About Schlunder’s model: A numerical study of
evaporation from partially wet surfaces
Marouane Talbi, Marc Prat

To cite this version:
Marouane Talbi, Marc Prat. About Schlunder’s model: A numerical study of evaporation from
partially wet surfaces. Drying Technology, 2018, 37, pp.513-524. �10.1080/07373937.2018.1506929�.
�hal-02355914�

HAL Id: hal-02355914
https://hal.archives-ouvertes.fr/hal-02355914
Submitted on 8 Nov 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of scientific research documents, whether they are published or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

OATAO is an open access repository that collects the work of Toulouse
researchers and makes it freely available over the web where possible

This is an author’s version published in: http://oatao.univ-toulouse.fr/24632

Official URL: https://doi.org/10.1080/07373937.2018.1506929

To cite this version:
Talbi, Marouane and Prat, Marc About Schlunder’s model: A numerical
study of evaporation from partially wet surfaces. (2018) Drying Technology,
37. 513-524. ISSN 0737-3937

Any correspondence concerning this service should be sent
to the repository administrator: tech-oatao@listes-diff.inp-toulouse.fr

€ nder’s model: A numerical study of evaporation from partially
About Schlu
wet surfaces
M. Talbi and M. Prat
Institut de Mecanique des Fluides de Toulouse, IMFT, Universite de Toulouse, CNRS, Toulouse, France
ABSTRACT

KEYWORDS

Estimate of evaporation rate from a partially wet surface using Schl€
under’s analytical model
is assessed from comparison with numerical simulations. The influence of pore shape and
pore size heterogeneity is explored as well as the limit of the very low wet surface fractions.
A modified form of Schl€
under’s formula is proposed for the heterogeneous surfaces by
using the pore influence surface areas obtained from a minimum distance surface tessellation technique. The modified formula provides a simple method for coupling the external
transfer and the internal transfer in the pore network modeling of drying.
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Introduction
One of the most puzzling aspects of drying of porous
media is the possible existence of a long constant rate
period (CRP), namely a period over which the evaporation rate varies little whereas the water content varies
appreciably. Since drying is a phenomenon coupling
internal transfers, that is, inside the porous media,
and external transfers, that is, in the gas phase at the
evaporative surface of the porous medium, both types
of transfer should play a role in the existence and duration of the CRP. Qualitatively, the CRP is
“explained” from an internal transfer standpoint by
the fact that capillary effects can maintain the surface
sufficiently wet. This can also be viewed as a consequence of the capillary pumping effect (see below). It
is now well known that drying of porous media can
be analyzed within the realm of two-phase flow theory
in porous media[1] as an invasion percolation process.[2–4] This means that the bigger pores are first
invaded whereas smaller pores stay wet at the surface.
For a meniscus to stay at the entrance of a smaller
pore at the surface, a liquid flow in this pore should
equilibrate the evaporation rate from this pore. This is
the capillary pumping effect, that is, a net flow from
the inside of the medium toward the smaller pores at
the surface. However, since bigger pores are invaded,
the density of wet pores (fraction of the pores at the

surface with a pinned meniscus) decreases during the
CRP. In other terms, the surface is less and less wet
but this does not change appreciably the evaporation
rate, at least as long the surface wet fraction is high
enough. Then we have to explain why the evaporation
rate from a partially wet surface can remain approximately unchanged whereas the surface becomes less
and less wet. This is essentially the point studied by
Schl€
under.[5,6] Extending the work of Suzuki and
Maeda,[7] Schl€
under essentially showed that the evaporation rate from a surface covered by discrete wet
spots is essentially the same as the evaporation rate
from the same surface totally wet provided that the
wet spots are evenly distributed over the surface and
their diameter is small compared to the typical thickness of the external mass transfer layer. This result
was obtained assuming that the external mass transfer
is governed by diffusion, at least in a small layer adjacent to the surface (the viscous sub-layer in the analysis of Schl€
under), for example, Haghighi et al.[8] The
analytical relationship proposed by Schl€
under reads
J
1
h
i;
¼
Jref 1 þ 2 rp pﬃﬃﬃpﬃ pﬃﬃﬃpﬃ1
pd
4h
4h

(1)

where J is the evaporation rate, d is the tickness of the
diffusive layer adjacent to the surface, rp is the2 radius
pr
of the wet spots (pores) at the surface. h ¼ a2p is the

