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Abstract: Laser plasma acceleration (LPA) capable of providing femtosecond and GeV electron
beams in cm scale distances brings a high interest for different applications, such as free electron laser
and future colliders. Nevertheless, LPA high divergence and energy spread require an initial strong
focus to mitigate the chromatic effects. The reliability, in particular with the pointing fluctuations,
sets a real challenge for the control of the dispersion along the electron beam transport. We examine
here how the magnetic defects of the first strong quadrupoles, in particular, the skew terms, can affect
the brightness of the transported electron beam, in the case of the COXINEL transport line, designed
for manipulating the electron beam properties for a free electron laser application. We also show
that the higher the initial beam divergence, the larger the degradation. Experimentally, after having
implemented a beam pointing alignment compensation method enabling us to adjust the position
and dispersion independently, we demonstrate that the presence of non-negligible skew quadrupolar
components induces a transversal spread and tilt of the beam, leading to an emittance growth and
brightness reduction. We are able to reproduce the measurements with beam transport simulations
using the measured electron beam parameters.

Keywords: laser plasma acceleration; multipolar terms; magnetism; quadrupole; electron beam
transport; free electron laser
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1. Introduction

In laser plasma acceleration (LPA) [1], an ultra short laser pulse generates a plasma wave
with relativistic phase velocity arising from the ponderomotive force of the pulse. Particles can
be accelerated with electric fields up to three orders of magnitude (>100 GeV/m) [2] larger than
conventional radio frequency accelerators, motivating the development of shorter accelerators for high
energy physics and light source applications. Along with the high power laser development thanks
to chirped pulse amplification [3], significant electron beam acceleration was achieved [4–8] at the
beginning of this century. LPA can provide accelerating gradients from a few hundreds of MeV to
several GeV per cm and reasonable beam characteristics (typical current of a few kiloamperes, relative
energy spread of the order of 1%, and a normalized emittance of the order of 1π mm mrad) [9–21].
However, all these “best” performances are usually not achieved simultaneously and depend on the
chosen configuration. Different methods have been proposed to control the plasma wave and electrons
injection. The colliding pulse regime [9,22] high-quality electron bunch with low energy spread can
have tuneable energy by changing the laser collision position. Density ramp injection [23] generates
well-collimated, short electron bunches with narrow energy spread. Ionization injection [24–26],
with a simple and robust setup and a stable injection mechanism, allows for stable performance over
multiple hours of operation, as well as easy tuning of beam parameters through modification of the
gas characteristics.

LPA, now capable of generating electron beams of several GeV [19,27], with fs duration [12],
excellent emittance at the plasma-vacuum interface (∼1 mm mrad), and high peak current (1–10
kA) within the cm scale, drives a large interest for different applications such as future colliders [28],
light sources (undulator radiation [29], and free electron laser (FEL) [30–35]). LPA has to move from the
new acceleration concept to prove that the devices can be operated as an accelerator. For such a purpose,
the electron beam along a transport line has to be controlled. Specific requirements appear for different
applications. For example, the collider application requires being able to stage LPA accelerators,
but so far, the energy step is still limited [36,37] since the transport between the different stages is
very challenging. The feasibility of observation of undulator radiation was demonstrated [38–41] after
a first electron beam strong focus, but without evidencing the full properties as currently achieved on
the synchrotron radiation light source, which would make it attractive for user applications. For the
FEL application, proper beam parameters should be provided in the undulator for the amplification to
be possible, requiring a specific phase space manipulation.

The application of conventional accelerator techniques for the transport are not straightforward
in the LPA case. The characteristics of the beams in longitudinal and transverse phase spaces are
very different. In the longitudinal phase space, whereas the conventional accelerators typically
operate at ultra-low energy spread, the LPA exhibits ultra-short electron bunches that are likely to be
lengthened along the transport. In the transverse phase space, the LPA appears as a diverging (mrad)
point source, whereas the conventional accelerator operates with typically 10–100 µm divergence.
Consequently, the chromatic effects associated with the divergence and the energy spread, which are
generally negligible on conventional accelerators, appear to play a major role and complicate the
transport, where a significant emittance growth can occur [42–45]. Strategies are proposed to
mitigate this, such as an adiabatic matching section [46], tailoring focusing profiles [47] or creating
a decreasing plasma gradient after the source [48]. Another robust approach consists of capturing
the electron beam right after the source via strong focusing magnetic fields as close as possible to
the plasma–vacuum interface with conventional accelerator techniques (e.g., the use of FODO with
quadrupoles) [34,49,50]. The required gradient in a compact device is challenging. Plasma lenses
(APL) [51–54] are promising [55], but their use in experiments that run for couple of weeks adds an
additional level of risk. Because of the expertise gained in accelerator facilities, the use of permanent
magnet quadrupoles (PMQs) appears to be slightly more robust in respect of APL. The required
gradient level corresponds to values achieved for prototype systems [49,56–68] rather than quadrupoles
produced in large amounts. Moreover, special care has to be taken for the design of these PMQs,
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in particular for their multipolar content in order to minimize the beam spot size while avoiding
chromatic aberration effects dominance [56,69]. As compared to a single pass conventional accelerator,
the situation gets more complex due to the combination of chromatic effects and multipoles. In addition,
reliability, in particular with the pointing fluctuations, sets a real challenge for the control of the
dispersion along the electron beam transport, and there are still very few experiments reporting on
a controlled LPA beam transport. A transport preserving the source electron beam properties all along
a line has not yet been achieved. A first approach to controlling the electron beam along a transport
line downstream to an undulator on the COXINEL line [41] was enabled thanks to a beam pointing
alignment strategy, enabling us to separately adjust the beam dispersion and position.

