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QUANTUM EVOLUTION AND SUB-LAPLACIAN OPERATORS
ON GROUPS OF HEISENBERG TYPE

CLOTILDE FERMANIAN-KAMMERER AND VERONIQUE FISCHER

ABSTRACT. In this paper we analyze the evolution of the time averaged energy densities associated
with a family of solutions to a Schrédinger equation on a Lie group of Heisenberg type. We use
a semi-classical approach adapted to the stratified structure of the group and describe the semi-
classical measures (also called quantum limits) that are associated with this family. This allows
us to prove an Egorov’s type Theorem describing the quantum evolution of a pseudodifferential
semi-classical operator through the semi-group generated by a sub-Laplacian.

1. INTRODUCTION

We consider groups of Heisenberg type, or H-type groups GG, which are a special case of simply
connected Lie groups stratified of step 2 as described more precisely later. As a step 2 stratified
group, its Lie algebra g is equipped with a vector space decomposition

g=0vD3,

such that [v,v] =3 # {0} and j is the center of g. Choosing a basis V; of v and identifying g with
the Lie algebra of left-invariant vector fields on G, one defines the sublaplacian

2
Ag= YV
1<j<dimwv

together with the associated Schrodinger propagator e®~¢

analysis as € goes to 0 of quantities of the form

1T it A 2
(1.1) o[ ] s@les s o i

) Ja
for p € C°(G), T € R, X € R and (¢§)e>0 a bounded family of L>®(R, L?(G)) which satisfies
(1.2) 3s,Cs > 0, Ve>0  &(—Ag)2U5llreq) + e I(—Aa) 2l 12y < Cs,

. We are interested in the asymptotic

so that the oscillations of the initial data are exactly of size 1/e. Taking into account that the
operator Ag is homogeneous of degree 2 and writing

t t

—Ag = —=e2Ag
N Nt2 ’

we choose X > —2. Considering the asymptotics € — 0 then consists in doing an analysis in large
times (times of sizes O (5_N_2)) simultaneously with the study of the dispersion of the concentration
or oscillation effects that are present in the initial data. A consequence of our main results is the
next theorem where we denote by M™(Z) the set of finite positive Radon measures on a locally
compact Hausdorff set Z (see Definition [2.7| for L>°(R, M*(2))).
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Theorem 1.1. Let G be a H- type group and (¥§)eso a bounded family of L*(G) satisfying (1.2)).

Any weak limit of the measure |e 2ex Gwa( V2dx dt is of the form doi(x) ® dt where t — o4 is a
map in L (R, M (QG)). Moreover, for almost all t € R, the measure o; writes

ot = Qf* + Qi*, with  t+— Q‘Z* and t — gg* in L®(R, MT(G)),
and has the following properties.
o IfR e (=2,-1), forallt €R, o) = 05 and Qi* = Q%* are independent of the time t € R,
and 05 + Q%* is equal to a weak limit of |§(x)|*dw.
e I[fN=—1, then Q{F = Q‘Z’; where g%* € MT(G) depends only on (§), and

(1.3) o} (x) = /* s (Exp(tw - V)z,dw).

for o € M1(G x v*) which depends only on (¢5).
o IfX € (—1,0), then 0¥ =0 and 8@{ = 0 holds in the sense of distributions on R x G.
e [fN =0, then Q?* =0 and Q?: decomposes into

5\ [0y

where t +— "y is in LR, MT(G x (3* \ {0})); furthermore we have in the sense of
distributions on R x G x (3* \ {0}),

2n +d
S {CY ) IPVE
(at 2|)\‘ ) ,7 ,t 07

where Z(\) is the left invariant vector field corresponding to A € 3*.
o [fN >0, then g =0 for all t € R.

Several aspects are interesting to notice. Firstly, there exists a threshold, X = 0, above which
the weak limits of the time-averaged energy density is 0; this means that for sufficiently large
scale of times, all the concentrations and oscillations effects have disappeared: the dispersion is
complete. A similar picture holds in the Euclidean setting, however the threshold occurs at X = —1
(see [2] and the Appendix in this article). This illustrates the fact that the dispersion is slower
in sub-Riemanian geometries than in Euclidean ones, as already noticed in [6, I3} 5]. Secondly,
one observes a decomposition of these weak limits into two parts o; = gf* + Q‘Z* which turn out to
have different transitional regimes: X = —1 for Qf* and X = 0 for g‘f. This splitting is also present
in the works [7] about Grushin-Schrédinger equation and [34) [I0] about sublaplacians on contact
manifolds. The part ¢! behaves like in the Euclidean setting and equation also presents
Euclidean features. However, the other part Q{ looks completely different and is specific to the
nilpotent Lie group context, showing that the structure of the limiting objects is more complex
than in the Euclidean case.

Similar questions have been addressed for the Laplace operator in different geometries, including
compact ones: in the torus and for integrable systems ([3, [2]), in Zoll manifolds (see [28] 25] and
the review [26]), or on manifolds such as the sphere ([27]). In contrast with the non-compact
case (which is ours here), the compactness of the manifold implies that the complete dispersion of
the energy is not possible; furthermore, the weak limits of the energy densities possess structural
properties due to the geometry of the manifold, such as invariance by some flows, that may allow
for their determination. For example, on compact Riemanian manifolds, such a measure belongs
to the set of measures which are invariant under the geodesic flow, and this property is at the root
of quantum ergodicity theorem [30} 9] B3] (see the introductory survey [1] and the articles [35] [14]
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for more recent developments in the topic). The question of quantum ergodicity also arises in sub-
riemanian geometries and have been addressed for contact [34], [10] and quasi-contact [29] manifolds.
As will be made precise in the next sections, we observe invariance properties by a flow that turns
out to coincide with the Reeb flow used in [34], [10] when G is the Heisenberg group.

Theorem is a consequence of the main results of this paper which use the semi-classical
approach introduced in [16] for H-type Lie groups and are in the spirit of the article [25] for the
treatment of the large time evolution together with the oscillations. They are as follows:

(1) The first result is an Egorov’s type Theorem on H-type groups (see Theorem [2.5)), which
describes as € goes to 0 the asymptotics of quantities of the form

(1.4) [ o (7 e0p. (o) s )
R ) AS(e)
for § € C°(R), f € L?(G) and where the operator Op_ (o) is the semi-classical operator of
a symbol o as introduced in [16] (see also [15] [19] 4, [32]) All these elements are carefully
explained in Section

(2) The second result concerns the structure of the limiting objects when passing to the limit
in (1.4). We extend the notion of semi-classical measure introduced in [16] to a time-
dependent context and analyze the properties of the semi-classical measures associated in

-t
that manner with the family (eZ%TAGmE))E, depending on the value of X. We give a complete
description of these limiting objects in Theorems and below.

The proof of Theorem is based on the fact that, under certain hypothesis on the size of the
oscillation, the analysis of the weak limits of the energy density can be deduced from those of its
semi-classical measures, which are also called quantum limits in some geometric contexts. This
idea was introduced in the 90’s in the Euclidean case (see [12), 20}, 24]), and adapted for H-type
groups in [I6]. The hypothesis on the size of the oscillation of (¢). is a uniform strict e-oscillation
property (see Section which guarantees that the oscillations are of sizes ¢! and is implied
by the condition in ([1.2)). Then, using the semi-classical pseudodifferential operators constructed

.t
in [I6], we determine the semi-classical measures that are associated with the family elzaTAG@bg and
prove Theorem

A straightforward generalization of our result would consist in adding a scalar potential £V ()
for a smooth function V defined on G and a parameter § € R™. Then, one could exhibit regimes
depending on the position of # with respect to X and the vector fields to consider should be
modified in a non-trivial manner. One should then consider operations on symbols o(x, \) that
involve differentials of the potential V' (z) and difference operators acting on the operator part of
o(x,\). A second generalization would be to consider more general stratified and graded groups.
This would require to obtain in this more general setting similar results to those of Appendix B
which at the moment heavily rely on the special case of H-type groups. However, the authors think
this is doable and they have this generalization in mind. They also think that this approach can
be adapted to homogeneous spaces.

In the next section, we recall the definition of H-type groups and present our two main results
shortly described above, the Egorov theorem and the analysis of the semi-classical measures
associated with a family of the Schrodinger equation in Theorem After some preliminary
results on semi-classical symbols in Section [3| we prove both theorems in Section 4l Theorem
is a consequence of this analysis and is proved in Section An Appendix is devoted to a short
description of the FEuclidean case and to some technical auxiliary results.
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2. MAIN RESULTS

2.1. H-type groups, notations and definitions. A simply connected Lie group G is said to be
stratified of step 2 if its Lie algebra g is equipped with a vector space decomposition

g=v®D3,
such that [o,v] = 3 # {0} and j is the center of g. Via the exponential map
exp:g— G

which is a diffeomorphism from g to G, one identifies G and g as a set and a manifold. Under
this identification, the group law on G (which is generally not commutative) is provided by the
Campbell-Baker-Hausdorff formula, and (z,y) — xy is a polynomial map. More precisely, if z =
Exp(vs + z,) and y = Exp(vy + 2y) then

1
zy =Exp(v+2), v=uv,+vy €0, z:zx—kzy—i-i[vx,vy] €3.

If x = Exp(v) then 27! = Exp(—v). We may identify g with the space of left-invariant vector fields
via

Xf(z)= %f(EXp(tX)az) )’ z €.
t—

For any A € 3* (the dual of the center 3) we define a skew-symmetric bilinear form on v by
(2.1) YU,V ev, BO)U,V):=X[U,V]).

Following [23], we say that G is of H-type (or of Heisenberg type) when, once the inner products
on v and on 3 are fixed, the endomorphism of this skew symmetric form (that we still denote by
B(\)) satisfies

(2.2) VYA €%, B\ = —|\*Id,.
This implies in particular that the dimension of v is even. We set
dimv = 2d, dimj = p.

2.1.1. Orthonormal basis of g. One can find an orthonormal basis (Py,..., Py, Q1,...,Q4) where
B()) is represented by

—Id ©

for two vectors U,V € v written in the (Pi,..., P, Q1,...,Qq)-basis. We decompose v in a -
depending way as v = p) + q) with

pi=pxi=Span (Pi,..., Pa), q:=dx:=Span (Q1,...,Qu).

The fundamental property ([2.2)) satisfied by B(\) considered as an endomorphism on v implies that
for all V € v, |B(A)V |2 = |\|*|V|2, and, by linearization, we deduce

VU, U €0, YA N €355, (BOU, BN )o = (AN )y (U, U")y.
As (BNU, B(N)U")y = (A, [U, B(N)U'])3+ 5, we deduce for any X € 3*\ {0}
(2.4) Vi=1,...,d, [P}, Q] = [\ 7tzW),

(2.3) BO(U,V) = (\UJV,  where J:( 0 Id).

where Z(™) is the unique vector of 3 equal to A through the identification of 3* to 3 via the inner
product, and for all 1 < j1,42 < d

(2-5) N FJo = [PjuPJé] =0, [leijz] =0, [Pijjz] =0.
4



2.1.2. Realisation of the elements in G. Denoting by z = (21, - , 2p) the coordinate of Z in a fixed
orthonormal basis (Z1,---,Z,) of 3, and once given A € 3*, we will often use the writing of an
element x € G or X € g as

(26) x:EXp(X), X:p1P1+...+ded + Q1Q1+--~+Qde + 21Z1+...+Zpr,

where p = (p1,--+,pq) are the A-dependent coordinates of P on the vector basis (Pp,---, Py),

by ¢ = (g1, ,qq) those of @ on (Q1,---,Qq), while the coordinates z = (21,--- ,2p) of Z are

independent of A. We will also fix an orthonormal basis (Vi, ..., V24) of v to write the coordinates
v=(v1,...,09q), ofanelement V =uv1V]+...4v94Voy

of v independently of \.