Figure 1. Computional domains: (a) single unit cell and (b)
3  3 square arrangement of wet surface pores.

wetted fraction of the surface where a is the size of a
square unit cell with a circular pore opening in its
center (see Figure 1(a)). The length a can also be
interpreted as the mean distance between the pores at
the surface. In Equation (1), Jref is the evaporation
rate when the surface is entirely covered by liquid,
Jref ¼

Mv 2 ðPvs Pv1 Þ
;
Da
d
RT

(2)

where Mv, R, and T are the water molecular weight,
the universal gas constant, and the temperature. D is
the molecular diffusion coefficient of vapor in the binary mixture formed by air and the vapor. Pvs and
Pv1 are the vapor pressure at the pore surface (saturated vapor pressure) and in the external gas at the
distance d from the porous surface, respectively.
Hence Equation (1) provides an explicit relationship between the evaporation rate and the degree of
occupancy of the porous surface by the liquid.
Schl€
under’s relationship thus analyzes the CRP
from a pure external mass transfer standpoint.
However, as discussed in Moghaddam et al. and
Lehmann and Or,[9,10] drying is less simple than considered in Schl€
under’s analysis. For instance, the pore
sizes are not uniform at the surface and vary from
one pore to another. The impact of this variability
must be assessed. Nevertheless, Schl€
under’s relationship is still today the only analytical expression linking
the evaporation rate to the degree of occupancy of the
surface by the liquid. Since the evaporation rate
decreases according to Equation (1) when h is sufficiently small, Equation (1) was also used later by
Schl€
under[11] to explain the end of the CRP and thus
the transition toward the falling rate period (FRP),
another key issue in the drying theory.
Since drying is essentially a coupled problem
between the transfer inside the porous medium and in
the external gas domain with which the porous

medium is in contact on one or several sides, the correct modeling of the coupling is crucial. In the simpler
approach, the mass transfer at the surface is modeled
using a mass transfer coefficient, for example, Chen
and Pei.[11] Thus in the case, the equations governing
the mass transfer in the external gas are not solved
explicitly all along the drying process. The problem
with this approach is that the variation of the mass
transfer coefficient during the drying process is not
known. Therefore this approach is rarely truly predictive. A more satisfactory approach consists in solving
together the equations governing the transfer in the
external gas and inside the porous medium. Such an
approach when the transfers inside the porous
medium are modeled using the continuum approach
to porous media can be found, for example, in the
references.[12–17] A somewhat similar coupling strategy
has also been developed in relation with the pore network modeling (PNM) of drying, for example, Xu and
Pillai.[18] Although the general approach involving to
solve the Navier–Stokes equations together with the
vapor transport equation is certainly the most versatile
in relation with drying problems, simplified versions
can also be useful, for instance in order to perform
comparisons with laboratory experiments, for
example, Veran and Prat.[19] Such a simple case is
when the external mass transfer is essentially driven
by diffusion, a situation thus similar to the situation
considered by Schl€
under. One can thus wonder
whether Schl€
under’s formula or a variant of
Schl€
under’s formula could be useful in relation with
the PNM of drying. In this respect, it should be noted
that the results presented in Moghaddam et al.[9] as
well as in previous works using a pore network model,
for example, Yiotis et al.,[20] were based on simulations using a quite coarse grid in the external mass
transfer boundary layer. Clearly, this aspect of PNM
needs improvement.
To sum up, the objectives of the present paper are
triple: (1) assessing Schl€
under’s relationship for a
greater variety of wet pore shapes than in previous
works, (2) looking at the asymptotic case where the
wet spots are far apart from each other, and (3)
adapting Schl€
under’s formula to the case of heterogeneous surface for application to the PNM simulations
of drying.

Method
The study is based on numerical solutions of the diffusion equation governing the vapor concentration in
the external mass transfer boundary layer. As depicted

Figure 2. The various surface elementary pore shapes (wet zone in blue, solid surface in grey): (a) circular, (b) square, (c) triangle,
(d) square complement, and (e) Star shapes corresponding to h ¼ 0.1, h ¼ 0.2, and h ¼ 0.3, respectively.

in Figure 1, the computational domain X is a parallelepiped domain with the partially wet surface localized
at its bottom. Using the vapor partial pressure Pv as
main variable, the problem to be solved in X reads
DPv ¼ 0;