In this paper, we investigate how the skew components of the first high gradient quadrupoles
required to tackle with chromatic effects can affect the brightness of the transported electron beam
with electron beam simulations in the case of the COXINEL line. We examine how the electron beam
dynamics is distorted when a skew component is added. We show that the higher the initial beam
divergence, the larger the degradation. Experimentally, under conditions of proper electron beam
transport, we evidence that non-negligible skew quadrupolar components induce a transversal spread
and tilt of the beam, leading to an emittance growth and brightness reduction. We also reproduce the
measurements with beam transport simulations using the measured electron beam parameters.

2. Emittance Growth Issues on LPA

2.1. Theoretical Approach

The peak brightness [70], a proper figure of merit for most LPA based applications, is defined as:

B =
2 ∗ I

π2εg,zεg,x
, (1)

where the peak current I and the beam transverse geometrical emittance εg,z and εg,x appear as
key characteristics. Calculating the propagation on a simple model composed of a drift of length L,
followed by a quadrupole of strength k = 1/L to compensate the divergence, and tilted by θ, gives for
the emittance:

ε2
g,x ≈ ε2

g,x,i + 4θ2σ′2x,iσ
′2
z,iL

2 + L2σ′4x,iσ
2
γ, (2)

where ε2
g,x,i = (< x2 >< x′2 > − < xx′ >2) [42] is the initial emittance and σx,i, σz,i and σ′γ the

horizontal and vertical divergence and energy spread, respectively. The second and third term are
the tilt and chromatic [71] emittance, respectively, both largely amplified by the beam divergence.
For θ, σ′x,i, σ′z,i = 1 mrad, σγ = 1%, εg,x,i = 0.2 mm.mrad, and L = 200 mm, the usual distance between
source and the quadrupole, the tilt term gives a value of 0.14 mm.mrad and the chromatic term
0.7 mm.mrad, which shows the how these two terms dominate the emittance evolution for mrad
divergences.We define the normalized emittance, which is most commonly used, as the emittance
normalized by the mean relativistic factor < γ > according to relation 15 in [42].

2.2. Experimental Test Bench: The COXINEL Line

The influence of the skew components of the first quadrupoles was tested on the LPA-based
COXINEL line [67,72–74], designed for FEL. For such a purpose, the relative energy spread (RMS)
σγ over one coherent length should be less than σγ < ρ, with ρ as the Pierce parameter [75]. This
requirement becomes an issue since relative energy spreads of percentage level have been measured
for LPA beams [13], so until more improvements are made in LPA systems, these beams have to
be first modified to satisfy the FEL condition and transported to the undulator. Mitigations rely in
decompressing the beam in a magnetic chicane [41,44,76–78] enabling us to reduce the slice energy
spread to acceptable levels for FEL, or by using a transverse gradient undulator (TGU) [79,80] that
generates a linear transverse dependence of the undulator field associated to dispersion, introducing
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a transverse displacement with the energy according to the undulator resonance condition for
a particular undulator gradient. The TGU minimizes the energy spread effect, leading to an
improvement of FEL gain and radiation power.

Figure 1 shows the sketch of the COXINEL line. Electrons were produced and accelerated by
a Titanium:Sapphire laser focused on a gas jet. A triplet of permanent magnets quadrupoles with
tunable gradient (QUAPEVA [57,58]) positioned 5 cm from the source handles the bit of mrad initial
divergence of the electron beam via a strong magnetic field, insuring a proper beam focusing. Then,
a demixing chicane consisting of four electro-magnetic dipoles accompanied with a removable and
adjustable slit placed in the middle stretches the beam longitudinally, sorts electrons by energy, and then
selects the energy of interest via the slit. A second set of four electromagnetic quadrupoles (EMQs)
enables a beam to focus into a cryo-ready undulator of 107 periods. In addition, scintillating screens
enable measuring the beam size and shape at different locations along the line [67]. The coordinate
system shown in Figure 1 uses x as the horizontal direction, z as the vertical one, and s as the
longitudinal one.

Figure 1. COXINEL transport line scheme. Left to right: Laser pulse focused on a gas jet (blue),
triplet of QUAPEVAs (grey), first screen for electron beam profile measurement (white), chicane (red),
a second set of electro-magnetic quadrupoles (blue), screen before and after the undulator (white),
and cryo-ready undulator (purple).

A laser system at ”Salle Jaune” of Laboratoire d’optique Appliquée was used for the LPA source.
The titanium:sapphire (Ti:Sa)-based laser system provides a linearly polarized light in the horizontal
direction, 800 nm, 30 fs (FWHM), 30 TW pulse to the interaction chamber where it is focused into
a spot of 20 µm (FWHM) in a supersonic jet with a millimeter scale nozzle of gas mixture composed
of 99% helium and 1% of nitrogen. LPA is operated in the ionization injection configuration for its
robustness and relatively high charge. The electron beam generated by LPA is firstly characterized
with a removable electron spectrometer, located at 355 mm from the gas jet. The spectrometer uses
a permanent magnet dipole of 1.1 T field and 100 mm long to horizontally disperse the beam, a lanex
screen, and a CCD camera with a spectral resolution of 2.7% and 3.8% between 50 MeV and 280 MeV.
The electron beam is then monitored with a first beam imager positioned 64 cm from the LPA source
and mounted on a motorized stage. The imager is composed of a lanex scintillating screen protected
by a 75 µm black ionized aluminum foil, a pair of lenses, and a CCD camera (scA640-70gm Basler
scout with a resolution of 150 µm). The ratio r = σx

σz
of the horizontal beam size σx to the vertical

one σz measured on the imager is assumed to be equal to the horizontal to vertical divergence
ratio. From the electron spectrometer, the vertical divergence is measured, and thus, the horizontal
divergence. The COXINEL test experiment enables providing different values of the initial electron
beam divergences and of the skew angle of the first strong focusing particles.