2.1.3. Functional spaces on G. The inner products on v and 3 allow us to consider the Lebesgue
measure dvdz on g = v@ 3. Via the identification of G with g by the exponential map, this induces
a Haar measure dz on (G. This measure is invariant under left and right translations:

vf e ING), VreG, /G f(y)dy = /G f(xy)dy = /G f(y)dy

Note that the convolution of two functions f and g on G is given by

(2.7) fglx) = /G Flayg(y)dy = /G )9y 2)dy

and as in the Euclidean case we define Lebesgue spaces by

1l = < /G If(y)l"dy)q |

for ¢ € [1,00), with the standard modification when ¢ = oco.

We define the Schwartz space S(G) as the set of smooth functions on G such that for all a, 8
in N24+P | the function = +— X f(z) belongs to L>(G), where X® denotes a product of |af
left invariant vector fields forming a basis of g and z” a product of |3| coordinate functions on
G ~ v x 3. The Schwartz space S(G) can be naturally identified with the Schwartz space S(R?+7);
in particular, it is dense in Lebesgue spaces.

2.1.4. Dilations. Since G is stratified, there is a natural family of dilations on g defined for ¢ > 0
as follows: if X belongs to g, we decompose X as X =V + Z with V € v and Z € 3 and we set

X =tV +t227.

This allows us to define the dilation on the Lie group G via the identification by the exponential
map:
Ot
g — g
exp | 1 exp
G expo&t_o;sxpfl e

To simplify the notation, we shall still denote by &; the map exp o §; oexp~—!. The dilations &,
t > 0, on g and G form a one-parameter group of automorphisms of the Lie algebra g and of the
group G. The Jacobian of the dilation d; is t9 where

Q :=dimv + 2dim3 = 2d + 2p

is called the homogeneous dimension of G. A differential operator T' on G (and more generally
any operator T defined on C2°(G) and valued in the distributions of G ~ R?¥*P) is said to be
homogeneous of degree v (or v~-homogeneous) when T'(f o 0;) = t¥(T'f) o 6;.
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2.2. The irreducible unitary representations and the Fourier transform.

2.2.1. Irreducible unitary reresentations. For A € 3*\ {0}, the irreducible unitary representation ;)

of G on L%(p,) is defined by
R8() = exp |iA:) + 5 lAlpa-+ i/ ea @ (¢4 VIADD).

where = has been written as in (2.6]). The representations 7%, A € 3*\ {0}, are infinite dimensional.
The other unitary irreducible representations of G are given by the characters of the first stratum
in the following way: for every w € v*, we set

70w = wV) g —Bxp(V+2Z)eG, withV evand Z €3.

The set G of all unitary irreducible representations modulo unitary equivalence is then parametrized
by (3" \ {0}) Uo™:
(2.8) G = {class of 7 : A €3\ {0}} U {class of 7% : w € v*}.

We will often identify each representation 7* with its equivalence class; in this case, we may write #
for the Hilbert space of the representation instead of L?(py) ~ L%(R?); we also set Ho,) = C. Note

that the trivial representation 15 corresponds to the class of 709 with w = 0, i.e. lg = 70,0,

2.2.2. The Fourier transform. In contrast with the Euclidean case, the Fourier transform is defined
on G and is valued in the space of bounded operators on L2(pA) More precisely, the Fourier
transform of a function f in L!(G) is defined as follows: for any A € 3*, X # 0,

Fo = /f ) (72) de,

Note that for any A € 3%, A # 0, we have (7r)‘) =7 21 and the map 7} is a group homomorphism

T

from G into the group U(L2(p »)) of unitary operators of L%(py), so functions f of L'(G) have
a Fourier transform (F(f)())), which is a bounded family of bounded operators on L?(p,) with
uniform bound:

(2.9) IFFM N z2ea)) < /G @) ez ayde = [l
since the unitarity of 7 implies \\(WQ)*\\E(LQ(W)) =1

2.2.3. Plancherel formula. The Fourier transform can be extended to an isometry from L?(G) onto
the Hilbert space of measurable families A = {A())}\)g;+\{0y of operators on L?(py) which are
Hilbert-Schmidt for almost every A € 3* \ {0}, with norm

1
2
4l = (/ ||A<A>||%Is(Lz<pA))|A|ddA) < oo
3*\{0}

We have the following Fourier-Plancherel formula:
(2.10) [ lr@Pds=co [ IFF0) iseg A,
G 3*\{0}

where ¢y > 0 is a computable constant. This yields an inversion formula for any f € S(G)
and z € G:

(2.11) f(@) = o /3*\{0}%“ (m2FF) A ax,
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where Tr denotes the trace of operators of £L(L?(py)). This formula makes sense since for f € S(G),
the operators F f(\), A € 3* \ {0}, are trace-class and j;*\{o} Tr ‘]—"f()\)‘ IA|4d) is finite.

2.2.4. Fourier transform and finite dimension representations. Usually, the Fourier transform of a
locally compact group G would be defined on G, the set of unitary irreducible representations of G
modulo equivalence, via

ﬂww=fﬂm:3éfummen

for a representation m of (G, and then considering the unitary equivalence we obtain a measur-
able field of operators Ff(m), m € G. Here, the Plancherel measure is supported in the subset
{class of 7™ : A € 3\ {0}} of G (sce ([2:8)) since it is co|A|?dA. This allows us to identify G
and 3"\ {0} when considering measurable objects up to null sets for the Plancherel measure. How-
ever, our semiclassical analysis will lead us to consider objects which are also supported in the other
part of G. For this reason, we also set for w € v* and f € L*(G):

F(0,w) = Ff(0,w) ::/Gf(x)(wg(co’”))*dx:/ F(Exp(V + 2))e"*Vavdz.
X3

2.2.5. Convolution and Fourier operators. The Fourier transform sends the convolution, whose
definition is recalled in ([2.7)), to composition in the following way:

(2.12) F(fxg)(A) = Fg(X) FfA).

We recall that a convolution operator 7' with integrable convolution kernel x € L!(G) is defined by
Tf = fxr and we have F(T'f) = Fk Ff by ; hence, T appears as a Fourier multiplier with
Fourier symbol Fk acting on the left of Ff. Consequently, T is invariant under left-translation
and bounded on L?(G) with operator norm

1Tl zz2(ay) < sup [[FE)|2z2(py))-
AeG

In other words, T is in the space L£(L?*(G))% of the left-invariant bounded operators on L?(G).
2.2.6. The von Neumann algebra of the group. Let us denote by LOO(@) the space of bounded
symbols, that is, here, measurable fields of operators o = {o(\) : A € G} which are bounded in the
sense that the essential supremum for the Plancherel measure co|A|%d\

ol e ) = supess, gl

~

is finite. The space L®°(G) is naturally equipped with a von Neummann algebra, and is called the
von Neumann algebra of the group. As explained above, we already know LOO(@) > FLY(G) by
, but this inclusion is strict.

The full Plancherel theorem [I1] implies that the von Neumann algebras L°°(G) and the space
L(L*(G))Y of left-invariant bounded operators on L?(G) introduced above are isomorphic via the
mapping o — Op; (o) where Op; (o) is the operator with Fourier operator symbol o,

ie. F(Opy(o)f) =0 Ff, feL*G).

The isomorphism between L‘X’(é) and L£(L?(G))% allows us to naturally extend the group Fourier
transform to distributions k € §'(G) such that the convolution operator f + f * x is bounded on
L?(G) by setting that F(k) is the symbol of the corresponding operator in £(L*(G))%.

7



2.2.7. Infinitesimal representations and Fourier transforms of left-invariant vector fields. The group
Fourier transform can also be extended to certain classes of distributions whose convolution oper-
ators yield left-invariant operators. Indeed, denoting by 7(X) the infinitesimal representation of 7
at X € g,ie m(X)= %W(Exp(tX))h:o, we have
F(X[f)(m) = m(X)F f(m);

here, (the class of) 7 is equal to (the class of) 7* or w(0«)
instance, we have for j =1,...,p

F(Zif)(A) =X\ Ff(N), orin other words 7*(Z;) = i);.
We also compute for any A € 3*\ {0}

(2.13) T(FP) = VINOg,  mNQ) =iVINg  and  mNEW) =iAP,
and for w € v* and j € {1,--- ,p},
(2.14) 709 (V;) = iw; and 7%« (Z2W) = 0.

The infinitesimal representation of m extends to the universal enveloping Lie algebra of g that we
identify with the left invariant differential operators on G. Then for such a differential operator T’
we have F(T'f)(r) = n(T)F f(rw) and we may write 7(17') = F(T'). For instance, if as before X
denotes a product of |a] left invariant vector fields forming a basis of g, then

FXCf)(m) =n(X)*Ff(r) and F(X*) = F(X)*.

Note that 7(X)* may be considered as a field of unbounded operators on @ defined on the smooth
vectors of the representations [19].

identified with A or w respectively. For

2.3. The sublaplacian. The sublaplacian on G is defined by

2d
Ag = Z Vj2.
j=1

One checks easily that Ag is a differential operator which is left invariant and homogeneous of
degree 2. In this paper, we shall consider its associated Schrédinger equation

i0p) = —%A(ﬂl), =0 = Yo.

The operator A¢ is essentially self-adjoint on C°(G) (see [19, Section 4.1.3] or [31] Proof of Lemma
12.1]), so the Schrédinger equation has a unique solution for any data 19 € L?(G) by Stone’s
theorem. We keep the same notation for its unique self-adjoint (unbounded) extension to L?(G).
More precisely, to deal with high-frequencies data, we shall be concerned with the semi-classical
Schrodinger equation

2
(2.15) ieT Ot = —%Acﬂﬁea (V") =0 = Y0,

where € > 0 is a small parameter taking into account the size of the oscillations of the initial data
and 7 > 0 is a parameter allowing us to consider large time behaviour, and as the same time the
asymptotics € — 0.

The definition of A¢ is independent of the chosen orthonormal basis for v - although it depends
on the scalar product that we have fixed at the very beginning on v. In particular, choosing the
basis fixed in Section [2.1|for any A € 3* \ {0} we have

d
(2.16) Ag =) (P7+Q).
j=1
8



The 1nﬁn1te81mal representatlon or Fourier transform) of Ag can be computed thanks to the

equalities in and (| - at 709 o € v*, it is the number
F(=A6)(0,w) = |wl?,
and at 7, A € 3*\ {0}, it is the operator
(2.17) F(=Ac)(A) = H(N),
where H () is defined on L?(R?) through the identification py ~ R?, by
(2.18) 2N =\ Y (fagj +§§.).
1<j<d

Up to a constant, this is the quantum harmonic oscillator. The spectrum {|A|(2n + d),n € N}

of H()) is discrete and the eigenspaces are finite dimensional. To each eigenvalue |\|(2n + d), we

denote by H,(I)‘) and V,(ZA) the corresponding spectral orthogonal projection and eigenspace. The
well-known description of the eigenspaces in terms of Hermite functions is recalled in Appendix

In particular, for each n € N, all the eigenspaces V7(L ), A € 3\ {0}, are isomorphic, and may be
denoted by V,.

