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Abstract

The present work is devoted to the analysis of density-dependent, incompressible
fluids in a 3D torus, when the Froude number € goes to zero. We consider the
very general case where the initial data do not have a zero horizontal average,
where we only have smoothing effect on the velocity but not on the density and
where we can have resonant phenomena on the domain. We explicitly determine
the limit system when € — 0 and prove its global wellposedness. Finally, we
prove that for large initial data, the density-dependent, incompressible fluid
system is globally wellposed, provided that ¢ is small enough.

Keywords: Incompressible fluids, stratified fluids, parabolic systems,
bootstrap
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1. Introduction

In this paper, we want to study the motion of an incompressible, inhomo-
geneous fluid whose density profile is considered to be a perturbation around a
stable state, which is described by the following system

1 1
Ot +0° - Vo' —vAS  — Zpf ey =— ~VP°,
€ €
1
(PBS.) Dt + 07 VpF +20% =0,
divv® = 0,

(v, p9)i=0 = (v0, P0)
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in the regime where the Froude number ¢ — 0. Here, the vector field v¢ and the
scalar function p® represent respectively the velocity and the density of the fluid
and v stands for the viscosity. For a more detailed discussion about the physical
motivation and the derivation of the model, we refer to [40], [39], [41]. We also
refer to the monographs [17] and [36] for a much wider survey on geophysical
models.

Let us give some brief comments about the system (PBS.). In a nutshell,
there are two forces which constrain the motion of a fluid on a geophysical
scale: the Coriolis force and the gravitational stratification. The predominant
influence of one force, the other, or both gives rise to substantially different
dynamics.

The Coriolis force (see [43] for a detailed analysis of such force) is due
to the rotation of the Earth around its axis and acts perpendicularly to the
motion of the fluid. If the magnitude of the force is sufficiently large (when the
rotation is fast or the scale is large for example), the Coriolis force “penalizes”
the vertical dynamics of the fluid and makes it move in rigid columns (the so-
called Taylor columns). This tendency of a rotating fluid to displace in vertical
homogeneous columns is generally known as Taylor-Proudmann theorem, which
was first derived by Sidney Samuel Hough (1870-1923), a mathematician at
Cambridge in the work [29], but it was named after the works of G.I. Taylor
[46] and Joseph Proudman [37]. On a mathematical point of view, the Taylor-
Proudman effect for homogeneous, fast rotating fluids is a rather well understood
after the works [3], [4], [15], [23] and [28]. In such setting, we mention as
well the work [27] in which the authors consider an inhomogeneous rotation,
the very recent work [20] in which fast rotation for nonhomogeneous fluids was
considered and the works [21], [22] and [34] in which fast rotation was considered
simultaneously with weak compressibility.

Beside the rotation, one can consider a fluid which is inhomogeneous and
whose density profile is a linearization around a stable state, we refer to [7], [17]
and references therein for a thorough derivation of the model. In such situation,
we can imagine that the rotation effects and stratification effects are equally
relevant: the system describing such effect is known as primitive equations (see
[7] and [17]). The primitive equations and their asymptotic dynamic as stratifi-
cation and rotation tend to infinity at a comparable rate are as well rather well
understood on a mathematical viewpoint: we refer to the works [8], [9], [10],
[11], [12], [14], [23], [42] and references therein.

Now, we will briefly discuss the gravitational stratification effect, which is the
main physical phenomenon concerning the system (PBS,) for an inhomogeneous
fluid, subjected to a gravitational force pointing downwards. Gravity force tends
to lower the regions of the fluid with higher density and raise the regions with
lower density, trying finally to dispose the fluid in horizontal stacks of vertically
decreasing density. A fluid in such configuration (density profile which is a
decreasing function of the variable x3 only) is said to be in a configuration of
equilibrium.



Let hence consider a fluid in a configuration of equilibrium and let us imagine
to raise a small parcel of the fluid with high density in a region of low density.
Since such parcel is much heavier (in average) than the fluid surrounding it, the
gravity force will induce a downwards motion. Such motion does not stop until
the parcel reaches a layer whose density is comparable to its own, and inertially
it will continue to move downwards until sufficient buoyancy is provided to
invert the motion, due to Archimedes principle. This kind of perturbation of an
equilibrium state induces hence a pulsating motion which is described by the
linear application

(11) (ul,e’ u2,57 u3,€’ pa) — % (07 0’ _pf;" u?),&‘) ,

which appears in (PBS.). The application (1.1) is called stratification buoy-
ancy and we will base our analysis on the dispersive effects induced by such
perturbation.

To the best of our knowledge, there are not many results concerning the
effects of the stratification buoyancy. In [19], there was a first attempt to perform
a multiscale analysis when Rossby and Froude number are in different regimes,
while in [39] and [47], the authors studied the convergence and stability of
solutions of (PBS.) when the Froude number ¢ — 0 in the whole space R3.
In [40] the system (PBS,.) is studied in nonresonant domains when the initial
data has zero horizontal average. We mention as well the very recent works

31, 32, 33, 44, 45].

In this paper, the unknowns (v¢, p®) are considered to be functions in the
variables (z,t) € T? x R, being the space domain T? the three-dimensional
periodic box

3
T”’:HR/aiZ, a; € R.
=1

Compared to [40], we consider the much more general case with the following
additional difficulties

1. Initial data are considered with generic horizontal average. This point
seem marginal, but as showed in this paper, the dynamics induced by ini-
tial data with nonzero horizontal average create additional vertical grav-
itational perturbations, the control of which is highly non-trivial (see as
well [26]).

2. Generic space domain may present resonant effects.

3. Density profiles are only transported and do not satisfy a transport-diffusion
equation and so do not possess smoothing effects.



From now on we rewrite the system (PBS.) in the following more compact form

1 1 e
8tV5+vs~VVs—.A2(D)VE—|—S.AVE:—E( Ve )

0
(PBS.) Ve =, p%),
div v® =0,
V]i—o = V0,
where
0 0 0 O vA 0 0 O
0 0 0 O 0 vA 0 O
12 A=l 9 o 1|0 D=l ¢ o a0
0 0 -1 0 0 0 0 O

The additional difficulties (1)—(3) listed above are the main difficulties in the
present work and they modify significantly the dynamic of (PBS.) compared to
the results proved in [40], as already mentioned. Let us hence start describing
the effects induced by the hypothesis made in the point 1: we will see in the
following that the dynamics of the solutions of (PBS.) in the limit regime ¢ — 0
is essentially governed by the effects of the outer force e =1 AV®.

1.1. A survey on the adopted notation

All along this note we consider real valued vector fields, i.e. applications
ViR, x T? = R* We will often associate to a vector field V the vector field
v which shall be simply the projection on the first three components of V. The
vector fields considered are periodic in all their directions and they have zero
global average fw Vdx = 0, which is equivalent to assume that the first Fourier

coefficient ‘7(0) = 0. We remark that the zero average propriety stated above is
preserved in time ¢ for both Navier-Stokes equations as well as for the system
(PBS.).

Let us define the Sobolev space H*® (T3) as the set of all the tempered dis-
tributions f such that

) 1/2
(1.3) 1 sy = (Z (14 1P |7 ) < o0,
neZ3

~

where f(n) is the usual n-th Fourier mode of f and where we set
. ni ) .
a; P

Since we always consider vector fields whose average is null, the Sobolev norm
defined above is equivalent to the following semi-norm

H(‘A)S/Q f‘ ~ ||f||Hs(1r3) ) s eR,

L3(T9)



which appears naturally in parabolic problems.

Throughout the paper, we also use P to denote the three dimensional Leray
operator which leaves untouched the fourth component, i.e.

PG |0 1-A"19:9; |0
(14) P ( )= ( )
0 1 0 ‘ 1 i,7=1,2,3

where P(®) is the usual Leray projection onto the subspace of divergence-free
vector fields. The operator P is then a pseudo-differential operator, in the
Fourier space its symbol is

(1.5) P(n) =

i,j=1,2,3

where §; ; is Kronecker’s delta.

1.2. Local existence result

Being the operator A skew-symmetric it is possible to apply energy methods
to the system (PBS.) in the same fashion as it is done in [5, Chapter 4] for
quasilinear symmetric hyperbolic systems. Being this the case we can deduce
the following local existence result

Theorem 1.1. Let V) € H® (’IF3) where s > 1+ 3/2, there exist a T* > 0 such
that for every T € [0,T*) the system (PBS.) admits a unique solution in the
energy space
C ([0,7]; H* (T*)) nc* ([0,T]; H*' (T%)) .
Moreover there exist a positive constant ¢ such that
c

T> o,
IVoll g (r=)

and the mazximal time of existence T is independent of € and s and, if T* < oo,
then

.
(1.6) /O IVVE ()] s dE = 0.

1.8. Global existence result and limit dynamics

As in other singular pertubation problems (see [23], [24], [28], ...for in-
stance), the difficulty to study the limit when ¢ — 0 lies in the fact that 0,V*
is not uniformly bounded in e, which is the result of the high oscillating free
waves, described by the system

O, W +PAW =0,
W|T:O = WOv



where the matrices P and A are defined respectively in (1.5) and (1.2). The
standard procedure consists in filtering these oscillations. Let £ be the operator

(1.7) L(r)=e A

which send each initial datum Wy to the solution of the above free wave system
W (t). Then, the filtered solution

Us=r (—t> Ve,
g

is in fact solution of the filtered system

{atUE + Q° (US,U°) — A5 (D) U =0,

U, = Vo
where
Q" (i, Va)
el el e D e
and
A(DYW = L (i) As(D)L (—z) W

The limit dynamics of (PBS.) will be described in Section 4, where we study
in details the limit of Q¢ and A5(D) as ¢ — 0. For any vector field A, let
A = A(x3) be the horizontal average of A, which is defined as

1

As) = Toara

/ A (yn, x3) dyp.
T3

Then, the horizontal oscillating part A = A (zj,,x3) of A (which is of zero
horizontal average) will be

(1.8) A(xp,x3) = A(xp,x3) — A(xs) .

