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Within the framework of a discrete Gaussian model, we present analytical results for the interaction induced
by a lamellar phase between small embedded colloids. We consider the two limits of particles strongly adherent
to the adjacent membranes and of particles impenetrable to the membranes. Our approach takes into account the
finite size of the colloids, the discrete nature of the layers, and includes the Casimir-like effect of fluctuations,
which is very important for dilute phases. Monte Carlo simulations of the statistical behavior of the membraneinteracting colloids account semi-quantitatively, without any adjustable parameters, for the experimental data
measured on silica nanospheres inserted within lyotropic smectics. We predict the existence of finite-size and
densely packed particle aggregates originating from the competition between attractive interactions between
colloids in the same layer and repulsion between colloids one layer apart.

I.

INTRODUCTION

Assembling nanoparticles into organized superstructures is
one of the most important topics in contemporary materials
science. The sought-for organization concerns positional order, since the properties of the individual particles can be
tuned via coupling to their neighbors, yielding enhanced or
even completely novel characteristics (as for metamaterials).
However, the orientational order is equally important: in the
case of anisotropic nanoparticles, aligning them is an essential
step towards propagating this anisotropy to the macroscopic
scale of the final material. Other important requirements concern the finite size of the resulting assemblies and their shape
(e.g. elongated, flat, isometric etc.).
In this context, using liquid crystal matrices, which are both
ordered and soft (and thus easily processable) is a promising
design option for hybrid materials with original properties [1].
Many groups have employed this strategy, using either nematic phases (which only exhibit orientational order) [2, 3]
or smectic phases (with an additional positional order) [4–6].
It is clear that the fundamental problem of the interaction between inclusions in liquid crystals can have very practical applications.
The examples above concern thermotropic phases (consisting of a single type of molecules). Another large class of systems is that of lyotropic phases, where self-assembled entities
(micelles, bilayers, etc.) are dispersed in a (usually aqueous)
solvent.
Lyotropic liquid crystals are particularly suitable for controlling the self-assembly process, because their elastic moduli are lower than those of thermotropics, so that the induced interactions can be weaker (comparable to kB T ) and
because their properties (spacing, flexibility, electrical charge
etc.) are easily tuned via the composition [7, 8]. In addition, their intrinsically heterogeneous nature (bilayers of amphiphilic molecules separated by water layers) opens the possibility of confining within the same phase particles with different chemical affinities [9, 10].
For all these reasons, particle inclusions in lyotropic phases

have raised the interest of numerous groups all over the
world [11]. Both the structuring effect of the host lamellar
phase on the inclusions [12] and the influence of the latter on
the dispersing phase [13] have been studied.
The distinctive features of lyotropic phases must also be accounted for in a realistic model for the induced interactions:
i) The boundary conditions must be stated in terms of particle
interaction with discrete (and generally impenetrable) bilayers rather than with a continuous director field. ii) These soft
systems exhibit strong fluctuations, so the model should take
into account fluctuation-induced, Casimir-like interactions.
The model presented here deals with lamellar lyotropic
phases and includes both these aspects. Using a discrete Gaussian description [14–16], we treat the coupling between the
lamellae and the colloids in an almost exact manner. The
fluctuations are accounted for rigorously, since the interaction results from an integral over all membrane configurations. In terms of boundary conditions, we consider two
types of colloids: membrane-binding, which adhere strongly
to the neighboring bilayers, and membrane-excluding, which
exhibit hard-core repulsion with respect to the membranes.
The adhesion and the repulsion are considered very strong
with respect to the other energy scales in the problem, so the
colloid is simply described by its diameter. In both cases
the membrane-colloid coupling is nonlinear. Interestingly,
for membrane-excluding colloids smaller than the membrane
separation, the situation is analogous to the Casimir effect,
since the presence of the colloids merely suppresses fluctuation modes of the lamellar phase.
Our paper is organized as follows. In Section II, we describe our model of the lamellar phase [14–16] and we describe the lamellae fluctuations. In Section III A, we study
the interactions between membrane-binding colloids and the
deformations they create in the membrane. In Section III B,
we study the interactions between membrane-excluding colloids and the deformations they create in the membrane. In
Section IV we investigate the equilibrium statistical behavior
of the interacting colloids and their self-assembly by Monte
Carlo simulations. In Section V, we compare our simulations
to the experimental results of ref. 17. Finally, in Section VI
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we resume our results and we conclude.

II.

LAMELLAR PHASE MODEL

Lamellar phases are stacks of membranes in an aqueous
environment. Membranes interact through different mechanisms: attractive van der Waals forces, repulsive hydration
forces at very short separations, screened electrostatic forces,
and the so-called Helfrich long-range repulsion arising from
the loss of entropy associated with the confinement of the
transverse membrane fluctuations [18]. The latter may dominate for membranes with weak bending rigidities, i.e., typically for surfactant systems [19]. There may also be attractive
fluctuation–induced interactions originating from counterion
correlations [20].
Lipids form lamellar phases of bilayer membranes where
the layer spacing d is usually comparable to the membrane
thickness δ, i.e., a few nm. Conversely, surfactant systems can
form lamellar phases with d  δ, and even unbound lamellar
phases. An exact theoretical modelization of the elasticity of
lamellar phases, taking into account all the different interactions, is very difficult to achieve. We therefore limit ourselves
to the discrete Gaussian elastic theory of lamellar phase [14–
16], as described below.
We consider a lamellar phase consisting of N parallel membranes of thickness δ (see Fig. 1). We assume that in the homogeneous, equilibrium state, the thickness of the water layers between the membranes is w and the repeat distance is d,
with
d = w + δ.