2.4. Semi-classical pseudodifferential operators.

2.4.1. The space Ay of semi-classical symbols. We denote by Aj the space of symbols o = {o(x, 7) :
(z,m) € G x G} of the form

o(x, ) = Frz(N) = /Gﬁx(z)(ﬂ';‘)*dz,

where © — k4 (+) is a smooth and compactly supported function from G to S(G). Being compactly
supported means that x,(z) = 0 for = outside a compact of G and any z € G.

Remark 2.1. The algebra Ay is the space of smoothing symbols with compact support in . We will
recall the definition of the space S~ of smoothing symbols introduced in [I9] at the beginning of
Section below. Examples of smoothing symbols include the spectrally defined symbols f(H (\))
for any f € S(R) [19, Chapter 4].

As the Fourier transform is injective, it yields a one-to-one correspondence between the symbol o
and the function x: we have o(z, A\) = Fr;(\) and conversely the Fourier inversion formula (2.11))
yields

Va,z € G, kolz) = co/ Tr (w o(z, A)) IA|4dA.
The set A is an algebra for the composition of symbols since if o1 (z, \) = Fr1 () and o2(x, ) =
Fraz(A) are in A, then so is o1(z, \)oz(x, A) = F(kaz * k1,2)(A) by (2.12)).

In the case of representations of finite dimension, we distinguish between all the finite dimensional
representations by replacing A = 0 with the parameters (0,w), w € v*. The operator Fr,(0,w) =
o(z,(0,w)) then reduces to a complex number since H ) = C.

2.4.2. Semi-classical pseudodifferential operators. Given € > 0, the semi-classical parameter, that
we use to weigh the oscillations of the functions that we shall consider, we quantify the symbols of
Ap by setting as in [15] (see also [19] 4] [32])

Tr <7r o(z, 52)\)]-"f()\)> N9dr, f e S@G).

9
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The kernel of the operator Op.(o) is the function

1

Gx G5 (@,y) Ky 2)

where k5 (2) = e 9k, (0.-12) and kg, which is such that F(k,)(\) = o(x, \), is called the convolu-
tion kernel of o. Note that £2) can be understood as the action on A of the dilation induced on G
by the dilation d. of G (see Remark 3.3 in [15]).

Following [15], the action of the symbols in Ay on L?(G) is bounded:

3C >0, Vo € Ay, Ve >0, [|Op.(0)llzr2cy <C [ sup|ke(2)|dz.
G zeG

One also has to mention that there exists a symbolic calculus for these operators (see [16]). In
this paper, we will mainly use the description of the commutator between the sub-Laplacian and a
semi-classical pseudodifferential operator, which comes from the explicit computation and writes:
for all o € Ay,

(2.20) [~£2Ag, Op.(0)] = Op. ([H()),0]) — 2¢Op. (v : WA(V)U) — £20p. (Ago),
where H(\) = F(—Ag) has been defined in (2.17) and (2.18).

2.4.3. The subspace Ay of Ag. The Egorov Theorem that we are going to state in the next section is
valid for symbols compactly supported with respect to both the Fourier transform and the spectral
decomposition of H(\):

Definition 2.2. A symbol o € Ay is in Ag when it vanishes for A in a neighbourhood of {\ = 0}
and when its kernel and image contain a finite number of V,,, in the sense that we have

V@) € Gx ({0} TNo(@, )1 =0,
for all but a finite number of integers n,n’ € N.

One checks readily that Ay is a subalgebra of Ag. It is non-trivial since it contains for instance all
the symbols of the form a(x) f(H(X))b(A) where a € C°(G), f € C°(R) and where b € S(3*) vanish
in a neighbourhood of 0 (see Remark ; for other symbols in Apg, see Remark Although
Apg cannot be dense in Ag for the Fréchet topology of Ay, we will see in Corollary that it
satisfies a property of weak density. Besides, symbols ¢ € Ag can be decomposed in commuting
and non-commuting symbols according to the following definition.

Definition 2.3. With the setting of Defintion the symbol o € Ap is called H-diagonal when
o(xz,A) =D en H,({\)J(x, A) 1Y and anti-H-diagonal when o(z,A) = 3, ../ H,({\)J(:U, A) Hff,‘). We
denote by Ag) the space of H-diagonal symbols.

Lemma 2.4. A symbol o € Ag is uniquely decomposed as the sum o = @ +0@ of an H-diagonal

symbol oD € Ap with an anti-H-diagonal symbol ¢® € Ay. Furthermore, for each n,n’ € N, the
symbol 11,011, given by

(N ) %
/ _ ) I oz, N)IL for (z,)\) € G x 3%\ {0},
(Hnaﬂn)('x’)\) { Oforl'EG and X = 0,
isin Ag.

Lemma [2.4] will be a consequence of Corollary see Remark
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2.5. The Egorov Theorem on H-type groups. For s € R, we define the flow ¥* on G x (3*\{0})
via

' (a: A) — (Exp(sZ()‘))a:, A)
In particular, this map may be composed with symbols with support in G x (3* \ {0}) such as the
symbols in Ag. This and Lemma allows us to define the following action on Ag)

(d) (d)
P { AH - AH 2ntd, 5, SE€ R.

(2.22)
o=, 1,0ll, — ®(c)=Y, (I,oll,) 0 W 2"

Theorem 2.5. Let (1§)-~0 be a bounded family in L*(G) and 1°(t) = eiE2_TtAG1/JS be the solution

to (2.15)). Let o = o @ + 0@ ¢ Ay be decomposed into H-diagonal and anti-H-diagonal as in
Lemma|2.4. Let 6 € C°(R).

(i) For the anti-H-diagonal part, we have

[ 60 (0p.a )00, 6°(0) . de = Oemnn),
R

L*(G)
(ii) For the H-diagonal part, we have the following alternative:
(1) if 7 €(0,2),
/ 9/(t) (Opa(U(d))wa(t), ¢€(t)) dt — O(Emin(lz—'r))7
R

(2) if =2, for all s € R (transport)

[ 001 (0p.(e 0. 07(0)) e = [ (e +5) (0p.(@ (@) (0).0°(1) at +0(e).

(3) if T > 2, for all s € R (invariance)

[ 60 (om0 (0. 6%(®)) e = [ 610) (Opo(®~ (o) (1), 0* (1)) dt + O(17)
R R
In Parts (2) and (3), we use the action ®° defined in (2.22).

It may appear unusual to have an Egorov Theorem holding in the space of distributions in
the time variable. However, it is already the case in the Euclidean case when one works with
the propagator of a Schrédinger operator with matrix-valued potential —%Ald + V(z) with V
matrix-valued (see [22] [I7, [I8]). The proof of this Theorem is postponed until Section

2.6. Time averaged semi-classical measures and the quantum limits. We now want to pass
to the limit ¢ — 0 in expressions of the form and to identify the limiting objects, together
with their properties. For this purpose, we follow [I5, Section 5] with slightly different notation
and introduce the following vocabulary for operator valued measures:

Definition 2.6. Let Z be a complete separable metric space, and let § — H¢ a measurable field
of complex Hilbert spaces of Z.

e The set Moy (Z, (He)eez) is the set of pairs (,I") where v is a positive Radon measure on Z
and I' = {I'(§) € L(H¢) : £ € Z} is a measurable field of trace-class operators such that

IDdA||p = /Z oy, |D(E)]dr(€) < 00
11



e Two pairs (7,T) and (7/,T") in Moy(Z, (He)eez) are equivalent when there exists a mea-
surable function f: Z — C\ {0} such that
1

B (§) = F(©)dr(€) and T'(€) = 775 T(C)

for ~-almost every ¢ € Z. The equivalence class of (v,I") is denoted by I'dy, and the
resulting quotient set is denoted by My (Z, (He)ecz)-

e A pair (,T) in My,(Z, (He)eez) is positive when I'(§) > 0 for y-almost all £ € Z. In this
case, we may write (v,T') € MZ (Z, (H¢)eez), and T'dy > 0 for T'dy € M7, (Z, (He)eez)-
By convention and if not otherwise specified, a representative of the class I'dy is chosen such

that Try I' = 1. In particular, if H¢ is 1-dimensional, I' = 1 and I'dy reduces to the measure dv.
One checks readily that Mo, (Z, (He)eez) equipped with the norm || - || ¢ is a Banach space.

When the field of Hilbert spaces is clear from the setting, we may write
Moo(Z) = M(Z,(He)eez), and  MG(Z) = MF(Z, (He)eez),
for short. For instance, if £ — H¢ is given by H¢ = C for all £, then M(Z) coincides with the space
of finite Radon measures on Z. Another example is when Z is of the form Z = Z; x G where Z;
is a complete separable metric space, and H;, ») = H, where the Hilbert space H) is associated

with the representation of \ € G (that is, using the description in (2.8)), #, is equivalent to L?(py)
if the representation corresponds to A € 3*\ {0} and H(g,) = C if A = 0 and the representation
corresponds to (0,w) with w € v*).

We will often consider measurable bounded maps of the time variable, valued in the space of
measures that are positive as scalar-valued or operator-valued measures:

Definition 2.7. If X denotes the Banach space M(Z) or more generally M,,(Z) as in Definition
then L (R, X ) denotes the space of maps of ¢ € R and valued in X in L (R, X) with positive
values for almost every ¢t € R.

2.6.1. Time-averaged semi-classical measures. With a bounded family (uf).s¢ in L>®(R, L*(G)),
we associate the quantities

(2.23) 0.(0,0) = /R B(2) (Op.(0)u (£), w7 (1)) 12y dt, o € Ao, 0 € LA(R),

the limits of which are characterized by a map in L®(R, M (G x G)).

Theorem 2.8. Let (uf)c~0 be a bounded family in L=(R, L?(G)). There exist a sequence (1)ren
in (0, 400) with k—+> 0 and a map t — Tidy in L°(R, M}, (G x G)) such that we have for all

6 c LR ) and o € A,

/9 Opsk uk(t), u k(t))LQ(G) dtk_>—+>oo RXGX@H(t)Tr(U(x,)\)Ft(w,/\))d’yt(:v,)\)dt.

Given the sequence (g )ken, the map t — T'ydy; is unique up to equivalence. Besides,
L[ 1T ) dvde 2 e < limsup o] e s 22
GxG e—0

We call the map t — I';dy; satisfying Theorem (for some subsequence i) a time-averaged
semi-classical measure of the family (u®(t)). Note that we have not assumed any estimate of
the form on the family u° in order to define its time averaged semi-classical measure; such
additional property will however be useful to determine the limits of the time-averaged densities
associated with u® in terms of time-averaged semi-classical measures, as we shall see in Section

12



Remark 2.9. (1) Note that this result can be generalised to any graded Lie group: for any
bounded family (u).~o in L®(R, L?(G)), there exist a sequence (ex)gen in (0, +00) with
er — 0and a map t — ['idy in L°(R, M} (G x G)) such that we have

k——4o0
/Ré?(t) (Opek (o) us*(t), us* (t))L2(G) dt kjm o O(t)Tr (o(x, )T (x, ) dye(x, 7)dt,
for every 0 € C°(R) and o € A.

(2) In the case of this article where G is H-type, the special structure of G implies that ['y;dy;
consists of two pieces, one localized above A € 3* \ {0} and another one which is scalar

above v*, see ([2.8]).