Now, as in [42], we will also decompose the horizontal oscillating part A =
A (xp,x3) into two parts: A (x) belongs to the kernel of PA (we remark that A
also belongs to ker (P.A)), and the other part is the 3D oscilating part A,s.(xp, x3).
To resume, we perform the following decomposition, for any vector field A,

A= A(Jfg) +Z(I) + Aosc(xh71'3)~

For any initial data Vj of the system (PBS.), we decompose the filtered counter
part of V; as follows

Up = L(0)Vy = Uy (x3) + Up () + Uo,osc(@n, z3),



with
1
U pr— V - —-—
== 20 2m2a a9 ]
UO = (Egv 0, O)T ’
UO,osc = VO - UO - %7

Vo (yn, 3) dyn,

and with
_ —0 _
ug = ( 812 > (—Ah) 1 (—62V01 + 31‘/})2) .

Then, the main result of our paper is the following

Theorem 1.2. Let V be in H? (']I‘3), $>9/2 (: g + 3), be the initial data of
the system (PBS.). Then, there exists a g > 0 such that for any ¢ € (0,eq),
the solution V¢ of (PBS.) globally exists in time and we have the following
asymptotics

Ve U T 4L (2) Usee + 02 (1)
m
C(Ry; H* 2 (T?)) NLiS, (Rys H72 (T%)) .
Here, U = (u",0,U") = (U',U*,0,U"), U = (@",0,0) = (@',@*,0,0) and Uos
respectively solve the following systems
O (x3,) — vI3u" (3,t) =0,

Q4 (51733 t) = U7047

(1.9)
@h‘tzo = %’
4 4
u ‘t:O = Uy,
amh (t, Th, .%‘3) + at (t, Th, $3) . Vhﬂh (t, Th, .Tg)
(1 10) +ﬂh (t,l‘3) ' Vhﬂh (t,.]?h,.’I)z;) - VAﬂh (t7$hax3) = _Vhﬁ (t,xh,l‘?,)

div, " (xp,x3) =0,

a" (t, zh,x3)|t:0 = ﬁg (zh,x3) .

OtUosc + él (Uosc + 2[77 Uosc) +B (Q7 Uosc) — VAUgse = 0,
(1.11) div Ugge = 0,
UOSC‘t:O = UO,oscv

where the explicit expressions of B and @1 are given by the equations (5.13) and
(4.1) and are omitted here for the sake of simplicity.



Remark 1.3. It is interesting to remark that, despite V¢ is the solution of the
parabolic-hyperbolic system (PBS,), it is well defined in the space C ([0, T]; H®)
for s > 9/2 and T > 0. This improvement of regularity is known as propagation
of parabolicity: such name is motivated by the fact that the limit equations
(1.10) and (1.11) are strictly parabolic and we can prove they are globally well
posed in some suitable energy space of subcritical regularity. A similar phe-
nomenon takes place as well in the study of the incompressible limit for weakly
compressible fluids, we refer the reader to the works [18] and [25].

Remark 1.4. Equation (1.11) is a nonlinear three-dimensional parabolic equa-
tion. The nonlinearity 9, is a modified, symmetric transport form which as-
sumes the following explicit form

Q1 (A, B) = %X(D)(A-VB+B~VA),

where  is a Fourier multiplier of order zero which localizes bilinear interactions
on a very specific frequency set. Following the theory of the three-dimensional
Navier-Stokes equations we do not expect hence (1.11) to be globally well-
posed. Despite this, we shall see that the zero-order Fourier multiplier x (D)
has in fact a nontrivial smoothing effect, which makes the bilinear interaction
Q1 (Uose, Uosc) smoother than Usge - VUgsc, and then global well-posedness pos-
sible for (1.11).

1.4. Organization of the paper

The paper will be organized as follows. In the next section, we analyse the
spectral properties of the pertubation operator PA. Section 3 consists in the
study of the filtered system (S.). Section 4 is devoted to the determination of
the limit system and Section 5 to the detailed study of limits of the bilinear
term Q° and of the linear operator A5(D), as € — 0. In Section 6, we prove the
global propagation of smoothness for the limit system and finally, in the last
section, we prove the main Theorem 1.2. At the end of our paper, we give brief
recall of some elements of Littlewood-Paley theory.

2. Analysis of the linear perturbation operator P.A

We recall that thoughout this paper, we alway use upper-case letters to
represent vector fields on T3, with four components, the first three components
of which form a divergence-free vector field (denoted by the same lower-case
letter). More precisely, for a generic vector field A, we have

A(wy, 2, 23) = (A (21,22, 23), A* (21, 22, 23), A (21, 32, 3), A (21, 22, T3))
= (a($1,$275€3)7A4(Z'1,Qfg,mg)) )

where
a=(a',a? a®) = (A", A%, A%), and diva=0.



As explained in the introduction, the time derivative 9;V¢ is not uniformly
bounded. In order to take the limit € — 0, we need to filter the high oscillating
terms out of the system (PBS.). To this end, we consider the following linear,

homogeneous Cauchy problem, which describes the internal waves associated to
(PBS.)

O, W +PAW =0,
(2.1) {

Wlr—o = Wy € L2(T?),

where

d .
L2 éf{U:(u,U4)€L2, divu =0 and U(x) da:zO}.
T3
In [40], a detailed analysis of (2.1) was given in a particular case where the
vector fields are supposed to have zero horizontal average. In this section, we
will provide a complete spectral analysis of the operator PA in the general case
where there is no such assumption, which allows to get a detailed description of

the solution of (2.1) in L2(T3). Using the decomposition (1.8), we can write
Lc2r = Eg— S E’
where

12 ={U= (U e L2 | | Uwnas)doy =0},

T3

L2 :{U: (u,U*) € L2 ‘ U=U(x3) and u® = }

Let us remark that, for U € L2, since div u = 0 and u = u(x3), we deduce

that Gsu® = 0, which in turn iaplies that u? = 0, taking into account the zero
average of u? in T3.

Writing the first equation of (2.1) in the Fourier variables, we have

(22) 0, W (r,n) + PA (n) W(r,n) =0,
' W(0,n) = Wo(n),
where
__ming
00 0 e
(2.3) FAMm) = | o e
. n)= ~2
00 0 11—
00 -1 0

Standard calculations show that the matrix P.A (n) possesses very different spec-
tral properties in the case where 7, = 0 and in the case where 7, # 0.



1. In the case where ny, # 0: The matrix m(n) admits an eigenvalue
w?(n) = 0 of multiplicity 2 and two other conjugate complex eigenvalues

(2.4) iwt(n) = +iw(n),

where w(n) = ||7:;||
vector, orthogonal to the frequency vector (7,7, 73,0), which is explicitly
given as follows

Associated to each eigenvalue, there is a unique unit eigen-

i T
—fg e
N nang
L[ m 1| EOR
2.5 eg(n) =— , er(n) =—= y
0 72
1

Since {ea},_o o form an orthonormal basis of the subspace of C* which is or-
thogonal to (1,72, i3, 0), the classical theory of ordinary differential equations
implies that the solution W (7,n) of (2.2), with 7y, # 0, writes

(2.6) W(rn) = > ™" (Wo(n),ealn))  ealn).

Cc4
ac{0,£}

2. In the case where np, = 0: The matrix }I;;l(n) becomes

o O O

H;;l(oa 07”3) =
-1

o O OO
o O OO

0
0
0
0

and admits only one eigenvalue w(0,0,n3) = 0 of multiplicity 4, and three
associate unit eigenvectors, orthogonal to the frequency vector ¢(0, 0, 73, 0)

1 0 0
0 1 0
(27) fl - 0 ) f2 - 0 ) f3 - 0
0 0 1
The solution /I/I7(T7 ng) = W(T,O, 0,n3) of (2.2) writes
(2.8) Wrng) = 3 <Wo(o,o,n3),fj>c4 fi-

j€{1,2,3}

—

The expressions of the Fourier modes W (n) given in (2.6) and (2.8) imply
the following result

10



Lemma 2.1. Let Wy € L2(T3). The unique solution W of the system (2.1)
accepts the following decomposition

(2.9) W(r,z) =W (23) + W (z) + Wese (T, 2),

where

Z Z <W0 (0,0,n3), f; >C4 /Mt f

nz€Z je{1,2,3}

W)=Y (Woln).eo(n)) ™ eo(n)

nez?
nh;éO
Wosc (7'7 SC) = Z Z <WO (TL), €a (n)>c4 eirwa(n)eiﬁmea (’I’L)
nez® ae{*}
np#0
Now, we set
Eo(n,z) = ™ %ey(n), Vn€Z3 n, #0,Vac {0,+}
Fj(n37$3):€iﬁ3x3fj7 Vn;;eZ,Vje {1,2,3},

then, {F4(n,-), Fj(ns, )} forms an orthonormal basis of L2(T?), and we have
the following decomposition

Definition 2.2. For any vector field V € L2(T?), we have
(2.10) V(z) =V (23) + V (2) + Vose (7) ,

where

Z Z < (0,0,n3), fJ> Fj(ng, x3)

n3z€Z je{1,2,3}

S (V) eo(n)_, Boln, )

nez®
nh 750

Vose (T, ¢ Z Z <V >C4Ea(n,x).

nez?® ac{t}
np#0

V (z)

We also have the following result

Proposition 2.3. Let Ilx be the projection onto the subspace X of L2(T?).
For any vector field V € L%(T3), we have

2. MV = V() = V(z) = V(x3) = V (&) + Vose ().



3. V(23) +V (2) = erpa)V = Mier(z—-10)V -
Thus, the operator L(T) only acts on the oscillating part Vos. of V.

Proof. The points (1) and (2) are immediate consequences of the identity (1.8)
and of Definition (2.2). The only non evident point is (3), the proof of which
simply follows the lines of the proof of [28, Proposition 4.1]. O