2.3. The Two Electron Beam Initial Conditions

Typical beams are generated in a 50–300 MeV range, with 1.5–5 mrad (RMS) vertical initial
divergence. The total beam charge is up to 200 pC distributed over the entire electron energy range.
However, the energy range of interest is 176 ± 0.1% MeV (corresponding to an inhomogeneous
bandwidth inferior to the natural bandwidth of the first harmonic [81]) where only a small fraction of
the charge is contained. Figure 2 presents the measured beam energy distribution and divergences:
low (Figure 2a) and high divergence (Figure 2b). Both cases differ in terms of the initial vertical
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divergence (2 versus 5 mrad), divergence ratio (1.56 versus 2.35), and charge density (at the energy of
interest close to 0.3 pC/MeV vs. 0.1 pC/MeV). Both energy distributions span over a broad range of
energies, which translates into a huge energy spread. Thus, with the necessity of the chicane with a slit,
the transport line is set up so the energy of interest 176 MeV is perfectly transported and most of the
other energies will be cut at the slit. Consequently, most of the beam charge is lost, while the charge
of 176 MeV will be transported. The shot-to-shot pointing variation on the first beam imager for the
data set of Figure 2a is 2.62 mrad in the horizontal direction and 0.49 mrad in the vertical direction.
εx,i,εz,i = 0.2 mm mrad and the initial bunch lentgh σs,i = 1 µm (Table 1) has been extracted from the
LPA particle in cell (PIC) simulations of the source setup used.
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Figure 2. Initial beam electron distribution (black), vertical (blue), and horizontal (red) divergence.
(a) Low divergence beam (average over a set of 20 distributions), (b) high divergence beam (single-shot).

Table 1. Initial input beam parameters.

Initial Parameter Symbol Value Unit

Case Low Divergence Case High Divergence Case

Emittance εx,i εz,i 0.2 0.2 mm.mrad
Ratio 1.56 2.35
Vertical divergence at 176 MeV σ′z,i 2.0 5 mrad (RMS)
Horizontal divergence at 176 MeV σ′x,i 3.12 11.75 mrad (RMS)
Bunch longitudinal length σs,i 10−6 10−6 m (RMS)
Charge Q 100 100 pC
Number of macro particles N 106 106

2.4. QUAPEVA: The Two Skew Quadrupolar Components Configurations of the First Strong
Focusing Quadrupoles

The quadrupole local field is given by B(c) = ∑∞
n=1(Bn + iAn)

cn−1

rn−1
0

[82], with n as the multipolar

order, the complex number c = x + iz, Bn the normal multipolar, An the skew component, and r0

the radius. The quadrupoles comport the desired normal terms (B2), and unwanted components
such as skew contributions (A2) and higher order multipoles. Integrated components are defined
as an =

∫
An·dl and bn =

∫
Bn·dl, with l as the longitudinal direction. QUAPEVA is composed of

two quadrupoles embedded in one mechanical structure [57] (see Figure 3): a first Halbach hybrid
structure with four Nd2Fe14B permanent magnets (PM) (high remanence field (∼1.26 T) and coercivity
(1830 kA/m)) and four iron–cobalt alloy magnetic poles, and a second one composed of four PM
cylinders with a radial magnetic moment orientation, which produces a variable gradient by the
rotation around their axis. Four Fe–Co alloys are placed behind the cylinders to shield the magnetic
field and redirect the lines into the core. The magnetic system is built into a dedicated aluminum
support frame in order to maintain the elements in their positions due to the strong generated magnetic
force. This design guarantees a gradient higher than 100 T/m with a large tunability, i.e., greater than
30%, alongside small harmonic components (b6/b2 < 3%) for a bore radius of 6 mm, with magnetic
lengths from 26 mm up to 100 mm to provide different integrated strengths. Because of the inherent
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uncertainty of the assembly process on the positions of the central Halbach ring, the QUAPEVA design
is subject to the present default skew quadrupole contribution. After construction, the measured
QUAPEVA multipolar terms using a stretched wire [83] (Table 2) present a non-negligible skew
quadrupole contribution. The dodecapolar term (b6) relative to the main quadrupolar term (b2) is
between 2% and 2.3% for the three QUAPEVAs. The QUAPEVA transverse magnetic center offset error
is limited to ±10 µm [57]. The skew real component a2 can be characterized by an angle (see Table 2),
defined as:

θ =
1
2

arctan(
a2

b2
). (3)

The skew quadrupole components, arising from the roll angle in the QUAPEVA, are corrected by
introducing a small metallic plate (called shim) as thick as 500 µm between the QUAPEVA and the
base as shown in Figure 3b. The measured skew quadrupolar term a2 for the triplet used at COXINEL
has been reduced by more than a factor of 10 by compensating the roll angle (see Table 2, Figure 4).

a b

Figure 3. (a) QUAPEVA magnetic design with different orientation of the cylindrical magnets:
maximum (left), intermediate (middle), minimum gradient (right). (b) Mechanical shims applied to
one of the QUAPEVAs to compensate for the skew terms.

