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ON THE MULTIPLE-SCALE ANALYSIS FOR SOME LINEAR PARTIAL
¢-DIFFERENCE AND DIFFERENTIAL EQUATIONS WITH
HOLOMORPHIC COEFFICIENTS

THOMAS DREYFUS, ALBERTO LASTRA, AND STEPHANE MALEK

ABSTRACT. The analytic and formal solutions of certain family of g-difference-differential equa-
tions under the action of a complex perturbation parameter is considered. The previous
study [10] provides information in the case when the main equation under study is factoriz-
able, as a product of two equations in the so-called normal form. Each of them gives rise to a
single level of ¢-Gevrey asymptotic expansion. In the present work, the main problem under
study does not suffer any factorization, and a different approach is followed. More precisely, we
lean on the technique developed in [4], where the first author makes distinction among the dif-
ferent ¢g-Gevrey asymptotic levels by successive applications of two g-Borel-Laplace transforms
of different orders both to the same initial problem and which can be described by means of a
Newton polygon.

1. INTRODUCTION

This work is devoted to the study of a family of linear g-difference-differential problems in the
complex domain. It can be arranged into a series of works dedicated to the asymptotic study of
holomorphic solutions to different kinds of g-difference-differential problems involving irregular
singularities such as [7], [8], [10], [13], and [15]. The study of g-difference and g¢-difference-
differential equations in the complex domain is a promising and fruitful domain of research. In
the literature, one may find other interesting approaches to these problems. We refer to [20] as
a reference, and contributions in the framework of nonlinear g-analogs of Briot-Bouquet type
partial differential equations in [21]. We provide [?, 7] as novel studies in this direction.

The study of g-difference equations has also been under study in different applications in the
last years. Some advances in this respect are [?, 7, ?], and the references therein.

The main aim of this work is to study a family of ¢-difference-differential equations of the
form

(1.1) Q(0:)oqult, z,€)

9Dy 4y 9Dy 4
= (et)i1 aqf? Rp, (8)u(t, z,€) + (et)P2 aqj? Rp,(0,)u(t, z,€)

D—-1
+ 3 eBetteal (eo(t, z, ) Ry(0:)ult, 2, €)) + 0ga f(t, 2, €),
/=1

where D, D1, Dy are integer numbers larger than 3, @), Rp,, Rp, and Ry for { =1,...,D—1 are
polynomials of complex coefficients, and A, > 0, dp,dy > 1 are nonnegative integers for every
1 < ¢ < D —1. The numbers dp, and dp, are positive integers. ¢ stands for a real number with
qg>1.
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2 THOMAS DREYFUS, ALBERTO LASTRA, AND STEPHANE MALEK

We consider the dilation operator o, acting on variable t, i.e. o,.(t — f(t)) := f(qt), and
the generalization of its composition given by

o1t = f(1) = f(a"?),
for any v € R. We also fix positive integer numbers k1 and ko with
1 <k < ko

As in the former work [16] of the third author, the coefficients (¢, z,€) and the forcing
term f(t, z, €) represent bounded holomorphic functions in the vicinity of the origin in C? w.r.t
(t,€) and on a horizontal strip Hg = {z € C/|Im(z)| < S} of width 23 > 0 relatively to the
space variable z. However, a new additional constraint is required on the growth of the Taylor
expansion of each ¢; according to the mixed variable te, see (4.6). It implies that the functions
ce(t,z,€) can be extended as entire functions in the monomial et in the whole plane C with
so-called g-exponential growth of some order related to k; and ko (this terminology will be
explained later in the paper).

Two singularly perturbed terms on the right hand side of equation (1.1) are distinguished.
This makes a crucial difference with respect to the previous work [10] in which only one term
appears, whilst the multi-level ¢-Gevrey asymptotic behavior comes from the forcing term.
More precisely, in that previous work we focused on families of g-difference-differential equations
that can be factorized as a product of two operators in so-called normal forms each enjoying
one single level of ¢g-Gevrey asymptotics. In the present work, the appearance of these two
terms would cause a multilevel ¢-Gevrey phenomenon in the study of the asymptotic solution
of (1.1) regarding the perturbation parameter. Our approach is to follow a two-step procedure
of summation of the formal solution, which makes the two ¢g-Gevrey asymptotic orders emerge.

Another important difference compared to our previous contribution [10] is that we are now
able to handle holomorphic coefficients in time ¢ whilst only polynomial coefficients were consid-
ered in [10]. This fact relies on new technical bounds for a g-analog of the convolution of order
k displayed in Proposition 2.6.

The point of view we use here is similar to the one performed in the work of the first author,
see [4], and is related to direct constraints on the shape of the main equation via a possible
description by a Newton polygon. It is important to stress that this approach is specific to
the g-difference case. Namely, such a direct procedure for producing two different Gevrey levels
in the differential case for the problem stated in the work [9] is impossible due to very strong
restrictions related to a formula used in the proof and appearing in [19], see formula (8.7) p. 3630.
In that case, only a proposal via factoring the main equation did actually work, as performed
in our joint work [11].

Let us briefly review the steps followed in order to achieve our main results in the present
work.

Let 0 < p < ¢—1. First, we apply g-Borel transformation of order k; to equation (1.1) in order
to obtain our first auxiliary problem in a Borel plane, problem (4.12). A fixed point result in a
complex Banach space of functions under an appropriate growth at infinity lead us to an analytic
solution, wZ’l’ (1,m,€) of (4.12). More precisely, wZ’l’ (1,m, €) defines a continuous function defined
in (Up, UD(0,p)) x R x D(0,€p), where Uy, is an infinite sector of bisecting direction d,, and
holomorphic with respect to the variables 7 and € in (U, U D(0, p)) and D(0, €p), respectively.
In addition to that, it holds that this function admits g-exponential growth of order x at infinity
with respect to 7 in U,,.This result is described in detail in Proposition 4.2.

A second auxiliary problem in the Borel plane is constructed by applying the formal ¢-Borel
transformation of order ks to the main problem (1.1). The second auxiliary equation is stated
in (4.32). A second fixed point result in another appropriate Banach space of functions allow us

to guarantee the existence of an actual solution of the second auxiliary problem, wzz (1,m,e€),
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defined in Sp, x R x D(0,¢€) and holomorphic with respect to 7 and € in Sy, and D(0, €),
respectively. Here, Sy, stands for an infinite sector with vertex at the origin and bisecting
direction 0,. Moreover, this function suffers g-exponential growth of order ks at infinity w.r.t.
7 on Sp,. This statement is proved in Proposition 4.4.

As a matter of fact, the key point in our reasoning is the link between the g-Laplace transform
of order x with respect to 7 variable of wZ’l’ and wzz . In Proposition 4.5, we guarantee that both
functions coincide in the intersection of their domain of definition. This would entail that the
function E;l;l /N(wg1 (1,m,€)) can be continued along direction d,, with g-exponential growth of
order ko, see Propoposition 4.5.

The construction of the analytic solution of (1.1), u®# (¢, z, €), is obtained after the application
of g-Laplace transformation of order ks and inverse Fourier transform, providing a holomorphic
function defined in 7 x Hg x &,, where T is some well chosen bounded sector centered at 0 and
{&€p}o<p<c—1 represents a good covering in C* (see Definition 5.1). This result is described in

Theorem 5.3. The following diagram illustrates the procedure to follow. For the attainment of

= Pl

B, o
‘U’ q,1/ks TT Eq;l/k’g
B, /liJ Auxiliary equation 2 <= w}"(r, m, )
DP
ﬂ Eq;l/h‘

Auxiliary equation 1 = wzp(r, m,e€)
1

FIGURE 1. Scheme of the different Borel levels attained in the construction of the solution

the asymptotic properties of the analytic solution we make use of a Ramis-Sibuya type theorem
in two levels (see Theorem 6.4), and the properties held by the difference of two analytic solutions
in the intersection of their domains, whenever it is not empty. The conclusion yields two different
q-Gevrey levels of asymptotic behavior of the analytic solution with respect to the formal solution
depending on the geometry of the problem. The final main result states the splitting of both,
the formal and the analytic solutions to the problem under study, as a sum of three terms.
More precisely, if F denotes the Banach space of holomorphic and bounded functions defined in
T x Hg, and 4(t, z, €) stands for the formal power series solution of (1.1), then it holds that

W(t,z,€) = alt, z,€) + u1(t, z, €) + ua(t, z, €),
where a(t, z,€) € F{e} and u1(t, z,€), U2(t, z,€) € F[[¢]] and such that for every 0 < p < ¢ —1,
the function u° can be written in the form

u® (t,z,€) = alt, z,€) + ugp(t, z,€) + ug”(t, z,€),

where € — u?p (t,z,€) is a F-valued function that admits (¢, z, €) as its ¢-Gevrey asymptotic

expansion of order 1/k; on &, and also € — ugp (t, 2, €) is a F-valued function that admits us (¢, z, €)
as its ¢-Gevrey asymptotic expansion of order 1/kz on &,. This corresponds to Theorem 6.6.
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The paper is organized as follows.

In Section 2.1, we define a weighted Banach space of continuous functions on the domain
(D(0, p)UU) x R with g-exponential growth on the unbounded sector U with respect to the first
variable, and exponential decay on R with respect to the second one. We study the continuity
properties of several operators acting of this Banach space. Section 2.2. is concerned with
the study of a second family of Banach spaces of functions with g-exponential growth on an
infinite sector with respect to one variable and exponential decay on R with respect to the other
variable. In Section 3, we recall the definitions and main properties of formal and analytic
operators involved in the solution of the main equation. Namely, formal ¢-Borel transformation
and an analytic ¢g-Laplace transform of certain ¢-Gevrey orders, and inverse Fourier transform.
In Section 4.1. and Section 4.2, we study the analytic solutions of two auxiliary problems in
two different Borel planes and relate them via g-Laplace transformation (see Theorem 5.3). In
Section 5, we describe in detail the main problem under study, and construct its analytic solution
and the rate of growth of the difference of two neighboring solutions in their common domain of
definition. Finally, Section 6 deals with the existence of a formal solution of the problem, and
studies the asymptotic behavior relating the analytic and the formal solutions through a multi-
level ¢-Gevrey asymptotic expansion (Theorem 6.6). This result is attained with the application
of a two-level g-version of Ramis-Sibuya theorem (Theorem 6.4).

2. AUXILIARY BANACH SPACES OF FUNCTIONS

In this section, we describe auxiliary Banach spaces of functions with certain growth and
decay behavior. We also provide important properties of such spaces under certain operators.

Let Uy be an open unbounded sector with vertex at the origin in C, bisecting direction d € R
and positive opening. We take p > 0 and consider D(0,p) = {7 € C: |7| < p}.

We fix real numbers 5, u,d > 0, ¢ > 1 and « > 0 through the whole section. We assume the
distance from Uy U D(0, p) to the real number —§ is strictly larger than 1. Let k£ > 0. We denote
D(0, p) the closure of D(0, p).

The next definition of a Banach space of functions, and subsequent properties have already
been studied in previous works. Analogous spaces were treated in [7, 12], inspired by the
functional spaces appearing in [18]. We refer the reader to [10, 16] for some of the proofs of the
following results, whose statements are included for the sake of completeness.

2.1. First family of Banach spaces of functions with g-exponential growth and ex-
ponential decay.

s q
Definition 2.1. Let ¢ > 1. We denote Exp(kﬁ%a,

tinuous functions (7,m) ~ h(r,m) on (Uy U D(0, p)) x R, holomorphic with respect to 7 on
UysU D(0, p) and such that

») the vector space of complex valued con-

klog? | + 0|
h(T,m = sup 1+|m “emm'exp(——alo T+ | |h(r,m
I (T M) k8, p0,000) TeUd@(O’p)’( Im|) > Tog(q) g | |} |h(7,m)|
meR

q
(k767/’1’7a7p)7

The proof of the following lemma is straightforward.

is finite. The space (Exp Il (k,5,u,0,p)) 18 @ Banach space.

