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Abstract

Let X be a nonsingular projective algebraic variety over C, and let
Mg n 3(X) be the moduli space of stable maps

f:(Cixyy.yzy) = X

from genus g, n-pointed curves C' to X of degree 5. Let S be a line
bundleon X. Let A = (ay,...,ay,) be a vector of integers which satisfy

gai:/ﬁcl(sy

Consider the following condition: the line bundle f*S has a mero-
morphic section with zeroes and poles exactly at the marked points x;
with orders prescribed by the integers a;. In other words, we require
[*S (=321, aiz;) to be the trivial line bundle on C.

A compactification of the space of maps based upon the above
condition is given by the moduli space of stable maps to rubber over
X and is denoted by H; 4,3(X,S). The moduli space carries a virtual
fundamental class

arXiv:1812.10136v1 [math.AG] 25 Dec 2018

My 4 (X, 9™ € Ay (M 4 5(X,9))

in Gromov-Witten theory. The main result of the paper is an explicit
formula (in tautological classes) for the push-forward via the forgetful
morphism of [M;Aﬂ(X, SV to M, 5(X). In case X is a point, the
result here specializes to Pixton’s formula for the double ramification
cycle proven in [28]. Several applications of the new formula are given.


http://arxiv.org/abs/1812.10136v1

Contents

0 Introduction 2
1 Curves with an rth root 13
2 GRR for the universal line bundle 27
3 Localization analysis 36
4 Applications 51

0 Introduction

0.1 Double ramification cycles

Let A= (aq,...,a,) be a vector of n integers satisfying

iaizo.
i=1

In the moduli space M, of nonsingular curves of genus g with n marked
points, consider the substack defined by the following classical condition:

Zaixi ~ OC} ) (1)

From the point of view of Gromov-Witten theory, the most natural com-
pactification of the substack (1) is the space M; 4 of stable maps to rubber:
stable maps to CP' relative to 0 and oo modulo the C* action on CP*. The
rubber moduli space carries a natural virtual fundamental class [ﬂ; A}Vlr of
dimension 2g — 3 +n . The push-forward via the canonical morphism

€: ./\/lg’A — My,

{(C,xl, ce X)) C My,

is the double ramification cycle

= DRya € A2g—3+n(mg,n)-

~ qVir

€x [ﬂg,A]
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There has been substantial work on double ramification cycles since ques-
tions motivated by Symplectic Field Theory were posed by Eliashberg in
2001. Examples of early results can be found in [7, 9, 13, 17, 23, 24, 33]. A
complete formula was conjectured by Pixton in 2014 and proven in [28]. For
a sampling of the subsequent study and applications, see [6, 14, 19, 20, 25,
26, 38, 48, 49, 50, 51]. We refer the reader to [28, Section 0] and [42, Section
5] for more leisurely introductions to the subject.

Our goal here is to develop a full theory of double ramification cycles
for general target varieties X and to prove a parallel formula for the push-
forward. In case X is a point, we will recover our previous study [28] . The
double ramification cycle construction for target varieties plays a crucial role
in relative Gromov-Witten theory.

0.2 Rubber maps with target X

Let X be a nonsingular projective variety over C. Let S — X be a line
bundle, and let

be the canonically associated CP'-bundle over X. Let
Dy, Dy C P(Ox @ S)

be the divisors defined by the projectivizations of the loci Ox @ {0} and
{0} @ S respectively. We will call Dy the 0-divisor and Dy, the oo-divisor.

Let C be a nonsingular curve with n marked points, and let
f:C—-X

be an algebraic map of degree 5 € Hy(X,Z). Furthermore, let s be a nonzero
meromorphic section of f*S over C', defined up to a multiplicative constant,
with zeros and poles belonging to the set of marked points of C. We denote
the orders of zeros and poles by

A= (ay,...,a,).