(3)

where D is here the Laplacian (Laplace operator).
Equation (3) thus corresponds to the steady-state diffusion equation when the temperature variations can
be ignored and the diffusion coefficient is constant.
On the lateral boundaries, a zero flux condition is
imposed (rPv :n ¼ 0, where n is the unit normal vector at the considered surface). On the top surface, the
vapor partial pressure is known,
Pv ¼ Pv1 at z ¼ d

(4)

On the partially wet surface @Xb (bottom surface at
z ¼ 0), the vapor partial pressure is known on the wet
regions, that is
Pv ¼ Pvs at z ¼ 0 on @Xbw ;

(5)

where Pvs is the saturated vapor pressure at the considered temperature (the temperature is uniform all
over the computational domain). On the solid part of
@Xb , a zero flux condition is imposed
rPv :n ¼ 0

at z ¼ 0 on @Xbs :

(6)

Equations (3)–(6) are solved using the simulation
software COMSOL Multiphysics. Once the vapor pressure field has been computed the evaporation rate is
computed as



ð
J ¼

@Xbw

Mv
rPv :n
D
RT


dX at z ¼ 0:

(7)

In typical drying experiments, d is on the order of
1 mm while a typical mean distance between pores is
of the order of 100 lm or less. Thus, unless otherwise
mentioned, all the simulations presented in what follows have been performed for d ¼ 1 mm and
a ¼ 100 lm. However, it can be noted that what matters is actually the ratio d/a. Thus, the presented
results directly apply to other values of a or d as long
as d/a ¼ 10.

Influence of pore shape
To derive his formula, Schl€
under has actually considered a system of hemispherical droplets. Assuming a
square arrangement of the droplets, he actually considered a single unit cell of parallelepiped shape with
a droplet lying in the middle of the bottom surface of
the parallelepiped domain. Since pores are not hemispherical droplets, it is interesting to examine the
impact of the pore shape. Circular pores are obvious
candidates but it is clear that the pore shape is often
quite different from a circular tube. For this reason,
we have also tested other elementary shapes such as
square, triangle, and star shapes. The various tested
shapes are depicted in Figure 2 while a comparison
between the results obtained using Schl€
under’s relationship and the results obtained numerically for the
different shapes is presented in Figure 3.

Is, however, reasonably low for all shapes, that is, less
than 10% and actually on the order of a few percent
only, except with the circular and triangle shapes for
h < 0.05. The case of the very low h is examined in
more details after the next section, which briefly
presents the results obtained for the case of the square
complement (Figure 2(d)).

A counter – example

Figure 3. Test of Schl€under’s relationship (Eq. (1)) for the various pore shapes. d ¼ 1 mm, a ¼ 0.1 mm (the dashed purple
line corresponds to the square shape and the green solid line
to the triangular shape). The inset shows the relative error
between the numerical results and Schl€under’s formula (same
color code as for the main plot, the error for the square complement is not plotted).

To perform this comparison we keep d ¼ 1 mm and
a ¼ 100 lm and vary the wet surface area Sw for the
various shapes. Thus, h ¼ Saw2 . To use Equation (1), we
also need to specify the pore radius rp. For shapes different from the circular shape, we define rp as the circular pore radius having the same wetted area as the
considered shape. Hence rp is determined from the
relationship prp2  Sw .
As can be seen from Figure 3, the variation of the
evaporation rate with h is sensitive to the pore shape.
Somewhat surprisingly in view of the analytical
method used by Schl€
under to derive his formula, the
numerical results for the circular pore lead to lower
evaporation rates compared to the estimate with
Schl€
under’s formula. It is important to mention here
that very refined meshes were used to obtain the
results shown in Figure 3. So the discrepancy cannot
be attributed to a lack of mesh refinement. It is attributed to the approximation made by Schl€
under in
deriving his formula. However, the agreement with
Schl€
under’s formula is excellent for the square and triangle pore shapes. The star shape leads to a greater
discrepancy, at least for h around 0.1. Note that the
star shape is anisotropic (see Figure 2(f)) and it is the
shape which is obviously the less closer to a circular
shape among the considered shapes. As shown in the
inset in Figure 3, the relative error jJnum: JSchl: j=JSchl:

Since Schl€
under’s formula was derived considering a
spatially periodic square arrangement of droplets, it
can be expected that it leads to much less good results
when the distribution of the liquid at the surface is
markedly different from an even distribution of isolated wet spots.
Consider, for example, the situation where the central region of the unit cell corresponds to a solid surface (no flux) whereas the complementary surface is
wet (the case of square unit cell is illustrated in Figure
2(d)). The comparison between the simulations and
the predictions using Schl€
under’s formula for this case
is depicted in Figure 3 (compare the orange line with
the black line with empty circles).
As can be seen, using Schl€
under’s formula is not a
good idea for this case. In summary, as illustrated
with this example as well as with the star shape if the
wet region shape in the unit cell is too different from
a circular pore, Schl€
under’s formula is not reliable. Of
course, it can be noted that this essentially holds
when Schl€
under’s formula indicates a noticeable
impact of h on the evaporation rate, that is, when h is
sufficiently low (h < 0.3 in Figure 3).

Evaporation rate for very low wetted
surface fractions
The motivation for studying the evaporation rate
when the wetted surface fraction is very low comes
from the study of saline evaporation from porous
media, for example, Eloukabi et al.[21] When a salt
crust forms at the surface, it is often observed that the
evaporation rate is severely reduced compared to the
situation for pure water. The evaporation rate can be
reduced by at least one order of magnitude. One simple option to explain this very low evaporation rate is
to consider that the crust is still wet but with a quite
low density of active pores at its surface (due to pore
clogging by the precipitation of the salt). Active pores
mean wet pores where evaporation takes place. Thus,
we are interested here in Schl€
under’s relationship
when h  1. In this limit, Equation (1) can be written

as

pﬃﬃﬃﬃﬃﬃ d
rp d
J
1
2hd
¼
 2 ph  2p 2 :
rp 
a
Jref 1 þ 0:5 hd
rp
a

(8)

Thus, Schl€
under’s relationship suggests that the
evaporation rate should vary with the square root of
wetted surface fraction h when h  1. Using
Equation (2), the evaporation rate from a surface
element of size a is given in this very low wetted surface fraction limit by
J

2h Mv 2
Mv
Da ðPvs Pv1 Þ ¼ 2prp
DðPvs Pv1 Þ:
rp RT
RT
(9)

As it could be expected, Equation (9) is almost identical to the expression giving the evaporation rate of a
single flat droplet (a disk) on a flat plate in an infinite
half-space, for example, Picknett and Bexon[22] and Hu
and Larson.[23] The difference only lies in the numerical
factor 2p in Equation (9) versus 4 for the isolated droplet expression.[22,23] As indicated by Equation (9), a key
characteristic of diffusive evaporation is that the evaporation rate is proportional to the perimeter of the
droplet and not to its surface area. The difference in the
prefactor is not surprising since the conditions considered by the different authors to derive their analytical
expression are different. Whereas Schl€
under considered
the evaporation from a half sphere in a spatially periodic system, Picknett and Bexon[22] and Hu and
Larson[23] considered the somewhat simpler case of a
single droplet in an infinite half-space.
In order to evaluate the applicability of Equation
(8), we have computed the evaporation rate for the
situation depicted in Figure 1(a) for h varying in the
range [106–103] (which corresponds to rp/a varying
between 5.64  104 and 0.0178 for a circular pore).
The results are shown in Figure 4.
As can be seen, the overall tendency between the
results from Schl€
under’s formula and the numerical
simulations are similar. As shown in the inset in
Figure 4, the relative error is greater for this range of
very low wetted surface fractions (except, however, for
the circular pore when h < 105) compared with the
results shown in Figure 3 for greater h. The agreement
with the formula for an isolated droplet leads as
expected to similar results as Schl€
under’s formula for
sufficiently low h (with the discrepancy due to the
numerical prefactor 2p versus 4). The comparison
with the numerical simulations suggests that
Schl€
under’s formula is more appropriate. However, as
shown in Figure 4, the relative error between the
numerical simulations and Equation (9) can be relatively high. Further investigations are needed to clarify

Figure 4. Test of Schl€under’s relationship in the limit of very
low wetted surface fractions as given by Eq. (8). The inset
shows the relative error between the numerical results and
Schl€under’s formula (same color code as for the main plot).

this point, which might be due in part to a combination of numerical inaccuracies owing to the very
small region occupied by the wetted surface in the
computational domain and the inaccuracy of the
Schl€
under’s formula in the limit of very small h.
Based on the results shown in Figure 4, a very low
h, on the order of 105, must be considered here to
reduce the evaporation rate by a factor 10 compared
to the evaporation rate for a fully wet surface. This
corresponds to rp/a  1.8  103 (corresponding, for
example, to pores of 360 nm in diameter 100 lm away
from each other). It can be argued, however, that the
boundary layer thickness d is probably affected when
the active pores are so sparsely distributed over the
surface. Thus, this situation of very low evaporation
probably needs further investigation.