2.6.2. Semi-classical measures and Schrodinger equation. Our main theorem regarding semi-classical
measures of solutions to the Schrodinger equation is the following:

Theorem 2.10. Let (¢§)c>0 be a bounded family in L*(G) and 1°(t) = eig#tAGwS be the solution
to (2.15). Then any semi-classical measure t — Tidy, € L®°(R, M7 (G x G)) as in Theorem
for the family u®(t) = ¢°(t), satisfies the following additional properties:

(i) For almost every (t,z,\) € Rx G x G, the operator T'y(z, \) commutes with Ag(\) = H(X):

(2.24) Ty(,A) =Y T, ) with Tpy(x,A) =TIy (2, VITFY,
neN

where 11, is the homogeneous symbol given by the spectral projection of H(\) for the eigen-
value |A|(2n + d) (see Section [2.).
(ii) For eachn € N, the map (t,z,X) = Iy (z, N\)dye(z, \) defines a distribution on Rx G x (3*\
{0}) valued in the finite dimensional space L(V,,) which satisfies the following alternatives:
(1) if 7 €(0,2),
8t (Fmt(l‘, )\)d’ﬂ(%, )\)) = 07
(2) if T =2,

2n+d
(at - ;“; ZW) (Tt (2, Ny (2, A)) = 0
where ZX) € 3 is the vector corresponding to A (see Section ,
(3) if T > 2, then the distribution Ty, dy; is invariant under the flow of the vector field
ZWN) and thus is equal to 0.
(iii) Above A =0, the map t — ¢ in L=°(R, MT(G x v*)) defined via
dgt(x7 (,U) - Pt(l’, (07 w))d’}/t(x7 (07 w))l)\:07
satisfies the following alternatives:
(1) if 7 € (0,1), the map t — & is constant from R to M+ (G x v*),
(2) if T =1, then the map t — & is weakly continuous from R to M(G x v*), and for all
teR
G(z,w) = ¢ (Exp(tw - V)z,w),
where w -V = Z;-lzl w;Vj €9,
(3) if T > 1, the measures ¢ are invariant under the flow of the vector field w -V and thus
supported on G x {w = 0}.

The existence of the semi-classical measure I'tdv; follows from Theorem [2.8] while its additional
properties come from the fact that ¢°(¢) solves the Schrodinger equation. Point (i) of Theorem
is a consequence of (i) of Theorem It will then appear that we will need to only use symbols
which commute with H ().

13



Before closing this section, we discuss why the invariance of a semi-classical measure by vector
fields imply that it is 0 (as in (3) of (ii)) or that its support has special properties (as in (3) of (iii)).

Proof of Part (3) in (ii) and Part (3) in (iii). The invariance properties have consequences that
have been already studied in the Euclidean case in [8, Lemma 3.6]. We adapt them to the setting

of (3) of (ii) in the following way. First let Ng : G — [0, +00) be defined via
Na() = { mf lﬁ\ i?O?w), w e v
by [15, Section 2.3], it is continuous. We also define the usual quasi-norm on G via
|Exp(V + 2)| = (| X|* + |Z|*)"/4, with V € v and Z € ;.
We can now define the continuous function N : G x G — [0, +00) with
N(z,A) = (|Jz]* + Ng(O)HH

Let z =Exp(V 4+ Z) € G with V € v and z € 3. In view of

Exp(s ZM)z = Exp(V 4+ Z + sZW)
we deduce

[Exp(s ZM)z|* = |[V* +1Z + sZPV 2 + N\~

As a consequence, if K is any compact subset of G x (3* \ {0}), then there exist constants
a17/317042762a Sp > 0 such that

Vs > so, V(z,\) € K an)s|V? = B1 < |Exp(s ZM)z| < agls|'/? + Bo,

which is enough for the proof of Lemma 3.6 in [§]. The measure Tr(I';)d~y; which is invariant under
the flow ¥ is 0 above K.

A similar argument can be performed for (3) of (iii) since the only invariant set by the action of =°
is the set G x {0} and if K is a compact subset of G x v* such that K N (G x {0}) = (), then there
exists aq, 81, ag, B2, 59 > 0 such that for s >,

agls| — fa < [Exp(sw - V)z)| < azls| + fa.

Therefore, the measure ¢ (x,w) is supported on G x {w = 0}. O

3. THE C*-ALGEBRA A ASSOCIATED WITH SEMI-CLASSICAL SYMBOLS

In this section we introduce the C*-algebra formalism which can be associated with semi-classical
symbols. The properties of this algebra, introduced in Section [3.1]are at the roots of our analysis and
allow us to prove Theorem [2.8|in Section [3.2] The proofs of Theorems [2.5] and will use several
ingredients. First, it requires the analysis of the symbolic properties of the eigenprojectors Hg‘)
performed in Section Then, in order to pass to the limits in the relations of the Egorov
theorem we will need to approximate general symbols in Ay by symbols belonging to the class
Ay, which is done in Section [3.5] Finally, it will use symbols that commute with H, the space of
which is studied in Section 3.6l
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3.1. The C*-algebra A and its states. We introduce the algebra A which is the closure of Ay
for the norm || - || 4 given by
(3.1) lolla:="sup [[o(z, A)llzr2(py))-
(z,\)eGXG
Clearly, A is a sub-C*-algebra of the tensor product of the commutative C*-algebra Cy(G) of

~

continuous functions on G vanishing at infinity together with L>°(G).
It turns out that one can identify its spectrum in the following way:

Proposition 3.1. The set A is a separable C*-algebra of type 1. It is not unital but admits an
approximation of identity. Besides, if mg € G and xog € G, then the mapping

./40 — E(’H)\O)

o +— o(xg,m)
extends to a continuous mapping pazgx, : A — L(Hnr,) which is an irreducible non-zero representa-
tion of A. Furthermore, the mapping

{ GxG — A
(:L'o, 7r0) = Pzg,mo
is a homeomorphism which allows for the identification of./T with G x G.

The proof follows the lines of [I5 Section 5]. It utilises the fact that, by definition, the C* algebra
C*(Q) of the group G is the closure of FS(G) for sup, & Il z¢3,) and that the spectrum of C*(G)
is G. This implies readily that 4 may be identified with the C*-algebra of continuous functions
which vanish at infinity on G and are valued on C*(G) and that its spectrum is as described in
Proposition[3.1 Furthermore, the algebraic span of the symbols of the form 7(z, ) = a(z)b()) with
a(x) in C°(G) and the Fourier multiplier b(\) in S~ is dense in .A. Notice that their boundedness
is easier to obtain since Op,(7) simply is the composition of the operator of multiplication by a(z)
and of the Fourier multiplier b(2)), and one has

(3.2) 10p (Ml 2@y < sup 7lleze(en))-
z€G, NG

We can also describe the states of the C*-algebra A.

Proposition 3.2. If { is a state of the C*-algebra A, then there exists a pair (v,I") unique up to
its equivalence class in M2, (G x G) which satisfies

(3.3) T (D2, N) dy(z, A) =1,
GxG
and
(3.4) Voe A  l(o)= / Tr (o(a, VD (2, A)) dy(a, A).
GxG

Conversely, if T dy € M7 (G x @) satisfies (3.3)), then the linear form £ defined via (3.4)) is a state
of A.

Proof. This proposition is a corollary of Proposition 4.1 in [I6]. Its proof follows the lines of [15],
Section 5| and is performed in details in the Appendix of [16]. O

The description of the states of the C*-algebra A yields the following corollary:

Corollary 3.3. The topological dual A* of A may be identified as a Banach space with My, (G x é)
in the following way:
15



o If{ : A — C is a continuous linear form, then there exists a unique element I'dy €

Moy (G x @) satisfying .

e Conversely, (3.4]) defines a continuous linear form ¢ on A.
Moreover, we have the following properties:
(1) [[€]las = [[Tdy]lr-
(2) I'dy > 0 if and only if £(c) > 0 for every positive element o in the C*-algebra A.
(3) ¢ is a state if and only if I'dy > 0 and (3.3|) holds.

3.2. Time dependent states and the proof of Theorem With this precise description
of the topological dual A*, one can now consider functionals defined on C°(R) x Ap.

Proposition 3.4. Let £ : C°(R) x Ay — C be a non-zero bilinear map satisfying

(3.5) Vo € Ay, VO ECT(R),  £(0,0) < |olallfllLi(r)
and
(3.6) Vo € Ay, VO € C°(R), f(|9[2,0*0) >0,

Then £ extends uniquely to a continuous bilinear map £ : L'(R) x A — C for which we keep the

same notation. Furthermore, there exists a unique map t — Tydry, in L°(R, M7 (G x @)) satisfying
ITedye||pm = 1 for almost all t € R, and:

VoA VoeL'R), ((0,0) = / o(t) / T (o, T, A)) do () dt.
R GxG

Proof. The estimate in implies that the bilinear map ¢ extends uniquely into a continuous
bilinear map on L'(R) x A for which we keep the same notation. Furthermore, for each o € A,
we identify the continuous linear map 6 ~ £(0, ) on the Banach space L!(R) with the function
l, € L*°(R) given via

1 _
e L\R)  ((6,0) = /Re(t) ¢

Note that |[{s|| o r) < [|o||.4 and that the map o + /; is a linear mapping on A to L>°(R). Hence,
we can view the map L : ¢t — (0 — {4 ( )) as a measurable bounded map from R to the Banach
space A*. Moreover, the assumption in (3.6) implies that

v € C°(R) / 0(8) 205 (H)dt = £(]6]2, 07 5) > 0,

hence £+, (t) > 0 for almost every t € R. In other words, o — /,(t) is a state for almost every
t € R. Hence, the map L € L*°(R, A*) is valued in the set of state of A. Corollary with the
identification of A* with M,,(G x G) allows us to conclude. O

With these concepts in mind, one can now sketch the proof of Theorem as its arguments are
an adaptation of the ones in [I5] [16].

Sketch of proof of Theorem [2.8 Tflimsup,_q [[u°|| Lo (r,22(c)) = 0, then the map given by T'ydy; = 0
for all t € R answers our problem. Hence, by dividing u® by lim sup,_,q [|u®[| oo (r,12(c)) if necessary,
we can assume that
lim sup HUEHLOO(R7L2(G)) =1.
e—=0

We then consider the quantities ¢, (6, 0) defined in (2.23) and we observe the three following facts:

(1) For any 6 € C°(R) and o € Ag, the family ¢.(0, o) is bounded and there exists a subsequence
(ex(0))ken such that L., (5 (0,0) has a limit £(0, 7).
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(2) Using the separability of C3°(R) x Ay and a diagonal extraction, one can find a sequence
(¢k)ken such that for all § € C°(R) and o € Ay, the sequence (¢, (0,0))ken has a limit
£(0,0) and the sequence (|[u* || oo (r 12()))ken converges to 1.

(3) The map (0,0) — £(6,0) constructed at point (2) satisfies (3.6). It also satisfies for
symbols of the form 7(z, ) = a(z)b()), see (3.2), therefore for all o € A (since the algebraic
span of such 7 is dense in A, see Section .

We conclude with Proposition (3.4 O

3.3. Some comments on time-dependent states. The result in Proposition [3.4] calls for some
comments which will not be used in the following paper but are of interest in themselves. Indeed,
with a straightforward adaptation of the arguments given for the proof of Proposition we obtain
an analogue description for the closure of C*°(J)® Ay if J is a compact interval, and of C2°(R) ®.Ag
if J = R. Note first that in both cases, the closure is for the norm

I7llcy(gay = inf Q> 10 peeqnllojlla = 7=> 005 ¢,
J J

and we identify them respectively with the C*-algebra C'(J,.A) of continuous functions on J valued

in A when J is a compact interval and with the Banach space Cy(RR,.A) of continuous functions

on R valued in A and vanishing at infinity when J = R. In order to unify the presentation, we may
write Cy(J, A) for C(J,.A) when J is a compact interval of R.