3. Analysis of the filtered equation

In this section, we will use the method of [38, 28, 23] or [35] to filter out the
high oscillation term in the system (PBS.). In order to do so, we first decompose
the initial data in the same way as in (2.10), i.e., we write

Vo =Vo+ Vo= Vo + Vo + Vesco

We recall that in the introduction, we defined £ as the operator which maps
Wo € L%(T?) to the solution W of the linear system (2.1). Using this operator,
we now define the following auxiliary vector field

v =c(-1)ve
5

Replacing Ve = L (g) U® into the initial system (PBS,.), straightforward com-
putations show that U€ satisfies the following “filtered” system

(S¢)

QU" + Q° (U°,U°) — A5 (D) U* =0,
U6|t=0 = Vo,

where

(3.1) Q@ (V1,Va)
o)) se( el 2wl 2)n)
and

(3.2) A(DYW = £ (Z) Ay (D)L (—2) W,

In this section, we will consider the evolution of (S.) as the superposition of
its projections onto the subspace of horizontal independent (or average) vector

fields Lfg and the subspace of horizontal oscillating vector fields L2. Always

12



denoting V. and V the projection of V € L2 onto L? and 12

2, we formally
decompose (S.) as sum of two following systems

D" + @ (U°,U7) — A5(D)U° =0,
{UE’t_o = Yo,
and I N
o Us + Q8 (U5,U*) — A5(D)U* =0,
T

where, for the sake of the simplicity, we identify

O (U, UF) = Q° (UF, UF) A5(D)U* = A5 (D) UF,
OF (U°,U%) = Q¢ (U7, U?) A5(D)U* = A3 (D) U=,

We want to provide explicit formulas of Q° (U*#,U*), A5(D)U*, or (U=,U¢) and
A:(D)U*, and to decompose the vectors Q° (U¢,U*) and A5 (D) U in the L2
basis
{Ea(na 1,‘)7 Fj (Tlg, :C3)} nez® >
n3€Z
a=0,+
j=1,2,3

given in the previous section. To this end, we will introduce some additional
notations. For any vector field V € L2, we set

Ve(n) = (17(”)

ea(n)>(c4 eq(n), Ya=0,+, Vn=(np,n3) €Z> ny #0,

and _ R
VI(0,13) = (V (0,n3)

fj)c4 fi,  Vji=1,23, ¥ns €L

We also define the following quantities in order to shorten as much as possible
the forthcoming expressions

wgﬁncn = w(k) + w’(m) — w(n), a,b,c =0, =,
(3.3) Wi = w(n) 4+ wb(n), a,b=0,%,
@f,fn = (m) —w(n), b,c=0,4,
wzzf; = w(k) + w’(m), a,b=0,=%,

where the eigenvalues w®(-) and w*(-) are defined in the previous section.

Following the lines of [23] or [35], we deduce that, for ¢ = 0, &, the projection
of Q¢ (Vi, V) onto the subspace generated by E.(n, ), for any n € Z3 such that

13



np # 0, is

(@ (,V2) | Eeln, o)) Ee(n, )

L3

(F (@ (1.v) ()

ec(n)> e e, (n),

Cc4

I
M

(7 (2 v.2) ()

e.(n) > e e.(n),

Cc4

~
Il

1

where using the divergence-free property, we can write the Fourier coefficients
of the bilinear forms Qf, k = 1,2, as follows

F (&5 1.v)) )

_ kkh%go it () (7) -5 (v 9 & Vi) ) )
a,b.c=0,4

and

F(& v

N—

(n)
= ¥ TN, <@(n) (Z>-S(Vf(o,k3)®%b(m)) \ec(n)> ec(n)

(0,k3)+m=n ct

+
mﬁ
B
3T
3 [+)
RS
E)
2
N\
3¢

0) 5 (Vm) @ V3 (0,ks)) | ec(n)> eo(n).

Cc4

Here, stands for the four-component vector (1,2, 73,0) and P is the

0
Leray projection, defined in (1.4). In order to shorten the notations, we use S
for the following symmetry operator

SWVieW)=V1Va+ VoV,

for any Vi = (v1, Vi') and Vo = (v2, V4!). We remark that in the above sum-
mation formula there is no bilinear interaction which involves elements of the
form V71 (0,k3) ® V72 (0,m3) since, a priori, these represent vector fields the

horizontal average of which is not zero and hence they do not belong to i?,

The projection of QF (V1,V2) onto the subspace generated by Fj(ns, ), for
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any j = 1,2,3, for any ng € Z, can be computed in a similar way and we get
(Q° (V1,Va) | Fj(ns, $3)>L§ Fj(ng,x3)
= (F(Q° (V1,V2)) (0,m3) | f)ea €77 5,

0
e ~ 0 a IN3T3
= Y et <P<o,n3> ol svem e vim \fg> ¢,
k+m=(0,n3) 0
kn,mp7#0 C4
a,be{0,+}
= (F(Q° (V1,V2)) (0,m3) | f;) €M% f;.
Hence,
Q" (V1,V2) (2) = Y F (9F (Vi V2) + Q5 (V1. Va)) (m)e™
no

+ > F(Q8 (11, V2)) (0,n3) €37,

ns€Z
The decomposition of A5 (D) W can also be calculated as in [23]. We have
(A3 (D W’Ebnm>L2Ebnx)
Z citwn” FAg(n)Wa(n) | eb(n)>C4 e ey (n),

a=0,+

and
(A5 (D)W | Fy(ns,25)) 5 Fy(ns, w5) = (FAo(0,m5)W7 (0,m5) | £} €452 ;.
Thus, B
A5 (D)W = A5 (D) W
=Y 3 g <]—'A2(n)W“(n) ’eb(n)>c4 e ey (n),

nez® a,b=0,%
’I’Lh;ﬁo

and

A5 (D)W = AY (Ds) W = (FA2(0,n3)W7 (0,n3) | Fidea e f;
ns 1,2,3

(1/83W1 vO3W2,0,0),

where A9 (D3) is defined in (4.5). We remark that the operator A5 does not
present oscillations, i.e. it is independent of e.

Combining all the above calculations, we get the following decomposition of
the system (S.)

15



Lemma 3.1. Let Vo € H* (T?), s> 5/2. We set

Vo (x3) = !

a5 % ) d )
Yo 420, ag - 0 (Yn, 3) dyn

and _
Vo=W—-W.

Then, the local solution U® of (S:) can be written as the superposition
Us =U°+U°,
where U¢ and UE are local solutions of the equations
0.5 + &5 (0°,0°) + 8 (U°,U°) — & (D) F* =0,
(3.4) div U® = 0,

oU + o (U=, (78) — A (D) U= =0,
U—E|t:0 = W.

4. The limit system

In this short section, the convergence of suitable subsequences of local strong
solutions (U*®),. , of the system (S.) will be put in evidence. Moreover, using the
similar methods as in [23] or [40], we can determine the systems which describe
the evolution of such limits. The explicit formulation of these limiting systems
will be given in the next section. We first introduce the limit forms Q;, Qa, 9,

;(8 and Ai(QJ such that

(4.1) Q1(W,Va)

=Y 2 (Ew(}) s 0rm s vEm)

nELS Wi =

na#0 k+m=n
kn,mp,np#0
a,b,ce{0,+}

16



(4.2) Q2 (V1,Va)

— Z Z <@(n) (g) -S (V1j(07 k3) ® Vzb(m)>

nez? (0,k3)+m=n
na#0  mp,np#0

ec<n>>c4 £ e, (n)

neZ® (0,k3)+m=n
np#0 mh,"}ﬁ’éo
»n=0
b cE{O +}
7=1,2,3

(43) (W, V2)
0

™ 0 a in3T
Y X (s | [ s0rmente)[5) @,
n3€Z k+m=(0,n3) 0
kp,mp#0
w(k)4w®(m)=0
a,be{0,£+}
i=1,2.3

Cc4

44  AOw=3 3 <fA2(n)vT/a(n)|eb(n)>C4 ¢ ey (n),
;’”blf?ZéOa b;{o_;):}

and

(4.5) DYW =3 3" (FAWO,n3)W(0,13) | fi)es €™ f;.

n3€”Z j=1,2,3

Using the method of the non-stationary phases (see for instance [1]), we can
prove the following convergence result (for more details, see [23, 28, 35] or [42]).

Lemma 4.1. Let T > 0 and V1, Vo and W be zero-average smooth vector fields
in C' (]O,T[XT?’). Then, we have the following convergence in the sense of
distributions

9 (Vi,Va) =% 0 (Vi Va),  k=1,2
©(Vi, Vo) =5 Q(W1, Va),
A5 (D)W =25 AY(D)W:
A5 (Dg) W =25 A§ (Dg) w.
Let us now define the (limit) bilinear forms
Q(V1,12) = Q1 (W1, Va) + Q2 (V4,12) + Q (V4, V&),

(4.6) —
AY(D)YW = AY(D)W + A)(D)W.
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Then, the limit dynamics of (PBS.) as &€ — 0 can be described as follows

Proposition 4.2. Let Vo € H* (T?), s > 5/2 and T € [0,T*[, where T* > 0
is defined in Theorem 1.1. The sequence (U®),.. of local strong solutions of
(S2), which is uniformly bounded in C ([0,T]; H* (T?)), is compact in the space
C ([0,T]; H? (T?)) where o € (s — 2,s). Moreover each limit point U of (U¢)
solves the following limit equation

e>0

— 0 —
(S0) {&U—l—Q(U,U) AY(D)U =0,

U|t:0 =V,
in T3 x [0, T], where Q and A3(D) are given in (4.6).

Proof. The proof of the compactness of the sequence (U®).., is a standard
argument. Thanks to Theorem 1.1 we know that (U*),. is uniformly bounded

in C ([0,T]; H* (T?)). Since
195 (U5, U%) || s < C|UFf3;.

and
[AS(D)US | gge—2 < C|U*|| e

we deduce that (8,U¢),_., is uniformly bounded in C ([0,7]; H*~2). Remarking
that
C([0,T];H*?) = L' ([0,T]; H*?),

we can hence apply Aubin-Lions lemma [2] to deduce the compactness of the
sequence.