Lemma 2.2. Let (1,m) ~ a(r,m) be a bounded continuous function on (UyU D(0,p)) x R,
holomorphic with respect to T on Ug U D(0, p). Then, it holds that

la(T, m)h(T, M)l (1, 5,1,0.p) < ( sup |a(ﬂm)|> IR (T )| 1.5 ) »
T7eUgUD(0,p),meR
q

for every h(t,m) € EIpg. 5 10.p)-
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Proposition 2.3. Let v1,7v2,73 > 0 such that

7+ ks = .
Let a,(T) be a continuous function on Ug U D(0, p), holomorphic on Ug U D(0, p), with

1
| (D < F
(14 [

for every T € (UgUD(0,p)). Then, there exists C1 > 0, depending on k, q, o, v1,%2,73, such that
Ha’h (7-)7720(] 773 (T’m)H(k,,B,u,a,p) <Ci Hf(Tv m)”(k,ﬁ,y,a,p)

q
for every f € Exp(kﬁ%mp).

Definition 2.4. We write E(g ) for the vector space of continuous functions h : R — C such
that

1A ()l .,y = ilé%(l + [m[)! exp(Bm|)|h(m)] < oc.
It holds that (Eg ), [|[l(5,,)) is a Banach space.

The Banach space (E(g ), [|[l(5,)) can be endowed with the structure of a Banach algebra
with the following noncomutative product (see Proposition 2 in [16] for further details).
Proposition 2.5. Let Q(X), R(X) € C[X] be polynomials such that

deg(R) > deg(Q),  R(im) # 0,
for allm € R. Let m +— b(m) be a continuous function in R such that
|b(m)| < 1/|R(im)|, m € R.

Assume that u > deg(Q)+1. Then, there exists a constant Co > 0 (depending on Q(X), R(X), u)
such that

H f(m —m1)Q(imq)g(m1)dma <O ”f(m)H(g,u) Hg(m)H(b’,u) ’

(B,1)
for every f(m), g(m ) € Eg,)- In the sequel, we adopt the notation

ﬂm#%mmz/w}m—mmmeWMMm

—0o0
for every m € R, extending the classical convolution product x for Q = 1. As a result,
(Egu)s Ill(5,0)) becomes a Banach algebra for the product *0Q defined by

F(m) %59 g(m) := b(m) f (m) %2 g(m).

The next proposition is a slightly modified version of Proposition 3 in [16], adapted to the
appearance of two different types of growth of the functions involved, which force holding some
positive distance to the origin.

Proposition 2.6. Let b(m), Q(X), R(X) be chosen as in Proposition 2.5. We assume 1 <k < k
is an integer. Let cp,(m) € Eg,y for h >0, such that

IN" w2y s
(2.) lenlls <€ (7) 500, nzo

for some C > 0 and T > ¢*/ %), Let (T, m) be the power series
h

pr(rm) =3 enlm) iy € Eullrl)
h>0
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which defines an entire function with respect to T with values in Eg ., in view of (77).

For every f(r,m) € Exp!

(5. Bonap) WE define a g-analog of the convolution of order k of

or(T,m) and f(r,m) as

h —

pu(r,m) s Frm) = 3 symentm) # (o7 £)(r,m).
h>0

Then, the function b(m)ek (T, m) *?1/1@ f(r,m) belongs to Exp?nﬂu p) and there exists C3 > 0,
depending on u,q, o, k, k, Q(X), R(X),0, T, such that

[bm)on(r,m) «8,  f(7m) < CsC | f(r,m)|

(’@B:#:%P) H,,B,}L,a,p) :
Proof. Let f(r,m) € Exp‘(]&ﬂ,uﬁa’p). From the very definition of the norm ||-[|, 5, 4, We know
that
b Q
Jptmsentem Gy s
log” )
= sup (1 +|m[)*e’™ exp (—"Og('”D — alog(|7 + 5;)) Ib(m)|
T€U4UD(0,p),meR 2 IOg(Q)
7_h 400 ' T
X ZM/ ch(m—ml)Q(zml)f(W,ml)dml = sup L(r,m).
h>0 (ql/k) 2 o q T€U4UD(0,p),meR

We first give upper estimates for

sup L(r,m).
7€D(0,p),mER

By construction, there exist two constants £, > 0 such that
(2.2 QUim1)| < Q1+ maJ*5@,  [R(im)| 2 R(1 + [m]) =),

for all m € R. Using (2.3) and from Lemma 4 in [14] (see also Lemma 2.2 from [2]), we get a
constant Cy > 0 with

o Qim)|

2.3) (14 |m|)*|b / d

23) Q+ImD )l | G = ey e ™
< sup 2(1 + |m|)u—deg(R) % /+00 1 dmy < C~'2
= men R oo (L Jrm = (1 oy [ye=es(@ 7

provided that ;1 > deg(Q) + 1. From the definition of [|f||, 5, ., and [lcnl[( ) for all B >0,
(2.3), and (2.4), we get that for every 7 € D(0, p) and m € R, L(r,m) is upper bounded by

_ElogZ(lT +4])

2 log(q)
+oo 1

|| e
X};}(qyk)h(h_n/z el T3 e =il (imy )|

(1 + [m)ePm exp ( ~ alog( + 5|>> Ib(m)|

i log?(|7/q"* + 6))

1 —Blm
At e Alml exp (2 loa(a) +alog(|T/q"* + 6I)) dma || £(7,m) | e g )
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o (rlog(7 + ) 7"
< yewp (5 202D atog(ir 4 0) ) & e el

hik 4
< exp <mg (Ir/q""* + 8))

h/k
e + aloglr/ +6|>) FCEDI P

Z 1/k (h—1)/2 Hch” (B Hf(T m)H(NBM» p)?

>

with Cy = Cyexp (’"“ 10% g(f;)a) + alog(p + 5)) The assumption (?7) on [|cp|(5,,) allows to con-
clude the result when restricting the domain on the variable 7 to the subset D(0, p).

Let U, be the complementary of D(0, p) in Uy. From what precedes we may take the supremum
over Uy instead of Uy U D(0, p).

By inserting terms that correspond to the ||.||(g ) norm of ¢;(m) and to the [|.||(x g,4,q,p) DOTM
of f(1/¢"*,m), we can give the bound estimates

sup  L(1,m)
Teﬁd,mER

ElogQ(\T—i-(S\)

< sup  (1+|m|)*e™ exp <— — alog(|T + (5|)> |b(m)]

rely,meR 2 log(q)
m—m |ch(m ml)‘
XZ/ (1+\m—m1’)“65 1‘—( /R R(-1) 1/2‘ 7|
h>0

hik 4

(m e >\<1+rmlr>ﬂeﬂ'ml'exp( s S 5’)—alog<wqh/k+ar>>>

—Blm—m| . h/k
X( e ‘Q(Zml)’ e_ﬁlmllexp (/ﬁ}log (‘T/q 5‘) —i—alog(‘T/qh/k +5))) dml-

(14 [m —ma ) (1 4 [ma ) 2 log(q)
By means of the triangular inequality |m| < |m — mq| + |m1|, we deduce that

(24) ~Sup L(Ta m) < é’|f(7-7 m)”(m,,@’,u,a,p)
T€Ug,mER

where

EIOgZ(‘T +9])

(25) C= sup (1+ |m|)*exp (— 2" Tog(d)

Teﬁd,mER

— alog(|T + 5])) [b(m)]

7| e |Q(im1)|
Xi;]HChH(,BM)( l/k) (h—1)/2 - (1+|m_m1’)#(1+‘m1’)#dml

h/k
% exp (/ilog (I7/¢"™"% +9])

5 Tog() +alog(7/qh/k+5])>.
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Again, we can also apply (2.4) at this point. On the other hand, we can provide upper estimates

on the following expression
T 2
7 +) v (7))

(2.6) exp (210’;((1) <10g2<
oy (o ) 1)

X exp (210*;@ (log? (|7]) — log? (7 + 5!>)>
) - atosti))

X exp (a log <

T T
W + 5’) — alog <|qh/k|>> x exp (alog(|7]) — alog(|T + 4]))

g"/*

-
g

T
qh/*
X exp <a log <

as follows. The proof of Proposition 3 [16] can be applied to the second and fourth lines of (?7?)

which yield

2.7 e (s (1082 (|| ) 10w (7D ) ) = 5212,
and

(2.9 exp (atog |7 ) - atontil)) =%,

respectively. It is straightforward to check that the expression in the fifth line of (??) is upper
bounded by

(2.9) Ca1(q"*),

for some positive constant C's;.
We give upper bounds for the first line in (??). In the case that |7/¢"*| < 1, this expression
is upper bounded by a constant which does not depend on 7 nor h. Otherwise, we have

(2.10) exp (210';((]) <log2 < thW +5’> — log? ( >>)

-
qhi*

K T T
< (g (2" (|| +9) 12 (|75])))
< sup exp(=——(log?(x + 8)) — log?(x)) < Cha,

x>1 2 IOg(Q)

for some C3y > 0. We finally provide upper bounds on the third line of (??). Taking into
account that

1) 1) ~
(2.11) log? |7| — log? |7+ 0| = — log? 11+ ;\ —2log|7|log |1 + ;\ < (Cs3, T€Uy
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for some Cs3 > 0. From (2.2), (2.4), (?7), (?7), (??), (??), (??), and (??) we derive the existence
of C31,C32 > 0 such that

A jd K ) 2 K
C<Ca ) llenlls (SUP \T\h(l_k)) gzt ar (1)

h>0 Tely
h
- 1/(2k)
<0y <q - ) < C5C,
h>0

which yields the result, when choosing T' > ¢'/(). O

Remark: Observe that condition (7?) on the coefficients ¢;, is always satisfied in the case
that only a finite number of ¢, is not identically zero, i.e. r € E(g ,[7].

2.2. Second family of Banach spaces of functions with g-exponential growth and
exponential decay. The second family of auxiliary Banach spaces has already been studied
in previous works, such as [10, 16]. We refer to these references for the proofs of the related
results.

Let S; be an infinite sector of bisecting direction d and let v € R.

Definition 2.7. We write Expzlk B.u) for the wvector space of continuous functions
(,m) — h(r,m) on Sy x R, and holomorphic with respect to 7 on Sy, such that

_klog?|r|
21og(q)

is finite. It holds that (Expt(zkﬁyﬂyy), [l¢k,5,5u,)) is & Banach space.

IR m) e ppmy = Sup (1 + [mlyreim eXp<

log m) Ih(r, m)|
TESy,MER

it holds that f € Exp? and

Remark 2.8. Let 0 < k1 < kg. For every f € Exp?ﬁ (2, B.p0)’

1,8,1,1)°
Hf(7-7m)H(/i2,,B,u,u) < Hf(T7 m)H(nl,,B,,u,,u) :
The proof of the following lemma is a straightforward consequence of the definition.

Lemma 2.9. Let a(1,m) be a bounded continuous function on Sq x R, holomorphic on Sy with
respect to 7. Then,

la(r,m) f (T m) |k gy < supal(r,m)[ 1 F(7,m)l g g .0)

€Sg,meR
for every f(r,m) € Exp‘(]k757#’y).
Proposition 2.10. Let 1,72 > 0 and v3 € R such that
(2.12) Y1+ kY3 > .

Let a., (1) be holomorphic on Sq, with

1
|CL71(7')| S W, T E Sd.

Then, there exists Cy > 0, depending on k,q,v,v1,72,73 such that
Ha% (T)TWU;;—B (Tv m)H(k,ﬁ,u,u) <y Hf(Ta m)H(k,B,,u,zz)

q
for every f € Ezp(k,ﬂ,,u,u)'
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q
Proof. For every f € Exp(kﬂ%y) we have
@, (T) 7720 72 f(r,m H (k. B,p10)

Eklog? |7|
< sup (14 |m|))HeI™ exp <— —vlog|r| | ————
reSD L F ) 2logle) 81T e

klog? 3 klog? 3
% exp _M_mgwqm exp Mwlogwm
2log(q) q

The result follows from the condition (2.7). O

Following the same lines of arguments as in Proposition 2.6, we deduce the next proposition

Proposition 2.11. Let b(m),Q(X), R(X),cy for h > 0 and ¢i(1,m) be chosen as in Propo-
sition 2.6. For every f(r,m) € Ezp((]kﬁ TR holds that b(m)pg(T,m) *gl/k f(r,m) belongs to
Exp‘(’?k B.n) and there exists Cy > 0, depending on u,q,v,k, Q(X), R(X), such that

[bm)en(rm) «&yp frm)|| < COLLF M)

(k,B,u,v)

3. FORMAL AND ANALYTIC OPERATORS INVOLVED IN THE STUDY OF THE PROBLEM

The main properties of some formal and analytic transformations are displayed for the sake
of completeness. In this section, [E stands for a complex Banach space.

