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Where to place a spherical obstacle so as to maximize the first nonzero
Steklov eigenvalue.

Ilias FTOUHI

Friedrich-Alexander-Universitit Erlangen-Niirnberg, Germany

Abstract

We prove that among all doubly connected domains of R" of the form B;\B,, where B; and B, are open
balls of fixed radii such that B, C By, the first nonzero Steklov eigenvalue achieves its maximal value
uniquely when the balls are concentric. Furthermore, we show that the ideas of our proof also apply to a
mixed boundary conditions eigenvalue problem found in literature.
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1. Introduction

1.1. Optimization of the Steklov eigenvalue

Let Q Cc R" be a bounded open set with Lipschitz boundary. In this paper, we consider the following
Steklov eigenvalue problem for the Laplace operator:

Au=0 in Q,
{ (1)

% =ou on 0Q),
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where du/dn is the outer normal derivative of u on JQ. It is well-known that the Steklov spectrum is
discrete as long as the trace operator H'(Q) — L*(9Q) is compact, which is the case when the domain has
Lipschitz boundary; in other words, in our framework the values of ¢ for which the problem (1) admits
nonzero solutions form an increasing sequence of eigenvalues 0 = 0y(QQ) < 01(Q) < 0,(Q) < -+ 7 +0o0,
known as the Steklov spectrum of Q.

We are interested in the first nonzero Steklov eigenvalue, which can be given by a Rayleigh quotient:
2

fQ |Vuldx |

jaQ u’do

where the infimum is attained for the corresponding eigenfunctions.

ol(Q):inf{ HY(Q)\{0} such thatJ udo:O},
0Q

Among classical questions in spectral geometry, there are the problems of minimizing (or maximizing)
the Laplace eigenvalues with various boundary conditions and different geometrical and topological con-
straints. The constraint of volume has been extensively studied in the last years. For example, there is the
celebrated Faber—Krahn inequality [21}[39], which states that the ball minimizes the first eigenvalue of the
Laplacian with Dirichlet boundary condition among domains of fixed volume. There is a similar result
for the maximization of the first nonzero eigenvalue of the Laplacian with Neumann boundary condition
known as the Szegd-Weinberger inequality [47, [49]]. For the Steklov problem, F. Brock proved in [[L0]] that
the first nonzero eigenvalue of a lipschitz domain is less than the eigenvalue of the ball with the same
volume.

The perimeter constraint is very interesting to study, especially in the case of Steklov eigenvalues. One
early result is due to Weinstock [50], who used conformal mapping techniques to prove the following
inequality for simply connected planar sets:

P(Q)a1(Q) < P(B)oy(B),

where P(Q)) represents the perimeter of (2 and B is a unit ball.

Recently, A. Fraser and R. Schoen proved in [24]] that for n > 3, the ball does not maximize the first
nonzero Steklov eigenvalue among all contractible domains of fixed boundary measure in R”. The proof
was inspired from the following formula for the annulus:

P(B\eB)™Tay(B\eB) = P(B)#10,(B) + - i - o(e ) > P(B)#T0,(B),

where ¢eB = {ex | x € B}
Note that by studying the variations of the function € € [0,1] +— P(B\&‘B)ﬁal (B\¢&B) one can prove that
there exists a unique ¢, € (0, 1) such that

Vee[0,1), P(B\eB)™To,(B\eB) < P(B\e,B)#1 0, (B\e,B).

This motivates to look at the problem of maximizing o; among domains with holes and wondering if the
spherical shell B\¢,B maximizes o; under perimeter constraint among some class of perforated domains,
for example, the doubly connected ones. Recently, L. R. Quinones used shape derivatives to prove that the
annulus B\¢, B is a critical shape of the first nonzero Steklov eigenvalue among planar doubly connected
domains with fixed perimeter (see [44]).

In contrast with the result of [24]), it was recently proved in [11]] that the Weinstock inequality is true in
higher dimensions in the case of convex sets. Namely, the authors show that for every bounded convex set
() c R"”, one has

P(Q)™T0,(Q) < P(B)#T 0, (B).

We also refer to [25]] for a quantitative version of the latter inequality for convex sets and to [12]] for some
surprising stability and instability results in the case of planar simply connected sets.
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Enlightened with the discussion above, some natural questions arise: can we remove the topologi-
cal constraints (convexity or simple connectedness) as for the Laplacian eigenvalues with other boundary
conditions? Does there exist a domain which maximizes oy under perimeter constraint? If not, can we
determine the supremum of o7 on Lipschitz open sets? These questions have recently been completely
settled for the planar case in [28], where the authors prove that the supremum of o;(Q)P(Q) is given by
87 and that no maximizer exists. Moreover, they prove that any maximizing sequence ), will have an
unbounded number of boundary components as m goes to infinity, see [28, Theorem 1.6 & Corollary 1.7].
As far as we know, such problems remain open in higher dimensions n > 3.

1.2. Perforated domains: state of the art

The optimization of the placement of obstacles has interested many authors in the last decades. We
briefly point out some classical and recent works in the topic.