Influence of disorder
Pore sizes are not uniform in a porous medium but
vary from one pore to another. Thus, it is interesting
to look at the impact of the pore size variability. Here
several options are possible. One can play for instance
with the distance between two neighbor pores and/or
the pore diameters or the pore shapes. Varying the
shape, for example, sounds a bit less relevant since the
pore shapes should be similar for a given porous
medium. So, square pores are considered. For simplicity, we have decided to only vary the pore side length
(and thus not the distance between the pore centers).
A square arrangement of pore openings at the surface

Figure 5. Variation of Ji/Jref with hi where Jref is given by Eq.
(2), d ¼ 10 mm, a ¼ 1 mm. Each type of symbol (filled circles,
square, diamond, and triangle) corresponds to one realization
of the 3  3 surface. The inset shows the variation of the average evaporation rate with average h (black symbols:
Schl€under’s formula option #1 (i.e., Eq. (1) with Eq. (12)), blue
symbols: Schl€under’s formula option #2 (i.e., Eq. (1) with Eqs.
(13–14)), red symbols: average values from the numerical
simulation over the four realizations of the 3  3 surface).

is considered for a fixed distance between the centers of
two neighbor pores. The pore side lengths are selected
randomly as follows. Similarly as in Figure 1(b), a surface with 3  3 pore openings is considered (but the
openings are square and their sizes vary). First, we select
a range of h, namely [hmin, hmax]. Then we select nine
values in this range roughly evenly distributed. Then
the nine values are randomly located over the nine locations at the surface. The side length d of each pore is
then deduced from the definition of h, h ¼ d2/a2. A surface with nine values of h so distributed is called a realization of the surface. A total of four realizations of the
surface are considered in what follows.
The local wetted surface fraction is defined as
hi ¼

di2
;
a2

(10)

where i is the pore index. Thus i varies between 1 and
9 since there are 9 pores at the surface.
The global wetted surface fraction is defined as
iP
¼9

h¼

i¼1

di2

9a2

¼

i¼9
1X
hi :
9 i¼1

(11)

The evaporation rate Ji from each pore is determined by solving Equations (3–6) for each realization.

Figure 6. 3  3 surface with two pore scales. Variation of the
evaporation rate from the middle cell for two different wet
surface fraction hmi as a function of neighbor cell wet surface
fraction hne. Main plot hmi ¼ 0.4; inset hmi ¼ 0.001.

Figure 5 shows the variation of Ji as a function of hi
with a comparison with the predictions using locally
the Schl€
under’s formula (i.e., Equation (1) with h ¼ hi,
pﬃﬃﬃ
rpi ¼ di= p) for values of h in the range [0.001–0.48].
As can be seen, using locally Schl€
under’s formula, that
is, for each cell at the surface, leads to poor results.
The evaporation rate is underestimated for hi approximately greater than 0.15 and overestimated for
lower hi.
The variability of the local evaporation rate is quite
high (between about 10% of Jref and 150% of Jref).
Thus the evaporation rate can be locally 50% greater
than the evaporation rate corresponding to a fully wet
cell. This is explained by the impact of neighbor
pores. It is expected that the evaporation rate from a
given pore is greater when the neighbor pores are
small on average than when the neighbor pores are
greater. This is illustrated in Figure 6 for a special
3  3 surface with only two sizes of pore. The pore in
the middle of size dmi (corresponding to hmi) and the
eight neighbor pores of size dne (corresponding to
hne). Figure 6 shows the variation of the evaporation
rate from the middle cell for two different wet surface
fraction hmi as a function of neighbor cell wet surface
fraction hne. As depicted in Figure 6, the greater are
the neighbor pores, the lower the evaporation rate
from the middle pores. Also, consistently with the
results shown in Figure 5, the dimensionless evaporation rate is greater than one when the middle pore
size is greater than the neighbor pore size. Conversely,

the dimensionless evaporation rate is lower than one
when the middle pore is smaller than the neighbor pores.
Whereas it is clear from Figure 5 that the simple application of Schl€
under’s formula to each cell does not lead
to good results, one can wonder whether Schl€
under’s formula can still be used to predict the overall evaporation
rate. To this end, two options are considered. Option 1
consists in using the radius corresponding to the whole
wet surface area as equivalent pore radius,
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ui¼9
uP 2
u hi a
t
rpopt1 ¼ i¼1
(12)
p
and for h,
iP
¼9

hi a2

hpopt1 ¼ i¼1 2
9a

¼

i¼9
1X
hi :
9 i¼1

(13)