(1)

In a Cartesian reference frame (r, z) ≡ (x, y, z), we
parametrize the shape of the n-th membrane by the height
function zn (r) = nd + hn (r), which represents its elevation above the plane z = 0. In addition to the bending energy
of each membrane [21], the elastic energy includes the most
general interaction that is quadratic in the hn ’s, couples only
adjacent membranes, and complies with global translational
invariance [14–16]:
H=

N
−1 Z
X
n=0

d2 r





2 B
κ
2
∇2 hn + (hn+1 − hn ) .
2
2

(2)

Here, κ is the bending stiffness of the membranes and B
is an effective compression modulus, which accounts for all
the interactions between the layers. Note that we have assumed that the membrane undulations are gentle enough so
that the Gaussian approximation of the curvature energy can
be used [21]. The bulk moduli for layer compression and layer
curvature [22] are B3 = Bd and K = κ/d, respectively.
It is convenient to work with dimensionless quantities. We
1/4
use kB T to normalize the energies, ξ = (κ/B)
p to normalize the lengths parallel to (x, y), and ξk = ξ kB T /κ to
normalize hn and all the lengths parallel to z, including d, δ,
w and the colloid diameters, hereafter called a and b. The
characteristic lengths ξ and ξk are linked to the de Gennes

FIG. 1. Parametrization of the lamellar phase (cross section). The
membranes, of thickness δ, are drawn in gray and their midsurfaces
are represented as black lines. The average lamellar spacing and water thickness are d and w, respectively. The layer displacements are
described by the functions hn (r) and the gap between the layers by
the functions Hn (r), as indicated. Two colloids are represented as
black disks: the one on the left is a membrane-excluding colloid having only excluded volume interactions with the membranes, the one
on the right is a membrane-binding colloid that sticks to the membranes.

penetration length√λ [22] and to thepCaillé exponent η [23] by
the relations ξ = λd and ξk = d 2η/π. From now on, unless otherwise specified, all quantities will be in dimensionless
form. Thus, the Hamiltonian (2) becomes
H=

N
−1 Z
X

d2 r



n=0


2 1
1
2
∇2 hn + (hn+1 − hn ) .
2
2

(3)

It is also convenient to work in Fourier space. We thus define
1 X
hn (r) = √
hQ,q eiQnd eiq·r ,
(4)
L N Q,q
with L the lateral size of the membrane. Assuming periodic boundary conditions in all directions, the wavevectors
are quantified according to Q = 2πm/(N d) ∈ [−π/d, π/d[
and q = (qx , qy ) = (2πm/L, 2π`/L), with m, ` ∈ Z. The
elastic Hamiltonian takes then the simple form [16]:
H=

X1

A(Q, q)hQ,q h−Q,−q ,

(5)

A(Q, q) = q 4 + 2(1 − cos Qd).

(6)

Q,q

2

with

A.

Orders of magnitude

Typical values for the elastic parameters of lipid and surfactant lamellar phases are given below and listed in Table I.
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TABLE I. Elastic parameters for typical lipid and surfactant
branes. The last three lengths are in dimensionless units.
κ (J)
B (J m−4 ) ξ; ξk (nm) δ
w
−19
15
Egg PC
0.5 × 10
1 × 10
2.7; 0.75
5.3 1.3
C12 E5
3.7 × 10−21 6 × 108
50; 52
0.06 0.74

memd
6.6
0.79

Its average hHp (r)i is w. Using eqns (4) and (8), we obtain
its correlation function
hH0 (0)Hp (r)i − w2 =

Q,q

=
1.

Lipid membranes

For lamellar phases made of egg PC lipids [24], the elastic constants are κ ' 0.5 × 10−19 J, and typically B '
1 × 1015 J m−4 for w ' 1 nm, with δ ' 4 nm and d '
5 nm. We thus obtain ξ = (κ/B)1/4 ' 2.7 nm and ξk =
√
kB T /(Bκ)1/4 ' 0.75 nm, yielding in dimensionless form
δ ' 5.3, w ' 1.3 and d ' 6.6.

2.

Surfactant membranes

For the C12 E5 /hexanol/water system [17, 25], with typically a hexanol/C12 E5 ratio of 0.35 and a membrane fraction
of φ ' 7%, the elastic constants are κ ' 3.7 × 10−21 J and
B ' 6 × 108 J m−4 , with δ ' 2.9 nm, d = δ/φ ' 41.5 nm
and w √
' 38.5 nm. We thus obtain ξ = (κ/B)1/4 ' 50 nm,
ξk = kB T /(Bκ)1/4 ' 52 nm, yielding in dimensionless
form δ ' 0.055, w ' 0.74 and d ' 0.79.

B.