Some early results, due to Payne and Weinberger [43] on the one hand and Hersch [35] on the other,
are that for some extremum eigenvalue problems with mixed boundary conditions a certain annulus is
the optimal set among multi-connected planar domains, i.e., whose boundary admits more than one com-
ponent (see also [8]]). The main ideas consist in constructing judicious test functions by using the notion
of web-functions (see [I5] for more details on web functions). These ideas were very recently used and
adapted for other similar problems (see [4}[42]]). A classical family of obstacle problems that attracted a lot
of attention was to find the best emplacement of a spherical hole inside a ball that optimizes the value of
a given spectral functional (see [[6], section (9)). An early result in this direction is that the first Dirichlet
eigenvalue is maximal when the spherical obstacle is in the center of the larger ball. The proof is based
on shape derivatives (see [33, Theorem 2.5.1]) and on a reflection and domain monotonicity arguments,
followed by the use of the boundary maximum principle. These arguments have been applied in greater
generality by many authors: in [45] Ramm and Shivakumar proved this result in dimension 2, in [37] Ke-
savan gave a generalization to higher dimensions and showed a similar result for the Dirichlet energy, then
Harrell, Kroger, and Kurata managed in [32]] to replace the exterior ball by a convex set which is symetric
with respect to a given hyperplane. In the same spirit, El Soufi and Kiwan proved in [19]] that the second
Dirichlet eigenvalue is also maximal when the balls are concentric. Furthermore, many authors considered
mixed boundary conditions problems, for instance in [1I], while studying the internal stabilizability for a
reaction—diffusion problem modeling a predator—prey system, the authors are led to consider an obstacle
shape optimization problem for the first laplacian eigenvalue with mixed Dirichlet-Neumann boundary
conditions. Another interesting work in the same direction is due to Bonder, Groisman and Rossi, who
studied the so called Sobolev trace inequality (see [9} [20]), thus they were interested in the optimization
of the first nonzero eigenvalue of an elliptic operator with mixed Dirichlet-Steklov boundary conditions
among perforated domains: the existence and regularity of an optimal hole are proved in [22} 23], and by
using shape derivatives it is shown that annulus is a critical but not an optimum shape (see [22]]). At last,
we point out the recent papers [26} [36] [41} [46] [48]], where the authors consider the first eigenvalue of the
Laplace operator with mixed Dirichlet-Steklov boundary conditions.

Many examples stated in the last paragraph deal with linear operators eigenvalues in the special case of
doubly connected domains with spherical outer and inner boundaries. The question we are treating in this
paper belongs to this family of problems. Yet, it is also natural to seek for generalizations and the literature
is quite rich of works treating more general cases: for results on linear operators with more general shapes
of the domain and the obstacle in the euclidean case we refer to [17, [18} 27, [34] [38]], on the other hand,
many results for manifolds were obtained by Anisa and Aithal [3] in the setting of space-forms (complete
simply connected Riemannian manifolds of constant sectional curvature), by Anisa and Vemuri [14] in the
setting of rank 1 symmetric spaces of non-compact type and by Aithal and Raut [2] in the case of punctured
regular polygons in two dimensional space forms. As for the case of non-linear operators we refer to the
interesting progress made for the p-Laplace operator (see [5} [13])).



1.3. Results of the paper
In this paper, we are interested in finding the optimal placement of a spherical obstacle in a given ball
so that the first nonzero Steklov eigenvalue is maximal.

Our main result is stated as follows:

Theorem 1. Among all doubly connected domains of R" (n > 2) of the form B,\B,, where B, and B, are open
balls of fixed radii such that B, C By, the first nonzero Steklov eigenvalue achieves its maximal value uniquely
when the balls are concentric.

In [48]], the authors consider a mixed Dirichlet-Steklov eigenvalue problem. They prove that the first
nonzero eigenvalue is maximal when the balls are concentric in dimensions larger or equal than 3 (see [48],
Theorem 1]) and remark that the planar case remains open (see [48, Remark 2]). We show that the ideas
developed in this paper allow us to give an alternative and simpler proof of [48, Theorem 1]. Then we
extend this result to the planar case.

Theorem 2. Among all doubly connected domains of R" (n > 2) of the form By\B,, where B, and B, are open
balls of fixed radii such that B, C By, the first nonzero eigenvalue of the problem

Au=20 in By\B,,
u=0 on 932,
g—Z:Tu on dBy.

achieves its maximal value uniquely when the balls are concentric.

This paper is organized in 3 parts. First, we give the proof of Theorem Then we use the ideas
developed in Section [2] to give a new proof of [48, Theorem 1] and tackle the planar case which was up
to our knowledge still open. Finally, Section [4]is devoted to the computation of the Steklov eigenvalues
and eigenfunctions of the spherical shell and the determination of the first nonzero Steklov eigenvalue
(Theorem via a monotonicity result (Lemma (3)).

2. Proof of Theorem[l]

By invariance with respect to rotations and translations and scaling properties of o1, we can reformulate
the problem as follows:

We assume that the obstacle B, is the open ball of radius a € (0, 1) centred at the origin O and By = y;+5,
where B is the unit ball centred at the origin O, y; :=(0,...,0,d) € R" and d € [0, 1 —a). What is the value of
d such that o1(B;\B,) is maximal?

For every d € [0,1 —a), we take Q4 := (v + B)\aB (see Figure|2.2).