Table 2. Multipolar terms before (high skew terms case) and after (low skew terms case) correction.

High Skew Term Case Low Skew Term Case
Magnetic Length a2 a6 b2 b6 Angle (mrad) a2 a6 b2 b6 Angle (mrad)

26 mm 0.073 −0.003 10.951 0.192 3.3 −0.007 −0.01 10.947 0.186 −0.3
40.7 mm −0.325 −0.017 17.475 0.326 −9 0.027 −0 17.448 0.329 0.7
44.7 mm 0.362 0.012 −19.181 −0.363 −9.4 0.003 −0.004 −19.148 −0.357 0.05

Figure 4. Skew quadrupolar term (a2) measured with the stretched wire, before (◦) and after (•)
correction, for the QUAPEVA triplet: 26 mm (left), 40.7 mm (middle), and 44.7 mm (right), r0 = 4 mm.

3. Electron Beam Transport for Ideal Magnetic Elements

The electron beam transport is modeled up to the second order with BETA [84], where using
a multiparticle tracking code, based on sympletic mapping, the electron beam is tracked in a 6D phase
space which describes position, momenta, and energy at any location along the line. The product of
the different matrix elements of the line (drift, quadrupole, dipole, etc.) by a particle array gives the
6D phase space of the particle [72]. The code was benchmarked on COXINEL with ASTRA [73,85],
ELEGANT [86], and OCELOT [87]. The distribution of electron charge versus energy and the vertical
divergence per energy slice are extracted and used as initial beam parameters for the transport code.
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Transport simulations were tested with εx,i,εz,i = 0.5 mm.mrad and εx,i,εz,i = 1 mm.mrad, and the
variations of the beam parameters are close to the simulations variations as well as for σs,i = 0.5 µm
and σs,i = 5 µm.

Figure 5 shows the optics configurations (Figure 5a–d) and the associated beam transverse shape
observed on the screen located at the entrance, center, and exit of the undulator (Figure 5a1–d3).
The envelope is modeled using a 176 ± 0.3 MeV flat-top energy distribution electron beam with
σ′z,i = 2 mrad (RMS) and σ′x,i = 3.12 mrad (RMS), while the transverse shape on the screens is
simulated for the low divergence beam case (see Figure 2, Table 1) and the magnetic elements settings
given in Table 3. In Figure 5a (“undulator” optics), the focus is set for both axes in the undulator,
while in Figure 5b (“slit-undulator” optics), the beam is first focused horizontally onto a slit and then
both vertically and horizontally focused on the undulator center. In Figure 5c (“undulator-entrance”
optics), the focus is set onto the screen located at the undulator entrance (the associated transverse
distribution exhibits a tiny spot there, while the beam size increases at the undulator exit). In Figure 5d
(“undulator-exit” optics), the beam is well focused at the exit of the undulator. Figure 5e presents the
vertical aperture along the trasport line: 10 mm in the QUAPEVAs, 20 mm in the vacuum pipe, 5 mm
in the undulator.
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Figure 5. Simulation of the horizontal (red) and vertical (blue) (relative energy spread (RMS))
beam envelope of the optics (a) “undulator”, (b) “slit-undulator”, (c) “undulator-entrance”,
and (d) “undulator-exit” along the line for a flat-top energy spectrum beam of 176 ± 0.3 MeV,
with σ′z,i = 2 mrad RMS and σ′x,i = 3.12 mrad RMS. Transversal distribution of the electron beam
at the undulator entrance (a1–d1), center (a2–d2), and exit (a3–d3) for the low divergence beam case
(parameters of Figure 2a and Table 1) associated with the corresponding magnetic elements settings
given in Table 3. Transport line elements representation (black) with screens (vertical line), dipoles
(rectangle), and focusing (rectangle with indentation) and defocusing quadrupoles (triangle on top).
(e) Vertical aperture along the longitudinal direction of the transport line.
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Table 3. Magnetic elements characteristics per optics configuration.

Optics QUAPEVAs Chicane Electro-Magnetic
(QAP) Dipoles Quadrupoles (QEM)

Gradient B Field Gap Current r56 Gradient
Unit T/m T mm A mm T/m

Component QAP1 QAP2 QAP3 QEM1 QEM2 QEM3 QEM4

“Undulator” +102.68 −101.14 +89.10 0.24 25 46.5 4.3 −0.52 0.85 −1.23 0.46

“Slit-undulator” +104.1 −103 +96.43 0.24 25 46.5 4.3 −0.01 4.70 −4.40 0.29

“Undulator entrance” +102.8 −101.2 +90.26 0.24 25 46.5 4.3 0 0 0 0

“Undulator exit” +102.41 −100.74 +89.78 0.24 25 46.5 4.3 −1.74 1.26 −1.36 0.41

Figure 6a,b presents the envelope evolution with the “Undulator” optics for a flat-top distribution
for different energies: The nominal energy (176 MeV) electrons are focused at the center of the
undulator, while the lower energy (172 MeV) (resp. higher energy (180 MeV)) ones are focused before
(after) the undulator. The chromatic dependence induces a cross shape on the focus spot at the screen
before and after the undulator (Figure 5a1,a3), due to the various energies being focused at different
horizontal and vertical positions instead of the center of the undulator. Figure 6c shows the emittance
and the charge at the undulator center for different energies. The emittance is minimum at 176 MeV,
in which the optics has been designed. The vertical (horizontal) emittance increases by a factor of 1.5
(1.05) for 172 ± 0.3 MeV and by a factor of 1.26 (1.02) for 180 ± 0.3 MeV. No charge is lost in any of the
three cases.
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Figure 6. Simulated vertical (a) horizontal (b) RMS beam envelope along the line. (c) Vertical (blue)
and horizontal (red) normalized emittance at the undulator center and total beam charge (green). Case
of flat-top beams of 180 ± 0.3 MeV (dashed line), 176 ± 0.3 MeV (solid line), and 172 ± 0.3 MeV
(dotted line), with the “Undulator” optics, an σ′z,i = 2 mrad RMS and σ′x,i = 3.12 mrad RMS, charge of
1 pC, εx,i,εz,i = 0.2 mm.mrad.