Fluctuations

2 X 1 − cos Qd iQpd iq·r
e
e
N L2
A(Q, q)
Gp (r)
,
2π

(10)

where the factor 2π was introduced for later convenience. In
the thermodynamic limit,
Z
Z ∞
q(1 − cos φ) cos(pφ)J0 (qr)
1 π
dφ
dq
Gp (r) =
,
π −π
q 4 + 2(1 − cos φ)
0
(11)
with, in particular, G0 (0) = 1, G0 (r) = 2J1 (r)K1 (r), where
J1 and K1 are Bessel functions (see the Appendix), Gp (0) =
1/(1 − 4p2 ) and Gp (∞) = 0.
It follows that the standard deviation of the
pgap, or, equivalently of the layer spacing, is given by σ = G
p0 (0)/(2π) =
√
1/ 2π. In dimensionful form, this gives σ = ξ kB T /(2πκ)
(in agreement with ref. 24). Note that our Gaussian Hamiltonian (2) takes into account the repulsion of the layers by
means of a soft harmonic repulsive potential. Since the layers
cannot physically interpenetrate, the consistency of the√model
requires w & σ, i.e., in dimensionless form, w & 1/ 2π '
0.4. Note that this condition is true for the parameters given
above (see Table I).
Let us also compute the correlation between the membrane
gaps and the layer displacements, that will show up in the calculation of the deformation of the lamellar phase induced by
the colloids:
Γp (r) = 2πhH0 (0)hp (r)i =

2π X e−iQd − 1 iQpd iq·r
e
e .
N L2
A(Q, q)
Q,q

The fluctuations of the lamellar phase (in the absence of
colloids) are obtained in a standard way by adding an external
field JQ,q to the partition function [26]:
Z
Z[J] =

N
−1
Y

!





D[hn ] exp −H +

n=0

J−Q,−q hQ,q 

Q,q

X JQ,q J−Q,−q
Q,q

A(Q, q)

,

(7)
III.

where Z0 is the partition function of the lamellar phase. We
shall denote by h. . .i the statistical average over the membrane
fluctuations. By differentiation, we obtain
hhQ,q hQ0 ,q0 i =

∂ 2 ln Z
∂J−Q,−q ∂J−Q0 ,−q0

In the thermodynamic limit,
Z π
Z ∞
1
q(e−iφ − 1)eipφ J0 (qr)
Γp (r) =
, (13)
dφ
dq
2π −π
q 4 + 2(1 − cos φ)
0
with, in particular, Γp (0) = 1/(4p − 2) and Γp (∞) = 0.




= Z0 exp 

X

(12)

=
J=0

δQ+Q0 δq+q0
.
A(Q, q)
(8)

The gap between layers p and p + 1, at position r, is given by
Hp (r) = w + hp+1 (r) − hp (r).

(9)

INTERACTIONS BETWEEN COLLOIDAL
PARTICLES

Sens and Turner studied the interactions between particles
in lamellar phases in a series of papers [27–30]. They described the particles by pointlike couplings inducing either a
local pinching, a local stiffening or a local curvature of the
membrane. Dealing with both thermotropic and lyotropic
smectics, they used the three-dimensional smectic elasticity
expressed in terms of a continuous layer displacement function [31]. This approach yields the asymptotic interaction between colloids and thus the collective phase behavior when
the colloids are dispersed, but the obtained interaction has a
peculiar divergence for colloids in the same layer.
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An approximate cure to this problem was proposed in
ref. 32 by the introduction of a high wavevector cutoff of the
order of the inverse smectic spacing. Another difficulty, inherent to linear couplings, is that the fluctuation corrections to the
interactions are not accounted for. For smectics, since colloids
are always significantly larger than the smectic period, modeling a colloid in a more realistic manner requires introducing a multipolar development [29], or an effective coat larger
than the particle where the deformation is small enough to
use a multipolar approach [32]. Choosing the multipoles coefficients is difficult, however, in particular because enforcing
strict boundary conditions make them in general dependent
on the distances between the colloids. Finally, as shown in
ref. 33, rotational invariance and the associated non-linear effects can yield important modifications in the far-field deformations and thus in the interaction potentials.
In this study, as discussed in Section I, we use a different
approach, based on a discrete model for the layers. This approach applies to lyotropic lamellar phases, but not to continuous smectic phases. It has the advantage, however, that the
colloid-lamellar coupling is taken into account in an almost
exact manner. We therefore expect to obtain reliable interactions at all separations, including in particular the fluctuationinduced corrections.
A.

Membrane-binding colloids

Let us start by considering colloids that adhere strongly to
the neighboring bilayers, as the colloid on the right in Fig. 1.
We consider a first colloid of diameter a binding to layers n =
0 and n = 1 at the in-plane position (x, y) = 0, and a second
one of diameter b binding to layers n = p and n = p + 1
at the in-plane position (x, y) = R. We model their binding
as a simple constraint on the gaps between their neighboring
membranes on the axis normal to the undeformed membranes:
H0 (0) = a,

Hp (R) = b.

(14)

The partition function of the system (at fixed projected positions, 0 and R, of the colloids) is therefore given by
!
Z NY
−1
Zbind =
D[hn ] δ(H0 (0) − a) δ(Hp (R) − b) e−H .
n=0

(15)
Using the Fourier representation both of the delta functions
and of the layer displacements yields:
!
Z NY
−1
dλ dµ iλ(w−a)+iµ(w−b)
Zbind =
D[hn ]
e
2π
2π
n=0
× e−

P

[

1
Q,q 2 A(Q,q)hQ,q h−Q,−q

−hQ,q S−Q,−q ]

,
(16)

with
SQ,q = iλ

e−iQd − 1
e−iQd − 1 −iQpd −iq·R
√
√
+ iµ
e
e
+ JQ,q ,
L N
L N
(17)

where we have added an external field JQ,q that will be used to
compute the average deformation of the lamellar phase in the
presence of the colloids. Performing the Gaussian integrals,
and discarding irrelevant constant factors, yields
Z
P
1
1
Zbind = dλ dµ eiλ(w−a)+iµ(w−b) e 2 Q,q A(Q,q) SQ,q S−Q,−q
1

0

= (det M )−1/2 e− 2 (s,s )M
1

× e2

P

−1

(s,s0 )T

1
Q,q A(Q,q) JQ,q J−Q,−q

,

(18)

where M (R, p) is a symmetric 2 × 2 matrix with elements:
M11 = M22 =

2 X 1 − cos Qd
G0 (0)
=
,
N L2
A(Q, q)
2π
Q,q

M12

Gp (R)
2 X 1 − cos Qd
cos(Qpd + q · R) =
,
=
2
NL
A(Q, q)
2π
Q,q

(19)
where we recognize the correlation function of the layer spacing, and
s=w−a+

eiQd − 1
1 X
√
JQ,q
,
A(Q, q)
L N Q,q

(20)

s0 = w − b +

1 X
eiQd − 1 iQpd iq·R
√
e
e
.
JQ,q
A(Q, q)
L N Q,q

(21)

1.