Then, an analysis similar to the one of the proof of Proposition [3.1] gives that the C*-algebra

Co(J, A) for J compact interval and for J = R is a separable C*-algebra of type 1. It is not unital
but admits an approximation of identity. Its spectrum may be identified with J x G x G. Its states

~

may be identified with the elements I' dy in M} (J x G x G) satisfying

[ e aey -1,
JXGXG
via
Vo € Co(LA)  U(o) = / T (ot AT 2, ) dr (2, A).
JXGxG

Finally, a map £ : C2°(R) x Ay — C as in Proposition extends uniquely into a continuous
linear map on L'(R) x A, and also into a state of C(J,.A) up to the normalisation |J| for any
compact interval. Using the characterisation above and the uniqueness, we can define a pair
(v,T) € M} (R x G x @), unique up to equivalence, such that

Vo € Ay, VO € CX(R), 0,0) = / 0(t) Tr(o(x, \)I(t, 2, X)) dy(t, z, N);
RxGxG

here 7 is a measure on R x G x G. This is a weaker result than the one obtained in Proposition
which states that the measure above is absolutely continuous with respect to dt, and this explains
why we proceed in this manner.

Note that we can proceed as in Proposition [3.2] and Corollary [3.3] to obtain a description of the
dual of Cy(J,.A) that we will use later on:

Corollary 3.5. The topological dual Cy(J, A)* of Co(J, A) may be identified as a Banach space
with Moy (J X G X é) in the following way:
o If{:Cy(J, A) — C is a continuous linear form, then there exists a unique element T'dy €
Moy (J x G % é) satisfying (3.4)).
e Conversely, (3.4]) defines a continuous linear form £ on Cy(J, A).
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Moreover, we have the following properties:

(1) el = [Tdylam-
(2) T'dy > 0 if and only if £(o) > 0 for all any positive element o in the C* algebra Cy(J,.A).

3.4. Symbolic properties of the eigenprojectors. In this section, we analyse the fields of the
spectral projectors Hg‘) of H(A). We use the notion of homogeneous symbols introduced in [15]
(see Definition 4.1 therein).

Following [19] (Section 5.2 for any graded nilpotent Lie group and Section 6.5 for the Heisenberg
group), the class S™ of symbols of order m in G consists of fields of operators o(z, A) such that for
each «, 8 € N” and v € R we have

[a]—m+~

(3.7) sup [[(1d + HO)) 5 XEA (2, A)(1d + H(N) 73| ¢4y < -
r€GAEG

Using the dilation induced on G by the one of GG, one defines for m € R, m-homogeneous fields of
operators o(z, \) by asking that o(z,2-A) = e™o(z, \) for all # € G, almost all A € G and de-almost
all ¢ > 0 (in the preceding formula, £ - A = £2) for A € 3* and ¢ - (0,w) = (0,cw) for w € v*). In
parallel to what is done in the Euclidean setting, one then defines regular m-homogeneous symbols
as the set S of m-homogeneous fields of operators o(z, \) which satisfy for any o, 5 € N, v € R:

(3.8) sup [ H(N) 5 XEA (2, VH(N) 3 | 0y < o0

AeG
zeG

In both the inhomogeneous and homogeneous case, it was proved that an equivalent characteri-
sation is (3.7) and (3.8]) respectively, for all a, 5 but only v = 0.

Proposition 3.6. Let n € N. The spectral projectors H%A) associated with H(\), A € 3*\ {0}, form

a field I, of operators which is a homogeneous symbol in S°.

Consequently, for any function p € C*°(R) with ¥ = 0 on (—00,1/2) and ¥ =1 on (1,+00),
Y(H)IL, is in S°. Moreover, for every A € 3*\ {0}, ¥ (uH (\))IL,, converges to I, in the strong
operator topology (SOT) of L*(py) as u — 0. Furthermore, 1(uH)IL, converges to II,, in SOT for
L®(G) as u — 0.

Remark 3.7. A remark on the notations: we shall use II,, when denoting the field of operators

acting on L?(py) and write 115" when some \ € 3* is fixed.

The proof of Proposition [3.6] relies on the spectral expression:

1 _ _
(3.9) Y — o O - 2)

where C, is any circle of the complex plane with centre 2n + d and radius p € (0,2), and the
following lemma:

Lemma 3.8. The field of operators |AIp2(,,y, A € 3° \ {0}, yields a homogeneous regular symbol
in 2.

Proof of Lemma[3.8. The first thing to notice is that |[A|H(A)~! is a bounded operator (as a self-
adjoint operator with bounded eigenvalues). Then, we look at Ag[A[I2p,). The kernel correspond-
ing to the symbol |A[I12(,,) is the distribution 51,:0@.7-'3—1 |Al, so the corresponding convolution oper-
ator on GG acts only on the central component. Furthermore Aq|/\|IL2(pA) = 0 for ¢ = v;. For ¢ = 2,

Ag|A[I12(p,) 1s up to a constant the group Fourier transform of the distribution d,—o ® .7-"3_18% |\l
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SO

sup | AG A L2y le(z2ipy) = I1F = 5 (u=0 @ F; 00N [l 2z2(a)
A€;*\{0}

<|lg — g (E_la/\k’/\D L2y = . SU\P{O} O |A] < 0.
€3*

For ¢ = zjz, Ag|AL L2(py) I8 up to a constant the group Fourier transform of the distribution
Op=0 ® ]-"3_18,\].8,\k|>\|. We see that for ¢ = zi, [q] = 2 and

_14.1d
HO) T2 AgA = Ag|AlL
Therefore

1. ld
sup [H ()2 Ag A L2 2 (22(pn)) < 00
3*

Recursively, we obtain for any monomial ¢, we have the estimates required by (3.8)):
_14lg
sup IH(N) ™2 Ag A 200 | 2(22(0)) < 005
€3*

where [g] denotes the degree of homogeneity of ¢. This shows Lemma O

Proof of Proposition[3.6. In order to show that the field of operators consisting of the Hfﬁ) is in S°,
it suffices to show that (H(\) — |A|z) "' is in $2 with uniform semi-norms estimates of the form (3.8)
with respect to z € C,, because of (3.9), Lemma and
_ -1 _
(ATTHO) = 2)7 = A[(HQ) = [Al2) 7
The rest of the statement will then follow by [I5] (see Section 4.2 therein).
The semi-norms estimates of the form (3.8]) with « = 8 = 0 and v = 0 are satisfied for all z € C,

with

_ 2n +d
sup |[H(N) (H(X) — |M\|z ! 2 <sup—— < o0.
o HO) ) = W) e < sup 5

For ¢ = v; or z, since AQILQ(px) = 0, the Leibniz formula implies
Ag (HA) = [A2) 7" = = (H(A) = [\]2) 7 Ag (H(N) = [A2) (H(V) = [A[2) 7
Note that
Ay (H(A) = [Mz) = AgH(A) — ZAq‘)‘uB(pA),

and that both terms in the right-hand side are in $2~19 (for the first one see [15], Example 4.5, for
the second by Lemma , so Ay (H(N\) — |A\|z) € §2719. This and the estimates above yield that

lal _
N2 Ay (HON) = IN2) ™ eizzo))

< JHX) (HR) = N2 2 2y IHO)Z Ag (HA) = [M2) HO) 2y,

s0 its supremum over A # 0 is finite. Proceeding recursively shows (H(\) — [A|z)~! € S=2 and thus

(A"*H(A) — 2)~' € SO, with uniform semi-norms estimates with respect to z € C,. This yields
Part (1). O
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3.5. Approximation of H-diagonals and anti- H-diagonals symbols. We now use the sym-
bolic properties of Section for the projections HS‘) to decompose symbols as described in
Lemma 2.4

We first notice that if o = {o(A\),A € G} € S~ is a smoothing symbol independent of z, we
can then define the symbol o(®") .= II,,61I,, for each n,n’. For n = n’, 0(™") commutes with H;

for general pairs of integers (n,n’), it satisfies

HN\) o™\ = |N@2n+ d)a™™)(A) and  o™™VH(A) = |A|(20' + d)o ™) (V).
However, ¢(™") is usually not smoothing but may be weakly approximated by the smoothing

symbols ¢ (uH ), oIl (uH) with v — 0 with ¢ as in Proposition

Proposition allows us to modify the previous construction to symbols which also depend on
x € G in order to obtain the following weak approximation of the Il,-projections of smoothing
symbols:

Corollary 3.9. We fix a smooth function ¢ : R — [0, 1] satisfying ¥ =0 on (—o00,1/2) and ¢p =1
on (1,400). Let 0 € S™°.
(1) For each n,n’ € N and u € (0,1], the symbol
(3.10) o) = 4 (uH )L, oyt (uH)
is smoothing, i.e. o) € S~ Moreover, for every z € G and X € 3*\{0}, o™ (z, \)
converges to o) (z,\) = IL,o(MILy in SOT of L*(py) as u — 0; and o™ (z,.)
converges to o) = I, o (x, )y in SOT for LOO(CA}) asu — 0, for every x € G.
(2) If o € Ay, then o™ W) € Ay for every n,n’ € N and u € (0,1).
(3) If o is supported in K x (3*\{0}) with K a compact of G and vanish identically near A = 0,
then o) € Ay for every n,n' € N and u € (0,1).
(4) If 0 € Ay, we can write o as the finite sum o = Zn,n, o
have o(™") = gnn'u),
(5) If o € A then o) € A for every n,n’ € N and u € (0,1). If in addition o is a positive
element in the C*-algebra A, then so is o™ forn =n'.
Proof. Part (1) follows from Proposition [3.6) and [15]. Parts (2), (3) and (4) follows from Part (1).
Let 0 € A. Since o — o(™"'%) s linear and || (z, ')HLOO((A}) < |lo(z, ')HLOO(é)’ onn'u) e A,

Furthermore, for any o € A, (¢*0)™™% is positive in Co(G) ® L>®(G), therefore also in A. This
shows Part (5). O

Remark 3.10. Note that Part (4) of Corollary proves Lemma

(1) and for u small enough we

The same ideas also gives the approximations of symbols in Ay by symbols in Ag:

Corollary 3.11. Let 0 € Ay. Then there exists a sequence (op)nen of symbols in Ap converging
to o in the following sense:
e for each A € 3*\ {0}, we have the convergence o,(x,\) — o(x,A) in SOT of L%(py) as
n — +oo uniformly in x € G, and
e we have the convergence on(z,-) — o(x,-) in SOT of L®(G) as n — +oo uniformly in
re@.

Corollary follows from Proposition and Proposition 4.6 of [I5] together with a smooth
cut-off in A € 3*. The latter property is granted by the following lemma:
Lemma 3.12. Let 0 € Ay.