Beam Shape Dependence on QUAPEVA 2 Gradient

The influence of the gradient change of the strongest QUAPEVA (the second one) is investigated
in Figure 7, where the evolution of the beam transverse distribution at the undulator entrance versus
the QUAPEVA 2 gradient is presented for the “undulator-entrance” optics (see Figure 5c). For the
reference setting gradient, the beam displays a vertically and horizontally focused spot on the screen,
especially for the energies around 176± 1 MeV. For the larger gradient, the vertical–horizontal position
per energy plot indicates that the high energies get vertically focused, while the central and lower
energies are focused in the horizontal plane. In consequence, the pattern observed on the screen
exhibits a cross shape. By decreasing the gradient, the opposite occurs, the lower energies being the
ones focused vertically and the rest being focused horizontally as appreciated in the vertical–horizontal
position per energy plot. The width and density in the cross arms are uneven due to the difference in
electron density per energy (see Figure 2).
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Figure 7. Electron beam transverse shape (top) and corresponding vertical–horizontal position per
energy (bottom) at the undulator exit for the relative gradient change of QUAPEVA 2 of ±3, ±1,
and 0%. Case of ”undulator entrance” optics with the low divergence beam distribution (Figure 2a and
Table 1), εx,i,εz,i=0.2 mm.mrad, σ′z,i = 2 mrad, σ′x,i = 3.12 mrad.

Figure 8a shows the maximum vertical and horizontal RMS beam sizes and the peak intensity
at the center of the beam for the different gradients with the “undulator entrance” optics. When the
beam is not properly focused (+1%), the beam size increases, and the intensity is reduced by a factor of
two. Figure 8b presents the effectiveness of the transport at the undulator center versus QUAPEVA 2
gradient in the case of the “undulator” optics. When the gradient is reduced, the charge arriving at
the center of the undulator is slightly increased because the lower energy electrons are focused on the
horizontal plane avoiding the loss due to the vertical aperture of the undulator. When the gradient
is increased by 3%, the charge is halved because of high energy electron loss (see Figure 2b) on the
undulator vertical aperture (see Figure 5e). The horizontal emittance slightly changes from −3% to
+3%, and the vertical one grows by a factor of 1.5 for the 1% case.
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Figure 8. (a) Horizontal (�) and vertical (◦) RMS beam size and counts at the center of the beam (�)
for the ”undulator entrance” optics (each point averaged over 5 repetitions of the simulation) and
(b) beam vertical (◦) and horizontal (◦) normalized emittance and total charge (◦) at the undulator
center for the optics ’undulator’, for the relative gradient change of QUAPEVA 2 using the low
divergence initial beam distribution (Figure 2a and Table 1) with σ′z,i = 2 mrad, σ′x,i = 3.12 mrad,
and εx,i = εz,i = 0.2 mm.mrad.

4. Effect of the QUAPEVA Skew and Initial Beam Conditions on the Electron Beam Transport

As observed in Equation (2), in a single quadrupole system, the second term which depends on the
transverse divergence and the rotation of the quadrupole quickly dominates over εg,i. The emittance
behavior through the line in relation to the skew quadrupole component (angle) of the first QUAPEVA
triplet and to the initial divergence σ′x,i is here investigated at the undulator entrance and exit using
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the specific optics enabling us to focus the beam on those particular screens and the phase–space
distribution of the beam.

4.1. Variation of Skew Quadrupole Component

In the case of a low initial divergence electron beam (see Figure 2a, Table 1) for an ideal quadrupole
(a2 = 0), the RMS beam size is 0.52 ± 0.02 mm and 0.80 ± 0.10 mm horizontallly and vertically,
respectively (see Figure 9a). When a small skew quadrupole term (Table 2) is added (Figure 9b),
the beam remains well centered and focused (RMS beam size of 0.52 ± 0.05 mm and 0.72 ± 0.08 mm
horizontallly and vertically, respectively). For high a2 (Table 2) (see Figure 9c), the beam exhibits
a tilted cross shape, resulting from the change of gradient angle (see Equation (3)).
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Figure 9. Electron beam transversal shape and vertical–horizontal position per energy at the screens
before (a–c,g–i) and after (d–f,j–l) the undulator for low (b,e,h,k), high (c,f,i,l), and null (a,d,g,j) a2 terms
(values of Table 2). (a–f) Low divergence electron beam distribution (Figure 2a) with σ′z,i = 2 mrad,
σ′x,i = 3.12 mrad, and εx,i,εz,i = 0.2 mm.mrad (see Table 1). (g–l) High divergence electron beam
distribution (Figure 2b) with an initial σ′z,i = 5 mrad, σ′x,i = 11.75 mrad, and εx,i,εz,i = 0.2 mm.mrad
(see Table 1). Transport with the ”undulator entrance” optics and ”undulator exit” optics.