Interaction free energy and average deformation

Taking the thermodynamic limit N → ∞ and L → ∞, we
obtain for JQ,q = 0, apart from an irrelevant constant factor,
Zbind = 1 − Gp (R)2
−π
×e

−1/2

(a − w)2 + (b − w)2 − 2Gp (R)(a − w)(b − w)
1 − Gp (R)2
(22)

The total free energy − ln(Zbind ) of the system yields, after
subtracting the value for infinitely separated colloids, the interaction free energy of the two colloids:
Cas
el
Fbind (R, p) = Fbind
(R, p) + Fbind
(R, p)
(23)

1
Cas
Fbind
= ln 1 − Gp (R)2 ,
(24)
2


2πGp (R)
1 Gp (R)(a − b)2
el
Fbind
=−
(a − w)(b − w) −
.
1 + Gp (R)
2 1 − Gp (R)
(25)

In order to get the dimensionful form of these interactions,
one has√to multiply these expressions by kB T and add an extra
factor κB/kB T in front of (w − a)(w − b) and (a − b)2 .
Cas
The interaction Fbind
, which is thus directly proportional to
the temperature, is a Casimir-like interaction, caused by the
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FIG. 2. (a) Interaction energy as a function of separation for membrane-binding colloids with diameters a = b = 3w in a lamellar phase with
the parameters of egg PC (see Section II A 1). The Casimir contribution to the interaction is less than 1% of the elastic part. Colloids in the
same layer (p = 0), one layer apart (p = 1), two layers apart (p = 2). Insets: Deformations of the lamellar phase, calculated numerically using
eqn (27), for R/d = 1.5 and N = 100. The membranes, in gray, and the colloids, in black, are represented at scale. (b) Same as (a) for colloids
of diameter a = 4w and b = 2w. (c) Interaction energy as a function of separation for binding colloids of diameter a = b = 0.7w placed
in the same layer in a lamellar phase with the parameters of C12 E5 (see Section II A 2). Black solid line (tot): total interaction Fbind . Blue
el
Cas
dashed line (el): elastic interaction Fbind
. Red long-dashed line (Cas): Casimir interaction Fbind
. Inset: numerically calculated deformation
of the lamellar phase, using eqn (27), for R/d = 1.5 and N = 100. The membranes and the colloids are represented at scale. (d) Same but
for colloids one layer apart (p = 1).

restriction of the fluctuations induced by the binding of the
el
colloids. The interaction
√ Fbind is an athermal “elastic” interaction, proportional to κB (it depends on temperature only
through κ and B) and it is caused by the deformation of the
layers induced by the colloids. Note that if a = b = w, in
which case the colloids do not deform the layers, the elastic
interaction vanishes while the fluctuation-induced Casimir interaction remains.
The average deformation of the lamellar phase is given by
∂ ln Zbind
∂JQ,q J=0


1 ∂ (s, s0 )M −1 (s, s0 )T
=−
2
∂JQ,q

hh−Q,−q ibind =

yielding
a − w − Gp (R)(b − w)
Γn (r)
1 − Gp (R)2
b − w − (a − w)Gp (R)
+
Γn−p (|r − R|),
1 − Gp (R)2
(27)

hhn (r)ibind =

where Γn is the correlation function (12). The deformation induced by just one colloid, of diameter a, is obtained by taking
the first term in the right-hand side of eqn (27) for Gp (R) = 0
(infinite separation) and is given by
hh(1)
n (r)ibind = (a − w)Γn (r).

,
J=0

(26)

(28)

Note that the deformation set by two colloids is not simply the
superposition of the deformations set by each individual col-
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loid. This non-linearity comes from the membrane thickness
constraint imposed by the particles.
The deformation above a single colloid, of diameter a,
placed between layers 0 and 1, is therefore given by
hh(1)
n (0)ibind =

a−w
.
4n − 2

(29)

It is independent of the elastic constants since a, w, and hn
are normalized with respect to the same length.
For the consistency of our model, we must verify that the
gap between the membranes bound to the colloids and the adjacent ones remain positive despite the deformation. In particular, we must have hH1 (0)i > 0. Given eqns (29) and (9),
this yields the consistency condition 0 < a < 4w for a colloid
of diameter a.
2.