The second option consists in using the average
equivalent pore radius, that is
rﬃﬃﬃﬃﬃﬃﬃﬃ
i¼9
1X
h i a2
rpopt2 ¼
(14)
9 i¼1
p
with hpopt2 ¼hpopt1. Thus the difference between the
two options lies in the definition of the equivalent
pore radius. The equivalent pore radius corresponds
to the whole wet surface with option 1 and to the
average equivalent pore radius with option 2. As can
be seen from the inset in Figure 5, option 2 leads to a
good agreement with the numerical values. In other
terms, replacing the heterogeneous surface by a homogenous surface of nine identical pores having the
same size as the average pore size of the heterogeneous surface leads to the same evaporation rate as
for the heterogeneous surface.

€ nder’s formula to
Extension of Schlu
heterogeneous surfaces
Since the size of neighbor pores has an impact, a simple idea is to associate an influence surface Ai with
each pore at the surface. How Ai can be determined is
explained below. Then the evaporation rate from pore
i can be estimated using Equation (1) as
Ji
¼
Jrefi

1
q
ﬃﬃﬃﬃ
ﬃqﬃﬃﬃﬃﬃ 
r
p
1 þ p2 dpi 4hp i
4hi 1

(15)

ðPvs Pv1 Þ
v
with Jrefi ¼ M
, hi ¼ Aii , rpi ¼ pdiﬃﬃp . Under
d
RT DAi
these circumstances, the evaporation rate from pore #i
is given by
d2

Figure 7. Illustration of the influence surfaces (colored areas)
associated with each pore (black filled square) at the surface.
The dashed lines delineate the boundary of each cell at the
surface. The influence surface area of a pore is the surface
area of the pore together with the area of the colored surface
surrounding the pore. The stairs at the boundary between two
influence surfaces are due to the discrete method used to
determine the boundary.

Ji
¼
Jref


1þ

2 rpi
p d


Ai =a2
qﬃﬃﬃﬃﬃqﬃﬃﬃﬃﬃ
p
4hi

p
4hi 1

;

(16)

where a2 is the surface area of a cell at the surface
and Jref is given by Equation (2).
In addition to Equation (16), we have also tested a
formula in which the impact of the influence surface
is taken into account with a power of 2, namely

2
Ai =a2
Ji
¼
(17)
qﬃﬃﬃﬃﬃqﬃﬃﬃﬃﬃ  :
Jref
2 rpi
p
p
1 þ p d 4hi
4hi 1
For using Equations (16) or (17), we have to determine the influence surface area Ai for each pore i.
The idea is simple and consists in making a tessellation of the surface as illustrated for realization #1 in
Figure 7.
The influence surface area of a pore is the set of
points of the surface which are closer to this pore
than to any other pore. To determine the influence
surface we use a discrete method based on the pixelization of the surface and determine the number of
pixels corresponding to each influence surface. To
obtain the tessellation shown in Figure 7, the whole
surface was tiled by 100  100 square pixels of size
3a/100. It is clear here that more efficient algorithms,

Figure 8. Variation of pore evaporation rate Ji as a function of
the corresponding surface cell wetted surface fraction hi (¼di2/
a2). The black solid line corresponds to standard Schl€under’s
formula Eq. (1). The black symbols correspond to the numerical
simulations for the four realizations (each type of symbol, circle, square, diamond, triangle, corresponds to one realization).
The blue symbols correspond to Eq. (16) and the red ones to
Eq. (17).

such as Voronoi tessellation,[24] could be used to perform the tessellation. Improving the computational
efficiency of the tessellation will be important for
extending the method to surface containing a large
number of pores.
Application of Equations (16) and (17) then leads
to the results shown in Figures 8 and 9.
As can be seen, the use of Equations (16) or (17)
significantly improves the prediction from simple formula of Schl€
under type. This is better seen in Figure
9, which clearly shows that Equation (17) is the best
option. Although the overall trend in Figure 9 is quite
good, the scattering for some points in Figure 8
is noticeable.
Also, it can be noted that the discrepancy between
the simulations and the prediction from Equation (17)
is greater for the smaller pores, which correspond to
pores where the evaporation rate rapidly varies
with hi.