For a low value of a2, the beam size at the undulator entrance (see Table 4) is slightly smaller
horizontally and larger vertically than for an ideal quadrupole (a2 = 0). A substantial decrease in
intensity occurs when a2 is enhanced to the high a2 value at the undulator entrance. After the undulator,
the intensity and beam sizes (Table 4) for null and low a2 are close. Figure 9g–l presents simulations
using an input beam with a divergence three times larger and smaller charge density for the energy of
interest (high divergence beam case of Figure 2b and Table 1). For a2 = 0 (see Figure 9g), the beam is
well focused. For a slight increase of a2 (Table 2), the beam remains similarly focused. A larger increase
of a2 (Table 2) (see Figure 9i) leads to a tilted cross. Figure 9j–l shows a reduction of intensity resulting
from electron beam loss along the reduced vertical aperture. The transport becomes much less efficient
for higher initial divergence. The corresponding intensities and beam sizes for the different cases
are shown in Table 4. The beam size for larger a2 at the undulator entrance is higher than in the low
divergence case. However, the size is closer to those of the null and low a2 cases at the undulator exit.
For a low divergence beam, the intensity drops to 0.8 (0.5) at the screen before (after) the undulator for



Appl. Sci. 2019, 9, 2447 11 of 21

the high a2 value. In the high divergence case, the highest intensity achieved is 0.2 (0.14) for the low
(high) a2 case and decreases until 0.14 (0.11) at the undulator exit. For a high divergence beam (see
Figure 2), the charge arriving to the undulator is a small fraction of the initial one.

Table 4. Counts at the center of the beam, RMS horizontal and vertical beam size for the different skew
cases and beam distributions on the screen before and after the undulator. Each point averaged over
5 repetitions of the simulation.

Skew Term Low Divergence Beam High Divergence Beam
σx,RMS (mm) σz,RMS (mm) Beam Center Counts (a.u.) σx,RMS (mm) σz,RMS (mm) Beam Center Counts (a.u.)

Undulator entrance (“undulator-entrance” optics)
a2 = 0 0.52 0.80 1.00 0.63 1.08 0.20
Low 0.51 0.72 1.16 0.60 1.20 0.20
High 0.63 1.01 0.78 0.98 1.98 0.14

Undulator exit (“undulator-exit” optics)
a2 = 0 0.95 0.73 0.76 0.92 0.99 0.17
Low 0.95 0.76 0.75 0.85 1.01 0.14
High 1.22 0.83 0.50 1.31 0.97 0.11

4.2. Variation of Initial Divergence

To investigate further the influence of the initial electron beam characteristics, the dependance
of the transport on the σ′z,i, while keeping the ratio between the vertical and horizontal divergence
constant, is analyzed in Figure 10. For low a2 (Figure 10a) at the undulator entrance, when the initial
divergences grows, σx remains similar, while σz increases slightly and the charge decreases. When the
beam is transported at the undulator exit (Figure 10b), the behavior is similar, with a larger growth
of σz. For high a2 (Figure 10a) in the undulator entrance, σz and σx increase. The charge at 1.5 mrad
divergence is much lower than for the low a2 case and reaches the same level as for 3 mrad. When the
beam exits the undulator (Figure 10b), both beam sizes increase, and the charge dependence is similar
to the low a2 case. The contribution of the skew term becomes more significant for larger initial
divergence values, and thus, the beam size and resulting 2D emittance growth could be mitigated with
electron beams presenting a small initial divergence.
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Figure 10. Counts at the center of the beam (�), horizontal (�), and vertical (◦) beam RMS size
versus initial divergence for the low (void symbols) and high (filled symbols) skew (Table 2) for
the electron distribution of Figure 2a, Table 1, (a) before and (b) after the undulator with the
“undulator-entrance” optics and “undulator-exit” optics, respectively. Each point averaged over
5 repetitions of the simulation.

The horizontal emittance at the undulator center increases with the divergence (see Figure 11a,b),
going from 62 mm.mrad (62 mm.mrad) for σ′z = 1.5 mrad to 107 mm.mrad (110 mm.mrad) for
σ′z = 5 mrad for the low (high) a2 skew term. The vertical emittance decreases until σ′z = 3 mrad
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and then starts to increase by a small amount, because of particle loss on the vertical aperture of the
undulator associated to the increase of the divergence.
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Figure 11. Vertical (blue) and horizontal (red) normalized emittance versus the initial vertical
divergence at the undulator center for the low (a) and high (b) skew case (Table 2) with the low
divergence electron distribution (see Figure 2a, Table 1) and the “undulator” optics.

4.3. Brightness

Figure 12 shows the transversal beam shape versus a2 at the undulator center. For a2 = 0, the beam
(see Figure 12a) is focused (beam horizontal size 0.67 mm and vertical size 0.37 mm RMS). For the low
a2, the beam (see Figure 12b) is slightly defocused (beam horizontal size 0.73 mm and vertical size
0.38 mm RMS). For the high a2, the beam (see Figure 12c) exhibits a vertical and horizontal focusing
redistribution per energy of the beam and a small tilt. The total beam emittance at the center of the
undulator (see Table 5) increases by a small amount from a2 = 0 (εx = 103 mm.mrad εz = 30 mm.mrad)
to low a2 (εx = 119 mm.mrad εz = 35 mm.mrad), with a factor 1.2 (1.16) horizontally (vertically),
while keeping the charge at 2.82% of the initial beam one, which corresponds to a ±7 MeV slice
around the reference energy thanks to the slit that cuts the useless electron energies. For the high a2,
the increase is more important, the horizontal (vertical) emittance gets larger by a factor of 2.73 (6.71)
from the low a2 case, achieving εx = 328 mm.mrad εz = 234 mm.mrad, and the charge decreases
to 1.4% of the initial beam one. Table 5 shows the emittance and charge for a “monochromatic”
176 ± 0.1 MeV slice of a flat top beam of central energy 176 MeV and σγ = ±5%, at the center of the
undulator. The emittance increases quickly with the presence of the a2 skew term. From a2 = 0 to
low a2, an increase of 10 (4.7) of the horizontal (vertical) emittance takes place, and for the high a2