The definition and main properties of the g-analog of Borel and Laplace transformation in
several different orders can be found in [4, 18]. The proofs of the following results can be found
n [16].

Let ¢ > 1 be a real number, and k > 1 be a rational number.

Definition 3.1. For every a(T') = }_, ¢ anT™ € E[[T]] we define the formal g-Borel transform
of order k of a(T") by

n

5 . T
Bk (a(T))( Z anm E{[7]].

n>0

Proposition 3.2. Let 0 € N and j € Q. Then, it holds
7_0'

. o B j-
Byie(T?05a(T))(7) = W%

for every a(T) € E[[T]].

=[Q

(B u(a(m))(m),

The g-analog of Laplace transformation as it is shown was developed in [5]. The associated
kernel of such transformation is the Jacobi theta function of order k defined by

n(n—1)
l/k Zq 2% " R

ne”Z
which turns out to be a holomorphic function in C*. It turns out to be a solution of the
g-difference equation

m m(m+1)

(3.1) Ou/k(grz)=q 2 2O,k (z),
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for every m € Z, valid for all x € C*. As a matter of fact, the inverse of the Jacobi theta
function of order k is a function of g-Gevrey decrease of order k at infinity in the sense that for
every 0 > 0 there exists Cyj > 0, not depending on ¢, such that

5 k log? 2| 1/2
. > =
(3.2) 0,11(@)] = Cypdexp <2 ) ) 141

for # € C* under the condition that |1+ zq¢% | > 4, for every m € Z.
Definition 3.3. Let p > 0 and Uy be an unbounded sector with vertex at 0 and bisecting

direction d € R. Let f : D(0,p) UU; — E be a holomorphic function, continuous on D(0, p),

such that there exist K > 0 and « € R with
klog? |z|
flx SKexp(+alogaz , ze Uy |x|>p,
17)le Sl ] 2]

and B
[f@)llg < K, 2 € D(0,p).
Set w1k = logk(q) ano(l - W)_l. We define the g-Laplace transform of order & of f along

direction d by
1 flu) du
[/d. T) = )
@) = | o

where Lq := {te’ : t € (0,00)}.

We refer the reader to Lemma 4 and Proposition 6 in [16] for the proof of the next results. The
algebraic property held by ¢-Laplace transformation would allow to commute some operators
with respect to it.

Lemma 3.4. Let § > 0. Under the hypotheses of Definition 3.3, we have that Eg;l/k(f(a:))(T)
1

defines a bounded and holomorphic function on R ;5 N D(0,71) for every 0 < r; < q(ﬁfa)/k/Z,

where

retd

)

(3.3) Rdg::{TeC*:’1+

>5, forall7“>0}.

A different choice for d modulo 2nZ, would provide the same function due to Cauchy formula.

Proposition 3.5. Let f be a function which satisfies the properties in Definition 3.3, and let
6 > 0. Then, for every o > 0 one has

1ot @) = Lo (ot @) (@)

for every T € R; 5N D(0,71), with 0 <ry < q(%fo‘)/k/z
Another operator which is used through the work is the inverse Fourier transform.

Proposition 3.6. Let f € Eg ) with B > 0, p > 1. The inverse Fourier transform of f is
defined by

1 o0
F (=) = W /_OO f(m)exp(ixm)dm
for all x € R. The function F~1(f) extends to an analytic function on the strip
Hy = {z € C/|Im(2)| < 8.
Let ¢(m) =imf(m) € E(g 1) Then, we have

0. F (f)(2) = FH(9)(2)
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for all z € Hg.
Let g € Eg,,y and let ¢p(m) = Wf * g(m), the convolution product of f and g, for all

m € R.
From Proposition 2.5, we know that ¢ € Eg ;. Moreover, we have

FHHERF H9)(2) = FH)(2)
for all z € Hg.

4. FORMAL AND ANALYTIC SOLUTIONS TO SOME AUXILIARY CONVOLUTION INITIAL VALUE
PROBLEMS WITH COMPLEX PARAMETERS

Let 1 < ki < kg and D, Dy, Dy > 3 be integers and define k=t = kfl - k:;l. Observe that
Kk > k1. Let ¢ > 1 be a real number. We also consider the positive integer numbers dp,,dp,.
For every 1 < £ < D — 1 we consider nonnegative integers dy, 6y > 1 and A, > 0. We assume
that

(4.1) 0 = 1, 0y < (5@+1,
for 1 </ < D — 2. We also assume that

1
(4.2) Ay > dy, L+@+1>5b @—{-125(,
K ko k1

for every 1 < /¢ < D — 1, and also
(4.3) kl(dDQ — 1) > /{del.
Let Q(X), R¢(X) € C[X] for 1 <¢< D —1and Rp,, Rp, € C[X], such that

(4.4) deg(RD2) = deg(RDl),
and
(4'5) deg(Q) 2 deg(RD]’) = deg(RZ)v p—1> deg(RDj)v Q(lm) # 0, RDj (lm) # 0,

for some p > deg(Rp,) + 1 with j =1,2, forallm e R, 1 </ < D — 1.
We consider sequences of functions m — F,,(m, €) and m +— Cp,,(m, €) for n > 0 belonging to
the Banach space Eg ) for some 8 > 0, depending holomorphically on € € D(0, ¢p), for some

€0 > 0. We moreover assume there exist C’g, Cp,Ty > 0 such that

~ 1 n _ nk
(46)  [Crnll g, < Ce (To) ]

We define the formal power series in Eg ,)[[1]

«(T,m,€) Zan m,e)T F(T,m,€) = ZFn(m, e)T".
n>0 n>0

We consider the following initial value problem
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(4.7) Q(im)ogrU(T,m,¢€)

Dy 1y dD2 +1
= Tleaq’f} Rp, (im)U(T,m, €) + T%20 "2 o1 B, (im)U(T,m,e€)
1 ‘oo
Ag—dgrpd, 6 .
+Z gl <(27r)1/2 N C’g(T,m—ml,e)Rg(zml)U(T,ml,e)dm1>

+ (TqVTF(T, m,e).
Proposition 4.1. There exists a um’que formal power series

(4.8) U(T, m,e€) ZU (m,e)T",

n>0

solution of (4.7), where the coefficients Uy, (m, €) belong to Eg ), for 8 > 0 and p > deg(Rp,)+1
Jj € {1,2}, given above and depend holomorphically on € € D(0,€).

Proof. We plug the formal power series (4.8) into equation (4.7) to obtain a recursion formula
for the coefficients U, for n > 0. We have

Q(im)U,(m,€)q" =

L) (n—d d.&_i_l n—d
Rp, (im)Un_le (m, E)q( " )( o + Rp, (im) Un—dD2 (m, 6)‘]( w2 )( 22)

D—
—d» (- 1 Foo )
+ Z A deq( dg)de Z W . Cﬁ,m (m —myq, 6)Rg (Zml)Un2 (ml, G)dm1

ni+ns=n—dy
+ Fr(m, €)q"

for every n > max{dp,,dp,, maxi<¢<p-1de}. Due to Cy,, F, € Eg,) for every n > 0 and
1 <l<D-—1, we get U, € E(g ) by recursion. We observe that Proposition 2.5. is applied in
the recursion. O

4.1. Analytic solutions of a first auxiliary problem in the ¢g-Borel plane. We proceed to
multiply at both sides of equation (4.7) by T*1 and then apply the formal g-Borel transformation
of order ki with respect to T'. Let ¢, ¢(7,m, €) be the formal ¢g-Borel transform of order k; of
C’g(T,m,e) with respect to T, and Wy, (7, m,¢€) the formal ¢-Borel transform of order k; of
F (T, m, €) with respect to T. More precisely, we have

n

O T
Pry £(T, 10, €) Z tn(m; €) (gl /R yn(n=1)72"

n>0
n
(49) \Ijk1 T,m, 6 ZF m, 6 1/k1)n(n 1)/2°
n>0

According to Lemma 5 of [16], the expression Wy (7,m,€) represents an entire function of
g-exponential growth of order k; that belongs to the Banach space Exp((]N Boiscp) since k > kq,

1
provided that a satisfies Ty > ¢?*1 /q®/*1, for any unbounded sector Uy and any disc D(0, p).
More precisely, we have

(4.10) Wk, (7,17, )|k, p.00p) < Cwy,y

for some constant Cy,, > 0, for all € € D(0, €).
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In view of the properties of the ¢-Borel transformation of order k1, we arrive at the equation

. Tkt . TdD1+k1
(4.11) Q(””)kal (r,m,€) = Rp, (Zm)( e )(dD1+k1)(dD1+k1—1) W, (T, M, €)
q 2 qt/k 2
dp,+k1 dp. (L -1 k1
. T 72 Do\%g % T
+ Rp, (im) (@py k) (dpy Th1—1) 747 (% l)wkl (1,m,€) + = Vi (7571, €)

(q'/kr) 2 (¢t/F) =

bl dy+h _dg 1
Ag—d T k R

+ Z et Z( 1) (g k)t =D Tgr <(27r)1/2 Phy (T, m, €) *Q§li/k1 Wiy (7,m, €)>
/=1 q

where wy, (7, m, €) stands for the formal ¢-Borel transformation of order k; of U(T, m,€) with
respect to T'. Observe the appearance only of negative powers of the dilation operator in each
one of the terms in the sum of the right-hand side of the equation.

We assume an unbounded sector of bisecting direction dg r, € R exists,

SQ.Rp, = {2 € C:[z| = rq,rp, . |arg(z) — do,rp, | < VQ.Rp, }

for some rq R, s VQ,Rp, > 0, in such a way that

Q(im)
—— €S )
Rp, (im) ~ ~@f
for every m € R. We factorize
Q(im) Rp, (im) d
Pm,l(T) = k(-1 T ik Ydp. +h—1) | b1
(ql/kl)il 7 (g1/*1) 2 e B
in the form
, dp, —1
Rp, (im)
Pmrl(T) == (leih)(leJrh*l) H (T o qe(m)),
(ql/kl) 2 £=0

with

I

Zint < Q(2m> 1/dp, qu1;';1’“1—1
)

= ap
QZ (m) € ! RDl ('Lm

for every 0 < ¢ < dp, — 1. Let Uy be an unbounded sector, and p > 0 such that the following
statements hold:

1) There exists M; > 0 such that |7 — ge(m)| > Mi(1 + |7|) for every 0 < ¢ < dp, — 1,
m € R, and 7 € U;UD(0, p). An appropriate choice of rQ,Rrp, and p yields [ge(m)[ > 2p
for every m € R, and 0 < ¢ < dp, — 1. In the case that VQ,Rp, 18 small enough, the set
{@e(m) :m € R,0 < ¢ < dp, — 1} stays at a positive distance to Uy, and it can be chosen
with the property that go(m)/7 has positive distance to 1 € C for every 7 € Uy, m € R
and 0 </ <dp, —1.

2) There exists My > 0 such that |7 — g/(m)| > Ma|q/(m)| for every ¢ € {0,...,dp, — 1},
m € R and 7 € Uy U D(0, p). This is a direct consequence of 1), for some small enough
My > 0.

In order to prove the following upper estimates in (4.13), we make use of 1) for all ¢ €
{0,...,dp, — 1}, except for one of them, say {y, for which 2) is applied. The previous conditions
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yield the existence of C'p > 0 such that
(4.12) [P (7)]

5 ater 1y B ()| A+ 7)™ 1Q(im)| Hdpy bl
o (qU/kn) PRI | R, (im))

> Cp(rq.rp, )"/t | Rp, (im)| (1 + 7)) 7,

for every 7 € Uy U D(0, p), and m € R.
The next result states the existence and uniqueness of a solution of (4.12) in the space

Exp‘(zl€ Bojcup)’ provided its norm in that space is small enough.