External mass transfer and PNM
As presented for example in Moghaddam et al.[9] or
Metzger et al.,[25] a method for computing the diffusive external mass transfer in the pore network models of drying consists in setting computational nodes
in the external layer of size d. However, as illustrated

Figure 9. Comparison between the evaporation rate from
each pore computed numerically and the predictions from the
various variants of Schl€under’s formula for the 3  3 surface.
The main plot is the comparison with Eq. (17). The inset on
the top left shows the comparison with the standard
Schl€under’s formula (Eq. (1)). The inset on the bottom right
shows the comparison with Eq. (16).

in Figure 10, the distance between two computational
nodes is generally taken as the distance between two
pores in the network (also referred to as the lattice
spacing a). Obviously, this is a quite coarse discretization, sufficient to get qualitative results but questionable if the objective is to quantitatively compute
the transfer by diffusion in this layer.[18] In this context, the objective is to assess the impact of this coarse
discretization on the mass transfer at the boundary of
the network and also to explore whether the use of
Equations (1) or (17) could be a better option.
Consider the case when the pore size does not vary
over the surface. Thus, we can consider only a unit
cell as depicted in Figure 1(a). The finite volume discretization of the diffusive mass transfer using the
coarse discretization classically used in PNM leads to
compute the evaporation rate as (see Appendix)
JPNM
2hn
;
¼
Jref
2hðn0:5Þ þ 1

(18)

where n ¼ d/a is the number of finite volumes used in
the vertical direction to discretize the boundary layer.
A comparison between the results obtained from
Equation (18) and from Schl€
under’s formula
(Equation (1)) is presented in Figure 11 considering
again the representative values d ¼ 1 mm, a ¼ 0.1 mm.
We know from previous sections that Schl€
under’s
formula leads to quite accurate results for this case.

is more computationally efficient than the usual
coarse discretization method. It only needs a preprocessing step for determining the influence surface
area of each pore at the surface.

Summary and discussion

Figure 10. Typical distribution of computational nodes (red
dots) in the external diffusive mass boundary layer in PNM
of drying.

Figure 11. Comparison between the results from a coarse
finite volume discretization (CFV, Eq. (18)) and from
Schl€under’s formula (Eq. (1)). d ¼ 1 mm, a ¼ 0.1 mm.

Thus, it is clear from the comparison shown in
Figure 11 that the coarse discretization used in several
previous works with PNM is not satisfactory. A finer
discretization is necessary for accurate results. Based
on the above, a simpler and better option would be to
use the modified Schl€
under’s formula, that is,
Equation (17), as boundary condition for each cell at
the evaporative surface instead of the coarse discretization. This approach does not require setting computational points in the boundary layer and therefore

The modeling of drying implies to couple the external
and internal transfers. The full coupled approach
implies to solve the governing equations also in the
external gas. This is computationally time consuming.
Developing simplified approaches is therefore highly
desirable. In fact, this problem is usually circumvented
by the use of a mass transfer coefficient at the surface.
This is not satisfactory in general because the spatial
and temporal variations of this coefficient are generally not known a priori. Actually, this type of coefficient is rather used as a fitting parameter. This can be
useful in practice but not satisfactory from a modeling/theoretical standpoint. In this context, Equation
(1) provides a simple relationship to determine the
evaporation rate from a partially wet surface when the
external transfer is dominated by diffusion.
In this work, we have explored the value of
Schl€
under’s formula, that is, Equation (1), as a possible relationship for computing the evaporation rate
from the individual pores of a model porous surface.
When the surface is spatially periodic with a uniform
pore size, Schl€
under’s formula provides a quite reasonable estimate of the evaporation rate. However, the
quality of the prediction depends on the pore shape,
that is, on how the wet fraction is distributed over the
surface cells. Also, the estimate is less good for very
small wet surface fractions.
The consideration of heterogeneous surfaces characterized by a spatial variability in the pore size leads
to interesting results, especially in relation with the
PNM of drying. The standard application of
Schl€
under’s formula leads to poor results. The evaporation rate from the bigger pores is significantly underestimated whereas the evaporation rate from the
smaller pores is significantly overestimated. This is a
consequence of the surface heterogeneity. The evaporation rate from a cell depends on the size of neighbor
pores. It is greater when the neighbor pores are
smaller and lower when they are larger than the pore
of the considered cell.
These results led to introduce the concept of pore
influence surface in order to take into account the pore
size heterogeneity while still using Schl€
under’s formula.
The influence surface of a pore was defined as the
set of the points of the surface closer to this pore than