skew term, an additional increase by a factor 1.7 (5.7) horizontally (vertically) occurs, attaining an
emittance value of 8.29 mm.mrad horizontally and 6.56 mm.mrad vertically from the 0.48 mm.mrad
and 0.24 mm.mrad value of emittance for the a2 = 0 case. The emittance of the “monochromatic”
176 MeV is 2 orders of magnitude lower than the total beam emittance, showing that the chromatic
effects dominate the total beam emittance behavior.
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Figure 12. Simulated transversal beam shape at the undulator center for (a) a2 = 0, the (b) low
and (c) high a2 (Table 2). ’Slit-undulator’ optics (slit open to 3.2 mm corresponding to a slice of
176± 7 MeV). Initial low divergence beam distribution of Figure 2a with σ′z,i = 2 mrad, σ′x,i = 3.12 mrad
εz,i,εx,i = 0.2 mm.mrad.
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Figure 13 shows the horizontal and vertical emittance at the undulator center of an initial flat-top
energy distribution electron beam versus energy spread. From the monochromatic beam (σγ = 0) to
=5% energy spread, the emittance has a linear dependence versus energy spread, as shown in the
chromatic term (see Equation (2)), with a slope of 12.4 mm.mrad/% (2.9 mm.mrad/%) in the horizontal
(vertical) plane. εx (εz) increases to 63.8 mm.mrad (15.3 mm.mrad) for a σγ = 5% spread. For σγ larger
than 1%, the chromatic emittance starts to dominate. For σγ higher than 5%, εx starts to converge
around 74 mm.mrad and εz to increase faster, because the lower and higher energies vertically defocus
at the undulator and are thus cut by its physical aperture.

Table 5. Horizontal and vertical normalized emittance and charge percentage arriving of the electron
beam at the undulator center for a2 = 0, low and high a2 (Table 2) cases. Simulation using the low
divergence initial beam distribution (Figure 2a), 176 MeV “monochromatic” beam with σ′z,i = 2 mrad,
σ′x,i = 3.12, initial charge 100 pC, mrad εz,i,εx,i = 0.2 mm.mrad, transported with the “slit-undulator”
optics (slit closed to 3.2 mm corresponding to a slice of 176 ± 7 MeV). Each point averaged over
5 repetitions of the simulation.

Total Beam 176 MeV “Monochromatic” Beam

Skew Term εx,RMS εz,RMS Charge Brightness εx,RMS εz,RMS Charge Brightness
(mm.mrad) (mm.mrad) (%) (A/(mm.mrad))2 (mm.mrad) (mm.mrad) (%) (A/(mm.mrad))2

a2 = 0 103 30 2.82 6.20 0.48 0.24 0.3 3.6× 106

Low a2 case 119 35 2.79 4.56 4.83 1.14 0.3 7.0× 104

High a2 case 328 234 1.37 0.14 8.29 6.56 0.3 7.4× 103
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Figure 13. Simulated horizontal (red) and vertical (blue) normalized emittance of the electron beam at
the undulator center for the low a2 skew terms (Table 2) and the optics “slit-undulator” without slit
using flat-top electron beams for different energy spread with 176 MeV central energy, σ′z,i = 2 mrad,
σ′x,i = 3.12 mrad, and εz,i,εx,i = 0.2 mm.mrad.

Table 5 shows the brightness calculated with Equation (1) for the total beam (with σs of
980± 100 µm) and the “monochromatic” beam (with σs of 5.4± 0.2 µm). Hence, the peak brightness
is dominated by the horizontal and vertical emittance: As the emittance rapidly grows for high a2,
the brightness decreases in a similar rate. For the total beam, the brightness decreases by a factor of
1.4 (42.8) from a2 = 0 to the low a2 case (high a2 case). The total beam brightness is only substantially
changed for the high a2 term. For the 176 MeV “monochromatic” beam, the brightness decreases
by a factor 51 (486) from a2 = 0 to the low (high) a2 case. Even the existence of a low a2 term affects
dramatically the slice brightness.

Figure 14 shows the brightness and horizontal emittance at the undulator center for
a “monochromatic” 176 ± 0.1 MeV beam of 0.1 ± 0.02 pC with the ’slit-undulator’ optics while
changing the skew component of QUAPEVA2 and considering the others ideal. For a2 = 0, the emittance
from the source to the center of the undulator is 0.41 mm.mrad and 0.28 mm.mrad horizontally and
vertically, respectively. By increasing a2 to±0.03, the horizontal (vertical) emittance increases by a factor
of 68 (116), reaching a value of 28 mm.mrad, following a linear dependence versus a2, as expected
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from the second term of Equation (2). σs goes from 5.3× 10−3 µm for a2 = 0 to 6.7× 10−3 µm for a2 =
±0.3. Due to the small variations of σs and charge, the brightness depends mainly on the emittance,
so between a2 = 0 and a2 = 0.01, the brightness decreases by a factor of 9.