Proposition 4.2. Under the Assumptions (4.1), (4.2), (4.3), (4.4) and (4.5), there exist
TQ,Rp, > 0, a constant @ > 0 and constants s,,sy > 0 such that if

(4.13) Ce<sp Cy,, <<w,

forall1 < ¢ <D —1 (see (4.6) and (??)), then the equation (4.12) admits a unique solution

w,‘fl (1,m,€) € Ea:p?ﬁ ) with ngl (1,m, €| < @, for every e € D(0,¢€p).

,ﬂ,/.t,Oé,p (f‘i,ﬁ,[t,a,ﬂ)

Proof. Let € € D(0,¢€p) and consider the operator H, defined by

Rp,(im) 7D dp (L*i>

1 — 2\ %y T F

He(w(r,m)) := : (dpy +k1)(dp, +h1—1) ogr -0
3

w(T, m)

Pm,l(T) (ql/k1)

dy

D-1

+ E ehede ™ U;Se;ail ( : Ok, 0(T, M, €) *Rti g W(T m)>

dp+ky)(dp+ky—1 ) 1y ’ ’ . )
=1 Py () (g1/in) (2m)1/2 Gl/k

1
Py (7) (")

Note that a fixed point of H?(w(7,m)) will lead to a convenient solution of (4.12). To apply the
fixed point theorem, we are going to prove successively two facts.

+ Uy, (1,m,€).

ky(ky—1)
2

(1) One may choose small enough ¢, sy, > 0, and large enough rQ,Rp, >0 such that
(4.14) HL(B(0,w)) € B(0,w),

where B(0,w) stands for the closed disc centered at 0, with radius @ in the Banach
space Exp‘(lig Boap)”
(2) It holds

1
(4'15) HHi (wl (7—7 m)) - ,Hi (w2(7—7 m)) H(,i757ma7P) < 5 le (T, m) - w2(7—7 m) H(m,ﬂ,u,a,p) s

for every wi(7,m), wa(1,m) € B(0,w).

Proof of (4.15).

We first check (4.15). Let w(r,m) € Exp‘(lﬁﬁu ap)”
With (4.2) and the definition of k, we find that dp, — 1 + k(d¢/k1 + 1 — d¢) > dy and
(

d¢/k1+1—0, > 0. Thus, taking into account assumptions (4.1), (4.5), regarding (4.13) together
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with Proposition 2.3 and Proposition 2.6 we get

(4.16)
dg S—2L 1 1
Ay—d T CF R
et (g b)) gtk =) 04T ! <(2 )1/2 ‘PkLE(Ta m, €) *q;li/kzl w(T, m)>
P (7)(gHk) 2 i (,B.1,0)
Ag—d C1C3¢,
<et " [w(r,m) -
(dy+kq)(dgthy—1) ) (K, B,1,00,p)
() B O 1y )1 (21
Gathering Lemma 2.2, we get
H : W, (7m, )
_ ke \T, M, €
Py, (7)(gV/kr)fr(ka=1)/2 75 (5 Bo1,000)
(4.17) : !
. < sup ——Gy.
(q"/k1)k1 0 =D/2Cp (rg )P0 mek | Ry (im)]
Condition (4.4) and the application of Proposition 2.3 and Lemma 2.2 yields
Rp,(im) 74D dpy (;%*;%)
Pm21(7') 1k (dp,+k1)(dp,+k1—1) ggr 7 w(T,m)
T (g k) 2 (1 .101,0)
|Rp, (im)] Ch
(4.18) < sup ; (dp, +k1)(dp, +k1—1) «@-
e HD ] (1)) P22 g )
An appropriate choice of rq, Rp, > 0, @, <w, 5o > 0 gives
D—1
v C3,C1 -
0 (dp+k1)(dp+ky—1)
=1 (qVk0) =2 Cplrg.rp, ) Y/4Pi (2m)1/2
. 1
su
(/B =D2Cp(rg ) 7401 mek [, (im)] ™
|Rp, (im)| Chrw
(4.19) + sup . @ < w.
D +k1)(dD +k1—1)
meR [Rp, (im))| (g!/*1) ———2 CP(?“Q,RDl)l/le
Regarding (4.17), (4.18), (4.19) and (4.20) one concludes (4.15).
Proof of (4.16).
We proceed to prove (4.16). Let wy,ws € Exp‘g&ﬁ%a’p). We assume ||wg(T, m)H(mB,u,mp) < w,

¢ =1,2, for some w > 0. Let E(r,m) := wi(7,m) — wa(r,m). On one hand, from (4.17) one
has

Ayg—dyp -dy S _dl_l 1
€ T LTk R
(dg k) (dg k1) 04T 1 ((2%)1/2 Ok (T, M, €) *q;li/kl E(1,m)
Pr1(7)(q' /%) 2 (.Bop0,0)
(4.20)
Ag—d C35,Ch
<e [ E(r,m)| :
> (dp+k1)(dgtky—1) ’ (,8,1,01,p0)
(q/kr) 2 Cp(rq.rp, )"/ (27)1/2

On the other hand, (4.19) yields
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Rp, (im) r0s o2 (5750)
L !

(K,8,11,06,p)
| Rp, (im))| &
(421) = SUD R, (im)| e Eo T, T ) i 1B (T, M) x,5,1.0,0) -
(g'/*1) 2 Cp(rQ.rp, )"
We choose rq,r,, >0, ¢ > 0 such that
D-1
(De—d C36,C1
0 (dp+k )(d Thi—1)
— (ql/k ) ¢FFk1)(dgtky — CP(TQ,Rpl )1/ch1 (27r)1/2
|Rp, (im)] Ch 1
(4.22) + sup P2 DD <3
et WD) (110 P gy e

The statement (4.16) is a direct consequence of condition (4.23) applied to (4.21) and (4.22).

Let us finish the proof of the proposition. At this point, in view of (4.15) and (4.16), one
can choose w > 0 such that B(0,w) C Expc(lH Boap)’ which defines a complete metric space

for the norm ||| y- The map H! is contractive from B(0, ) into itself. The fixed point

(I‘{/7/B7l”/7a7p _
theorem states that H! admits a unique fixed point w,‘cll (1,m,€) € B(0,w) C Exp‘(]m@ juap) TOT
every € € D(0,€p). The construction of wgl (1,m,€) allows us to conclude that it turns out to
be a solution of (4.12). O

The next step consists of studying the solutions of a second auxiliary problem. This problem
lies in a second g-Borel plane and its solution would guarantee the extension, with appropriate
growth, of the acceleration of the solution to our first auxiliary problem, described in (4.12).

We set

Tl

(4.23) W, (T,m,€) ZF m, ) (gt/k2)n(n=1)/2

n>0

the ¢-Borel transform of order kg of F (T, m,€). According to the second condition of (4.6), the

expression Wy, (7, m, €) stands for an entire function of g-exponential growth of order ks which
1

belongs to the Banach space Exp?k2 B0) provided that v € R satisfies Ty > 22 / q"/*2 for any

unbounded sector S;. More precisely, we have

(4.24) W5y (7m0, €) | (1 ,00) < Crw,

for some constant Cy,, > 0, for all € € D(0, €).

4.2. Analytic solutions of a second auxiliary problem in the ¢-Borel plane. We mul-
tiply both sides of equation (4.7) by T*2 and apply formal ¢-Borel transformation of order ko
with respect to T'. In view of the properties of g-Borel transformation, the resulting problem is
determined by
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Th2

kg(kg—1)
2

(q'/k2)

= RD1 (zm)

(4.25) Q(im)

Wiy (T, M, €)

d k 1 1
ot () g
(dD1+k2)(dD1+k2*1) an— k2 \T5 €
2

(q"/*2)
TdD2+k'2 A
(dp, +k2)(dpy +hy—1) W, (1, M, €) +
2

Th2

ko (kg —1)
2

(q'/k2)

+ Rp, (im) U, (1, M, €)

(q/k2)

D—-1 d,+k d

+ E ¢Ae—de ot J6E_é_1 # (1,m,€) e (1,m,€)

(dgtk2)(dgtha—1) OO @ )1/2907@,@ s @1 /ky Wha\T, 1Y, .
=1 (q'/k2) 2 T

Here wy, (1,m,€), Wi, (7,m,€) and ¢y, (7,m,€) stand for the formal g-Borel transform of

N

order ko of U(T,m,¢€), F(T,m,e) and Cy(T,m,e).
We consider our second auxiliary problem, namely

ko
. T
(426) Q(Zm)(l/k)mwkg (T, m, 6)
q/r2 2
dp, +k2 dp. (L -1
. T Di\%1 "%
- RD1 (lm) (dp, +k2)(dp, +k2—1) Oq,r ( ! 2>wk2 (Ta m, 6)
(q*/k2) 2
‘ TdD2+k2 k2
+ Rp, (im) (dp, Th2)(dp, tha—1) W, (T, M, €) + mwkz (m,m, €)
(ql/k’g) 5 (q 2) 2
bl dp+ko S,—3 _q
Ag—d T % 1 R
+ Z et é( 1/@)(@%2)(52%2_1) Ogr ° <(27r)1/2 Phy (T, M, €) *q;’i/lm ka(T,m,e)> )
/=1 q

We assume an unbounded sector of bisecting direction dg r,,, € R exists,

SQ,Rp, = {Z € C:|z| = rqrp,, larg(z) —drp,| < VQ,RDQ}»

for some v, Rp, > 0, in such a way that

Q(im)
Rp, (im) © 5Q Ry
for every m € R. We factorize
Q(im) Rp,(im) d
Pm72(7-) = (ql/k2)k2(k2271) - ( 1/]{; )(dD2+k2)(dD2+k271) T b2
g/ 2
in the form
dp,—1
Rp,(im) 2
P (1) = = (g T+ dpy T2 T [ (7= a2(m)).
(q'/*2) 2 (=0

Let S; be an unbounded sector with small enough aperture in such a way that:
1) There exists My > 0 such that |7 — gga(m)| > Mi2(1 + |7|) for every 0 < ¢ < dp, — 1,
m € R, and 7 € Sy.
2) There exists My > 0 such that we have |7 — gra(m)| > Mas|gea(m)| for all
te{0,...,dp, — 1}, meRand 7 € Sy.



PERTURBED ¢-DIFFERENCE-DIFFERENTIAL EQUATIONS WITH HOLOMORPHIC COEFFICIENTS 19

In the following estimates, we apply 1) in the previous assumption to all indices ¢ €
{0,...,dp, — 1}, except for one of them, say ¢y, that we apply 2). This yields the existence of
Cpa2 > 0 such that

(4.27) |Pona(7)| = Cra(rq.rp,) P2 [Rp, (im)|(1 + |7[)*P2 71,
for every 7 € S4, and m € R.
Proposition 4.3. Under the hypotheses (4.1), (4.2), (4.3), (4-4), (4.5) and those on the ge-

ometry of the problem, there exist TQ.Rp, @ > 0 and Sy, sy > 0 under (4.14) such that for

every € € D(0,€y), the equation (4.32) admits a unique solution wgz(r,m,e) in the space

Exp'(zl7€2 ) for v € R and depends holomorphically with respect to € € D(0,¢ep). Moreover,

ngQ (Ta m, 6) H (k2,B,1,v) S w-

Proof. Let € € D(0,¢). We consider the map H2 defined by

Rp, (im) 701 i, (&%)
2 4D 1\k k&
(4.28) Hc(w(r,m)) = P, 1 (1) Gp TRp T 04T w(r,m)
m,2 (ql/kg) 3
D-1 dyg §,—3e _q
A,—d T [ 1 R
+ o —0gr > <cpk o(rymue) x4 w(T, m))
;; Puna(7)(g}/ha) 25 (2m)1/2 7 w1k
1
+ iy Yk (T, M €).

Prna(7)(q"/h2) "2

Note that a fixed point of H2(w(7, m)) will lead to a convenient solution of (4.32). To apply the
fixed point theorem, we are going to prove successively two facts.

(1) One may choose small enough ¢,, <y, > 0, and large enough ¢, Rp, >0 such that
(4.29) HZ(B(0,w)) € B(0,w),

where B(0,w) stands for the closed disc centered at 0, with radius = in the Banach
(2) It holds

1
(430) [ HEGr(rm)) = HE 27 | 4 0y < 5 1007 = 027 )y 0

for every wi (7, m), ws(r,m) € B(0,w).
Proof of (4.35).

We first check (4.35). Let w(r,m) € Exp‘(]k%ﬁ,”,y).