It is sufficient to prove that:

Vde(0,1-a), o1(Qq)>01(Qy).

The proof is based on the following Proposition:

Proposition 1. There exists a function f, € H'(R"\B,) satisfying:

1. f, is an eigenfunction associated to 0q(C)) and can be used as a test function in the variational definition

of 01(Qq)-

2. de IVf|2dx < JQO IV f,|2dx, with equality if and only if d = 0.

3. j&Qd fido > faoo f2do, with equality if and only if d = 0.

Using Proposition [T} we conclude as follows:

VhRdx [, IVfRdx
de n fszo n ~ 01(Qy).

Vde(0,1-d), o1(Qy)< 55— < 2
L?Qd frz do faQO fn do

This proves Theorem []



2.1. Proof of the first assertion of Proposition

The first eigenvalue of the spherical shell QOj is computed in Theorem It is also proven that its
multiplicity is equal to n and the corresponding eigenfunctions are

ul R" — R
x=(x1,,x,) > Xi(1+lr;|},n);
. 1-01(Q
where i € [1,n] and p, , = #(()O;]_)l

Take i € [1,n—1]). Since Q; is symmetrical to the hyperplane {x; = 0}, we have

j uldo :j ui,dcr+J1 uhdo
20y 2Q;N{x; >0} 2Q;N{x;<0}

J u;da—f updo  (because up,(xX1,...,=Xj, =+, Xp) = —Up(X1,e0 0, Xiyer s X))
20 4N{x;>0} Q) ;N{x;>0}

= 0.

Thus, every eigenfunction u/, (where i € [1,n - 1]]) can be taken as a test function in the variational
definition of 01(Q;) (note that this is not the case for u}}). This proves the first assertion of Proposition

2.2. Spherical coordinates and preliminary computations

Since the shapes considered are described by spheres, it is more convenient to work with the spherical
coordinates instead of the Cartesian ones.

We set
Xy =rsin@;sinb;...sin6H,_,sinO,_,

X, =rsin@;sinb;...sin6,_,cosO,_1,

Xp—1 =1sin@; cosO,,
X, =rcosfq,

where (1,01,-++,60,_1) € R* x [0, ] X ... x [0, 7] x [0, 277].

Since, every eigenfunction u}, (where i € [1,n—1]) can be used as a test function in the variational
definition of o1 (Qy), we chose to take f, = ul"! (see Remark .

Using spherical coordinates, we write

fr + Ryx[0,21] — R
(n61) > sin0 (r+er),
and for n >3
fu ¢ Ryx[0,m]x---x[0,7]x[0,2rt] —> R
(r,61,...,0,_1) — sin61c0562(r+f;f_"{).

Remark 1. The choice of the test function f, = u/~! between all u/, (i € [1,n—1]]) is motivated by the will to
have less variables to deal with while computing the gradient (see Section[2.3). Nevertheless, one should
note that all these functions satisfy the three assertions of Proposition T}

The following figure shows the perforated domains Qg and Q, the angle 6; and the radius R;(6)
which plays an important role in the upcoming computations.



Figure 1: The domains Q5 and Q)
Let M € d(y4 + B), by using Al-Kashi’s formula on the triangle Oy, M, we have

1?2 =d? + R3(0,) - 2dR4(0;) cos 0.

By solving the equation of second degree satisfied by R;(6;) we get two roots d cos0; + /1 —d?sin’ 6.
Since the smallest one is negative (due to the fact that d € [0,1)), we deduce that

Ry(01)=dcos0; + /1 -d?sin’ 6.

We compute the first derivative of R;, which appears in the area element when integrating on JQ
(more precisely on d(v; + B)).

d?si dsi [
R;(Ql) =—dsinO; — sin 6, ?08291 =- Sln?12 (d cosO1+ /1 - d?sin? 0, )
V1-d2sin’0, V1-d?sin?0,

With straightforward computations, we get the important equalities:

d+cosO; R;(01)
V1-d2?sin?0, +1-d?sin?0,

VR0 + R (0) = 1+ (2)

2.3. Proof of the second assertion of Proposition|I]

We compute the gradient of f, in the spherical coordinates and calculate the L>-norm of its gradient on
(OFS

For n = 2, we have




In the same spirit, for n > 3, we have

For p € IN, we introduce Ip =

an(i’, 61,...,

anl) =

_}’102

of

. +cos’ 6 (1
r2 ) !

1
r+2Us0 (cos2 0, — sin? 0, ) 7

integrals satisfy the essential recursive property

VpeNN,

+1
Pr

Ip+2 = _p+2 p*

+y0 )}rdrd@l

ﬂgz]drdel
poo( 11
2 (R3(6y) a*

R3(6,) - a? R
[‘1(++2y0,2(c052 0, —sin? QI)In(@) -

] [ . (nfl)/”J
a —_—
lé_f sin 01 cos 92(1 =
Iaglaf cos 0, cos@z( ’A"'”)
rsin0; 90, - #“”
i 28_f _ sin 6, (1 + )
rsin0 sin0@, 005 0
1 of 0
L7sinB...sin0,_; 90,_,

n)'

e

1.

jon sin” tdt, which is the double of the classical Wallis integral. These

(3)

Moreover, since Iy = 7t and I = 2, it is classical to use the recursive property (3) to compute the values of
all the other integrals. We have

We compute

f [V, 2

Af(d)

R4(61)
j J- j sin” 6, cos’ 6,
6 ﬂ ‘] O

1=
n—4
4

2
n—1

|

n—

k=

e
(In—3 -
3

I

10N

v

”Llo

sin” 6, (

ke,

_ QR no 2k
Iy = ) 7% (5% )
2kk1)?