to any other pores. This leads to the tessellation of the
whole surface by the influence surfaces and results in
a greater influence surface for a larger pore than for a
smaller pore. Using the influence surfaces with
Schl€
under’s formula greatly improves the comparison
between the analytical prediction of the evaporation
rate from each pore at the surface and the evaporation
rate obtained from numerical simulations. Yet, this
was obtained by using a correction factor involving
the ratio of the influence surface to the cell surface
with an exponent equal to 2. Why this value of the
exponent leads to better results than an exponent
equal to 1 remains to be justified from a theoretical standpoint.
The use of Schl€
under’s formula with the influence
surfaces provides a simple mean to impose the boundary condition at the surface in the PNM of drying
when the external transfer is controlled by diffusion
over a layer of given thickness. The relatively classical
method consisting in computing the transfer in the
diffusive layer with a coarse discretization using a discretization step equal to the spacing of the underlying
lattice is clearly just a quite crude and inaccurate
method. For accurate computations, a much finer discretization is mandatory. In order to avoid the corresponding high computational cost, it is thus
recommended to use Schl€
under’s formula with the
influence surface, that is, Equation (17). Although less
accurate than a refined computation, this approach is
much better than the classical approach using the lattice spacing as discretization step.
However, it should be recalled that this method has
only been tested over a small surface with only nine
pores and only four realizations. More work is needed
to confirm the general validity of the method.
Basically, surfaces with more pores, as well as other
types of surfaces, for instance surfaces where both the
distance between two neighbor pores and the pore
size vary, must be tested.
Also, we have considered a surface where the vapor
concentration is the same at the surface of each pore.
As illustrated for instance in Moghaddam et al.[9]
from pore network simulations, the vapor concentration at the surface pore entrances actually varies during drying because of the invasion of an increasing
fraction of pores by the gas phase. Both the wet pores
and the dry pores at the surface contribute to the
evaporation rate since vapor transport can also occur
through the dry pores. Thus, the impact of the vapor
concentration variability on the results obtained from
Schl€
under’s formula with the influence surfaces must
be also assessed.
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Appendix
Derivation of Equation (18)
Although the derivation is performed for the 3D case, consider for simplicity the 2D mesh illustrated in Figure A1
(viewed as a cross-section of the 3D mesh).
The finite volume discretization of the diffusion equation
over this mesh leads to

Figure A1. Finite volume distribution in the external diffusive
mass boundary layer used to obtain Eq. (A-5). The thick blue
line materializes the wet pore at the surface. The red dots correspond to the computational points.

prp2





Pv1 Pvs
Pv1 Pv1
2
¼ 0:
þa
ðn  0:5Þa
a=2

(A-1)

Equation (A-1) can be expressed as
2hðn  0:5ÞðPv1 Pvs Þ þ ðPv1 Pv1 Þ ¼ 0:

(A-2)

The evaporation rate is expressed as
J¼

Mv
ðPvs Pv1 Þ
Dprp2
:
RT
a=2

(A-3)

Combining Equations (A-3) and (A-2) leads to
2

J¼

Mv 2prp ðPvs Pv1 Þ
D
:
RT
a 2hðn0:5Þ þ 1

(A-4)

Then using Equation (2) leads to express Jref here as
2 ðPvs Pv1 Þ
v
. Combining the latter relationship with
Jref ¼ M
na
RT Da
Equation (A-4) yields
J
Jref

¼

2hn
;
2hðn0:5Þ þ 1

(A-5)

which is Equation (18) in the main text.
The mesh illustrated in Figure A1 is representative of the
mesh used for instance in Laurindo and Prat.[26] In other

works on drying using PNM, slightly different discretization
choices could have been done but most of them use the
same discretization step in the external mass transfer layer
as in the PNM. Thus, the significant discrepancies between

Equations (1) and (18) in Figure 11 are representative of
the coarse discretization used in the external mass transfer
layer and should be similar whatever the details of the finite
difference or finite volume formulation.