(1) For any g € S(3%), the symbol given by g(\)o(x, \) is in Ayp.
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(2) Let (gn)nen C C°(3*\{0}) be a sequence of functions which are bounded by 1 and converges
to the constant function 1 pointwise. Then (gno(z,-))nen converges to o(z,-) in SOT of

~

L>(G) uniformly in x € G.
Proof. Let ks be the kernels associated with the symbols which may be identified with a map in
CX(G;8(G)). Part (1) follows from the kernel , associated with the symbol g(\) being the central
distribution d,—¢ ® .7-";1 g and the kernel associated with g(\)o being kg4 * k. Part (2) follows from
the Lebesgue dominated convergence theorem and the Plancherel formula. O

Remark 3.13. If o = {o(x,7), (z,7) € GxG} € §7°°, then constructing as above 1 (uH )IL,o 11, (uH)
yields a smoothing symbol commuting with H(\). The closure of their span form a much larger
class than the class of spectral multipliers of H(\). Indeed, spectral multipliers are constant on the
vector sets V,, which is not the case of ¢(uH ), oll,1)(uH). The reader can refer to [19, Chapter
4] for considerations on symbols that are functions of H(\).

3.6. The sub-C*-algebra B of H-commuting symbols. In order to prove Theorem we
shall use symbols in A which commute with H(\). The set B of such symbols satisfies the following
properties:
Lemma 3.14. Let B be the sub-C*-algebra of A consisting of symbols o € A which commute with
H(\), i.e. o(z, \)H()\) = H\)o(z,\) for almost every (z,\) € G x G.

(1) The space B contains the symbols of the form a(zx)o(N) with a € C°(G) and o smoothing

and commuting with H(X), and the algebraic span of these symbols are dense in B.
(2) The states of B are in one-to-one correspondence as in Proposz'tz'on with the measures

Tdy € M} (G x G) such that T = > nen UL,

Proof of Lemma([3.14 Part (1) is readily checked. Let us prove Part (2). Let £ be a state of B. For
any N € N and u € (0,1), Part (5) of Corollary implies that

N
gN,u(U) = Zg(o(n,n,u))7
n=0

defines a continuous linear functional ¢y, on A which is a state or 0. We denote by I'nx ,dyn, €

MP (G x CAJ) the measure corresponding to ¢y, by Proposition We observe that for any
N1 < Ns and 2up < us < U3/2

Ny
Cuy, Ny (o) = Cus, N (Z U(n,n,ug))'
n=0

The uniqueness in Propositionimplies that there exists ['dy € M7 (G x é) of mass 1, commuting
with H(\) and such that I'y ,dyn ., = Zﬁ[:o Y(uH)IL, T, ¢p(uH )dy. This implies Part (2). O

It readily follows from Lemma that the pure states of the C*-algebra B are given either by
|0) (V] 62y @97, for some v € V,, when A\g € 3"\ {0} and zg € G, or by 0, ®9_(0,.q) for some wy € v*
and xg € G. One can thus describe easily the dual of B by identification with the subset

S:={(z, 0,n) EGXxGxN : n=0if Ao &3*\ {0}} of G x G x N.
4. PROOF OF THEOREMS AND

The core of our results are Theorems 2.5 and .10 from which Theorem [L.I] will derive in Section
so we focus on these two first statements. Their proofs rely on a careful analysis of the
commutator [Op,(c),e2A¢] based on Equation (2.20). Considering anti-H-commuting symbols in
Section allows us to prove first Point (i) of both Theorems and We successively prove
Points (ii) of the two theorems in Sections [4.2{ and (iii) of Theorem in Section [4.3| respectively.
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4.1. Spectral decomposition of the time-averaged semi-classical measure. Here, we prove
Part (i) of Theorems and [2.5] together with equation (2.24). We take o € Ag. The Schrédinger

equation (2.3)) yields

52
ZET% (Op5(0)¢€(t)> we(t))[ﬂ(G) = < |:Ops(0')a _QAG:| wa(t)v ¢€(t)>

12(G)

By use of (2.20)), we obtain
5 (0. (fo HONUE (), 07(0)) 1oy = %([Opm AG) Y1), 4 (1) 1y + OLE) + O(E)
= L (Op () (1), (1)) + OC).
Therefore,
(41) 060 O (fo O 47 (0,070 1 dt = O(") + O,

4.1.1. Proof of Theorem (i). Firstly, taking the limit as ¢ — 0 in (4.1) for a subsequence
defining a semi-classical measure I'ydy, it gives for all o € Ap and for all § € C2°(R),

/H(t)/ Tr([o(z, A), HA)] T¢(x, X)) dyg(z, N)dt = 0.
R GxG

We apply this to any symbol o™ %) e Ay given by (3.10)), see Corollary By Corollary
this implies that the element in M,,(R x G x G) given by

[H(\), Ty (wH (\) Ty, N (wH (A)IL,] dedt

is zero. For any pair of integers with n # n/, taking u — 0 implies that I,/ TII,, = 0 for almost
every (z,A) € G x G, this shows Point (i) of Theorem As T'; is a positive compact operator,
it admits the spectral decomposition (2.24]).

4.1.2. Proof of Theorem[2.5 (i). Secondly, we can apply (4.1]) for the symbols
Flomnw (2 A) := g(A)(2]\|(n — n')) Lo W)

where o(™"%) is as above and g € S(3%) supported away from 0; by Lemma this symbol is
indeed in Ag. We obtain that for n # n’

/R 0t) (Op. (g™ ) w2 (0).05(1)) |, dt = O(Emn0)

2(0)

This implies Point (i) of Theorem [2.5| for o € Ag by taking g € C2°(3* \ {0}) identically 1 on the
A-support of o, and u small enough so that o) = ') where ¢ = Enm/ o) with the
notation of Corollary [3.9| Part (2).

4.1.3. A more precise computation. In order to prove the rest of Theorems 2.5 and [2.10] we write
down more precisely the equalities we have obtained above using

“(t))r2c
(Op: (Ago) =), " (1)) r2(c

(12) i 4 (Op. (o)1), ¥7(1) () = 5 (O o HN] 4 (¢

—e(0p. (v P WV)a) ur(e).v°(1)

22

)¢
2
5

L*(G)



It is actually convenient to use the notation ¢.(,0) introduced in (2.23)). By Theorem we
know that up to extraction of a subsequence i, ¢-(6,0) has a limit that we denote by ¢ (0, 0).
With these notations, equation (4.2]) writes

&2
— —{:.(0,Aqo).

2
4.2. Proof of (ii) Theorems and In this paragraph, we prove Parts (ii) in Theo-
rems and We consider symbols supported away from A = 0 and commuting with H(\).
We are going to use some properties that are summarised in the following technical lemma, the
proof of which is in Appendix B.

(4.3) L0 0) = 5o (6,10, HO) — et (6, -7 (V)o)

Lemma 4.1. If oy € Ay commutes with H and if g € S(3*) is supported away from 0, then the
symbol o € Ay given via o(xz, A) = g(N)oo(x, \) satisfies the following properties:
(1) The symbol o1 given via

d
zer Z (P (@) = Qi (By)) o, 2)
is in Ag. R
(2) For any (z,)\) € G x G,
[o1(z, ), HN)] =V - 7 (V)o(x, A).
(3) For anyn €N, (z,)\) € G X @;

1
IL,(V - 7 (Vo (z, M)IT, = i ((2n +d)il\| "t zW — AG> 0 (z, M,

4.2.1. The case T € (0,2) - Proof of Part (ii) (1) of Theorems[2.1(] and[2.5 Continuing with the
setting of Lemma its parts (1) and (2) together with equation (4.3]) applied to the symbol o1
yield the development of the term:

A (9, V. M(V)a) = 0. (0,01, HN)))
= —2ic™0(0,01) + 2L.(0,V - TNV)oy) + €20-(0, Agor).

Plugging this into (4.3)) shows that we have
2

0(0,0) = icT (—geg (e, V. WA(V)J) - %es (o, AGa))
(4.4) = 20, 00) — 2> 0,V - 7NV)oy) — 56 T (0, Ago) — i3l (0, Agoy)
O(e) + O(*™).

Proceeding as in Section this implies the case 7 € (0,2), i.e. (ii) Part (1) of Theorems [2.10]
and 2.5

4.2.2. A more precise computation. Before focusing on the cases 7 > 2, let us make more explicit
the computation in Section (which is valid for any 7) by setting for any ¢ as in Lemma

(4.5) J(0,0) = 2.(0,V - 7N(V)ory) + %zs(e, Aco).

Rewriting (4.4]), we obtain

(4.6) §e(0,0) = ie™ 2 (0, 0) — 2ie™ (0, 01) + el(0, Agay).
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Theorem (i) and Lemma [4.1] (3) together with (4.5)) give for any o € Ay,

2 d .
(47) jg(e, O') = ZZ 66 (07 Z’—)’\_’ Z(A)Hnann> + O(Emln(lﬂ_))’
neN

as the terms in A¢g cancel each other.

We set for any o as in Lemma

Joo(0,0) := lim j., (6,0).

k*}O

Theorem and (4.6) imply
(4.8) Jjoo(8,0) =0 when 7> 2

while passing to the limit by Theorem we have for any 7 > 0:

49)  ju(0,0) / /G . ;zz‘i‘d (290 (@ ML) Do 2)) (. Nt

4.2.3. Proof of Parts (2) and (3) of Theorem (ii). We now consider o € .ASL?). We may assume
that o = II,,01l,, for some fixed n € N.

In the case 7 = 2, the computations in Sectionmgive (using first equation (4.6|) and then (4.7)))

e (0 +5).00 @*2513‘13)

ds
= (9’(-+s),ao\11‘25ﬁ\d8)+£€ 0(-+s),—2"+dz< Vo oW B
2|l
= i (0(-+ 5),0 0 W) 1 L, <9<-+s>7—22|§|d2 e "> + O(e)
= O(e).

An integration over s shows Part (1).

Part (3) for 7 > 2 is proved in a similar manner: using again ) and .

(4.10) diﬁs <9, oo \Ifzﬂds> — /. (9’ _27;|J)\r|dg(k)0. o \1,22"&‘15)
S

= 1Je (9, oo \I/_%s> + O(E) _ O(gmin(lvT_Q))'

This concludes the proof of Theorem

4.2.4. Proof of Part (2) of Theorem (ii). Here 7 = 2. For any o € Ap satisfying o = II,,011,
for some fixed n € N, the considerations in Section (see equations (4.4]), (4.5) and (4.9))) give

2n +d

/ _
(o0, 0) = Lo (9, o

Z()‘)a> if m=2.

The weak density of Ay in Ag (see Corollary implies that Part (2) of Theorem [2.10] (ii).
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4.2.5. Proof of Part (3) Theorem (ii). Here 7 > 2. For any o € Ap satisfying o = II,,011,, for
some fixed n € N, passing to the limit in (4.10]) give (in view of (4.8))

loo(0, NP ZW5) = 0.

The weak density of Ay in Ay (see Corollary implies that I'y ¢(x, \)dvyi(x,A) is invariant
under ZM) away from A = 0. As this is true for every n € N, the measure LyzoTe(Ty)dy =

1320 > pen Tr(Ln¢)dy: is invariant under the flow W® defined in (2.21). This concludes the proof
of Theorem [2.10] (ii) in view of the discussion at the end of Section

4.3. Proof of Theorem (iii). We recall that the measure I';dy; is scalar above {A = 0},
and we can define the measure d¢;(z,w) := I'y(z, (0,w))dv(z, (0,w))1r—p. In order to compute this
measure, we observe the following fact.

Lemma 4.2. The map o — 0|gxr=0} s a C* algebra morphism from A to Co(G x v*). This
map as well as its restriction to the sub-C*-algebra B of H-commuting symbols (see Section@
are surjective.