With (4.2), we find that dp, —1+ka(dy/ka+1—0d¢) > dy. Taking into account assumptions (4.1),
(4.4), (4.5), regarding (4.33) together with Lemma 2.9, Proposition 2.10 and Proposition 2.11
we get

d _dg _
eAe—de T o kg 1< 1

R
71/2901:2,5(77 m,€) *o1 ks w(T, m)

(dp+ko)(dg+ko—1) Oq,7
P2 (7)(q'/k2) 2 2m) (k2,B,11,0)
(4.31)
Ap—d C4Css,
< gt - lw(mm)l 1y 800 -

(dgtka)(dgtkay—1)
2

(ql/k?) CP’Q(TQJ{DZ)l/dD? (271')1/2
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Gathering Lemma 2.9 we get

1
H P, Q(T)(ql/k2)k2(k2—1)/2 Wy (1,m, €)

(k2757:u‘71/)

1
sup

4.32 <
( ) - (ql/kQ)k’z(kz—l)/QCp’Q(TQ’RDQ)1/dD2 meR |RD2(Zm)|

SWo,

for some qy,. Observe that Gy, tends to 0 when ¢y does.
Condition (4.4), and the application of Proposition 2.10 and Lemma 2.9 yields

. d
Fodim) e (),
B 2(7') 1/k (dp, +k2)(dp, +ky—1) ~ DT ’
S (g4 k) 2 (k2 Bp1)
| Bp, (im)] Cy
(4.33) < sup - ETE T r——— w.
me B0y (M)l (1) 222 0, )V
An appropriate choice of rq, Rp, > 0, @, <, w > 0 gives
D-1
Z De—de C36,Cy -
0 (dp+ko)(dg+ko—1)
= () I E— CP’2(rQ’RD2)1/dD2(27T)1/2
. 1
sup - N
(q1/+2)k2(k2=1)/2Cp5 (rq rpy, )/ ¥P2 mek [ R, (im))]
Rp, (i C
(4.34) + sup ip, (Zm)’ dp, +kz)(d k4f < w.
meR | R, (im)| 1/k (D, th2)p, a7 ) 1/dp
(q'/*2) 2 Cpa(rq,rp,) ' "P2

Regarding (4.37), (4.38), (4.39) and (4.40) one concludes (4.35).
Proof of (4.36).

We proceed to prove (4.36). Let wi,we € Exp((]k%ﬁ,u,y). We assume |[we(7, m)| (1, 5,4.) < @

¢ =1,2, for some w > 0. Let E(1,m) = wy(7,m) — wa(7,m). On one hand, from (4.37) one has

Ag—dy T 64—%—1 1 A
‘ 1/k (dptka)(dgtka—1) Iq,7 (271')1/2 gpk%Z(Ta m, 6) *q;l/k:g E(T, m)
Ppa(7)(q /kz) 2 )
Ay—d 03§<pc4
S - VB )y 00 -
(ql/kQ)MCP,Q(TQ,RDQ)1/dD2 (27[_)1/2 ( %ﬂ)l’wl/)

On the other hand, (4.39) yields

. d
Roim) (e,
P, 2(7’) Lk (dp, +ke)(dp, +ko—1) ~ DT )
7 (q / 2) : (k275nu?l/)
[Rp, (im)| Cy
< sup - |E(m,m)|| .
(dD +k2)(dD +k2_1) ? (kQ’ﬂvﬂﬂ/)
mes [0, ()] (1) P52 0 (g ) 02
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We choose TQ,Rp, > 0,6 >0 such that

D-1

Z 60A£7dz (de+k2)(de+k2*§3§¢04

— (ql/kz)fcpg(rcg’RDQ)1/dD2 (27r)1/2

+ sup BDu(im) Gy <1
meR | Rp, (im)] (ql/k2)<dpl+k2>(zpl+k2 DCPQ(""Q,RDQ)I/dDZ 2

We conclude (4.36). Let us finish the proof of the proposition. At this point, in view of (4.35) and
(4.36), one can choose @w > 0 such that B(0,w) C Exp‘(zl€2 5,y Which defines a complete metric

space for the norm ||-[[(, 5,.,)- The map H?2 is contractive from B(0,w) into itself. The fixed
point theorem states that H2 admits a unique fixed point ng (t,m,¢e) € B(0,w) C Exp?k2 )

for every e € D(0,¢€p). The construction of w,i (1,m,¢€) allow us to conclude it turns out to be
a solution of (4.32). O

The existing link between the acceleration of wgl and w,‘fZ is now provided. Both functions
coincide in the intersection of their domain of definition. This fact assures the extension of the
acceleration of w,‘jl along direction d, with appropriate g-exponential growth in order to apply
g-Laplace transformation of that order to recover the analytic solution of the main problem
under study.

Proposition 4.4. We consider wgl(r,m, €) constructed in Proposition 4.2. The function
d d d d
T Eq;l/ﬁ(wkl (t,m,€)) := £q;1/n(h = wy, (h,m, €))(7)

defines a bounded holomorphic function in R, 5 N D(0,r1), for 0 <ry < q(%_a)/“/Q. Moreover,
it holds that

(4.35) L0 (wf (rom, @) = wf, (rm,e),  (rym.e) € S x R x D(0, e),

where 53 s a finite sector of bisecting direction d.

q
(n767/’l’7a7p).
bounds on 7 € Uy in order to apply g-Laplace transformation of order x along direction d. This

yields that for every ¢ > 0, the function Eg_l / H(wgl (1,m, €)) defines a bounded and holomorphic
function in R, 5 N D(0,r1) for 0 <7y < q(%_o‘)/“/Q.

In order to prove that (4.41) holds, it is sufficient to prove that Egl;l /I‘i(uh,ﬁf1 (1,m,€)) and wgg
are both solutions of some problem, with unique solution in certain Banach space, so they must
coincide. For that purpose, we multiply both sides of equation (4.12) by 7% and take ¢-Laplace
transformation of order x along direction d.

The properties of ¢g-Laplace transformation yield

Proof. We recall from Proposition 4.2 that wgl € Exp This guarantees appropriate

4Dy
(4.36) ﬁg;l/,{ (Tle wgl(T,’m, e)) — (ql/N)dm (dp,=1)/2dp, 04k Eiuﬁ(wgl)(ﬂm? €),

d 1 _ 1
(437) ‘Cg;l/n (TdD2 O'q’?? <k2 . ) wlacll (T7 m, 6)) = (ql/n)dDZ (dD271)/2TdD2 E;l;l/m (wlccl1)(7—7 m, E))
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Se+7E-1 1 R
(4.38) 52;% (szaqﬁ " <W90k1,£(77m75) *q: el/k wgl (7, m 6)))

~ So—t— 1 R
= (ql/N)de(de 1)/27-degq7T kg ﬁd d n <(277)1/2(pk1’£(7—’ m,€) qli/kl wgl (1,m, 6)> .
We claim that we have
R R
(439) ‘Cg;l/n <90k1,f(7—a m, 6) *q;i/k’l wgl (7—7 m, 6)) = (10k2,€(7—7 m, 6) *q;i/kg ‘C(C]l;l/n(wgl (7—7 m, 6))

This is a consequence of the change in the order of integration in the operators involved in
(4.45). This situation is different from that of (60) in the proof of Proposition 12 in [10]. Assume
the variable of integration with respect to Laplace operator is r. After the change of variable
7 = r/q"*, we reduce the study to that of Z in the proof of Proposition 12 in [10], with r
replaced by 71=". This last argument guarantees the availability of the change of order in the
integration operators involved in (4.45). We now give a proof of (4.45) under this consideration.

We have

R
Ef]l;l/n <(Pk1,é(7', m, 6) *q;i/kl wgl (T, m, 6))

1 /°° ( R d 1 dr
= Ohey.( mye)x 4wy (re',m,e) —
TqL/n ' Wi/l T O g1/ (Terld) '
1 /OO Z (Teld) R _ki d d 1 d’l“
= ———————Cyp(m,e) x* (og - wy, ) (re**,mye) | —————
k — ) ’ q,T k Y Y i
7rq1/n 0 TLZO (ql/ l)n(n 1)/2 1 @ 1/n (Ti_d) T

1 o0 (reid)n o . d(id —
= Z W Cgvn(m — mai, E>RE(Zm1)wk1 (7“6 q ky , M1, E)dml

7Tq1/n n>0
1 dr

r id :
r
@ql/n < er )

X

We make the change of variable 7 = r/ ¢"* to get that the previous expression equals

z n n 2/kq .
/ / Z /i /kl ety 72 Cen (M — ma, ) Re(ima Jwy, (Fe', ma, e)dm

Tqt/n n>0

=

X —_.

o (*) ;

T
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In view of (3.1), k;* = k~! + ky !, the change of order of the integrals and the dominated
convergence theorem, the previous equation equals

1 00 00 (,,:e )nqn /k1 » L
— gt/ / /Oo ;)(ql/kl)n(n—l)ﬂce,n(m —my, €)Re(imy)wy, (7', my, €)dmy
1 a7
<reld n/kz) n "+1) (feidqn/k2>n7
1/N BE—
o] n nn 1)/(2k) . W
T T / / 1/k1 =72 Cen(m — ma, ) Re(ima)wg, (7', ma, €)dmy

o0 n>0

dr

id n/k2
O i/ (re ) 7

) n 1 o0 ,wd feid,m €) dF
:/ > oyt Cenlm = mase) | Reima) / (TSm0 dr

1/k -1)/2 7% Feidgn/k =~
—o0 \ 30 (q / 2)"(” )/ 7qu/n @ql/n (relg_ 2) r

R d d
- (’OkQ’Z(T’ m, 6) *q;i/kg ’Cq;l/n(wkl (7_7 m, 6))7

from where we conclude (4.45).
On the other hand, we observe by direct computation that

(4.40) 52;1/,.;(‘1’191 (1,m,€)) = U, (1,m, €)

for every (7,m,€) € (R, 5N D(0,r1)) x R x D(0, €).
In view of (4.42), (4.43), (4.44), (4.45), and the last formula above (??), we derive that

Q(im) d

d
o= L e (Why ) (T, €)
2

(¢"/*)
‘ (ql/n)le(lefl)/2 dp, p 4
- (Zm)( 1/k )(dD1+k1)(dD1+k1—1) TPLogF ‘Cq;l/f‘é(w/’fl)(T’7n7 €)
q 1
dp,(dp,—1)
Rp, (1 (ql/n) ’ 74Dy rd d ! v
bR m)— e ) b,
(ql/k‘1) 3 (ql/kl) 2
D 1/ et =1) 4,
Ag—dyd (¢/%) = Oe— gy 1 1 d
+Z T l( 1/k1)§de+k1)<ge+k1*1> Tqr (271')1/2 SOk?vé(T’m’e) ql/k’z Lq 1/ﬁ(wk1)(7>mv €) ),
q

for every (7,m,¢€) € (R, 5N D(0,r1)) x R x D(0,e0). We multiply at both sides of the previous
equation by (g'/k1)k1(k1=1)/2 /(g1 /k2)k2(k2=1)/2  The fact that

(¢"/")

(D+k1)(D+ky—1)
(g!/*r) 2

ki(k1—1)

(¢"F) "2 1
(qL/k2) (ql/ka) PR

D(D-1)
2

kz(kz D

with D € {dp,,dp,,ds} entails that [’2;1/5(“}%1 (1,m,€)) is a solution of (4.32) in its domain of
definition.