T Rq(61)
[ Ik]J cos® 6, sin" 3 deezj sin” QIJ
k=0 6220 9120 r=a
e
k=0

n-2

i=1

( ( )l’l(ffl) n—1 I_[Sin}’l—l_i eidrdel..-den—l

-1,

(an _ 2(1’1— 1)/"0,}1 i (
r

R"(60)—a" _1)2,2
sinngl(M_z(n_l)mln(mel))_ (n=1)°42,,
n a "
Ri(61) " Ry(0)\ _(n=17pd, (1
d _2(n_1)”“’”1n( e )_ r— R7(6y)



where we used (3) for the last equality.

ALd) = JQ VF,2dx

2
o

o [RM6))-a" R;(6,)\ H 1 !
[]_[Ik] n-3—In- 1)L1 cos” 0, sin” 261( ‘ n +2ym1n( dil )_ ”’n(RZ(Ql)_a_”))del
0

2 RH(0))—a" Ry(01)\ K2 1 1
_ I s n—2 ann A Y ) In d _rfon N | ,
p— [I | k]L :O(sm 0, —sin 91)( . +2pg,n In ( p n \Riey @ 0,
k=0 1

then

AYd) = | [V

Il
/——\
—~
=~
~—
S
\
:
N
D
——
%
U=
—_
—
~
+
N
=
a
=
—_
=]
——
N
D
—
~
~————
|
=
3 |aw
=
——
=
s
—~| =
D
—
~
_
:P—‘
~———
~————

We decompose the integral in three parts:

3
Ld IV Pdx = AT(d) + A3() + A3 = []_[ ](

}401’1

(d)+ 2pq,, Wy (d) = == W5 (d)) (5)

where

W(d) = [} sin"2 0, (R7(61) - a")d0y,

jo 2(01) ln( ))d()l, with ¢,(6,) = —nsin" 0 + (n—1)sin" 20y,

n(dy = [T %(91)(% - a%)del, with ,(61) = n(n—2)sin” 0, + (n— 1)sin"20, > 0.

Note that the equality (5) applies also for the planar case. From now on, we take n > 2.

In the following Lemma, we study W}'(d) for each k € {1, 2,3}.

Lemma 1. For every n > 2 and every d € [0,1 —a]:

3. W3(d) > W3 (0), with equality if and only of d = 0.

Proof. 1. The idea is to see that the quantities W,*(0) and W{'(d) can be interpreted (up to a multiplica-
tive constant) as volumes of the unit balls B and y; + B in IR". Then, since the measure is invariant by



translations, we get the equality. We have

TC
W/(d) :J sin"~2 0, (R}(0,) - a" )40,
0

n us U Rd(el) n-2 .
= T J f J 1xr"™ 1 |sin"'"0;drd0,...d6,_,
k=0"k 61=0 0,_.1=0Jr=a i1

=
n
= ————1[Qy4l
201720 I
n
= ———(|lva + Bl —|aB|)
211420 Ik
n
= ————(|Bl-1aBl)
20120 Ik

TC T 1 n—
= :3 f J J 1x ™!
[Tizo Ik Jor=0  Jo, =0 Jr=a ~
W/(0).

2
i=1
' (

2. We remark that for every 6 € (0, ) one has ¢, (7w —61) = ¢,(61), thus

e R T e O A e o

a

sin"'"0,drd0o,...d6,_,

b d V1-d?sin20 2 —d V1-d?sin?
:J;) (Pn(el)ln[ cos6y + sin 1]d61+J0 ¢n(91)1n[ cos 6 + sin” 64

a

a

a?

42 7
1n(1 = )XL dn(01)d6,

1-d2 5 5
In 5 )XJ\ (-nsin" 61 + (n-1)sin""~0,)d 6,
a 0

éln(l_dz)x(—nlﬂ+(n—1)lﬂ_2):O (by @)).

22
3. We have
i) = [ w,q(en[ 1 P |d
6,=0 (dcos@l + m) ar
e 1
. elzown(el)[(dc0591+l)n a

3 (dcos@1+ \1-d2sin’0, )x( —dcosOy + \/1—-d?sin’6, )
" ou@0tn a0,
0

_ in]df?l =:G(d) = G(0) = W5(0).

)d@l

The inequality G(d) > G(0) is a consequence of the monotonicity of the function G and equality occurs



if and only if d = 0. Indeed for every d € (0,1 —a):

cos 0,

G'(d) = L npn(61) d0,

n+1

(dcos@l +1)

% TC
[ onpto)—20 o+ [ —npyion—do,
0 (dc0591+1) 01= (dc0591+1)

(B

i 1 1
0 0 - de
nJ; ¥n(01)cos 1((1—dc0561)”+1 (1+dc0591)”+1) !
>0 (because VO, € (0,7/2), 1,(6))cosO; >0 and (1+dcosO;)™! > (1-dcosd;)").