Typical results

Lamellar phases made with lipids have a layer spacing typically comparable, or even smaller, than the membrane thickness ' 4 nm, so that only nano-colloids will fit in such systems (see Section II A 1). We show in Fig. 2a the typical interaction energy between membrane-binding colloids and the
corresponding lamellar phase deformation. The values correspond to egg PC lipids with colloids of diameters ' 3 nm.
Two colloids in the same layer attract each other, while colloids in different layers repel one another. The maximum interaction energies are large with respect to kB T . When the
colloids are separated by more than one empty layer, their interaction becomes negligible compared to kB T . For such lipid
lamellar phases the Casimir component of the interaction energy is always negligible with respect to the elastic one. In
Fig. 2b we show the corresponding interaction energy and associated lamellar phase deformation for two colloids of different radiuses.
Lamellar phases made of surfactants can have a much larger
layer spacing (see Section II A 1), so that larger colloids can
fit in. They also have weaker elastic constants, so that fluctuation effects are larger. We show in Figs. 2c and 2d the typical
interaction energy and the corresponding lamellar phase deformation. The values correspond to C12 E5 surfactants with
colloids of diameter ' 27 nm, as in the experiments of ref.17.
The behaviours are similar to those of lipid membranes, but
the energies are much smaller. Also the contribution of the
Casimir interaction is no longer negligible.
3.

Second virial coefficient

For membrane-binding colloids of diameter a dispersed in
a lamellar phase, the second virial coefficient is given (in dimensionless form) by
Z


1
B2 =
d2 R dz 1 − e−Fbind (R,p=z/d) ,
(30)
2
where the coordinate z is the vertical position of a colloid.
Taking into account the discrete nature of the layers, we make

the replacement

R

f (z)dz → d
B2 =

P

p

fp , thus obtaining

πa2 d
β2 ,
2

(31)

with the normalized second virial coefficient



2π(a−w)2
∞ Z ∞
exp 1+G
X
−1
p (ar)
.
β2 = 1 +
dr 2r 1 − p
2
1
−
G
p (ar)
p=−∞ δp,0
(32)
In the last equation, we have used eqns (24) and (25) and we
have taken into account the excluded volume interaction between colloids in the same layer (p = 0). Note that with our
normalization the pure hard core interaction corresponds to
β2 = 1.
The numerically calculated values of β2 are shown in Fig. 3
as a function of the water thickness and colloid size. As we
always have β2 < 1, the interaction is always globally attractive. When 0 < β2 < 1, however, it doesn’t prevail over the
hard core, indicating a globally stable colloid dispersion.

B.

Membrane-excluding colloids

Let us now consider colloids that interact with the membranes only through excluded volume forces, as the colloid
on the left in Fig. 1. We take a first colloid of diameter a
placed between layers n = 0 and n = 1 at the in-plane position (x, y) = 0, and a second one of diameter b placed between layers n = p and n = p + 1 at the in-plane position
(x, y) = R. We model their presence in between the layers by
imposing that the gaps between their neighboring membranes,
on the axis normal to the undeformed membranes, cannot be
smaller than their diameter. Such a constraint corresponds to
the Hamiltonians of the infinite well type:
(
Ha (za ) =

0
if za ∈ [z0 (0) +
+∞ otherwise,

δ+a
2 , z1 (0)

−

δ+a
2 ],

(33)
(
0
if zb ∈ [zp (R) +
Hb (zb ) =
+∞ otherwise,

δ+b
2 , zp+1 (R)

−

δ+b
2 ],

(34)
where za (resp. zb ) is the height of the particle of diameter a
(resp. b) and zp (r) = pd + hp (r) is the height of the center of
the membrane number p at the in-plane position r.
The partition function, at fixed projected positions 0 and R
of the colloids, is then given by
Z
Zex =

N
−1
Y

!
D[hn ] dza dzb e−[H+Ha (za )+Hb (zb )] .

n=0

(35)
Integrating the Boltzmann weights associated to the infinite

7

FIG. 3. Normalized second virial coefficient β2 as a function of water thickness for the values of the ratio a/w indicated on the curves. The
egg PC and C12 E5 systems corresponding to Fig. 2 are indicated by the dots.

FIG. 4. Comparaison between the interaction energies of membrane-excluding colloids (gray lines) and of membrane-binding colloids (black
lines, same curves as in Fig. 2a, c and d). Solid lines: colloids in the same layer (p = 0), long-dashed lines: colloids one layer appart (p = 1),
dashed-line: colloids two layers apart (p = 2). (a) Lamellar phase with the parameters of egg PC and colloids of diameter a = b = 3w. (b)
Lamellar phase with the parameters of C12 E5 and colloids of diameter a = b = 0.7w.

wells gives simply
Z
dza e−Ha (za ) = (H0 (0) − a) Θ (H0 (0) − a) ,
Z
dzb e−Hb (zb ) = (Hp (R) − b) Θ (Hp (R) − b) ,

(36)
(37)

where H0 (0) − a (resp. Hp (R) − b) is the gap available to
the first (resp. second) colloid and the Heaviside functions Θ
are such that the integrals vanish when the gaps are smaller
than
R ∞ the colloids diameters. Using the relation Θ(x − a) =
dgδ(x − g), we can map the problem onto that of binding
a
colloids, yielding
Z ∞ Z ∞
Zex (R, p) =
dg
dg 0 (g − a)(g 0 − b) Zbind (g, g 0 ),
a

b

(38)
where Zbind (g, g 0 ) is the partition function for binding colloids of diameters g and g 0 , obtained by replacing a and b

by g and g 0 in eqn 22. This expression can be understood if
one thinks of integrating first over the gaps g ∈ [a, ∞] and
g 0 ∈ [b, ∞] of the layers surrounding the colloids, then over
the other degrees of freedom at fixed gaps: the integration of
the membrane degrees of freedom at fixed gaps gives the partition function (22) for membrane-binding colloids, while the
integration over the particle positions gives the entropic contributions g − a and g 0 − b.
1.