We observe that the map © : 0 — o|gy =0y maps Ag on C°(G;S(v*)) in the following way

O(0)(z,w) :==0o(x, (0,w)) = /Gfim(v,z)e_w'”dvdz,

where we write 0 € Ay as o(z,\) = Kg(A) with the map =z — £k, in C°(G;S(G)). In fact,
O(Ag) = C°(S(v*)) and we can easily construct a right inverse via

(= ¢z(w)) — }—G(}—n_*1¢x ]:;,_*IX(Z))a

where y € C2°(3*) with x(0) = 1. From this, we easily check that © extends to a C*-algebra mor-
phism from A onto Co(G x v*). However, we now give below another argument for the surjectivity
of © which has the advantage that it also holds for its restriction to B.

Proof of Lemmal[{.4 Using the notation just above, © : ¢ — o]y r=0y maps Ag on C°(G; S(v*))
and extends to a C*-algebra morphism from A to Co(G x v*). The set O(A) is a sub-C*-algebra
of Co(G x v*), their spectrum are included accordingly with equality if and only if they are equal.
Any state of Co(G x v*) is given by a measure in M (G x v*) which may be viewed as an operator
valued measure in M, (G x @) vanishing on G x {\ # 0}. This shows that the spectrum of the
commutative algebra O(.A) is G x v*, so O(A) = Cp(G x v*). The same argument holds for B. 0

For any 6 € C2°(R) and any o € Ay N B, we decompose the integrals in ¢ (0, 0) and ¢o (0, V -
7 (V)o) over G x G as the sum of two integrals, one over G x {\ # 0} and one over G x {A = 0} ~
G x v*. The two integrals over G x {\ # 0} are zero by Part (ii) and by Lemma respectively.
Then, using this when passing to the limit in , we have the following alternatives.

(1) If 7 € (0,1), the relation £ (6',0) = 0 gives

Vo € AN B /9’(75)/ oz, (0, 0))dsy (@, w)dt = 0,
R Gxo*

whence 0is; = 0 in the sense of distributions by Lemma
(2) If 7 = 1, using (2.14)), we obtain £ (0,0) = loo(0,V - 7 (V)0o), whence

/ 7 (1) / oz, (0, w))dsy (2, w)dt = / o(t) / W Vo (z, (0,0))ds (z,w)dt,
R Gxo* R Gxo*
from which we deduce in the sense of distributions by Lemma [£.2]

ot =w - V.
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(3) If 7 > 1, using again (2.14) and Lemma [4.2 yields £ (6, V - 7*(V)o) = 0 and this implies
that the measure ¢;(z,w) is invariant under the flow Z°, s € R, defined by

. Gxv* — Gxo*
- (z,w) — (Exp(sw-V)z,w)= <Exp (s 2?21 ijj) x,w)
And this invariance translates in terms of localisation of the support of ¢ in view of the
discussion of the end of Section whence Part (iii) (3) of Theorem .
In the situation when 7 € (0, 1], Part (iii) (1) and (2) of Theorem comes from the resolution of

the transport equations satisfied by ¢; by using the continuity of ¢t — ¢ that is proved in the next
section. This concludes the proof of Theorem [2.10

4.4. An improvement in the case 7 € (0,1]. Here, we show the following improvement for the
case T € (0, 1]:

Proposition 4.3. Assume 7 € (0,1] and consider, as in Theorem a semi-classical mea-
sure t — Tidy, € L®(R, M7 (G x é)) corresponding to the family of solutions of for
an initial data (V§)e>o which is a bounded family in L*(G). Then, for any o € B, the map
t= Jowa Tr(oTy)dy is locally Lipschitz on R.

The proof of Proposition 4.3 relies on (4.2)) and Lemma
Remark 4.4. (1) The weak continuity of the map t + I'td~y; granted in Proposition allows
us to solve the transport equations of (ii) Point (1), and so for (i) and (ii) Point (2).
(2) The proof of Proposition implies that, under the assumptions of Proposition if e
is the sub-sequence realising a semi-classical measure I'tdvy;, then we have for all t € R

(1) Vo e AP (Opo)t0.0H (1), [ Trlolw Nlile, Nz A,
=T JGxG

meaning that one can pass to the limit ¢-by-t and not only when averaged in time as in the
original statement of Theorem [2.10

Proof of Proposition[{.3 For any o € B, (4.2)) gives
d _

Jlet(0) = 05177, where  Ley(0) = (Op. (o) ¥°(1), ¥°(1)) ,

in the sense that we may assume the distribution ¢ +— £ ;(0) to be continuous and even C* on R
and that 4/, (o) is uniformly bounded with respect to ¢ in a bounded interval of R and ¢ € (0,1).
Consider a sequence (g;);en in (0,1) converging to 0 as j — oco. By the Arzéla-Ascoli theorem
and (4.12), we can extract a subsequence (€, )gen such that, as k — oo, £j, — 0 and (£, .(0))ken
converges to a continuous function ¢t — ¢;(o) locally uniformly on R for all o € B (this requires to
consider a dense subset of B and a diagonal extraction procedure). We proceed as in the proof of
Theorem [2.8| (see also [15] [16]) using the C*-algebra B with its properties in Lemma instead
of A: either L := limsup;_, ||1j}§”c r2() = 0 and ¢; = 0 or L™, is a state of B for each t € R.
Let T'ydyy € Moy (G X CAJ) with I'y = > - II,I'I1, corresponding to £;. Up to a further extraction
of a converging subsequence (for which we keep the same notation), we may assume that I';dy;
coincides with the semi-classical measure in Part (i) and Part (ii) (1) of Theorem whence the
result. g

(4.12)

5. UNIFORM &-OSCILLATION AND MARGINALS OF SEMI-CLASSICAL MEASURES

We prove here Theorem in Section [5.3] using the notion of e-oscillation explained in Sec-
tion which allows to relate the weak limits of energy density and marginals of semi-classical
measures, that we first study in Section [5.1
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5.1. Marginals of semi-classical measures. In this section, we describe the consequence of
Theorem for the marginals of semi-classical measures for the solutions to the Schrodinger
equation. Let (1§).>0 be a bounded family of L*°(R, L?(()), the associated semi-classical mea-
sure I'tdy; and subsequence e given by Theorem [2.10] whose notation we use. We also consider
the corresponding measurable map ¢ — ¢; in L®(R; M1 (G)) given by the marginal on G of the
measure Tr (I'y(x, ) dyi(x, A), that is, formally

ot ‘= ﬁ Tr (Ft) d"yt(l', d)\),
G
or more precisely, for all ¢ € C2°(G) and 6 € L'(R),

[ owotadoerie= [ o) [ oy (Tutw. ) dnla 3 dr
Rx@G

R GxG
We define two measurable maps in L™ (R; M1 (G)) via

*

o) () :—/ LyzoTr Ty, N)dy (2, ),
3*\{0}

Qf* (x) = /U* Lo Tr Ty (z, (0,w))dv(z, (0,w)) = /D* G (z, dw),

and, because of the decomposition of G recalled in Section 0r = Q%* + 09" . Besides, Theo-
rem directly implies the next proposition.
Proposition 5.1. In the setting just above, we have the following properties:

(1) If 7 € (0,1], the maps t v py, t — pf’f* and t — p¥" are weakly continuous from R to M(G).
(2) The measures Q{F satisfy the following properties:
(a) If T € (0,2), 8“9%* = 0 in the sense of distribution on R x G,

(b) If =2,
Q?z* = Z/ Y (x,dX)  where  yp (2, N) = yoTr Ty g (2, N)dye (2, A),
neN 3*\{0}

and in the sense of distributions on R x G x (3* \ {0}), we have

2n +d
S22 zM ) A =0,
(5” 2 )“ 0

(c) If T > 2, then gi* =0,
(3) The measures o} satisfy the following properties:
(a) If T € (0,1), for allt € R, o} = oY .
(b) If T =1, for allt € R, o} (z) = / s (Exp(tw - V)z,dw) .
U*
(c) if 7> 1, ¢} () =q(z,0).

This statement is the core of the proof of Theorem by use of the concept of e-oscillation that
we now discuss.

5.2. e-oscillating families. We stick here to a general framework and consider a family (u®(t))e>0
bounded in L> (R, L?(G)). Our aim is to link here the weak limits of the measure |u® (¢, z)|?dzdt and
the semi-classical measures of the family (u°(t))s>0. In analogy with [20] and Section 4.4 of [15] for
H-type groups, we introduce the notion of uniform strict e-oscillations for time-dependent families
of L®(R, L*(Q)).
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Definition 5.2. Let (uf).s¢ be a bounded family in L>°(R, L*(G)). We shall say that (u®) is
uniformly e-oscillating when we have for all T' > 0,

e

limsup sup ||1_.2n spu’
e—=0  te[-T,T]

—
—+00

Ollz26)

If moreover, we have

limsup sup |[1_.2 u(t —0
em0 te[ T H e2Ag<o ( )HLQ(G) 550

then the family (u¢) is said to be uniformly strictly e-oscillating.

The interest of the notion of e-oscillation relies on the fact that it gives an indication of the
size of the oscillations that have to be taken into account. It legitimates the use of semi-classical
pseudodifferential operators and semi-classical measures in order to describe the time-averaged
densities ([1.1)) of these families. Indeed, we have the following proposition.

Proposition 5.3. (1) Let (u¥) € L¥(R, L*(G)) be a uniformly e-oscillating family admitting

a time-averaged semi-classical measure t — D'idy, for the sequence (ex)ren. Then for all

¢ € C(G) and 0 € L*(R),

i k(t, 2)|2dadt = z)Tr (Ty(z (x
Jdim [ gootole(o)Pdode = [ o0) [ o)t (Tue ) dute N e,

(2) If moreover (uf) is uniformly strictly e-oscillating family, then the semi-classical measure
does not charge the trivial representation 15 in the sense that

(G x {15}) =0 for almost every t € R.
Proof. Let ¢ € C2°(G) and let § € L'(R). We can write for any R > 0

| oot (o) Pdtds = o+ e,
RxG

where
IicRr:= /Re(t) (Opg(aj,R)ue(t),us(t))Lz(G) dt, j=1,2,
with
2 2
(e )= o (SHO)  and ona(e) = o) (1-0) (SHW).

having fixed a function y € C*°(R) such that 0 < xy <1,y =0o0n ] —o0,1] and x =1 on [2, +o0].
Note that the symbol o3 g is in A while, using the notation of [I5], the symbol o} g is in S0, For
I ¢ g, let us first assume that 6 is compactly supported in [T, T for some T' > 0. We have

[I1,r| < H9||L1(R)H@f)HLoo(G)HUEHLoo(RLz(G))t [Su%)ﬂ |x (—*R™Ag) w| ey -
€l— b

SO

lim limsup /i, r =0.
R—=+00 koo

since (uf) is e-oscillating and 0 < x < 1,~1. By density of C2°(R) in L'(R), this is also true for
any 6 € LY(R).
For I r, by Theorem [2.8 we have

lim To., g = / o) [ Tr(oor(e, Ny, A)) dus(ar, V) dt.
k=00 R Gx@

Since we have

|Tr (o2,r(2, T4 (2, ) | < [[6]] oo (e Tr (T2, A)) 5
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and

RETOO Tr (o2,r(x, \)i(z, N)) = ¢(x)Tr (T'y(z, N)),

the Lebesgue dominated convergence theorem implies

lim lim IQ’Ek’R:/RH(t)/G agﬁ(x)Tr (Te(x, N)) dye(x, N) dt.

R—+00 k—o00
This yields Part (1).