O
Using the results of Lemmal([T} we get
n-3 ]/t
L IVfPdx = — [ﬂzk]( (d)+2pq,, W3 (d) - "”w3 (d))
d 0
2 =3 n-1 ]A
< [ Ik]( Wln(o)"' 2ug nWZn(O) - W3 (O)) _J. |Vf|2dx’
n—1 n ’ o)
k=0 0
with equality if and only if 4 = 0. This proves the second assertion of Proposition i}
2.4. Proof of the third assertion of Proposition
Take n > 2. We have
n-2
j fdo = f j F2(1,01,0 0, DRIZ(O) [ [5in"™177 0, [R3(01) + R} 2(61) d0...d6,
I(va+B) 0= 0,-1=0 i=1
n-=2
= J j sin’ 0, cos Gz[Rd(Gl) #(m ) sin"17" g; \/RZ R’2 01) doO,...do,,.
6:=0  J6,1=0 (o i=1
n-2
- 2J- sin" 6, [Rd(Gl) fl—” RT2(6;) \/RZ + R, (0,)c0s2 0, | [sin" 1 0; do,...do,.
0,=0 Jo, =0 RE(6,) i
n-1 ~TC u 2
= (2] |k Rd(@”#] R7(0;)sin" 6, \/R2(91)+R/2(91)d91
D Jo [ RiHen) ! g
n-1 T }/12
= Zﬂlk J ( (61)+2]/l(7n+R (61))511’1 61 \/R 61 +R/ (61)6161
=2 0 d
n-1
- 2H1k (VI(d) + 21, (L + V3(d) + 2, VI (),
k=2

where

VI(d) = [ sin" 0,R}(01) \R3(61) + R, (0,)d6,,
T . dcosO .
= [, sin" 6, \/Tleeldel (by using (2)),

"d) = fon = sin” 0y _ do0, (by using )

(0,)V1-d2sin2 0,
10



Let us now prove the following Lemma:

Lemma 2. For every n>1 and every d € [0,1 —a], we have:
1. Vi(d) = V](0).
2. VI(d)=0.
3. Vii(d) = V5'(0), with equality if and only of d = 0.

Proof. 1. Take B the unit ball of R"*? centred at the origin O and y; =(0,---,0,d) € R"2,
In the same spirit of the proof of the assertion 1 of Lemma (I} the idea is to see that the quantities
V['(0) and V*(d) can be interpreted (up to a multiplicative constant) as the perimeters of B and v, +B.
Then, since the perimeter is invariant by translations, we get the equality.

We have
s
VI(d) :J sin”@lRZ(Gl)\/R§(91)+R;2(61)d61
0
n
= 1 xR0 \/R2 +R’2 o) | |sin™'6;d0,...d0,,,
Ik Ll J-rm =0 I_[ "
1 P(v4+B)
= o
20155 I«
1
- —P(B)
2nk:21k
= V(0).
2. We have
3 dcosO dcosO
V2(d) :f sin @) —— %P1 d61+J. sin" @, —— %149,
0 V1—-d2sin’ 6, V1—-d2sin’ 6,
= | “sinne, —2EB% dcos6, J sin"t——2<SL__ 4,
0 \1-d?sin? 91 0 1-d?sin’t
= 0.
3. We have
s 3 776
Vii(d) = J = 1n—1 46,
0 (dc0591+\/1—d251n291) V1-d?sin?0,

T 1A

ZJ SO, = H(d) = H(0) = VI(0).

n-1
0 (dcos(91+1)

The inequality H(d) > H(0) follows from the monotonicity of H and is an equality if and only if d = 0.
This can be proved with the same method used for G in the previous section.

O



Using the results of Lemma 2} we get

n—1
j frao = 2| |5 [(VId) + 20,01y + V3 (d) + 5, V() + fdo
Q4 k2 ' d(aB)
n—1
> 12 [ |(VI(0) + 20,0 (L + V3(0) + i3, VE(0)) + fldo
k=2 d(aB)
= fido,
Q)

which proofs the third assertion of Proposition

3. The Dirichlet-Steklov problem

In this section, we show that the ideas of our proof in Section[2]also apply to the problem considered
in [48]]. Thus, we give an alternative proof of [48] Theorem 1] which deals with n > 3 and tackle the planar
case which is to our knowledge still open (see [48, Remark 2]).

Let n > 2 and B; be an open ball in IR” and B, be an open ball contained in By. We are interested in the
eigenvalue problem

Au=0 in Bl\B_ZI
u=20 on 882,
%:Tu on dB;.

The first eigenvalue of By \B; is given by the following Rayleigh quotient:

2
jBl\B—ZIVul dx

jaBl u?do

As stated in Theorem |2} the eigenvalue 7y is maximal when the balls are concentric. As for the case of pure
Steklov boundary condition, we can assume without loss of generality that the obstacle B, is the open ball
of radius a € (0,1) centred at the origin O and B; = v, + B, where B is the unit ball centred at the origin O.
We use the notations introduced in Section[2l

T (BI\B_Z) = inf{ ’ u € H(Q)\{0} such that u = 0 on 882}.