Interaction free energy and average deformation

The interaction free energy for two membrane-excluding
colloids is therefore given by
Fex (R, p) = − ln

Zex (R, p)
,
Zex (+∞, p)

(39)

which can be easily calculated numerically by a double integration. Note that it is no longer possible here to extract
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separately an elastic contribution and a Casimir one.
The average deformation of the layers can be calculated
by adding to the partition function (35) an external field
J as in eqns (16)–(17). From the relation hh−Q,−q iex =
(1/Zex )∂Zex /∂JQ,q |J=0 , using ∂Zbind (g, g 0 )/∂JQ,q |J=0 =
hh−Q,−q ibind × Zbind (g, g 0 ) yields in direct space:
Z ∞ Z ∞
1
dg
dg 0 (g − a)(g 0 − b)
hhn (r)iex =
Zex a
b
× hhn (r)ibind Zbind (g, g 0 ),
(40)
with hhn (r)ibind the average layer deformation at projected position r for two colloids of diameters g and g 0 .
This expression can also be understood intuitively, since
hhn (r)ibind Zbind is the integral over all the microstates corresponding to fixed gaps g and g 0 of hn (r) multiplied by
exp(−H).
Since for one isolated binding colloid of radius g we have
hH0 ibind = g and Zbind = C exp[−π(g−w)2 ] (see eqn (22)),
(1)
the average gap hH0 i set by one hard-core colloid of radius
a is given by
R∞
2
(g − a)g e−π(g−w)
(1)
hH0 iex = Ra∞
(g − a) e−π(g−w)2
a
!−1
2
2e−π(a−w)
√
= w + 2π(w − a) +
.
erfc[ π(a − w)]
(41)

2.

Typical results

In Fig. 4 we compare the interaction energies between
membrane-excluding and membrane-binding colloids for egg
PC lipids with colloids of diameters ' 3 nm and for C12 E5
surfactants with colloids of diameter ' 27 nm, as in Fig. 2.
In the case of egg PC lipids, the colloid diameters are much
larger than the average water thickness. Then, the configurations that are effectively sampled by the fluctuations do not
significantly depend on whether the colloids stick to the layers or not, as spreading the layers further away from the colloids costs a large energy. This is why, the interaction energies
for the membrane-excluding and membrane-binding cases are
very close (see Fig. 4a).
Conversely, in the case of C12 E5 surfactants, the colloid diameters are slightly smaller than the average water thickness.
Therefore, the interaction between membrane-excluding colloids is of pure fluctuation (Casimir) origin: in the absence of
fluctuations, the colloids sit anywhere in between the layers
without producing any deformation, whatever their distance.
As seen in Fig. 4b, in this case, the interaction energies for the
membrane-excluding and membrane-binding cases differ significantly, even though the overall behavior is similar. Due to
the various contributions to the free energies (elastic deformations, entropy associated to the fluctuations of the membranes
and of the colloids) and their differences in the two situations,
it is difficult to get a qualititative understanding of the interaction energy variations between the two situations.

IV.

MONTE CARLO SIMULATIONS

To investigate the equilibrium statistical behavior of the interacting colloids, we use a Monte Carlo simulation with a
Metropolis algorithm. We simulate only the behavior of the
colloidal particles, subjected to the membrane-mediated interaction that we have previously computed. Precisely, we
model the colloid-lamellar phase system as a finite number
M of stacks of identical colloids orthogonal to z-direction,
each one consisting of the same finite number N of particles
confined in a disk of radius Rd . We suppose that the particles cannot change stack. To simplify, we consider only pairwise interactions (i.e., we neglect multibody effects) and we
take into account only the contributions coming from particles in the same layer and one layer apart. Indeed, as we saw
in Section III, the interaction decreases rapidly with the layer
separation. Moreover, since the interactions are short-ranged,
we do not impose periodic boundary conditions within each
layer, but we do use periodic boundary conditions in the zdirection, such that a small number (' 7) of layers is enough
for simulating an infinite system.
We start the simulation by placing the same number N of
particles in each one of the M layers according to a random
uniform distribution respecting a given hard-core minimum
distance a0 . We then pick at random one particle and we
move it randomly inside a circle of radius . We compute
the associated variation of the interaction energy and we accept the movement according to the Metropolis rule, taking
into account the hard-core constraint. The radius  is adjusted in order to have an acceptance ratio of ' 50%. The
interaction energy between two colloids is computed according to eqn (23) [resp. (39)] for the membrane-binding (resp.
membrane-excluding) case, where the correlation functions
G0 (R) and G1 (R) [see eqn (11)] can be expressed analytically in terms of modified Bessel functions, as shown in the
Appendix.
After equilibration, we characterize the statistical order of
the colloids by means of the structure factor [34, 35]:

1
S(q, Q) =
MN

2+

*
X

exp [i (q · Rjp + pQd)]

,

j,p

= S0 (q) + 2

∞
X

Sn (q) cos(nQd) ,

(42)

n=1

where Rjp is the position of the j-th particle of the p-th layer
and q (resp. Q) is the component of the wavevector parallel
(resp. perpendicular) to the lipid layers. The structure factor is
proportional to the Fourier transform of the two-particle correlation function. Note that in eqn (42) we neglect the fluctuations of the colloids in the z-direction. The partial structure
factors Sn (q) describe the correlations between particles n
layers apart.
For a liquid-like order, the structure factors do not depend
on the orientation of the q vector and thus coincide with their
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(a)

(b)