Finally, we need to prove that a limit point U (weakly) solves the limit
system (Sp). We remark that Lemma 4.1 cannot be directly applied since the
sequence (U¢)_., is not smooth enough. However, by mollifying the data as
in [28, 38] or [42], we can deduce that U solves (Sg) in D’ (T? x [0,T]). We
choose now @ € (%,5) Since U € C ([O,T];HE), Sobolev embeddings imply

that U € C ([0,7];C"'), and so it solves the system (Sp) in T? x [0, 7] O

Remark 4.3. A similar result to Proposition 4.2 was proved in [40, Lemma 3.3].
We underline though that the proof of [40, Lemma 3.3] cannot be adapted to
the present setting since it strongly used the regularity induced by the uniform
parabolic smoothing effects.

5. Explicit formulations of the limit system

In this section, we determine the explicit formulation of the limit system
(So). More precisely, for each limit point U of the sequence of solutions (U¢),,
of (Se), we decompose the bilinear term Q(U,U) and the linear term A9(D)U
by mean of the projections onto ker PA defined in Proposition 2.3 and onto its
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orthogonal (ker IP’A)J‘. Such approach is generally used for hyperbolic symmetric
systems with skew-symmetric perturbation in periodic domains, and we refer
the reader to [23, 24, 25, 35, 40] or [42], for instance, for some other related
systems. Since the spectral properties of the operator PA are rather different
in the Fourier frequency subspaces {n; = 0} and {n;, # 0}, as in Section 3, we
write the limit system (Sp) as the superposition of the following systems

U +Q(0.0) - A3 (Ds)U =0,
(5.1) Ut =0,

Q|t:0 =W,
and
U + 0, ((7, (7) + 0, (U,U) — AYD)T =0,
(5.2) div U =0,

where the limit terms Q ((7, [7), A (D3) U, 01(U,U), Q3(U,U) and ,@(D)ﬁ
are defined as in Lemma 4.1. In what follows, we will separately study the
systems (5.1) and (5.2).

5.1. The dynamics of U

We will prove the following result, which allows to simplify the system (5.1).

Proposition 5.1. Let Vy € H? (T3),s >5/2, and Vo =V + % as in Lemma
3.1. Then, the horizontal average U = (yh,O,Ui‘l) of the solution U of the limit

system (Sp) solves the homogeneous diffusion system (1.9) in [0, T] x TL for each
T € [0,T*].

In order to prove Proposition 5.1, we only need to prove the following lemma

Lemma 5.2. The following identity holds true
o) (ff, U’) —0.
We recall that in Section 3, we already introduce, for any vector field V € L2,

V(n) = (V(n)

ea(n)>c4 ea(n)v Va:O,:I:, vn:(nhaniﬂ) €Z3a nh#o

Here, we also denote




and V&' [ =1,2,3,4 the l-th component and respectively V*" the first two
components of the vector V. Using the definition of Q and the particular form
of the vector ¥(0,0,73,0) given in (4.3), we have

FRUUYOm)= Y (BOn)na U R)Um)|£)_ .
k+m=(0,n3)
kn,mp#0
w? (k) 4w (m)=0
a,b=0,+
i=1,23

Z Z Z < (0,n3) ng U™>(k )Ub(m)’fj>c4fj,

a,b=0,% j=17Z, ,(n3)

w

where the set Z, 5(n3) contains the following resonance frequencies
(5.3)

Tan(ng) = {(kym) € Z° hn,mn £ 0 | k+m = (0,ng), (k) +w’(m) =0}

In order to prove Lemma 5.2, we will show that, for each couple (a,b) € {0, :i:}z,
the contribution

(5.4) Jap(nz) = > P(0,n3)ng U*(k) U(m),

Ia,b(n3)

is null, which implies that

3
(55)  F(QUU))(0,ns) > (Tanlna) | £) , £ =0
a,b=0,£ j=1
Case 1: (a,b) = (0,0). We have
Joolns) =Y B(0,n)ng U (k) U°(m) =0,

k+m=(0,n3)
since U%3 = 0 (see (2.5) and (2.7)).

Case 2: (a,b) = (£,0) or (a,b) = (0,%). If (a,b) = (£,0), then,

Jrons)= > P(0,n3)ng U3 (k) U (m).
k+m=(0,n3)
w* (k)=0

The condition w* (k) = 0 implies that k;, = 0, while the condition k+m = (0, n3)
implies that m;, = 0. Then from (2.7), we have U%3(0, k3) = 0, which shows
that J4 0(ng) gives a null contribution in (5.5). The same approach can be
applied to the case (a,b) = (0, %).
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Case 3: (a,b) = (+,4) or (a,b) = (—, —). In this case, J,(n3) writes

Tt +(n3) = Z P(0, ng) ng U2 (k) UE (m).
k+m=(0,n3)
wE (k) +w® (m)=0

Since k + m = (0,n3), we can set |l§;h| = |mp| = A\. We deduce from the
constraint w* (k) + w*(m) = 0 and the explicit formulation of the eigenvalues

(2.4) that
A A B

+ —0,
ek VA M

which implies that A = 0. Then the similar argument as in Cases 1 and 2 shows
that J+ +(ng) = 0.

Case 4: (a,b) = (+,—) or (a,b) = (—,+). This is the most delicate case to
treat. We write

(5.6) Jeslng)= Y P0,n3)ng UT(k) U (m).
k+m=(0,n3)
w(k)=w® (m)

The conditions k+m = (0,n3) and wF (k) = w®(m) imply now that k;, = —ma,
‘kh‘ = |ﬁlh| = )\ and
A A

\/)\2+k§ - \/)\2+Th§.

Then, it is obvious that m3 = +ks.

If m3 = —k3 then the convolution constraint ks + ms = ng in (5.6) implies
that ng = 0, and hence there is no contributions of Ji +(n3) in (5.5). So, we
concentrate on the case where k;, = —mj, and k3 = m3 = % and we will deal

with the interaction will be of the form, for any ns € 2Z,
= n n
J+.5(ng) = Z P(0,n3) ng U3 (fmh, g) Ut (mh, ?3) .
thZZ

For any ng € 2Z, we set

+, +.3 n3 h n3
Bng:F = Z ns U (_mh7 7) U:F (mhv 7) 3

2 2
mh,€Z2
+F _ +.3 n3 A n3
Cng:F = ZE:Z2 TL3U (—mh,?) U:F (mh,?) .
Lo

Taking into account the form of the vectors f; in (2.7), we deduce that

(T4 (n) + T- 1 (n3) | f1) s i = B(O,n3)
1 Chr—+C7

3 Bl +B."
0
=
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Then, we can prove that the sum J4 _(ng) + J- +(n3) have no contribution in
(5.5) and conclude Case 4 if we prove the following lemma

Lemma 5.3. For any n3 € 27, we have the following identities

(5.7) By~ =-B,",
and
(5.8) Ch==-C%.

Proof. Identity (5.8) is quite easy to prove. Indeed, we have

ns\ ng\ - ns
CoF = Z nz €3 (—mh7 7) U+ (—mh, 7) Ut (—mh7 7) .

mp, €22
Then,
(5.9)
i i = T [ (om )P (o )P (o )
my, €Z2
+ ok (mo )07 (o ) 0% (2m )
The explicit expression of ex(n) in (2.5) yields
3 ns o 3 ns
(5.10) €L (—mh, ?) = —eg (mh, ?> ,
which, combined with (5.9), implies (5.8).
To prove Identity (5.7), we consider the quantities
(5:11) B (mnyng) = [0 (=, 52) U (mn, )
_ n n;
S ) 0 ()
n _ n
00 o 2) 7 ()
_ n n
+U 3 (mh7 ?3) U+7h <_mh7 ?3) :|7
which allows to write
(5.12) B+ Byt = > B(mnng).
m;L€Z2

Now, we decompose

/8 (mhan?)) = /6+ (mhvn?)) + ﬂ7 (mh7n3) 5
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5 ) = 2 [ (o ) 0 ()
0 ) 0 ()
and
5 = B[ () 7 o, )
0 o ) 07 (o )]

ns 3 ns
€y | —Mp, ? - €+ —MmMp, ?

(0 (o 2) - o 2) . 2).

0 (o, 2) 4 (=, )

= (0 (o) fe- (mn ) e (e )
= ng ng ng
) s (o ) )
The explicit formula (2.5) implies
n n
6}1 (mha ?P)) = 6}_:_ (_mha ;) = A:th,ngv

n n
3 3\ _ 3 3\ _ 43
ey (—mh, 5 ) = —e2 (mh, 5 ) = A5, s

we obtain

U+s3 (—mh, %) (7_7h (mh; %) = - thmsAh A;

2 Mp,N3" "Mp,N37

U (mh,@) g+h (—mh, @) = Cpp oy AL A3

2 2 Mp,N3" "Mp,Nn3?’
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which imply
Bt (mpy,n3) = 0.

By the similar argument, we also get
/6_ (mhan?)) = 07

which yields
B (mp,n3) = 0.

Thus, Identity (5.12) implies (5.7)

5.2. The dynamics ofﬁ

In the previous paragraph, the dynamics of U is well understood and turns
out to follow quite a simple heat equation. To complete the study of the limit
system (Sp), we now give an explicit expression of the system (5.2). As in
Lemma 2.1 and Proposition 2.3 (2), we will study the evolution of U as the
superposition of

U=0U+U,..

The main technical difficulty of the study consists in giving a close formulation
of the projection of the bilinear interactions, which was considered in [40]. In
what follows, we only mention the main steps of the study, without going into
technical calculations.

5.2.1. Derivation of the evolution of U

We recall that U is the projection of U onto the nonoscillating subspace
generated by {Ey(n,-)},. The derivation of the evolution of U can be done in
three steps.