Let S be a bounded sector of bisecting direction d such that S C C (Ry5 N D(0,11)) N Sa,
which is a nonempty set due to the assumptions on the construction of these sets. The functions
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E;l;l /N(w,‘f1 (1,m,€)) and ng (1,m, €) are continuous complex functions defined on 5’3 xRxD(0, €)

and holomorphic with respect to 7 (resp. €) on S4 (resp. D(0,€p)).
Let € € D(0,¢p) and put 2 = min{«, v}. It is straight to check that both functions belong to
the complex Banach space H, 3 ,.0), of all continuous functions (1,m) +— h(r,m), defined on

SS x R, holomorphic with respect to 7 in Scbl such that

Ky log?|7|

(7, m) 2 log(q)

sup (14 |m|)"e®m exp (
TESZ,mER

HH(kzyﬁyuyﬂ) - - Qlog ’ﬂ) ’h(’i‘, m)’

is finite. It holds that Lg;l/ﬁ(wgl (1,m,€)), w,‘f,Q (r,m,€) and Wy, (7,m,€) belong to Hy, 5,..0)
due to Proposition 4.2, Proposition 4.4. As we can see in the proof of Proposition 4.4, the
operator H? defined in (4.34) has a unique fixed point in H 1, p.u,0) provided small enough
constants ¢y,s, > 0, for 1 < £ < D — 1. Indeed, this fixed point is a solution of the auxiliary
problem (4.32) in the disc D(0,<) of H, 5.,,0), whilst EZ;I/K(wgl (1,m,€)), wgz(T, m, €) are both
solutions of the same problem, in the disc D(0, <) of H, (k2,8,1,0)» SO they do coincide in the domain
5S4 x R x D(0,¢€). Identity (4.41) follows from here. O

5. ANALYTIC SOLUTIONS TO A q-DIFFERENCE-DIFFERENTIAL EQUATION

This section is devoted to determine in detail the main problem under study, and provide
an analytic solution to it. It is worth mentioning that, although the techniques developed in
previous sections are essentially novel, once the tools have been implemented, the procedure of
construction of the solution coincides with that explained in Section 5 of [10]. For the sake of
completeness and a self contained work, we describe every step of the construction in detail,
whilst we have decided to pass over the proofs which can be found in [10].

Let 1 < k1 < ko. We define 1/k = 1/k; — 1/ky and take integers D, Dy, Do larger than 3. Let
q > 1 be a real number. We also consider positive integers dp,,dp,, and for every 1 < ¢ < D—1
we choose non negative integers dy,dy > 1 and Ay > 0. We make the following assumptions on
the previous constants:

Assumption (A): §; =1 and 0y < §yyq for every 1 <0< D —2.

Assumption (B): We have
dp, —1 dy

K

dy
—+1>94 — +1>9
+k2+ = 0¢, ]{?1+ = 0¢,

dp, — 1

2

Ay > dy,

Zéﬁ_lv

for every 1 < /< D —1, and
kl(dDz — 1) > kdel.

Let @Q,Rp,,Rp,, and R, for 1 < ¢ < D — 1 be polynomials with complex coefficients such
that

Assumption (C): deg(Rp,) = deg(Rp,), deg(Q) > deg(Rp,) > deg(Ry). Moreover, we
assume Q(im) # 0 and Rp,(im) #0forallm e R, 1 </ < D — 1.

Let SqQ,rp, and Sq,rp,, be unbounded sectors of bisecting directions dgr, €R and
dg, Rp, € R respectively, with

SQ.rp; = {Z € C:lzl 2 rqrp,: |arg(z) — do.rp, | < vQ.Rp, }

for some vg g, > 0, and such that
J

Q(im)

——_c S
RDj (im) © @fin;

for every m € R.
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Definition 5.1. Let ¢ > 2 be an integer. A family (&p)o<p<c—1 is said to be a good covering in
C* (in the € plane) if the next hypotheses hold:
e &, is an open sector of finite radius ey > 0, and vertex at the origin for every 0 < p < ¢—1.
e £§iN&#Dfor 0<j,k<¢—1ifand onlyif |j — k| <1 (we put & = &).
. U;;égp =U \ {0} for some neighborhood of the origin U.

Definition 5.2. Let (&,)o<p<c—1 be a good covering. Let 7 be an open bounded sector with
vertex at the origin and radius r+ > 0. Given € R and v € R we assume that

0<ep,rr <1, v+ k? ) log(rr) <0, a+ % log(eorr) <0, eory < q(%—V)/kz/Q_

log(q log(q
We consider a family of unbounded sectors Uy, 0 < p < ¢—1, with bisecting direction 0, € R,
and a family of open domains Rgp =Ry 5N D(0, egr7), with

re’op

Ry, 5 = {T cCr:

> 9§, for every r > 0} ,

for some & < 1. We assume 05, 0 < p < ¢—1is chosen to satisfy the following conditions: there
exist Sp, U D(0, p) and p > 0 such that
e Conditions 1), 2), Page 14 in Section 4.1 hold. Observe that, under this assumption,
Conditions 1), 2), Page 20 in Section 4.2 hold for S,,.
e For every 0 < p < ¢ — 1 we have Rn ng i1 # (), and for every t € T and € € &, we
have et € Rgp (where Ro, := Ra,)-

The family {(Rap 5)o<p<c—1, D(0, p), T} is said to be associated to the good covering (&,)o<p<c—1.

Let (&p)o<p<c—1 be a good covering, and a family {(Rap 5)o<p<c—1, D(0,p), T} associated to
it. For every 0 < p < ¢ — 1 we study the following equation

(5.1) Q(8:)oq1u’(t,2,¢€)
14y i
= (et)™P1a,}y "R, (0.0 (t,2,¢) + (et)'P20,[2 " Rp,(8:)u™(t, 2,¢€)
-1
Z thé (colt, 2,€) Re(0:)u® (8, 2,€)) + 0g1 f(t, 2, €).
=

The terms ¢(t, z,€) are determined as follows, for every 1 < ¢ < D — 1. Let Cy(T,m,€) be
the entire function in T', with coefficients in E(g ,) for some § > 0 and p € R, given by

(T, m,€) Zanme

n>0

such that 1 —1 > deg(Rp,), for j € {1,2}. Assume this function depends holomorphically on

e € D(0, ) and also the existence of Cy, Ty > 0 such that the left-hand side of (4.6) holds for
all n > 0 and € € D(0,¢p). We put

co(t,z,€) == F 1 (m— Cylet,m,e)) (2),

which is a holomorphic and bounded function on 7 x Hg x D(0, €p), with 0 < 8’ < 3. Indeed,
one can substitute 7 by any bounded set in C in the previous product domain.

The function f(t,z,¢) is constructed as follows. Let m +— Fy,(m,¢) be a function in Eg .
for every n > 0, depending holomorphically on € € D(0, ¢y). We also assume there exist Cr, Tj
such that (4.6) holds and define F(T,m,¢) =3, <o Fn T
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By construction, F (T, m, €) represents a holomorphic function in 7" on the disc D(0,7,/2)
with values in the Banach space Eg ), for all e € D(0,¢). We define

f(t,z,€) = F(m— F(et,m,e€))(2)

which stands for a holomorphic and bounded function on D(0, e9Ty/2) x Hg x D(0, €), for all
0<p <p.

Theorem 5.3. Under the construction made at the beginning of this section of the elements
involved in the problem (5.1), assume that the above conditions hold. Let (Ep)o<p<c—1 be a good
covering 1 C*, for which a family {(Rap 5)o<p<c—1,D(0,p), T} associated to this covering is
considered.

Then, there exist large enough rQ Ry, s7Q,Rp, > 0 and constants cg > 0 and ¢, > 0 such that
if

ég < Q’D, C < §¢

for all1 < ¢ < D —1, then for every 0 < p < ¢ — 1, one can construct a solution u®»(t,z,€) of
(5.1), which defines a holomorphic function on T x Hg x &,, for every 0 < 5 < j.

Proof. Let 0 < p < ¢ —1 and consider the equation

Dy 4Dy

+1 +1
Q(im)o, U (T m,e) =T%o L Rp, (im)U(T,m,e) + T%20,/2 " Rp,(im)U% (T, m, )

1 o0 ,
(5.2) Z Bemdide gl <W o OK(T,m—ml,e)Re@ml)U”P(T,ml,e)dml)

+aq7TF(T, m,e).

Under an appropriate choice of the constants ¢y and ¢, one can follow the construction in
Section 4.1 and apply Proposition 4.2 to obtain a solution U (T, m,¢€) of (5.5).

Regarding the properties of g-Laplace transformation, and from the results obtained in Sec-
tion 4.2, U (T, m, €) is the g-Laplace transformation of order ko of a function wzz along direction
0p, which depends on 7. Indeed,

[
1 wk;’(u,m,e) du

u D]
7Tq1/k2 Lo, @q1/k2 (T) u

(5.3) U (T, m,e€) =

for some Ly, C Sy, U {0}, and wzz (7,m, €) defines a continuous function on S, x R x D(0, €),
and holomorphic with respect to (7, €) in Sy, X D(0, €). In addition to this, there exists C o, > 0

Wk
such that

1
(5.4) |wZ’2’(T,m, | <C api)e —Blml exp<

1 1
— og? 1|+ v1og ).

ko
21og(q)
for some v € R. This holds for 7 € S;,, m € R, and € € D(0,¢9). Moreover, in view of
Proposition 4.5, the function wzp (1,m,€) and the g-Laplace transformation of order s of the
function wk ?(1,m, €) along direction 0} 5> Where eiD;RJ,_ C Sy, U {0}, depending on 7, coincide
in (S, N D(0,7r1)) x R x D(0,¢), for 0 < 7 < q(%fa)/“/Q, for some a € R. The function

o .
wy” (T, m,€) is such that

(5.5) ]wk (r,m,e)| < C i 1|)e Blm| exp(

I 1) 1 )
] og \T+ | + alog |1 + ])

21og(q)
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for some C o,,6 > 0, valid for 7 € (D(0,p) Ulh,), m € R and € € D(0,€p). This function

Wy,
is the extensfon of a function wyg, (7, m,€), common for every 0 < p < ¢ — 1, continuous on
D(0,p) x R x D(0, ¢) and holomorphic with respect to (7,¢€) in D(0, p) x D(0, ).
The bounds in (5.7) with respect to m variable are transmitted to U (T, m, ¢) as defined in
(5.6). This allows to define the function

u® (t,z,€) = F~ 1(m = U (et,m 6))(z)
(u,m e) du

(2m) 1/2 l/kQ/ L, @1/k2 et

which turns out to be holomorphlc on T x Hg x &,. The properties of inverse Fourier transform
allow us to conclude that u®(t, 2, €) is a solution of equation (5.1) defined on 7 x Hg x &,. [

— exp(izm)dm,

Proposition 5.4. Let 0 < p < ¢ — 1. Under the hypotheses of Theorem 5.3, assume that
the unbounded sectors Uy, and Uy, ., are wide enough so that Uy, N Uy,,, contains the sector
Us,, ={r € C* :arg(r) € [0p,0p+1]}. Then, there exist K; >0 and Ky € R such that

Op+1

ko
5.6 uPP L (t, 2, €) — uP(t, z,€)| < Kqexp (— log? €> ez,
(56) U1 (1,2, 6) — (1, 2,) oy e e ) I¢
foreveryt €T, z€ Hg, and e € E,NEpy1.
Proof. Let 0 < p < ¢ — 1. Taking into account that ng

construction of the functions U and U%+1 that £

o1 © Uy, NUs, ., we observe from the

T (Wi (r,m, €) and L) (wZ‘l’“)(T,m, )

coincide in the domain (Rap ﬂRDH OXRxD(0,€). ThlS entails the existence of w,? Op:Op 1 (1,m,€),
holomorphic with respect to 7 on Rg URg i1 continuous Wlth respect tom € R and holomorphic

with respect to € in D(0, eg) which coincides with £°7 ( ")(T,m,€) on Rgp x R x D(0, eg) and

¢;1/k
also with £} (wZ‘l’“)(T,m, €) on RY o1 X Rx D(0, ).

¢l/k
Let p > 0 be such that pe® ¢ Rg and pe®r+t € RY .1+ The function
wzp’ap“ (u,m,€)
U —2

@ql/ ko (%)
is holomorphic on Rgp U Rgp ., forall (m,e) € R x (£, N&Ey+1) and its integral along the closed
path constructed by concatenation of the segment starting at the origin and with ending point
fixed at pe®, the arc of circle with radius p connecting pe’® with pe®r+1 C Rgp .., and the
segment from pe®®+! to 0, vanishes. The difference u®»+! — u® can be written in the form

(5.7) u’rti(t, z,€) —u’r(t, 2, €)

/ / wk;’“ume) (i )dud
= exp(izm)—dm,
( 1/2 T qt/k2 Ly pi1P © qt/k2 (et) u
(u,m,€) du
- exp(izm)—dm
( 1/277 ql/*2 / /LD = @ qt/k2 et) p( ) u

/ / DP’DPH(U ™ ©) ex (izm)d—udm
(27‘( 1/27[' q'/k2 ] g/ k2 (et) P u ’

Cpopopia

where Ly, 5 = = [p, +00)e® for j € {p,p+ 1} and C50,,0,41 18 the arc of circle connecting pe’®
with pemp+1 (see Figure 2).
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FI1GURE 2. Deformation of the path of integration, first case.

