief manuscript, we report further simulation results that support the intuition
discussed in the attached paper, further motivating the use of the proposed scheme of
combining multi-rate planning with single-rate model predictive control.
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