Step 1: We explicitly compute the projections of él (CNT, U’) and ég (U,U) onto
Span {Ey(n,-)}, i.e., for any n € Z3, nj, # 0, we compute the following quantities

@1 ((7, (7) = Z <]—'@1 ((77 (7) (n) ‘ eo(n)>c4 e eo(n)
nez?
nh;éO

% (U,U)= Y (F: (U,U) (n)

nez®
np7#0

eo(n)> e eo(n).

Cc4

The projection of él (ﬁ, U ) is a mere horizontal transport interaction of

elements in the kernel of PA as it is showed in the following lemma, the proof
of which can be found in [40, Lemma 4.2].
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Lemma 5.4. The following identity holds true

<= =< a - Vhah VD,
9, (U, U) - 0 + o ),
0 0

where

" = Vi (=Ap) 7! (=0U" + 0,U?),
By = (—Ap) " divy, div, (T @a").

For the projection of Qy (U,U), we remark that the matrix @(n) real and
symmetric, so we can write

FO, (U,U) (n) = FO, (U,T) (n)

=2 <1@(n) (g)-S(Uj(Qk‘g)@Ub(m))

ec(n)>C4 ee(n),

whence Qs in (5.2) acts as a non-local transport between the vectors U and U.
We have

Lemma 5.5. Let U be as in Proposition 4.2, and let Qs be defined as in (4.2).
Then,

h . x7,7h _
Z <fé2 (Q, (7) (n) ‘ eo(n)>c4 eo(n) = U gh’u . V}(L)pQ |
i : 0
where

Dy = (—Ah)_l div y, (gh . Vhﬂh) .
Proof. For ¢ = =+, from (2.5), we have e® L eg, which implies that
(FQ: (L.U) ) | eolm)_,
=2 Y <I@(n) <’8) S (U(0,k3) ® U (m)) ‘ eo(n)>

Cc4
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The condition Gg;f’)n = 0 implies that

|mn|

~b,0 b 0
Wy =w’ (m) —w”(n) = i =0,
m|

m,n

hence my, = 0. This consideration combined with the convolution constraint
(0, k3) +m = n implies np, = 0, which contradicts the definition of the form Q.

Then, in the expression of F ég (Q, U ), we should only take ¢ = 0 and Lemma

5.5 follows standard explicit computations.
O

Now, setting
P =D+ Do,
Lemma 5.4 and 5.5 imply the following

Corollary 5.6. Let U be as in Proposition 4.2, and let Qvl and ég be defined
as in (4.1) and (4.2) respectively. Then

> (76 (0,0) +FQ 0,0 | eo(n))_, eoln)

(C4
nez?
’I’Lh7£0
al - Vypah +u - vt A%
= 0 + 0
0 0

Step 2: The computation of the projection of Zg (D) U onto Span {Eo(n,-)} is
given in the following lemma, the proof of which can be found in [40, Lemma
4.4].

Lemma 5.7. Let U be as in Proposition 4.2 and Z@ (D) be defined as in (4.4).
Then

- N v AT
400 =3 (F(BD)T) | eolm)), eom={ 0

nh;téO

Step 3: Projecting the system (5.2) onto Span{Fy(n,-)} yields the following
equation which describes the evolution of U

8,0 + O, (17,(7) +0,(UU)— AY(D)U = 0.

Then, Corollary 5.6 and Lemma 5.7 imply
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Proposition 5.8. Let U be as in Proposition 4.2 and let

Vo= > (FWo| eo(n))cseo(n) € H* (T%),

nez?
np#0

for s > 5/2. Then, the projection U of U onto Span{Ey(n,-)} belongs to the
energy space
C([0,T);H° (T*)), o € (s —2,s),

for each T € [0, T*[, and U solves the Cauchy problem (1.10) almost everywhere
in T3 x [0,T].

5.2.2. Derivation of the evolution of Usge
As for U, the study of Uy also consists in three steps.

Step 1: Computation of

(é1 (lNI, ﬁ))osc = Z Z <}'é1 (17, l?) (n) ’ ec(n)>(c4 e eq(n)

nez?® =%
np#0

(@), T X (R0 | ), o

nez?® c=
’ﬂh;ﬁo

Since U = U + Uyge, we can decompose

(@(@0.0)),. - (3.00)_ (@ 0.0)

The first term was already calculated in [40, Lemma 4.6], and we have

+ (él (Uoses Uosc))

osc osc

Lemma 5.9. The following identity holds true

(@) =o

osc

To obtain the bilinear term of the equation (1.11), it remains to find the explicit

expression of (ég (Q, (7)) , which is in fact the bilinear term B (U, Uys.) of
osc

the equation (1.11).

Lemma 5.10. We have the following explicit expression

(5.13) FB(U,Uosc) = F (é2 (Q’ ﬁ))

osc

-y <@(n) (g>~S(Uj (0,2n3) @ U? (ny, —ns))

%mﬁﬁ%m»
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Proof. Since U=TU+ Ugse, we have
@ @D), - (@LD),_ + (@w)

According to the definition (4.2), we can write
(: (D))
- Z <@(n) (’OL) S (U7(0,k3) @ U°(m))

(0,k3)+m=n
mp,np7#0
@i =0
c=+
Jj=123

osc

osc

6c(n)>c4 ec(n).

Let us remark that the above formulation differs to the one given in (4.2) since
the projection onto the oscillating subspace forces the parameter ¢ to be equal
to £ only, and the fact that U is the second argument of the bilinear form forces

the parameter b in (4.2) to be zero. Hence the bilinear interaction constraint

[nnl _

woe = 0 combined with the convolution constraint (0,k3) +m = n

wm,n =c |n]

implies that n, = 0, that contradicts the definition of Q,. We deduce that

(@2 (U, U)) —0.

osc

It now remains to prove (5.13). According to the above argument we can
argue that

(8:(v.0)). = (2:W.Uw)
R CLIORICURERE)

(0,k3)+m=n

@b =0

ec(n)> o ec(n).

In this case, np, = my and using (2.4), the equality

ajb,c

m,n :wi(

np,n3) — wt (np,m3z) =0

becomes
|72 _ |72 |
Vi3 + a3 +mi  \/n}+nd+n3

The above equality is satisfied if mz = +n3. Let us suppose mgz = ng, if this is
the case the convolution condition k3 +mg = n3 implies that k3 = 0, in this case
the term U (0, 0) denotes the average of the element «”, which is identically zero
by hypothesis since (PBS.) propagates the global average which is supposed to
be zero since the beginning. Thus, we get ms = —n3 and k3 = 2ns and we
recover the expression in (5.13).

O
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Step 2: Computation of (Zg (D) [7)

osc

Lemma 5.11. We have

(;tg (D) (7) — VAU,

osc

Proof. We will calculate

F(A(D)Uuc) ()= 3" T(n) (Aa(n)ea(n) | es(n))es eo(n),

osc

where the matrix Ay is defined in (1.2).

If a = —b, the condition w®® = 0 becomes

W™ =2wn) =2a ’LM =0,

In|

which implies n,, = 0, contradicting the definition of Zté. Thus, we deduce that
a = b. The expression of the eigenvalues given in (2.4) implies

(A2(D)eq | ea><c4 = _V|n‘2‘

Lemma 5.11 is then proved.
O

Remark 5.12. We want to emphasize that Lemma 5.7 and 5.11 imply the strict

(total) parabolicity of the operator Ay (D) for vector fields with zero horizontal
average. This is remarkable since the operator As (D) appearing in (PBS,) is
not strictly parabolic.

Step 3: Projecting the system (5.2) onto Span {E(n,)} and using Lemma 5.9
and 5.11, we deduce that the evolution of Uy is given by

atUosc + él (Uosm Uosc + 2U) + B (Qa Uosc) - VAUOSC = Oa
and we hence prove the following result

Proposition 5.13. Let Uysco € H® (Tg), s > 5/2, the projection of U onto the
oscillating subspace Span{E+(n,-)} belongs to the energy space

C([0,T];H (T%)), o € (s—2,5),

for each T € [0, T*[, and Upsc solves the Cauchy problem (1.11) in T3 x [0, T).
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6. Global propagation of smooth data for the limit system

We proved in Propositions 5.1, 5.8 and 5.13, if the initial data Uy € H?,
s > 5/2, then the decomposition U = U + U + U, holds in C ([0, T], H?),
s—2<o<sand 0 < T < T*, and where U, U and U, are respectively
solutions of the systems (1.9), (1.10) and (1.11). The aim of this section is to
prove the global propagation of the H*® (T3)—regu1arity, s > 5/2, by the limit
system (Sg), more precisely by the systems (1.9)—(1.11). This propagation can
be resumed in the following propositions. We remark that for U and U, we need
much less regularity, and the H*® (T3)-regularity, s > 5/2, is especially needed
for Upsc.

Proposition 6.1. Let Uy € H® (T3),s > 0, then the solution U = (gh,O,Q4)
of the equation (1.9) globally and uniquely exists in time variable

u" € C(Ry; H* (TY)) N L? (Ry; H (TY))
and
U'eC(Ry;H* (TY)).

Proposition 6.2. Let s > 1/2, 0 > 0 and Uy € H* ('H‘3) N L (TU;H" (T%))
such that Vi, Uy € L™ (TU; He (Ti)) Then the system (1.10) possesses a unique
solution in

" €C (Ry; H® (T?)) N L2 (Ry; HH (T?)) .

Moreover for each t > 0 the following estimate holds true

(6.1) 7" () [[37e s) + u/ot 7" ()37 oy A < &1 (Up),
where
(6.2)
& (0n) = € [ sy 50 { L 19 gy + 5 1y
and
T
B (Uy) = exp { o ”V”c“f o (12)

K (2 h |2
X exp{cy (1 + H“gHLgo(L,Z)) ||vh“g”Lgo(L%L)} }

Proposition 6.3. Let s > 5/2 and Uy € H* (T‘j) For each T' > 0, we have

Uose € C ([0,T]; H* (T?)) N L? ([0, T); H**' (T?)),
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and the following bound holds true for each 0 <t <T

t
U (Do) + [ 19U () o 7 < B (Vo)

where

(63) 53,V,T (UO) = HUOSC,O

&1 (U Eau, (1))
|§{SGXP{ 15/0) +T ||U0||i2(1r‘1,)+(27U0V<))}’

and

&1 (Uo)

(6.4) &0, (T)=c||Uosc,o|2L2(T3)exp{ ” +T||Uollis(m>}

and where & (Uy) is defined as in Proposition 6.2.