Using separation of variables S. Verma and G. Santhanam proved in [48] Section 2.1] that the first
eigenfunction g, of the spherical shell () is given by:

(r.0 o) Inr-Ina, ifn=2,
7,01,..,0,_1) =
8n 1 n-1 (g,,,l_z_rn%z), ifi’l23.

3.1. A key proposition

Here also, Theorem 2]is an immediate consequence of the following proposition:

Proposition 2. Let n > 2. We have:

1. g, can be used as a test function in the variational definition of t(Qy).
2 2
2. fo, IVeulPdx < ) IVgaldax.

3. ja(WrB)gg'do > faB g2do, with equality if and only if d = 0.

12



Proof. This proposition has been proved in [48] for the case n > 3.
The first assertion is obvious since g,(a,61,---,6,_1) = 0.

As for the second, it has been remarked in [48] page 13, the inequality de IVg,>dx < fQo [Vg,|?dx is a

straightforward consequence of the monotonicity of r +— %. Unfortunately, this is not the case for the
inequality on the boundary (assertion 3) for which the author needs more computations (see [48] Section
2.2]).

First, we show that Lemma|[2]allows us to give an alternative and simpler proof of the last inequality in
the case n > 3, then we prove it in the planar case n = 2.

If n > 3, we have

n—3 n 2
1 1
2 n-2 s n=2 2 ,2
g do =12 I J — T 5 R (61)511’1 91 \/R (61)+R (91)d61
L(derB) ! he2 MJo a2 RT720,)) ¢ d d
n-3 1 b
- 2] s (a2”‘4 Vln‘z(d)—F(I,,_2+Vz”‘z(d))+\/3”‘2(d))
j:2
n-3 1 b
12 | (a2n—4 Vln_z(o)—an__z(ln—ﬁVzn_z(o))+v3n_2(0)) = LBgﬁdU-
j=2

Now take n = 2. We use the following parameterization of the shifted sphere:
v4+ 9B ={M(t) = (sint,d + cost) | t €[0,2m)}.

Note that: [M(t)] = 1 +d? + 2d cost. We have

j gdo = Jh(ln(l+d2+2dcost)—1na)2dt
(vq+B) 0

27

271
J 1n2(1 +d2+2dcost)dt—21naj ln(l +d2+2dcost)dt+27'cln2a
0 0

\%

2nln’a = J gzzda,
JB

because

21 21
J 1n2(1+d2+2dcost)dt20 and J 1n(1+d2+2dcost)dt:0.
0 0

Indeed, on the one hand the inequality is obvious and is an equality if and only if 4 = 0, on the other hand
the second assertion is a special case of a classical Lemma in complex analysis used in the proof of the so
called Jensen formula (see for example [51}, 4.3.1]). We note that this equality can also be obtained by series
expansion and the following classical identity (cf. [40} (6)]):

+00

11 1(2n) , o (1-VI—4x) 2
mel-p5) Lalrpr=am(=5 )‘21“(1+m)' ©

13



27
J ln(l +d2+2dcost)dt
0

21
2d t
J e ( T
0 1+d
I rz+1 n
= 2n1n 1+d J Z ( dz) cos"t dt

27'clr1(1+d (=D™ (2 ) cos”tdt
2n1n(1+d ) %(271)(
) in (G)).

0 (we took x (

It remains to prove that the last quantity is equal to zero. We recall the following classical identity:

Vxe (- ZI x"

By writing the identity for —x and adding each term together, we get

[ 1+x]
arctan .
1-x

27
) by,J 08t dt =21, =

1+x 1-x T
Vx e ( len = N (arctan(ﬂl—_x]—karctan[ﬂ 7 +x]] = N

Then for every x € (0,1),

oo f Yoo ) i 2n-1 1
—Ipx™ = 2Iznj u"du =2 j Lyu®"™ du—sz (———
—n = 0 V1-u?

= 2n[—ln( V1 —u2+1)]; :—2n1n[¥].

: . _ _2d
By taking x = {257, we get

1 24\
Zl’;[zn(m) :27'(11'1(1+d2),

which completes the proof.

This completes the proof of the third assertion and the demonstration of Proposition [2]

3.2. Proof of Theorem

Finally, we conclude as before:

4[(2 |Vgn| dx f@o |vgn|2dx
d) = 2 < 2 =11(Qo),
f&y +p) 819 Jopgado

with equality if and only if d = 0. This ends the proof of Theorem 2]
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4. Computation of the first Steklov eigenvalue of spherical shells

In the present section, we compute the Steklov eigenvalues of the spherical shell Qg = B\aB C R", where
a € (0,1). We then prove a monotonicity result on these eigenvalues, which allows us to give the exact value
of 01(Q)p) and its corresponding eigenfunctions.