Let us put

p’H (u,m, € d
i / / ka )exp(izm) N im .
/ ™ qt/k2 L, ot 10F © q'/k2 (et) U

In view of (5.7) and (3.2), one has

C +1 1/2  poo
I < iy |et|"/ / o—Biml-ms(z)__dm
B Cq,k25(277)1/2 7qu/kz —o0 (1 + ‘mDN

21og(q) 2log(q)

We recall that we have restricted the domain on the variable z such that |S(z)| < 8’ < 8. Then,
the first integral in the previous expression in convergent, and one derives

[ul
00 ko log2 kglog (6 )
x/ exp <20g|u’—i—ulog|ul> lu|=3/2 exp ) d|ul.
7

é . (1
L < w’“gﬂ (GOTT)UQ/ ex <k210g2|U|> ex —M |U‘V73/2d’u"
~ (2m)l/2 T/ke  Jp 2log(q) 2log(q)

for some C L1 > 0. We derive

Why
2 ( |u
log?lul  (Hs* () B e ,
2log(q) T oleela) | T -1 —21 log |t| — log? |t
eXp( 21og(q) P 21og(q) oxp 2]Og(q)( og” || og |e|log [t| — log” |t])

X exp (bga)(log |u| log |e] + log |u| log t)) .

From the assumption that 0 < ¢y < 1 and 0 < ry < 1, we get

ko . log(rT)
5.8 eXp (— log |€| log t> < |e| Tee(a) L
(58) toaty Bl 081 ) <

k .
exp [ —2—log |u| log e| | < |e|Tsta 8P,
log(q)
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forteT,ee & NEpy1, |ul > p, and also

k _ky "
659 exp (oo toglullogll ) < 77, if 5 < Jul <1

2
og(q)

k _koy
exp | —2—log [u|log | ) < |ul™s(0 0T if Ju| > 1,
log(q)

for t € T. In addition to that, there exists Ky, 5, > 0 such that

k
(510) Sup xﬁ IOg(ﬁ) exp <_

>0

2 2
1 < K, 54
210g(q) 0og (‘T)> = k2,p,q

In view of (5.11), (5.12), (5.13), and bearing in mind that the inequalities of Definition 5.2
hold, we deduce there exist K!e R, K2 > 0 such that

2 ( |y

<k’2 10g2 ‘U’> ex ks log (%) |’LL‘V < K2 exp( k2 log2 |€|> |€|I~<1

exp | ——— T ol = B ’
P 21log(q) P 2log(q) 2log(q)

fort € T,r > p, and € € £, N Epy1. Provided this last inequality, we arrive at

K2C s, ,
(601"7—)1/ /OO d|u| ko 9 71
5.11) I Dkp — 1
(5:11) hi< Y2 mame Jp o |ul3? xp 21log(q) og” [el ] le

~ ko 1
:K3exp<— 10g26> X,
2To2(d) el ) el

for some K3 >0, forallt € T, z € Hg,and e € £, N Epya.
We can estimate in the same manner the expression

/ / (u, m,€) (i )dud
exp(izm)—dm
1/27T /2 Ly, @ gV/k2 et) P U

to arrive at the existence of K4 > 0 such that

~ kz 2 kl
5.12 I, < K*exp (— log |e|> le|™
(5.12) 2log(q)
forallt € T,z € Hg, and € € £, N Ep+1. We now provide upper bounds for the quantity
ap,ap+1(u m,€) , du
I3 := 1/2 / / exp(izm)—dm)| .
7 q'/k2 Chop,0 p+1 © q'/k2 (€t) u
From the construction of wap’b”“(T, m, €), we have
1
0p,0p+1 < C —ﬁ|m|
|wk2 (U m 6)‘ ap (1 I ‘m’) )

for some C' e > 0, valid for u € Cj m € R and € € D(0, ¢p).

Wiy
The estimates with (3.2) allow us to obtain the existence of C’E};’;” 1> 0 such that

P0pdpt17

oo —fBlm|-mS(z) k2 10g2 (%)
5 < Copdri / C  dm|opy — 0t exp | - ;
Wy . (1 + |’I7’LD'“‘ ’ p+1 pH ’ p 210g(q)
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forallt € T, z € Hg, and € € £, N Epy1. We can follow analogous arguments as in the previous
steps to provide upper estimates of the expression

ko log? (%)

tl/QeXp N L
d 21og(q)

Indeed,

ks log? (i> 2 ko log(p)  kylog(p)
|t‘1/2 eXp _7'57” = exp <—M> ’6’ %og(gq)p |t| ?Og(g‘J)p
2log(q) 21log(q)

ko 2 2 1/2
exp —log” |e| — 2log |€|log |t] — log™ |t ) (A

From the assumption 0 < ¢y < 1 we check that

k _ ko
exp | — 2 loge|log ] ) < |¢[ et 807,
log(q)

fort € T, e € £ NEpy1. Gathering (5.13), we get the existence of K® e R, K% > 0 such that

ko log2 (%)

~ k 5
t1/2exp SKﬁexp<— 2 log2e> el X7,
g 2log(q) 2log(q) €l ) 1l
to conclude that
5.13 I3 < KTexp <— 2 log? e> ek5,
(5.13) SToctq) %71 ) e

for some K7 >0, allte T, z€ H g, and € € £, N Epy1. We conclude the proof of this result in
view of (5.14), (5.15), (5.16) and the decomposition (5.10).
O

Lemma 5.5. Let 0 < p < ¢ — 1. Under the hypotheses of Theorem 5.3, assume that
Us, NUs,,, = 0. Then, there exist Kpﬁ >0, Mpﬁ € R such that

0 0 ? d
'qu;?;/lﬁ(wkTrl)(Ta m, 6) - ﬁq?l/n(wkll))(ﬂ m, 6)

< ng*ﬁlml(l + |m|) " exp (—210,;((1) log? |T!> \T|M”E,

for every e € (E,NEpy1), T € (Rgp N Rgp+1) and m € R.

b
Opt1

to be a nonempty set because one can vary § in advance to be as close to 0 as desired.

Proof. We first recall that, without loss of generality, the intersection Rgp NR can be assumed
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Analogous arguments as in the beginning of the proof of Proposition 5.4 allow us to write
(5.14) L) (wpr™)(rym, €) = £ (wy?) (7, m, €)
g Ll/k 1 q;1/k 1
1 / wZ’l’“ (u,m, €) du
Tqt/e JL @ql/“ (%) U
1 / wZ’l’ (u,m,€) du
L 6)ql/“ (%) u

Op41:0

7Tq1/n Dp,ﬁ

N 1 / wg, (u, m, €) du
¢

@ql/"" (%) u’

o1 -
a'/" JCsp,0, 41

where p, Ly, 5, Ly, 5 and Cjp,0,,, are constructed in Proposition 5.4.

In view of (5.8) and (3.2), one has

I£ L 1 / wzll;(u7m76) d’LL
1 .
L

@ql/“ (%) u
xlog? |re®r 44| 0
Cogr e [ = (5 + aloglre™ +91) g
CXP | 2 TTog(9)

xlog? r

oo €xp ( ooy +alog 7")
< K 21 el [ TR a
| p o))
CXP | 2 Tog(g)

for some Kpﬂ > 0. Usual calculations, and taking into account the choice of « in Definition 5.2,
one derives the previous expression equals

Trql/N p,p

o0 klog|T| _
KE | 1Y2(1 4 [m]) eI exp (_ 10g2m>/ el s
7

K
2log(q)

Besides, we observe from direct computations that
O klog|7|
/ r logg(4> +Oﬁgdr
P
is upper bounded by a constant times |7|2, for every A < @ log(p). This yields

1
log? m) A+,

5.15 IF < K5,(1 + |m|) e Pl™l exp < r
(5.15) £ < KL+ pml) T

for some Kpﬁg > 0. Analogous arguments allow us to obtain the existence of Kp% > 0 such that

(5.16) If =

1 / wZZIH—l (u7 m, 6) du
L

1P @ql/'c” (%) u

[, — —_ K A 1
< K1+ e exp (- K tog? ) S+

7Tq1/m

for A as above.
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We write

Iél =

1 / wg, (u,m, €) du

u
Tgl/n cﬁ’ap,%+1 @ql/n (T) U

Regarding (5.8) and (3.2), one derives that

1 2| 19+6 o
szzf e—BIml Ir|1/2 Op41 EXP (%’g’?q)‘ + alog |pe? + 6\)

I5 < E e
7Tq1/:< (1 + ‘m|),u ﬁl/ch’,.€5 0 Hlog <‘ |)
exXp | 2 log(q)
—BIm| K log? (%)
< KL g2 A N AV
=l T T | "2 o)
with
C o 9/~
1 klog“(p+ ) -
KL, = [0p41 — 0y —2 . + alog(p+9) | .
Fi= oy =0l o (M atost 0
Let Kp 5 = K]f4 exp(— 210g( log (p)). It is straightforward to check that
rlog(p) e_ﬁlml K 10g2 ‘7-|
5.17 IE < KE 7|V st S ¢ <_ )
(17 7 = Kyl i+ e P\ Tout)
From (5.18), (5.19) and (5.20), put into (5.17), we conclude the result. O

Proposition 5.6. Let 0 < p < ¢ — 1. Under the hypotheses of Theorem 5.3, assume that
U, NUs,, = (. Then, there exist K3 > 0 and K4 € R such that

k1
5.18 ulri(t, 2, €) — uP(t, 2, €)| < K3exp (— log? 6) €54,
(5.18) 907 (12, €) = (2,0 < Ky exp (5t s tog? ) Ie

foreveryt €T, z€ Hg, and e € E,NEpy1.

Proof. Let 0 < p < ¢ — 1. Under the assumptions of the statement, we observe that one can
not proceed as in the proof of Proposition 5.4 for there does not exist a common function for
both indices p and p + 1, defined in Rgp U ng . in the variable of integration, when applying
g-Laplace transform. However, one can use the analytic continuation property and write the
difference u®»+1 —u® as follows. Let p > 0 be such that pe’® € R and pe®r+1 € RY 10 and let
Opp+1 € R be such that pelrrt1 lies in both Rgp and Rgp+1' We wrlte uPr (¢, z,€) — uP (¢, z, €)
as follows
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(5.19) uaP“(t Z,€) —u P(t Z,€)

wz:;’“ (u,m,€) o du
= 1/2 o exp(izm)—dm
( T qt/k2 L, pi1P qt/k2 (et) u

1 (u,m,€) ) du
CHLEL; e / /La @ e B (5] exp(zzm);dm
1 wpr ™ (u,m, ) . du
(271')1/2 T / /p0 o e (Et) exp(zzm)zdm

p,p+1:0p+1

/ / ap’ap“(u m, €) exp(izm) dudm
« ar
(277 @2m)1 /2 k2 O 17k (L) P u

p+1:9p

L£0P+1

' (w)r) (rm 6) £, (w?)(r,m,e)
T / / q 1K' "k Gl/K R exp(izm)d—udm.
e / L Loss ©/k (3) u

p,p+1

Here, we have denoted L, 5 = [p, +00)e for j € {p,p+ 1}, C5.6, 41,0541 18 the arc of circle
connecting pe®+1 with perrit, Cso . o s the arc of circle connecting pe’® with pefrrii,
Lo,

0,511 = [0, plePrrt1 | as it is shown in the following figure.

FIGURE 3. Deformation of the path of integration, second case.