6.1. Proof of Proposition 6.1

The system (1.10) is a classical heat equation, the solution of which is well
known in the literature. Here, we only remark that classical energy estimates
imply

2 ¢ 2 2
" (t)HHS('H‘},) +2V/O 05" (T)HHS(T},) = HMSHHS(T},)'
Since u™ has zero vertical average, u" € L? (Ry; H*™ (T4)) as well. O
Remark 6.4. We would like to mention that
(6.5) HHhHHs(m) = H@h”Hs(TS)’

hence even if u" depends on the vertical variable only it still inherits the same
isotropic regularity.

6.2. Proof of Proposition 6.2
We start by recalling a result proved in [40, Proposition 5]

Proposition 6.5. Let @" be a solution of (1.10) with initial data Tl and VT
belonging to LY° (HY), for some o > 1. Then, we have

" € L? (Ry; L™ (T?)),
and in particular

CK

Hﬂh||L2(R+;L°°(’]I‘3)) S o @ (Uo) thﬂgHLﬁ(Hg) )

where ® (Uy) is defined as in Proposition 6.2 and ¢,C, K are positive constants.
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Remark 6.6. The reader may notice that [40, Proposition 5| is applied on a
limit system which is slightly different than (1.10), i.e. on the system

(6.6)

o +u" - Vu — vAT" = —Vp,
div @ = 0.

The only difference between (6.6) and (1.10) is the presence in (1.10) of the term
uP - V,a". Such term though does not pose an obstruction to the application of
[40, Proposition 5| to the limit system (1.10); the proof of such result is in fact
based on the fact that the following nonlinear cancellation

/ (@" - vya") -ady, =0,
R},

holds true for (6.6) (and hence as well for (1.10)) since div a" = 0. Indeed, the
term u" - V;,@" enjoys as well a nonlinear cancellation, since

J

being the vector field periodic. Whence [40, Proposition 5| can be applied to
the limit system (1.10).

(W 9) wdy = 5 o [ e a0,
Rh

2
h

Next, we need the following estimate

Lemma 6.7. Let u" be the solution of (1.10) and u” the solution of (1.9),
then, for s > 1/2, we have

(6.7) ‘@h V| @),

(T#)
<C (H@hHHs(n) + H@hHHHl(m)) Hﬂh||HS(T3) ||VhﬂhHHs(1r3) :
Proof. Applying the dyadic cut-off operator A, to uh - V", taking the L2-

scalar product of the obtain quantity with Aqﬂh and applying the Bony decom-
position, we get

(B (W Vi) | £qT") ooy | < BL+ B2,

T3)

where

By= Y [(8g(Sy—1d"BgViu") [Aga") ]
lg—q’|<4

B = Z [(Ag (Dgt"SqriaVit®) | Aga") ]
q’'>q—4

Applying Holder inequality and using (A.3) on the term B;, we deduce

By < Ob 27 |Sy -t oo V0T | oy [ | 1129, -

32



Since u” only depends on the vertical variable, thanks to the embedding

H® (TY) < L>® (TY), Vs>1/2,

v

we deduce

518 < ey <
and whence,
(6.8) By < Cbg2 % [lu || oy VB | sy 113" | e s -

Next, we apply Holder inequality to the term Bg and get
B Y 07 g 180 ey 907 )
q'>q—4

Bernstein inequality (given in Lemma Appendix A.1) and Estimates (A.3) and
(6.5) yield

801l 1y < Cea2” D" = e u

h h
HHSH(W) HHS“(?R) ’
Since H® (T?) «— H%* < L (L2), s > 1/2, we have

||th CHth

h h
”Loo L2 HH s(T3) *
Applying once again Estimate (A.3), we deduce

(6.9) By < Cby27" H@hHHsﬂ(m) [V [

hHHs(1r3 h”H (T3)

Now, combining (6.8) and (6.9) finaly implies
’<Aq (u" - Vya") | Aqﬂh>L2(1r3)
< Cby27% (H@}LHHs(m) + H@hHHerl(m)) HﬂhHHS(’]F) ||VhﬂhHHs(ﬂr3) :

O

Proof of Proposition 6.2. We multiply (1.10) by (—A)°@", integrate the ob-
tained quantity over T2. Using Inequality (6.7) and the following inequality

‘< V! | u

SO oo 17 | 12 roy 1V |11 o)

—h
)i 5(T3)
we deduce that

1d

620 5+ 0 7 e

Y (||uhHL°°(']I‘3) + H@hHHsm) + HQhHHSJrl(T},)) HUhHHs(TB) ||ﬂhHHS+1(]R3) :
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Then, Young inequality implies

& &

v
hHLoo (T3) hHHé(T3) HuhHmH ®3) N 5 ||uhHHé+1(R3)

— —_p12
+C (H“hHLoo(TB) + H@huﬂs(m) + H@hHHsﬂ(m)) H“}LHHs(TS) ;

which, together with (6.10) and Gronwall lemma, leads to

—h 2 t —h 2

P N LG

0
—h 2 ¢ —h 2
o O A )
0
h 2 h 2
+ [|u (T)HHS(’H‘},) + [|u (T)HHHI(m)dT :

Using Proposition 6.5 and Proposition 6.1, we finaly obtain

t
7 Ol 2 [ 17 s oy

CK
< C b ey 0 { S @ W) 937

C
H") HuOHHS('ﬂ‘l) ’

where ® is defined as in Proposition 6.2. O

6.3. Proof of Proposition 6.3

We first remark that, if U and U are smooth enough, the system (1.11)
admits global weak solutions ¢ la Leray in the same fashion as for the incom-
pressible Navier-Stokes equations (see [16] for instance).

Lemma 6.8. Lets > 1/2,U € L* (Ry; H*™ (T?)) and U € L™ (Ry; H* (T})).
Then, for any initial data Ussco € L? (T3), there exists a global weak solution
of the system (1.11) such that

Uose € C (Ry; L*(T?)) N LY, (Ry; L*(T%)) N LY, (Rys H' (T%))

Moreover for any t* € Ry and for any 0 <t < t* < 00, the following estimate
holds true

¢
(6.11) [Uosc (t)”iZ(T«?) + V/O [VUosc (T)H%%T?*) dr < &0, (7).
where

52’U0 (t*) =C ||Uosc,0||2LQ(T3) exp

&1 (U,
{ IS m)}
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Proof. We define the frequency cut-off operator
J W = Z W(n)em'm,
[kl<n

and consider the approximate system

(6.12)
atUosc,n + Jan (Uosc,n + 2U7 Uosc,n) + JnB (Qy Uosc,n) - VAUosc,n = 0,
div Ugse,n = 0,

Uosc,n |t:0 = Jn Uosc,O .

The Cauchy-Lipschitz theorem implies the existence of a local solution for (6.12)
in the space
Uosc,n S C ([07 Tn] ,Li) )

where -~
L2 = {f € L*(T%),supp f C 5(07n)}~

Since Uopse,r, is of divergence-free we deduce that

(7181 Woses Uosen) | Uosen) =0

d

Moreover, using the embedding H* < L, for s > §,

inequalities

we obtain the following

< Ql (Ua Uoscm) ‘ Uosc,n> g C HVUHHS('H‘?’) ||Uosc,n||L2('H‘3) HVUosc,n||L2('[[‘3) )
(B(U, Uosen) | Usseun) < C 10 1ozt 1Uosernl ey 11V Uoscn s,
which yield, for any t* € R} and t € [0, t*],

t
||Uosc,n (t)”iz(jra) + V/O HVUosc,n (T)HzLQ(?I‘?’) dr

- 2
<C ||UOSC,0||2L2(T3) exp {/0 HVU (T)HHS(’H‘S) + HQ (T)Hf‘{s('ﬂ‘},) dT} )
&1 (Uo)

14

<C ||Uosc,0||i2(jr3) exXp { +t* UO”?{S(’H})} )
where & is defined in (6.2). Hence, by a continuation argument, we deduce that
T,, = oo and for each T' > 0, the sequence (Uosc’n)n is uniformly bounded in the
space

C ([0,7); L*(T?)) n L* ([0, T}; H' (T?)) .
Standard product rules in Sobolev spaces show that the sequence (ﬁtUOSC)n)n
is uniformly bounded in the space L? ([0,T]; H~) for N € N large enough.
Finaly, applying Aubin-Lions lemma (see [2]), we deduce that the sequence
(Uosc,n),, is compact in L? ([O,T]; Lz), and each limit point of (Ussc,n), Weakly
solves (1.11).

O
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Remark 6.9. We point out that the above construction of global weak solutions
is possible thanks to the presence of the uniformly parabolic smoothing effect on
the limit system (1.11), hence the importance of the propagation of parabolicity
mentioned in Remark 1.3.

Next, we study the “purely bilinear” interactions of highly oscillating pertur-
bations in (5.2) given by the term

(él (Uose; Uosc)) .

Bilinear interactions of the above form, in general, prevent us from obtaining
global-in-time energy subcritical and critical estimates. However, as pointed out
in Remark 1.4, we can actually prove that the bilinear interaction Q1 (Ussc, Uosc)
is in fact smoother than the vector Uys. - VUyse. To do so, we introduce the
following resonant set.