FIG. 5. Typical snapshot of a Monte Carlo simulation of the membrane-excluding colloids (after equilibration) for the parameters of C12 E5
(see Section II A 2) for particles of diameter a = 27 nm and hard-core distance between colloids of 34 nm . The colloid volume fraction
is 2%. The colloids in one layer are represented as red disks. The blue and green disks represent the colloids in the two adjacent layers. The
diameter of the disks corresponds to the hard-core distance. (a) Colloids in one layer. (b) Red disks: same layer of colloids as in (a); blue and
green disks: colloids in the adjacent two layers for the same snapshot.

average with respect to the orientation of q:
+
* N −1 M −1
X X

1
,
Sn (q) =
J0 q Rip − Rj(p+n)
M N i,j=0 p=0
(43)
where q is the modulus of q and because of the periodic
boundary conditions in the direction perpendicular to the layers, layers p and p + M coincide.
In Fig. 5 we show a typical Monte Carlo snapshot of three
successive layers (blue, red, and green disks) for membraneexcluding colloids of diameter 27 nm embedded in a lamellar phase with the parameters of C12 E5 . The corresponding interaction energy is displayed in Figs. 2c and 2d. To
the membrane-mediated energy we added a hard core interaction with an effective core diameter of 34 nm, as measured
in aqueous solution. (see Section V). Clearly, the colloids
in each layer tend to aggregate in large clusters. Moreover,
the clusters are statistically anticorrelated between adjacent
layers: clusters in a layer tends to face voids in the adjacent
layers. This organization originates from the attractive (resp.
repulsive) character of the interaction between two colloids
sitting in the same layer (resp. one layer apart), as shown in
Figs. 2c and 2d.
For the same parameters, the membrane-binding colloids
tend also to form clusters, although they are less marked (see
Fig. 6). To assess them, we show in the inset of Fig. 6
the intra-layer structure factor S0 (solid line). For comparison, we also show (dashed line) the structure factor S0 obtained by switching off the interactions, thus taking into account only the hard core contribution. The first maximum at
q ' 0.16 nm−1 corresponds to the hard core diameter of the
particles. At smaller wavevectors, the structure factor in the
presence of interaction shows a rise for q → 0 that is absent in
the case of hard core only interaction (dashed line). This can

be understood as due to the form factor of random fluctuating
clusters with a distribution of sizes down to 2π/qmin , where
qmin is the position of the minimum of S0 close to q = 0. Indeed, qmin gives an upper estimate of the size of the peak at
q = 0. In the snapshot we have indicated this size by sourrounding small clusters in two adjacent layers. This is compatible with the fact that, as shown in Fig. 4b, the interaction
energy for membrane-binding colloids has the same overall
shape, but lower amplitude in comparison with membraneexcluding ones. Increasing the particle concentration results
in a similar cluster structure in a denser system.
In the literature, the structure factors of pairwise interacting particles are often calculated in the framework of
the Ornstein-Zernicke relation with the approximate PercusYevick closure, using the numerical method introduced by
Lado [36, 37]. Mapping our multilayer problem to a multicomponent fluid, as done in ref. 35, we have computed the
equatorial structure factor S(q) = S0 (q) + 2S1 (q) that can
be measured by small-angle X-ray scattering with a scattering vector contained in the plane of the layers (see Section
V). At small concentrations, we find that the Percus-Yevick
approximation is reasonably good (see Fig. 7). However, at
higher concentrations for our system the Lado algorithm does
not converge in general.

V.

SAXS

The small-angle X-ray scattering (SAXS) data was acquired as described in ref. 17. Briefly, we performed scattering experiments on oriented lamellar stacks of C12 E5 surfactants, with silica particles of nominal diameter of 27 nm,
at normal incidence (the beam is parallel to the smectic director). We recorded the two-dimensional intensity I(q = |q|),
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1.2

S0
1.0

S
1.0

0.8

qmin
0.0

0.1

0.2

0.8

0.3

q [nm−1 ]

2π/qmin

0.6
0.0

FIG. 6. Typical snapshot of a Monte Carlo simulation of the
membrane-binding colloids (after equilibration). The black disks are
in one layer and the red disks in an adjacent one. The diameter of the
disks corresponds to the hard core of the colloids. Inset: structure
factor S0 (q) inside the layers in the presence of the interparticle interaction (continuous line) and only with hard core repulsion (dashed
line). The position qmin of the minimum of S0 (q) gives an upper estimate of the width of the peak at q = 0. The corresponding length
2π/qmin is materialized by the bar and by the diameter of the black
and red circles surrounding small clusters in two adjacent layers. The
parameters of the Monte Carlo simulation correspond to the values
given in Section V for a colloid volume fraction of 2%.

with q = (qx , qy ) the scattering vector in the plane of the layers and Q = 0 the scattering vector othogonal to the layers.
The structure factors of the various samples (see Fig. 8) were
obtained as S(q) = S(q, Q = 0) = I(q)/|F (q)|2 , where
|F (q)|2 is the form factor of the particles, measured in aqueous suspension. Note that eqn (42) is valid only for the perfect
case where the particles do not fluctuate in the z-direction.
The thermal fluctuations and the frozen-in defects lead to a
smearing of the diffraction pattern an high Q values, that we
describe phenomenologically by a Lorentzian factor [35]
S(q, Q) = S0 (q, Q) + 2

cos(Qd)
1 + (Qσ)

2 S1 (q) ,

0.2

q [nm−1 ]

0.3

FIG. 7. Comparison of the equatorial structure factor S(q) =
S0 (q) + 2S1 (q) computed with a Monte Carlo simulation (full
lines) and the Percus-Yevick approximation (dashed lines). The
black (resp. gray) curves correspond to the membrane-binding (resp.
membrane-excluding) case. The parameters of the Monte Carlo simulation correspond to the values given in Section V for a colloid volume fraction φ = 2%.

describing the interaction measured in aqueous solution (the
core is larger than the nominal diameter due to the electrostatic
repulsion), does not yield a good description of the experimental data on the left of the structure peak (q < 0.15 nm−1 ).
Including the membrane-binding colloid interaction, with
the elastic parameters of C12 E5 surfactants given in Table I,
captures quantitatively, with no adjustable parameters, the
experimental points down to the small-angle increase (q >
0.05 nm−1 ). The latter (q < 0.05 nm−1 ) is described qualitatively by the complete model, while it is obviously absent in a
hard-core system.