For Part (2), we see that if moreover (u?) is uniformly strictly e-oscillating family, then for any
8 € C.(R) and ¢ € C°(G), the expression
2

[ o060 =05 A0 (0.0 O eyt

is bounded by

2

£

10lzr @) sup [[(1 = x)(=5Ac)u* ()2 sup [ (Ol 2 (e Dl (),
tEsuppb teR

which tends to 0 when e = ¢, with k¥ — 400 and then § — 0. However, by Theorem [2.8] the limit
of the same expression as € = ¢, with kK — 400 is

Lot (0@ 0576 ) dnte. ),

which, by Lebesgue’s dominated convergence theorem, converges as 6 — 0 to

Lo [ o),

GxG

since (1 — x)(3FAg)(m) tends to 0 in SOT for any non-trivial representation m € G while at
7™ = 1g it is equal to 1. Consequently this last expression is zero, and this concludes the proof of
Proposition ]

The fact that a family is uniformly e-oscillating can be derived from Sobolev bounds.

Proposition 5.4. o [f there exists s > 0 and C' > 0 such that
Ve>0, sup [[(—e?Ag)2ut(t)] 12 < C,
te[-T,T]

then (u). is e-oscillating.
o [f there exists s > 0 and C > 0 such that

Ve >0, sup |[(=e*Ag)2ut ()2 + suwp [I(=e*Ac) 7wt (#)l| 2y < C
te[-T,T) te[-T,T]

then (u) is strictly e-oscillating.

Proof. We use Plancherel formula (2.10) and the facts that for s > 0,

e? (—e2Ac)? e? (—e2Aq)3
_Z <M = 7E)7 _Z <M =T =7E)7
X( RAG> =" R X( RAG) =" R

and (1 —x) (—?AG> <8 (—e’Ag)"2(1—x) (—fAG> < 5%(—e%Ag) 2.
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For families of solutions to the Schrodinger equation (2.15)), the uniform e-oscillating property
is inherited from the initial data. Indeed, using that operators of the form x (—%Ag) commute
with the sublaplacian, the following result follows by energy estimates as a consequence of Propo-
sition 5.4
Proposition 5.5. Let (1§)->0 be a bounded family of L°(R, L*(G)). If it satisfies

35,0 >0, Ve>0  [(—e*Aa)? ¢l < C,
then the family of solutions °(t) to the equation for the initial data (vg) is uniformly
e-oscillating. Moreover, if (1Y) satisfies , then (Y°(t)) is uniformly strictly e-oscillating.

From Propositions (2) and it follows that:

Corollary 5.6. We continue with the setting and the notation in Proposition [5.1. Assume in
addition that (1§) satisfies . If 7 > 1 then ¢ = 0.
5.3. Proof of Theorem Let (¢§)<>0 be a bounded family of L>°(R, L?(G)) satisfying (T.2).

We set ¢°(t) = ¢'aw e Yg. Then ¢°(t) satisfies the semi-classical Schrodinger equation (2.15)) with
7 =N+ 2, and (¢§) is uniformly strictly e-oscillating by Proposition

it

We consider a weak limit of |e'2<X Acwg(xﬂzdaﬁ dt for a converging subsequence (¢j). Up to
another extraction of a subsequence, it admits a semi-classical measure I';d+; as in Theorem [2.10]
By Proposition the marginals p; defined in Proposition [5.1] coincide with the weak limit of

\ei%%*AG ¥§(z)|>dz dt. The result now readily follows from Proposition [5.1] and Corollary
Remark 5.7. The case R € (=2, —1] in Theorem holds under the weaker hypothesis
35,C >0, |[(—e*Ag) 24l 12(6) < C-

APPENDIX A. DISPERSION IN THE EUCLIDEAN CASE

We describe here the analogue of Theorem in the Euclidean setting for the Laplace operator
A=3". j<d 8%3_. The assumption then writes in the same manner replacing the sub-Laplacian
by the Laplace operator A. We point out that the result below is only an elementary version of
results that hold in more general setting and for more general Hamiltonian, including integrable
systems (see [2, [8]). We use the semi-classical measures as introduced in the 90’s in [20, 211, 22] 24].

Lemma A.1. Let (§) be a bounded family in L*(RY) satisfying for the Laplace operator A.
Then any limit point of the measure ‘efize%Ang
on R%. Besides

(1) If X € (=2,—1), then O,p; = 0.

(2) IR = 1 then () = fya po( — t€, dE).
(3) If X > —1 then ot = 0.

2
dxdt is of the form oi(x)dt where o, is a measure

Proof. A simple proof of this fact can be given by use of semi-classical measures. Denoting by Op,(a)
the semi-classical pseudodifferential operator of symbol a, a semi-classical measure p; of the family

VE(t, x) = e_iﬁAz/JS is such that for a subsequence ey, for all € C*(R) and a € C*(R?%),
(A1) (Op, (@)05(t) , v+ (1)) —s /R  BOala (e deyat.
X

k—+o0

The fact that (¢§) satisfies (1.2) implies that it is a strictly e-oscillating family and that it is also
the case for the family 1°(¢). One then has p;({{ = 0} = 0 and for the subsequence ¢;, of (A.1)),
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0 € C°(R) and ¢ € C°(RY),

/R 0@, o)|2dwdt — 0(t) () e (dez, dE )t

k—+oco JrxR2d

The knowledge of the semi-classical measures determines all the limit points of the energy density.

Let us now take a € C2°(R??), we observe that

d g g 1 €2 g g
S Op@ur(0) . v 0) = - ([onela) , -5 a] v, ).
Since ,
[0mm>ff;4y=w0m@'vw+f%mgA@.
We obtain immediately the following description:
(1) For x € (0,1),

(Op.(a)¥=(t) , ¥°(t) = (Op.(a)¥f , ¥§) + O ™),
whence i (z, &) = po(z, €) for all times ¢t € R.

(2) For k = 1, the map ¢ + y; is weakly continuous form R to M*(R?") and can be realised
by the same subsequence ¢, for all ¢ € [0,7], T > 0 with

Opi(x, &) = & - Ve (x, &) in the sense of distributions.
(3) For k > 1, we observe that

@ (Op.(ale + s&, (1) , (1))

(Op.(€ - a)P™(t) , ¢=(1))

ds 5=0
d
= = op(apre) v ) + 0.
In the last case, we deduce that for 6 € C°(R),
[600) 4 Op.tata + s (1), wi(e)| e
s=0

= " /9’(t) (Op. (@)= (t) , ¥°(t) dt = O(" ).

Therefore, the measure p; is invariant under the flow (z,£) — (x + s&,€) and, since i is of finite
mass, p; is supported on {¢ = 0}, whence u; = 0 by the strict e-oscillating assumption (Il

APPENDIX B. PROOF OF LEMMA [£.1] AND HERMITE FUNCTIONS
The proof of Lemma uses the bracket structure of g via the two following lemmata:
Lemma B.1. For any X € 3* \ {0} and j =1,...,d, we have:
[Ac, Pl = =2\ 7' 2VQ;  and  [Ag,Qj) = 2]\ ZVP;.
Proof of Lemma[B.1]. By (2.5] @, Pj, commutes with @Q; if j # jo and with any Pj, so yields

U

AG? Jo :Z j2‘7Pjo]):[ joo ] Q]O[Q]07 ]0] [Qjmpjo]QJb'

J=1

Using now ([2.4), we obtain the first equality of the statement. The second equality is proved in a
similar way. U
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Lemma B.2. Considering for A € 3\ {0},

d

2d
S Vam i) | | D (Per (@) = Qum(PR)) |

Jji=1 Jj2=1
we have:

e = A <|)\\ Lz0 (2n+d)+iAg>H${\).

n n

The proof of will use the properties of a special family of H(\)-eigenfunctions we now recall.
The family of Hermite functions (hy,)nen given by

h©) = =5 L) nen
" V2ralym o dg ’
is an orthonormal basis of L?(R) which satisfies

—h(€) + Eha(€) = (20 + 1ha(€).

Hence, for each multi-index o € N?, the function h, defined by
d
= H haj(é.j)v §= (gla s 7£d) € Rda
=1

is an eigenfunction of the operator H()) (see Section [2.3)):
H(AN)hq =|A(2|lal+4d) h

The eigenvalues |A|(2|a| + d), o € N9, describe the entire spectrum of H(\) since the functions Ay,
« € N form an orthonormal basis of L?(RY).

For each A € 3*\ {0}, the symplectic structure on v given by B(\) naturally suggests to consider
a complex structure by setting:

1 , = 1 .
Rj = E(PJ — ’LQj), and Rj = i(F)] + ZQj).
By (2.13)), the operators
VA _ VA
77)‘(Rj) = 2||(8§j +¢;) and 77)‘(R ) = | |(8§J &)

are the creation-anihilation operators associated with the harmonic oscillator H(\). The well known
recursive relations of the Hermite functions

= \[3hn1(6) - V@, ente - e © + " €

gives for each A € 3* \ {0}, n e Nand j=1,...,d,

v |A _ WV Al
WA(Rj)haZQH\/?Oéjha—y T (Rj)ha = ’ m a+1;-

Consequently, we have 7)(R;)(Vy) = Vi1 and 7)(R;)(V,) = V,—1 with the convention that
V_1 = {0}. Moreover

A

Ry (Ry)ha = — 5 (0

i+ Dhe TNR)TNRj)he = — o
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Proof of Lemma[B.3. We observe that

2d d d
(B.1) D Vi (Vy) = Y (PP + QN (@) = D (RN (Ry) + Ry (Ry)),
j— j=1 Jj=1
whence
= —4iy ( 0 (Ryy) + Ry, -H(le)> (RjQWA(RJé) - Rjzﬂ)\(Rjz)> :

J1,j2
Hence the properties of the R;’s given above yield

d
0, T, = —4i Y 1, (—RjijA(Rj)wA(Rj) + RjRym(Ry)m( j)) I,
j=1
: A Al
=—4iy N Hn< ajRjR; — 5 ( j+1)RjRj> I,
J=1la|=n
since Il = 37—, Ila where Il = [ha) (ha|. We compute

d
Z ajR;jR; — (aj + 1)R;R;) = |A\ 1z( (2Ia!+d)—*AGa

and the result follows. OJ

We can now show Lemma (.11

Proof of Lemma[4.1. By Lemma Part (1), o € Ap. To prove Part (1), we first observe that,
since the endomorphism B(A) defined via (2.1)) is represented by J in the (Py,..., Py, Q1,...,Qq)-

basis, we have in vector notation

S (@) - Q) = (5) (28 ) = Bovew)

j=1
=[AI” IZB )ik Vim(Vi).

Hence we can write
2d

o1(z,\) = 2z|>\|2 Z Njpm (Vi) Vio(z,m) = Y 7 (Vi) Vigie(Noo(z, ),
k=1

As g is smooth and supported away from 0 and B(\) depends linearly on A € 3*\ {0}, each function
9k := Bjrg is smooth on 3* \ {0}; it is also Schwartz as g is Schwartz. By Lemma Part (1),
each symbol g; 1 (A)og is in Ag so 01 € Ag. This shows Part (1).

Part (2) follows from the observation that, as 0 commutes with H(\), we have:

d
i 0. HO = g5 | 2P [7Q0). H ] = @) [P, HO] | e,
j=1

We then use Lemma [B1] and write
Py [”A(Qj),H(A)} ez [WA(Pj)aH(A)} = =2\ 7'M EV) (B (Py) + QN (Qy)),
which allows us to conclude in view of (2.13) and (B.1).

Part (3) follows from the commutativity of o with H and Lemma O
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