Definition 6.10. 1. The resonant set K* is the set of frequencies such that

K = {(k,m,n) € 7°, kp,mp,np # 0 ‘ w(k) + wb(m) = w(n),
k+m=n, (a,bc) € {—,—i—}},
={(k,n) € Z° kn,np #0 | w*(k) + wb(n — k) = w(n),
(a,b,c) € {—,+} },

where w9, j =4 are the eigenvalues given in (2.4).
2. The resonant set of the frequency n : ny, # 0, is defined as

Ky = {(k,m)e z° |wa(k) +wb(m) = wé(n),k+m =n,(a,b,c) € {—, +}}.
The resonant set is introduced in order to express the term (él (Uose, UOSC))

in a more concise way. Indeed, considering the explicit definition of the bilinear
form Q; given in (4.1) we can immediately deduce that

(él (Uosm Uosc)) = -F_l (1IC*~F (Uosc : v(]osc)) .

osc

In other words, the resonant set K* is the set of frequencies on which the bilinear
interaction (Q1 (Uose, UOSC)) is localized.
O

SC

We now define the following Fourier multiplier of order zero
X+ (D) (a b) = F~ (1x-F (a b)).
We can hence rewrite

(él (Uoscv Uosc)) = div [XIC* (D) (UOSC ® UOSC)] :

osc
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We state the following technical lemma which is a simple variation of [16, Lemma
6.6, p.150], [35, Lemma 6.4, p.222] or [42, Lemma 8.4]. The proof is based on
the fact that, for fixed (kp,n), the fiber

J (kh,n) = {kg € Z,(k,n) S ]C*}
is a finite set.

Lemma 6.11. Let ¢y, ¢y € H/? (']I‘d) and ¢35 € L? ('11‘3) be vector fields of zero
horizontal average on T:. Then there exists a constant C which only depends
on a1 /ay such that

(6.13)

_ c
Z 61(k)p2 (n— k) ¢3(n)| < o @11l gr172 3y 2]l 172 oy 93] pogrsy -

(k,n)ek*

Proof. We first prove Lemma 6.11 when T3 = [0, 27)°. We write

(6.14) Iee=| > 61(k)ga(n— k)os(n)

(kn)ek*

< ¥ > |awean— ks,

(kn,n)€Z2xZ3 {ks:(k,n)ek*}
S DI O IS SR O] FPCEOIR

(kn,n)€EZ2XZ3 {ks:(k,n)eX*}

By Cauchy-Schwarz inequality, we have

PORAGIACE]

{k3:(k,n)EK*}
1/2 1/2

< X [aw]|an- > o

{k3:(k,n)ek*} {ks:(k,n)eK*}

‘ 2

Now, fixing (kp,n) € Z? x Z there exists only a finite number of resonant modes
ks, more precisely,

(6.15) # ({ks : (k,n) € K*}) <8

Indeed, recalling the notations (3.3), we can write explicitly the resonant con-
dition

ot

Wy n—kmn

gtﬁe same procedure holds for the generic case w,‘:zckn = 0,a,b,c # 0) as
ollows

1/2 1/2 1/2
[ |” n [nn — kn” _ [ '
ks + Ins — ksl + [, — kn|” [ + g |
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After some algebraic calculations, the above equation of k3 (kp and n being
fixed) becomes a polynomial equation of the form

R (k3) =0,

where R is a real polynomial of degree eight, hence (6.15) follows from the
fundamental theorem of algebra. Thus,

1/2
> \my\@m—k)yw( > \mf\@m—m\"’) ,
}

{ks:(k,n)ek*} {ks:(k,n)eK*
which, combined with Inequality (6.14), gives

9 5 1/2
Ie <VB Y 3 [aatn) (Z\M)\ [Gan k)| ) .
k3

kn,np N3

Moreover

2 9 1/2
S [Gstm) (zm\ [62(n— 1) )
k3

ns

1/2 1/2
<(z\@<n>]2) (zymﬁ@m—mf) ,

ng,ks

and hence

o\ /2
(6.16) Ie- <V8 > (Z’@(M‘)

(kn,n)EZL2XZ3 \ n3
) 1/2 )\ /2
X <Z’¢2(”h—khm3)‘ ) <Z‘¢1(k)‘ ) :
p3 ks

Let us denote at this point the quantities

- ) 1/2
1 (nn) = (Z $1(n) ) :
= ) — 2 1/2
Ga(nn) = (Z ¢2(n) > ;
- " ) 1/2
B3(nn) = (Z $3(n) ) :
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and the following distributions
or(xn) = Fy! (E) (),
Go(xn) = Ty " (&7;) (@n),
atan) = 5 (50 (an)

Then, applying Plancherel theorem and the product rules for Sobolev spaces,
Inequality (6.16) can be read as

Ig: < (G162 ] 6) <||6102|

&

L2 T2 L2 1r2 L2(12)

<[l

2

= H¢1||H1/2,0(T3) ||¢2||H1/2,0(1r3) ||¢3||L2(T3) J

H1/2 T2 H1/2 T2 L2 ']1'2

SNl vz gray 1021l vz sy |93l Loy -

Finaly, to lift this argument to a generic torus H?Zl [0,27a;), it suffices to
set

@(1’1, T2, .’Eg) = ¢(a1x1, as2x2, ag.’Eg),

and to use the identity

||¢HL2([0727T)3) = (a1a2a3) ||¢HL2( 5[0 zﬂab)) .

Remark 6.12. Lemma 6.11 can be applied on Uy, by taking

¢1 = ¢2 = ¢3 = Ugsc,

since the projection on the oscillating subspace defined in (2.9) has zero hori-
zontal average.

Now, we can prove the energy bound required on the problematic trilinear
term.

Lemma 6.13. Let s > 0, then

(617)  ((Q1 (Voses Uose) )

Use)

osc Hs(T3)

1/2 1/2
< O |[Uosell sy 1V Ussell Fatpsy [ Uosell 3 2zan |V Uosel |3 s -
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Proof. We recall that, for vector fields whose average is null, the usual Sobolev
norm is equivalent to the semi-norm

1 srngrey ~ || (=20 4]

, s € R,
L2(T3)

we will always use ||(—A) to denote the H* (T?)-norm. First, we

3/2(') HL2(']1‘3)
have

< (él (Uosu Uosc))

Uose) 1 gy = ( @ Woses Uoe) | Uose)

osc H#(T?) .

The definition of @1 yields

(91 (Uose, U | Uane) = = {xic+ (D) (Uoe ® Uoe) | VUinc) g

= = (-8 Uose @ Unse) | (~8)"7 VUoe)

XKc*

where for any ¢, ¢2, ¢3 as in Lemma 6.11, we set

(br02,03)\ . = D 61(k)o2 (n — k) p3(n).

(k,n)ek*

By a dyadic decomposition, we also have
‘( (=) (Usse © Uose) | (~2)"/2 VUOSC>
-y

For each dyadic bloc in the above estimate, using Bony’s decomposition, we can
write

Xc*

Uosc & Uosc) | A Vljosc>

Xrex |

Iq = ‘(Aq (Uosc & Uosc) ‘ AqVUvosc>XK*‘ < I; + 137
where

I; = Z ‘(Aq (Sq’Uosc ® Aq’Uosc) | AqVUOSC>X,<*

lg—q'|<4
I(? = Z ‘<Aq (Aq’UOSC®Sq’+2UOSC) | AqVUOSC>X,C* :
q’'>q—4

Combining (6.13) with some classical computations with the dyadic blocs finally
leads to, for any k =1, 2,

1/2

¥ < € 272y |[Unsell agpsy IV Ussell Fagps [ Uosel 11

(T3) ||VUOSCHH s(T3) »

where the sequence (bq)q € (% depends on Uy, concluding the proof.
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Lemma 6.14. Let s > 1/2, then
(6.18)
< él (Ua Uosc) ‘ Uosc>

(6.19)
<B(Q7 UOSC) | UOSC>HS(’JT3) < C ”QHH(T&) HVUOSCHHS(W) HUOSCHHS(W) .

H#(T3) < c HVUHH“(T3) HVUosc”Hs(TB) HUOSC”HS(TB) ,

Proof. The proof of Lemma 6.14 relies on direct estimates performed on both
bilinear terms. For the first one, we have

‘<é1 (T Uose) | Uose) < [(div (U@ Unse) | Uose) |

He(T?)
HU 0 UoscHHs+1(T3) ||UOSC||HS(T3) ’
ClINVU 1o o) 9 Voscll e oy 1 Uosell

where in the last inequality, we used the fact that H*+! (']T3) ,8 > 1/2is a
Banach algebra.

<
<

For the second one we use the explicit definition of the limit bilinear form B
given in (5.13) in order to deduce the identity

(B(U,Ussc) | Uosc) grs(pay = <(_A)S/2 B (U, Uosc) ‘ (-4)7? UOSC>L2(T3)’
(5o a0 | o)

which implies inequality (6.19).

LY(T3)’

O

Proof of Proposition 6.3. We have now all the ingredients to prove Proposi-
tion 6.3. Performing rather standard H*® (T3)—energy estimates on the equation
(1.11) with the energy bounds (6.17), (6.18) and (6.19), we obtain

3 W0 Oy + [ 19 (0

(HVUHH s (T3) + HQ||L2(’]1‘1 ) ||VUosc||Hs(’]I‘3) ”UoscHHS(Ts)
1/2 1/2
[ Uosel agpsy 1V Ussell psy 1 Uosell ray [V Uasell- )

Then, Young inequality and Gronwall lemma imply
t
[ Uose (T)||i1s(1r3) +V/O [VUose (T)||§{s(1r3)d7
t t
2 — 2 2
< ||Uosc,0||Hs(']1‘3)eXp{/O | va" (T)|’H5(T3)d7+/o 1T (T z2(ry) dT

t
[ Wase () 190 (0 e dT} |
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Thus, using Estimates (6.1), (6.11) and the result in Proposition 6.1, we deduce
that, for each T' > 0, the following bound holds true

t
2 2
Wose (T)12psy + v / IV Uose (7)1 s

1 1
< ||Uosc,0||§is(?1'3) P {l/ £1(Uo) +T HQOH%Q(T&) + v (€200 (T))z} 7
< Cyexp{C,exp{C,T}},

where & and & are respectively defined in (6.2) and (6.4). O

7. Convergence as ¢ — 0 and proof of the main result

As in the work [25], the lack of a complete parabolic smoothing effect on the
system (PBS,) will prevent us to obtain a uniform global-in-time control for U¢.
Nonetheless we will be able to prove that, for each T' > 0 arbitrary and ¢ > 0, the
solutions of (S.) belong to the space C (R+; Hs? (TS)) NL, (R+; Hs2 (']I‘?’))
for s > 9/2 and converge in the same topology to the global solution of (Sg). The
idea to prove this convergence result is to use the method of Schochet (see [38]),
which consists in a smart change of variable, which cancels some perturbations
that we cannot control. We will use results and terminology introduced by I.
Gallagher in [24] in the context of quasilinear hyperbolic symmetric systems

with skew-symmetric singular perturbation.