Theorem 3. Let n> 2. The first nonzero Steklov eigenvalue of the spherical shell (g = B\aB C R" is

(n+1)a™' +a"+a+n-1- \/((n+1)a”+1+a”+a+n—1)2—4(n—1)a(1—a”)z

2a(1—a")

01(Q) =

It is of multiplicity n and the corresponding eigenfunctions are

ul R” — R

Xx=(x1,,Xy) o x,-(1+ }II;I'”")’

1—0'1 (Qo)

where i € [[1, 7’1]] and Hon = m

Remark 2. Theorem [3|has already been proved for the planar case by B. Dittmar [16] (see also [31])). For
higher dimensions, A. Fraser and R. Schoen [24] gave asymptotic formula for the lowest eigenvalues of
spherical shells when the hole is vanishing. In this case, it is easy to identify the first eigenvalues (in par-
ticular the first one). Unfortunately, this is no longer the case when the hole is not vanishing as explained

in sections[d.1]and [£2]

4.1. Computation of the eigenvalues via classical separation of variables technique

Finding the eigenvalues and eigenfunctions of the Laplacian on special domains (balls, rectangles, an-
nulus...) is a classical problem (see for example [30, Section 3]). The standard method is to look for
eigenfunctions via separation of variables and then prove that they form a complete basis of a convenient
function space, this combined with orthogonality properties of the eigenfunctions shows that we didn’t
miss any eigenvalues and eigenfunctions.

Take k € IN, let us search harmonic functions hj of the form

hr @ Ryx[0,7]x---x[0,x]x[0,2x] —> R
(71611'”16n—1) — Ofk(r)ﬂk(elx”‘len—l):

where B € H} is a spherical harmonic of order k and H}' is the set of restrictions of homogeneous harmonic
polynomial of degree k with n variables on the unit sphere 9B (for an introduction to harmonic polynomials
we refer to [[7, Chapter 5]). It is well-known that the set H}' corresponds to the eigenspace of the Laplace-
Beltrami operator —A g associated to the eigenvalue k(k + n —2).

We have

? n-109 _ . n-1 , k(k+n-2
PR zAag)hk:(ak(r)+7ak(r)—¥ak(r) Br(O1,-++,0,1).

Ahy =
The condition Ak = 0 implies that ay must satisfy the differential equation

, n—-1, k(k+n-2
ap(r)+ - ozk(r)—%ak(r):o.

By standard methods of solving ODEs, the solutions of the last equation are given by

po2+qo2Inr ifn=2,
ao(r) = qo.n .
pO’n + r”iz lf n 2 3,

15



and for k> 1,

_ k dk,n
O(k(r) - pk,nr + rk+n_2’

where py , and gy , are constants.

It remains to look for all possible values oy such that % = Ol on 9Qg. This equality is equivalent to

{ ap (1) = opag(1),

ay(a) = —orai(a).

As explained in the proof of [24] Proposition 3], those equalities imply that the possible eigenvalues o

are solutions of equations of second order.

When k = 0, we find two eigenvalues: 0 that corresponds to constant eigenfunctions and o, that corre-

sponds to a (non-constant) radial one.

1 T
s aln+1a/a’ ifn=2,
0= (n=2)(1+a™ 1) .
W, if n>3.
The corresponding (radial) eigenfunction is given by:
1+9¢Inr, ifn=2,

h 7’,9 ,...’8_ = i .
o(r 01 1) (2-n-8)+ 2y, ifn>3.

On the other hand, (as mentioned in [[24]])) when k > 1, one finds two eigenvalues 5;{1) < 6]((2) correspond-

ing to the solutions of the following equation:
Ard? +Brd+Cr =0,

where
Ak —g- a2k+n—l,

By = —((k+n—-2)a?*"1 4 ka2 4 ka+ k+n-2),
Cy = (k+n—2)k(1 —a?k+n-2),
We compute the determinant Ay, and use the fact that a € (0, 1) to check that Ay > 0.

Ap = Bf —4ACy

2
(k+ n— 2)a2k+nf1 +ka2k+n72 +ka+k+ 7’1—2:| —4(k+ 1’1-2)]((1(]. _a2k+n72)2

> (ka+k+n-2)>—d(k+n- 2)ka(1 - a2k+”_2)2 (because (k +n —2)a? "1 4 ka? =2 > )

(2)
-

. . . . . (1) —By— - :
Then, the equation (7)) admits two different positive solutions ()](< )= BkZA;/E < Bk;;\;/ﬁk =0

By straightforward computations, the corresponding eigenfunctions are given by:

(i)
k—bk 1

hél)(r: 91;"’ renfl) = rk + ’ rk+n=2

(i) Yk,j(elr""en—l)f
n+o, +k-2

(7)

(8)

where Y ; € H}! corresponds to the j-th (with j € [1,dim H}']]) spherical harmonic of order k and 7 € {1, 2}.

16



Thus, the multiplicity of 6;{” is equal to

dim HY' = (n+k—1)_(n+k—3).

n—1 n—1

At last, by using expansions results for harmonic functions on annuli (see [7, Section 9.17], for n =2
and [[7} Section 10.1], for n > 3), we deduce that the eigenfunctions we found, form a complete basis of the
space of harmonic functions on the annulus €.

It remains to determine the lowest eigenvalue between 0( and the 6](;) for ke N*and 7 € {1, 2}.