Following the same line of arguments as those in the proof of Proposition 5.4, we can guarantee
the existence of K7 > 0 and K¥ € R for 1 < j <4 and 5 < k < 8 such that

J1 =

=L BT e L
expltzm m
(27 1/27T g1/ Loyoys Ogiiea O (%) u

2 ko 2 K5
<K -1
< Kjexp < 2Toe(d) og ]e]> le|™,
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(u,m, €) du
Jo = / / exp(izm)—dm
2 1/27T 1/k2 LO ~ @ 1/k2 et) p( ) U |
2 k2 2 K®
gngxp<— log e) €T,
2log(q) €l e
L1 2 wme) o du
Js = YTy P exp(izm)—dm
(27T) 7qu/l‘32 —00 cﬁvep,p+lvt‘p+1 @ 1/k2 (et) u
2 ks 2 K
Sngxp<— g e>e )
2log(q) €l ) 1
1 1 o0 wZZ’DPH(u m,€) ‘ du
Jy = ITYRTY P exp(izm)—dm
(2m) Tgt/ke J—oo Cr.0y pi10m © qV/*2 (et) u

2 k2 2 K?
<K, - 1
< Kiexp (52 102 ) e

We now give estimates for

1 1

g = —0n——
ST @m) 2 T,

Lo+ ( Op+1

L5 (wy )(u, m, €) — £Z?1/H(w2f)(u,m, €)  du
/ / — exp(izm)—dm]| .
L0p9 @ 1/kg (8) u

p,p+1

In view of Lemma 5.5 and (3.2), one has

J5<K7p£ 1 / * —Bm=(zm___dm /’7 eXp( Tos@) 108 ‘“D [l ™ g
~@miEm - 14 [m])¥ = 12 |u
@m 2 i oo A+ TmD Jo Cq7k25exp<k; wlal )|u 2 Tl

We recall that z € Hg for some < /3. Then, there exists K3; > 0 such that

- K’pﬁK31 le |1/2 1/2 /p exp( 210g( )log |u]> |u] d|ul
5>
5

(2m) Y2 710, Cyi ki log?| & | |ul3/2”
ot Cate exp | % Togty)

We now proceed to prove the expression

/ﬁ eXp< L0 log ’uo exp< . log? |6|> e
u _ ML
0 exp <k2 10g2\a|> 2log(q) |32 M

2 log(q)

is upper bounded by a positive constant times a certain power of |e| for every € € (£, N Epr1)
and t € 7. This concludes the existence of K35 > 0 such that

k1
5.20 Js < K. el/zexp<— 1026>,
( ) 5 < Kaole] 210g(q) g el

for every e € (§,NEpt1), t € T and z € Hgr.
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Indeed, we have

‘Bexp< 210g( log |U‘) k1 2 d\u!
exp log” |€| |
0

log? ({41) 2log(q) ul32~Mg
k let]
eXp (22 log(q)

equals

5.21 ex log” |e] — log” |et
(5.21) P(zlog@ £l = o log?

P ko loglet| 3
x/ exp (XKD o2 g M gy
0 2log(q)

Given my € R and mg > 0, the function [0,00) 3 x + H(z) = 2™ exp(—ma log?(x)) attains its
2

maximum value at xo = exp(g,-) with H(zo) = exp( ok L). This yields an upper bound for the
integrand in (5.24); the expressmn in (5.24) is estlmated from above by

L _ 2 o 2

2(k + k2) K+ ko
1 k‘% ) ko (ME—3/2)
X e —ko)log”|t] ) |t| r~the
0 (giogtar ey — ko) og? ) 1
1 k3 ko (Mg ~3/2)
X ex —=— —ko)logle|log|t| | |[e] ntF2
b (i (2 — R gl gl e
2
The second line in (5.25) i KECQ < ko and also, one has an

upper bound for exp ( — — ko) log|ellog |t| ) is 1. Regarding Definition 5.2, and taking
log(q) H+k2

into account that

]CQ
ko= —k
%+ k‘Q 2 = 1
the expression (5.25) is upper bounded by
ko (ME —3/2)

K33 | €| K+ko

for some K33 > 0. The conclusion is achieved. The result follows from (5.22), the estimates J;
to Jy, and (5.23). O

6. EXISTENCE OF FORMAL SERIES SOLUTIONS IN THE COMPLEX PARAMETER AND
ASYMPTOTIC EXPANSION IN TWO LEVELS

In the first part of this section, we remind two ¢-analogs of Ramis-Sibuya theorem from
[10, 16]. This result provides the tool to guarantee the existence of a formal power series in the
perturbation parameter which formally solves the main problem and such that it asymptotically
represents the analytic solution of that equation.

This asymptotic representation is held in the sense of g-asymptotic expansions of certain
positive order.

Definition 6.1. Let V be a bounded open sector with vertex at 0 in C. Let (F,||-||z) be a
complex Banach space. Let ¢ € R with ¢ > 1 and let k£ be a positive integer. We say that a
holomorphic function f: V' — F admits the formal power series f(€) =3, 5o fn€" € F[[¢]] as its



36 THOMAS DREYFUS, ALBERTO LASTRA, AND STEPHANE MALEK

q-Gevrey asymptotic expansion of order 1/k if for every open subsector U with (U \ {0}) C V,
there exist A,C' > 0 such that

N
F©) =) fue"
n=0

for every e € U, and N > 0.

N(N+1)
< CAN—Hq o |€|N+1,

F

The set of functions which admit null ¢g-Gevrey asymptotic expansion of certain positive order
are characterized as follows. The proof of this result, already stated in [16], provides the g-analog
of Theorem XI-3-2 in [6].

Lemma 6.2. A holomorphic function f:V — F admits the null formal power series 0 € F[[e]]
as its g-Gevrey asymptotic expansion of order 1/k if and only if for every open subsector U with
(U\{0}) CV there exist constants K1 € R and Ko > 0 with

log? |e\) €,

1f(e)llp < Kaexp <_2log(q)

foralle e U.

The next result leans on the one level version of the g-analog of Ramis Sibuya theorem, stated
in [16], provides a two level result in this framework. See [10] for a proof.

Theorem 6.3. Let (F, ||-||p) be a Banach space and (Ep)o<p<c—1 be a good covering in C*. Let
0 < k1 < kg, consider a holomorphic function G, : & — T for every 0 < p < ¢ —1 and put
Ap(€) = Gpri1(€) — Gple) for every € € Zy := E,N Epy1. Moreover, we assume:

1) The functions Gp(€e) are bounded as € tends to 0 on &, for every 0 <p <¢ —1.
2) There exist nonempty sets Iy, Iy C {0,1,...,¢ — 1} such that Iy Ul = {0,1,...,¢ — 1}
and Iy N Iy = 0. Also,
- for every p € I; there exist constants K1 > 0, My € R such that

k
M 1 2
8061 < Kilel ™ exp (~ 5t 1ol ), €€ 2,
- and, for every p € Iy there exist constants Ko > 0, My € R such that
k
M. 2 2
180 < Kl exp (=522 102l ), e 2,

Then, there exists a convergent power series a(€) € F{e} defined on some neighborhood of the
origin and G*(€), G*(¢) € F[[€]] such that G, can be written in the form

Gp(e) = ale) + Gzl,(e) + Gf,(e).

G},(e) is holomorphic on &, and admits Gl((—:) as its q-Gevrey asymptotic ea;}A)ansion of order 1/k;
on &, for every p € Iy; whilst G%(e) is holomorphic on &, and admits G*(e) as its q-Geuvrey
asymptotic expansion of order 1/ky on &,, for every p € Is.

We conclude this section with the main result in the work in which we guarantee the existence
of a formal solution of the main problem (5.1), written as a formal power series in the pertur-
bation parameter, with coefficients in an appropriate Banach space, say u(t, z,€). Moreover, it
represents, in some sense to be precised, each solution u°? (¢, z, €) of the problem (5.1).

From now on, F stands for the Banach space of bounded holomorphic functions defined on
T x Hg, with the supremum norm, where 3’ < 3, as above.
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Theorem 6.4. Under the hypotheses of Theorem 5.3, there exists a formal power series

(6.1) i(t,z,€) =Y hm tz—eﬂ?[[]]

m>0

formal solution of the equation

(6.2) Q(0:)oqu(t, z,€)
014y D2 41
= (et)® Uqf? Rp, (0.)a(t, z, €) + (et)?P2 aqf? Rp,(0:)u(t, z,€)
D—1
+ 37 eAetda (ot 2, ) Re(0:)iu(t 2, €)) + g f(t, 2, €).
/=1

Moreover, u(t, z,€) turns out to be the common q-Gevrey asymptotic expansion of order 1/k;
on &, of the function u®, seen as holomorphic function from &, into F, for 0 <p <¢—1. In
addition to that, U is of the form

W(t,z,€) = alt, z,€) + a1 (t, z, €) + ta(t, 2, €),

where a(t,z,€) € F{e} and 0y(t, z,€),Us(t, z,€) € F[e]] and such that for every 0 < p < ¢ —1,
the function u® can be written in the form

% (t,z,€) = a(t, z,€) + ulF (L, z,€) + uy’ (£, 2, €),

where € — uip(t,z,e) is a F-valued function that admits uy(t, z,€) as its q-Gevrey asymptotic
expansion of order 1/ki on &, and also € — ug”(t,z,e) 1s a F-valued function that admits
Ua(t, 2, €) as its g-Gevrey asymptotic expansion of order 1/ky on &,.

Proof. For every 0 < p < ¢ — 1, one can consider the function u®(t, z,€) constructed in The-
orem 5.3. We define Gp(€) := (t, 2) — u®(t, z,€), which is a holomorphic and bounded func-
tion from &, into F. In view of Proposition 5.4 and Proposition 5.6, one can split the set
{0,1,...,¢—1} in two nonempty subsets of indices, I1 and I with {0,1,...,¢—1} = [ Ul and
such that I (resp. I3) consists of all the elements in {0,1,...,¢—1} such that Uy,NUs,,, contains
the sector Uy, ,,,, as defined in Proposition 5.4 (resp. Uy, NUs,,, = 0). From (5.9) and (?7)
one can apply Theorem 6.4 and deduce the existence of formal power series G1(¢), G2(¢) € F[[e]],
a convergent power series a(e) € F{e} and holomorphic functions Gzl)(e), Gg(e) defined on &, and
with values in [ such that

Gp(e) = ale) + Gple) + G (e),

and for j = 1,2, one has G, 7(€) admits GJ(e) as its ¢-Gevrey asymptotic expansion or order 1/k;
on &,. We put

U(t, 2, €) Z hi(t, 2) =a(e) + Gllj(e) + G‘f,(e)
m>0
It only rests to prove that (¢, z, €) is the solution of (6.2). Indeed, since u°» admits (¢, z, €)

as its ¢-Gevrey asymptotic expansion of order 1/k; on &,, we have that

lim sup |0 u®(t,z,€) — hi(t, 2)| = 0,
e—0,e€&p teT, zE€H g

for every 0 < p < ¢—1and m > 0. Let p € {0,1,...,¢ — 1}. By construction, the function
(¢, z, €) solves equation (6.2). We take derivatives of order m > 0 with respect to € at both
sides of equation (5.1) and deduce that
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(6.3)  Q(0)a4+(0Mu)(t, 2,€)

- ¥

mi+ma=m

le

-2l
O (et g R, (9.) (0 )

ml'mQ

9Dy g
Y gt R, (0. (@)
mi1-+mo=m 1 2
D—1
|
+3 S (et (9 et 2, € Re(0:) 0 u (¢, 2, )

| | |
(=1 mi+mo+mz=m 1 2 3

+ Uf]vt(a;nf)(ta Zs O)a
for every (t,z,e) € T x Hg x &,. We let € = 0 in (6.3) and obtain the recursion formula

(6.4) Q(0:)oqthm(t,z)

m! d P m! d Dy 14
(m le)'t Dy O'q tl RD1 (az)(hmfdpl (tyz))‘i'mt D2Uq,t2 RD2 (82)(hm,dD2 (t, z))
5 m g, s
Z > St (O cq(t, 2, 0)Rp(02) by (1, 2)) + 04,4 (9 ) (, 2,0),

|
{=1 mo+mz=m—2»_y ma: m3
for every m > max{dp,,dp,, maxi<;<p_1 A}, and all (t,z) € T x Hg.
Bearing in mind that both ¢; and f are holomorphic w.r.t € in a neighborhood of the origin,
in such neighborhood one has

63 altzg= Y FEENa g - 3 PR
m=0 ' m>0 :

forevery 1< /<D — 1.
By plugging (6.1) into (6.2) and bearing in mind (6.4) and (6.5) one concludes that the formal
power series U(t, z,€) = Y <o hm(t, 2)e™/m! is a solution of equation (6.2).
- U
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