Figure 14. Brightness (◦) of the electron beam at the center of the undulator versus QUAPEVA 2 a2

skew term and horizontal (x) and vertical (�) normalized emittance in log scale. Simulation using
a “monochromatic” 176 ± 0.1 MeV beam with σ′z,i = 2 mrad and σ′x,i = 3.12 mrad, a charge of
0.1 ± 0.02 pC, εz,i,εx,i = 0.2 mm.mrad, transported with the “slit-undulator” optics and the slit in the
chicane open to 3.2 mm.

5. Measured Electron Beam Transport in Presence of Skew Quadrupolar Components of the
First Triplet

The QUAPEVAs tunability gives a high capability to adjust the COXINEL line to the variations that
the laser–plasma system undergoes during the experiments. During experiments, pointing variations
with respect to the reference beam path of the LPA beam appearing can be compensated throughout
the displacement of the magnetic center of the QUAPEVAs [41] using a response matrix method.

Figure 15a,b compares the measurements at the undulator entrance and simulation. The RMS
beam sizes (σx = 0.52 mm σz = 0.64 mm) are similar to the simulated ones (σx = 0.52 mm σz = 0.65 mm).
The slight difference may arise from the uncertainty of the initial distribution. A change of 6 T/m
in QUAPEVA 2 from the configuration of Figure 15c,d causes the horizontal and vertical focusing
redistribution, leading to a cross shape (see Figure 15c). The characteristic cross due to the gradient of
QUAPEVA 2 is well reproduced in simulation (see Figure 15d). Figure 15e,f compares measurements
and simulations at the undulator exit and shows similar experimental (σx = 0.77 mm σz = 0.50 mm)
and simulation RMS beam size (σx = 0.74 mm σz = 0.35 mm).

Figure 16 compares measured and simulated transverse beam profiles at the undulator entrance.
Similar round shapes are observed (Figure 16a,b), corresponding to a tight focus. The RMS experimental
(σx = 1.31 mm σx = 1.58 mm) and simulated (σx = 0.87 mm σx = 2.32 mm) beam sizes differ slightly,
probably because of an improper initial electron beam distribution. The cross shape with a tilt observed
during measurements (Figure 16c,d) is well reproduced by simulations. A good agreement between
measurements and simulations is also found on the beam slopes at the undulator exit (see Figure 16e,f).
The cross pattern is rotated to the opposite side with respect to Figure 16c,d, because of the focusing
effect of the undulator.
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Figure 15. Transverse beam shape at the undulator entrance: measurements (a,c,e) and simulations
(b,d,f) with the low skew a2 case (Table 2), σ′z,i = 2 mrad and σ′x,i = 3.12 mrad, εz,i,εx,i = 0.2 mm.mrad.
(a,b) “Undulator entrance” optics, QUAPEVA 1: 103.27 T/m, QUAPEVA 2: −115.65 T/m, QUAPEVA 3:
94.94 T/m, (c,d) QUAPEVA 1: 103.27 T/m, QUAPEVA 2: −121.99 T/m, QUAPEVA 3: 94.94 T/m.
(e,f) With the “slit-undulator” optics, a horizontal pointing of 5 mrad and the slit in the chicane closed
at 1 mm (177 ± 2 MeV). Shot-to-shot pointing for (a,c,e): 0.005 ± 0.01 mrad, −0.09 ± 0.06 mrad,
and 0.17 ± 0.49 mrad (0.03 ± 0.02 mrad, 0.10 ± 0.08 mrad, −0.18 ± 0.01 mrad) in the horizontal
(vertical) direction.
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Figure 16. Transverse beam shape at the undulator entrance: measurements (a,c,e) and simulations
(b,d,f). Simulations done with the high skew a2 case (Table 2), εz,i,εx,i = 0.2 mm.mrad.
(a,b) With σ′z,i = 2 mrad, σ′x,i = 4.7 mrad and the “Undulator entrance” optics. (c,d) With
σ′z,i = 2 mrad, σ′x,i = 4.7 mrad and the “Undulator” optics. (e,f) With σ′z,i = 2.5 mrad, σ′x,i = 5.9 mrad
and the “Undulator exit” optics. Shot-to-shot pointing for (a,c,e): 0.85 ± 0.03 mrad, 0.13 ± 0.15 mrad,
and 0.07 ± 0.02 mrad (−0.03 ± 0.05 mrad, −0.03 ± 0.04 mrad, 0.18 ± 0.04 mrad) in the horizontal
(vertical) direction.
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6. Conclusions

The behavior of the beam to different QUAPEVA gradients and a2 terms was studied in the cases
of a low and a high initial divergence beams analytically and through simulation and measurements.
We show that the chromatic range of the beam makes it sensitive to the gradient of the QUAPEVA,
especially QUAPEVA 2, the strongest one. Even small variations of the QUAPEVA 2 gradient
cause an important horizontal and vertical focus position redistribution for each energy, leading
to a characteristic cross shape pattern on the screen. For a given value of the skew component a2,
this cross shape pattern becomes tilted, and the increase of the initial divergence enhances the effects:
When the initial divergence is increased, the beam sizes increase, and the total charge decreases
more strongly the higher the a2 skew term. The emittance linear dependence on the QUAPEVA
angle and energy spread found in the simulations is consistent with the chromatic and rotation
terms of Equation (2). The emittance growth and the charge change lead to an important loss of
slice and total beam brightness, harmful for FEL and possible future particle collider applications.
Future improvements in the laser system will be able to increase the stability of the LPA system stability,
and the use of different LPA schemes could improve the charge on the reference electron energy and
also improve the initial electron energy distribution by reducing the energy spread.
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