4.2. A monotonicity result

We state and prove the following key lemma, which combined with results of Section gives an
immediate proof of Theorem 3]

Lemma 3. We have:

1. The sequence (5}(1))]01 is strictly increasing.
2. (o5] (Qo) < 60.

Proof. The case n =2 had been considered in [16}[31]]. Let n > 3,

1. we have

s _ 2C, B 2(k +n—2)k(1 — a2ktn-2)

( - :
B+ B2 -4A xCy  —By+ \/B§—4(k+n—2)ka(1 _ g2k+n-2)2

The idea of proof is to write 65(1) = P/Qy, where (Py)i (resp. (Qx)x) is a positive increasing (resp.

decreasing) sequence. Indeed, we can write

2+/(k+n—2)k(1 —a?k+m-2)

(1) _
O =

_ 4a(1 _ g2k+n—2)2

2
B B
\(k+n=2)k \(k+n=2)k

The sequences (2 (k+n—-2)k(1 - an*”’z))k and (a(l - azk*”’z))k are strictly increasing. It remains

to prove that the (positive) sequence (— ﬁ)kzl is strictly decreasing.
We have
B (k+n—2)a? 1 4 kg =2 L kgt k+n-2

(k+n-2)k VikvVk+n-2
(k+n- 2)(512]‘”"1 + 1)+ ka(a2k+”_3 + 1)

Vikvk+n-2

_ /kJrkL_z(a?kM*ul)jLa ’ﬁ(a2k+"*3+l).

hon + [L+oo| — R
¢ N t+rtz—2(a2t+n71 n 1)+a ’H—nt—z (32””*34_ 1)'

we prove that h, , is strictly decreasing. To do so, we compute the derivative h; , and prove that it is
negative on [1,+oo[.

Let us introduce the function:

17



We have for every t > 1,

n=2( n+2t-1 _n=2 _ n+2t=3
o) —t—z(a +1) (n+t—2)2a(a +1)
o 2 n+t—=2 2
t n+t n+t—2
+ 211’1(61) t n+2t 2+21 ( ) n+t 2ar1+2f 1
n+t—2 t
n=2 ( n+2t-1 n-2 n+2t-3

-2 (g +1) o 5edla +1

< ( ) 4 m72) ( (because In(a) < 0).
t 2 t
2\ 2\

(n_z)( q+2t-1 +1) t ( a"2t=3 41 n—Z)

= . a . — —
2t(n+t-2) n+t-2 an+2t-1 41 t

(n—2)(a"1 +1) t (a”+2t‘3+1 t+n—2)

< . - because a € (0,1)).
2t(n+1t-2) n+t=2 \gn+2t-1 41 t ( (0,1)
We have b3
a4l t+n-2 t+n-2 n-2
— . 1 _ . < O PN . an+2t—1 _ al’l+2f—3 + > O.
a

Now, let t > 1 and n > 3. We consider the function

&n ¢ (0,1) — R

a n+§—2an+2t—1 — gh+2t=3 + n;Z.

We compute the derivative of g; , on (0,1). We have for every a € (0,1),

n+t-—2 )
8inla)= f(rz + 2t — 1)a”+2t—4(a2 -

t n+2t—3)
n+t—2 n+2t-1/

We deduce that g; , is decreasing on (0,4; ,) and increasing on (a;,,, 1), which implies that it attains

its minimum in a; ,, where
t n+2t-3
At,n = : :
n+t—2 n+2t-1

We have

gt,n(a) > gt,n(at,rz)

Cont-2( ot \"FTne2r-3\" to\TT (4 2t-3\"  n-2
Tt (n+t—2) (n+2t—1) _(n+t—2) (n+2t—1) T
~ ¢ n+2t3 Tl+2t—3 n+2t-3 2 1’1—2
__(n+t—2) (n+2t—1) nr2i—1 ¢
> —;—kn_z > 0 (becausen—221andt+g>t).

t+ 5L 2

We deduce that for all t > 1: h; ,(t) < 0, which implies that h, , is strictly decreasing on [1,+co[. In
By
(k+n-2)k

2
_L + J[_L] —4a(1 —a2k+”*2)2
(k+n-2)k (k+n-2)k

18
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2. Take y : x € R" + xy an eigenfunction corresponding to the first nonzero Steklov eigenvalue of the
unit ball B centred at the origin O. This function can be used as a test function in the variational
definition of o;(B\aB).

We write

2
jB\aB|w| dx

u?do

o1(B\aB) = inf{ u € H'(Q)\{0} such that J udo = o}
Q)

fa(B\aB)

fB\aB |V)/|2dx

J&BU&(aB) yido

. [5IVylPdx

Jogy2do

01(B)

1 (see [29, Example 1.3.2])
1+a"!

a(l-am?)

AN

(n-2)

= 50.

4.3. Proof of Theorem 3]

We have 551) < 6§2) and by Lemma

a1(Qg) < &y and Vk>2, o< sl <ol

This implies that 6(11) is the lowest nonzero Steklov eigenvalue of ), which writes 01(Qg) = 5(11). It is of

multiplicity n and the corresponding eigenfunctions, given by (8), are as follows:

ul R" — R
— [ - Ho, Xi _ Ho,
x=(xp,0,X,) (|x|+|x|;,"l)m = x,~(1+—|x7|n"),
: _ _1-01(Qq)
Where 1€ [[1, I’l]] and //{O-,n = ’HO_I(IW
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