B.

Membrane-excluding predictions

The membrane-excluding model (Fig. 8b) also predicts a
small-angle increase, which is however less important than
for the binding case; overall, this model agrees less well with
the experimental data.

(44)

where the disorder parameter σ has units of length.

A.

0.1

Membrane-binding predictions

We compare the measured structure factors with our Monte
Carlo simulations, described in Section IV. For the latter, we
adjusted the radius Rd of the simulation box and the number of layers in order to have convergence for the correlation
functions. Clearly, using only the hard-core repulsion (dashed
blue line in Fig. 8a), with an effective core diameter of 34 nm

VI.

CONCLUSION

We treated in detail the interaction between hard spherical inclusions in lyotropic smectics, for the limiting cases
of membrane-excluding and membrane-binding particles. In
both cases, the interaction range is of the
√ order of the elastic correlation length ξ = (κ/B)1/4 = λd defined in Section II. For membrane-binding colloids of identical diameters a, the interaction energy (23) at contact, in the limit
a  ξ, is approximatively given, in dimensionful form, by
contact
Fbind
'

√
kB T
π
2
log C + (C − 4) Bκ (a − w) , (45)
2
4
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FIG. 8. Experimental in-plane structure factors for silica nanoparticles confined in lamellar phases at three different volume concentrations
φ [17] (black circles: φ = 1%; blue squares: φ = 2%; red triangles: φ = 3%) and Monte Carlo predictions according to our model (solid
lines). (a) Membrane-binding inclusions. (b) Membrane-excluding inclusions. Black solid lines: φ = 1%; blue solid lines: φ = 2%; red
solid lines: φ = 3%. The dashed blue line in (a) is the simulated structure factor for φ = 2% with only hard-core interactions. To obtain
convergence, in the membrane-binding [resp. membrane-excluding] case, the Monte Carlo averages are performed on 107 (resp. 3 × 108 ) steps
after equilibration on a system consisting of 7 layers having a reduced radius R = 20 (resp. R = 160).

where

ACKNOWLEDGEMENTS


 2   
ξ
3
a
ln
+ + log 2 − γ ,
C=
ξ
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(46)

with γ ' 0.577 the Euler constant. This contact energy varies
from tens of kB T for lipid systems to fractions of kB T in dilute phases of single-chain surfactants.
For systems of the latter type we compared our predictions
to experimental structure factors measured at three concentrations of silica nanoparticles in a dilute lamellar phase of
nonionic surfactant. We obtain semi-quantitative agreement
with no adjustable parameters. Remarkably, this agreement is
significantly better for the membrane-binding model than for
the membrane-excluding one, consistent with strong adsorption of these surfactants onto silica surfaces, a result widely
accepted in the literature (see, e.g., the discussion in ref. 38.)
The presence of the particles acts as a constraint on the
membrane fluctuations, leading to an attractive “Casimir-like”
component of the interaction, which is quite significant (or
even dominant) for the surfactant systems discussed above.
For strongly attractive systems (with a negative second
virial coefficient), the liquid of particles is unstable with respect to aggregation. The peculiar nature of the interaction (overall attractive in the plane of the layers and repulsive across the layers) leads to the formation of flat and sizelimited aggregates. As a concrete application, one could consider dispersing the particles into a host lamellar phase with
suitably chosen parameters so that they remain well separated,
and then inducing their aggregation by an external stimulus
(temperature change, controlled drying, etc) that increases the
interparticle attraction. The resulting assemblies could then
be stabilized by various strategies [39].
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APPENDIX

Performing the integral in φ in eqn. 11 by means of the
residue theorem, the correlation function inside one layer can
be written as
Z
G0 (r) =
0

∞

q3

q− p
q4 + 4

We use the integral [40]
Z ∞
q 1−ν Jν (qr) dq =
0

!
J0 (qr) dq .

rν−2
2ν−1 Γ(ν)

(47)

(48)

for Re(ν) > 1/2, where Γ(ν) is the gamma function, and, for
Re(ν) > 1/6, the integral [40]
√
Z ∞
q ν+3
rν π
(qr)
dq
=
J
Jν−1 (r)Kν−1 (r) .
ν+1/2 ν
23ν−1 Γ(ν + 12 )
0
(q 4 + 4)
(49)
Then, taking the difference between eqn (48) and (49), by analytical continuation we get, in the limit ν → 0,
G0 (r) = 2J1 (r)K1 (r) .

(50)
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Similarly, the correlation function (11) one layer apart can
be expressed as
!
Z ∞
q7
q3
q5
− p
−p
G1 (r) =
J0 (qr) dq .
2
q4 + 4 2 q4 + 4
0
(51)
Proceeding as before, it is then easily found that



32 4
16
G1 (r) =
−
(r)
(r)
−
J0
K0 (r)
J1
r3
r
r2
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32 4
+
−
2
(r)
−
+
(r)
J1
J0
K1 (r) .
r4
r3
r
(52)
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