Let us recall the following definition [24, Definition 1.2]

Definition 7.1. Let T,e9 >0, p > 1 and o > d/2. Let k_; = (k1,...,kq) where
k; € Z¢ and let

—
‘kq‘ = max |k;|.
1<isg

Then a function R (t) is said to be (p,o)— oscillating function if it can be
written as

p
R, =Y R:i..(1),
q=1

where

R )= F 1| 32 0 (02 £ (1) £ (1) |

_{
kgeKp

with
n
K} = {kq €z

iki:n and B4 (n,zq)) ;«réO}7

i=1

and where ro and f satisfy
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o there exist (@i);cqy, 4y @ =0 such that

7“0(717 q) Cﬁ 14 [kq])”
i=1

.....

o (F‘lff)0<€<so is uniformly bounded in C ([0,T); H°+ (T%)), for any
ie{l,...,q},

e there exists a o; > —o for which, (f_latff)0<€<€0 s uniformly bounded
in C ([0, T]; Hot (T?)).

The abstract concept in Definition 7.1 is required in order to introduce the
following result, see [24, Lemma 2.1] or [25, Lemma 2.1] for more details.

d
Lemma 7.2. Let T > 0 and o > 3 +2, let (b°), be a family of functions,

bounded in C ([0,T]; H° (T?)) and let a§ — 0 as e — 0 in H*~' (T9). Let
Q°, A5 be as in (3.1), (3.2), let RE,. be a (p,o — 1)-oscillating function and

0scC

finaly let F¢ — 0 as e — 0 in C ([0,T); H~' (T%)). Then the function a,
solution of

0ra® + Q° (a°,b°) — A5 (D) a® = RS, + F°,

a5|t:0 = ag,

is an oc (1) in the C ([O,T]; He 1t (Td)) topology.

Now, to prove our main result, we subtract (Sg) from (S.), and we denote
the difference unknown by W¢e = U¢ — U. Some basic algebra calculations lead
to the following difference system

OWE + Q° (W, W& +2U) — A5 (D) W* = — (Rose + Sosc) »
(7.1) div W¢ =0,
WE|t:O =0,

where

Rose = Q7 (U,U) = Q(U, V),
Sose = — (A3 (D) — A3 (D)) U
We remark that Ri,. and S, are highly oscillating functions which converge
to zero in D’ (T3 X R+) only. Thanks to the results proved in Section 4, namely
Lemma 4.1 and equation (4.6), we can compute the explicit value of R . and
SE.. which is given by

osc

C

e _ e € €
Rosc Rosc,l + ROSC,II + ,R’OSC,IID
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and

Rowr= . €20 (B, (n,0)-S (U(k) © UP(m))| ec(n)) o cc(n),

Wi, #0
k+m=n
kn,mp,np#0
a,b,ce{0,+}

itmbe j b
‘FRZSC,II =2 Z € -mn (Pn (n70) . S (U] (0, k?)) by U (m))‘ eC(n))@L ec(n)a
(0,k3)+m=n
mp,np7#0
Dy 70
b,c=0,%
Jj=1,2,3

1,0 ~. ~
‘FRZSC,III = Z e'ehm (P(O,ns) (05 07n370) S (Vl (k) ® ‘/Qb(m))
k+m=(0,n3)
khﬂgrﬁéo
w;:m:,éo
a,be{0,+}
i=1,2.3

FSoe = lnzo 3 €5 (FAy(n)U(n)] es(n))ca es(n).

w0
a,b=0,+

£i) o fie

The following result is immediate.

Proposition 7.3. Under the assumption of Theorem 1.2 the function R, is a
(2 s — 1)—oscillating function, S5 is a (1,s — 2)-oscillating function and hence
RE.. + Sy is a (2,8 — 2)-oscillating function.
We can now conclude by applying Lemma 7.2, with ¢ = s — 2 and with the
substitutions

a® = We, b = We + 2U,
RCE)SC = ( osc + Sc&;sc) ’ Fe=0.

We deduce that for each T' € [0,7™), the function W€ is an o, (1) function in
C ([0,T); H*=2). Setting hence

T* = sup {t €10,7%)

JU° ()l ges < K (&2 (V) + Esanr (V) ), VE € [0,8]}

where & and &3, 7 are defined in Proposition 6.2 and 6.3, and K is a positive
(possibly large) fixed, finite constant. Since W& = U® — U we deduce that for

any t € [O,ﬁ}

M\N

102 Oll g < N0 @)l gos + W @)l gos < 5 (81 (Vo) + Es i (W) + 5
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since

U ()| o + 1Uose )l o2 + 1T ()| o>
E (Vo) + & (Vo) + |1Ug |l g2

% (51 (Vo) + & (Vb)) :

for K > 4 and ||W¢ ()| ys—» < 1/2 thanks to the result of Lemma 7.2. Thus,
T* =T*, and supposing T* < oo, we deduce

1T O o

NN

N

t t
. e / /< . £ / g /
Ji, [ VU @)l < i [0 @l e

< K (& (Vo) + Exr (Vo)) T* < o,

which indeed contradicts (1.6). We conclude that T* = occ.

Appendix A. Elements of Littlewood-Paley theory.

Appendiz A.1. Dyadic decomposition

A tool that has been widely used all along the paper is the theory of
Littlewood—Paley, which consists in doing a dyadic cut-off of the frequencies.
Let us define the (non-homogeneous) truncation operators as follows:

Aqu:Zuncp<2q e, for ¢ > 0,
nez3
Aqu=> " dpx (|i]) e,
nez3
Aqu =0, for ¢ < -2,

where u € &’ (']T3) and 4, are the Fourier coefficients of u. The functions ¢
and y represent a partition of the unity in R, which means that are smooth
functions with compact support such that

4 38
Blo, - 22
supp x C (0,3>7 Suppsocc(4,3>,

and such that for all ¢t € R,

X+ 2% =1

q=0

Let us define further the low frequencies cut-off operator

Squ = Z Agru.

q'<q—1
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Appendiz A.2. Paradifferential calculus.

The dyadic decomposition is very useful when it comes to study the product
of two tempered distributions. We can in fact, at least formally, write for two
tempered distributions u and v

(A.1) u:ZAqu; v:Z A g u-v :Z JANRTRWANSTIN

q€Z q'€Z q€Z
q €z

Paradifferential calculus consists in splitting the above sum in three parts,
using the following Bony’s decomposition (see [5, 6, 13| for the isotropic case
and [15, 30] for the anisotropic one)

u-v="Tuw+Tyu+ R (u,v),

where
Ty = Z Sq—1u Agv,
q
Tou = ZS 1—1v Dgru,
q/
R (u,v) :Z Z Apt Dggyv.
k |v|<1
Here,

o The first part concerns the indices (g, ¢’) for which the size of supp F (Aqu)
is small compared to supp F (Ayv).

e The second part contains the indices corresponding to those frequencies
of u which are large compared to those of v.

o In the last part supp F (Agv) and supp F (Ag4u) have comparable sizes.

The following almost orthogonality properties hold

Aq (Sqalrgb) =0, if l¢—q'| =5,
Dy (Dgalgi,b) =0, ifg >q—4, v <1,

which implies the following identity

(A2)  Dgu-v)= Y Ag(Sy—1vDgu)+ Y Dy (Sypauligv).

lg—q'|<4 q¢>q—4

Using the frequency localization properties of the dyadic blocks, one can
characterize the Sobolev norm in the following way

(A3) ”A‘IfHL?(TS) < ch(f)2_qs ”fHHS(’]I‘i") )
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with {c,(f)} is a square-summable sequence of positive numbers with

> elf)P =1

q>—1

In this paper, we has also been using b, to denote a sequence of positive numbers
such that > b < 1.

The interest in the use of the dyadic decomposition is that the derivative
of a function, the Fourier transform of which is localized in frequencies in a
ball of size 29, acts like the multiplication with the factor 29 (up to a constant
independent of ¢). This property is given in the following lemma.

Lemma Appendix A.1 (Bernstein-type inequality). Let u be a function such
that Fu is supported in 29C, where F denotes the Fourier transform. For all
integers k the following relation holds

290 |l sy <||(= )| < 2O Jul s

Lr(T3)

Let nowr > 1" > 1 be real numbers. Let suppFu C 29B, then

1

3q(L—1
lull . <C - 229G =5) a0

Let us consider now a function u such that Fu is supported in 29Cp, x 29C,. Let
us define Dy, = (—Ah)l/Q,Dg = |05], then

C—1-4 9as+d’s’ ||u||LP(T3) < HDZD;)’U’ < Catd gas+d's’

Lo (T9) HUJHLP(W) )

/

and given 1 <p' <p<oo, 1 <7’ <r< oo, then

2 (L,;) (1 _1
||u||L2L$ gchrq/z (7~ 5 )14 (r/ r) ”uHLQ’L;’ ,

at+a'92a(5—3 ) +d (7= 7)

Julypy <Cv09 () ol
For a proof of the above lemma in the anisotropic (hence as well isotropic)

setting we refer to the work [30]. For the sake of self-completeness we state the

result in both isotropic and anisotropic setting.
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