If the ith marking is neither a zero nor a pole, we set a; = 0. We have
n
Z a; = /Cl(S) .
i=1 B
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The pair (f, s) defines a map to rubber with target X. Let
ﬂ;A,B (Xa S)

be the compact moduli space of stable maps to rubber with target X. A
general stable map to rubber with target X is a map to a rubber chain of
CP'-bundles P(C & S) over X attached along their 0- and oco-divisors. The
space of rubber maps with target X carries a perfect obstruction theory and
a virtual fundamental class, see [31, 32, 36] for a detailed discussion. Let

€: M;A,B(Xa S) = Mgns(X)

be the morphism obtained by the projection of the rubber map to X (and
the contraction of the resulting unstable components).

Definition 1 The X-valued double ramification cycle is the e push-forward
of the virtual fundamental class of the moduli space of stable maps to rubber
over X:

DRy (X, S) = & [M 45X, 9] € Avdim(gn,g)—g(Mgns(X)).
The virtual dimension vdim(g,n, ) of M, 5(X) is determined by

vdim(g,n, 8) = /561(X) + (g — 1)(dime(X) — 3) +n.

0.3 X-valued stable graphs

We define the set G, 3(X) of X-valued stable graphs as follows. A graph
I' € Gy ,,8(X) consists of the data

T=(V,H,L,g:VoZey,v:HoV,  :HoH 8:V— Hy(X,2))
satisfying the properties:
(i) V is a vertex set with a genus function g: V — Z>,,

(ii) H is a half-edge set equipped with a vertex assignment v : H — V and
an involution ¢,



(iii) E, the edge set, is defined by the 2-cycles of ¢ in H (self-edges at vertices
are permitted),

(iv) L, the set of legs, is defined by the fixed points of ¢ and is placed in
bijective correspondence with a set of n markings,

(v) the pair (V, E) defines a connected graph satisfying the genus condition

> g(v)+ (1) =g,

veV
(vi) for each vertex v, the stability condition holds: if 3(v) = 0, then
2g(v) —24+n(v) >0,
where n(v) is the valence of I" at v including both edges and legs,

(vii) the degree condition holds:

> B) =

veV

To emphasize I', the notation V(I'), H(I"), L(I'), and E(I") will also be to
used for the vertex, half-edges, legs, and edges of I'.

An automorphism of I' € G, ,, (X)) consists of automorphisms of the sets
V and H which leave invariant the structures L, g, v, ¢, and . Let Aut(I)
denote the automorphism group of I'.

An X-valued stable graph I' determines a moduli space Mr of stable
maps with the degenerations forced by the graph together with a canonical
map,

jp : Mr — ﬂg,nﬂ(X) .
The moduli space Mr is the substack of the product
MF - HM (v),n(v),B (v)(X)
veV
cut out by the inverse images of the diagonal A C X x X under the evalua-

tions maps associated to the edges e = (h,h') € E,

[ Mewrnwsm (X) == X x X

veV



The moduli space My carries a natural virtual fundamental class [Mp}m
defined by the refined intersection,

M = TTevi'A) 0 I Mewme.eo ()] (2)

ecE veV

0.4 Tautological ¢, &, and n classes

The universal curve

T Cynp(X) — mg,n,B(X)

carries two natural line bundles: the relative dualizing sheaf w, and the
pull-back f*S of the line bundle S via the universal map,

f : Cg,n,B(X) — X.
Let s; be the ith section of the universal curve, let
D, C Cgmﬁ(X)

be the corresponding divisor, and let

Wiog = Wr ( Z Dz)
i=1
be the relative logarithmic line bundle with first Chern class ¢; (wiog). Let
§=ca(f9)
be the first Chern class of the pull-back of S.

Definition 2 The following classes in M, ,, 5(X) are obtained from the uni-
versal curve C,,, (X):

L wl = Cl(s;wﬂ)>
hd gz = Cl(SZ(f*S),

® Tab = T« (Cl (Wlog)agb) .



All can be viewed as either cohomology classes or as operational Chow classes

in A*(M,,(X)). We will use the term Chow cohomology for operational
Chow.

Since the class 192 = 7.(£?) will play a prominent role in our formulas
for the X-valued DR-cycle, we will use the notational convention

n=m(&).

The standard s classes are defined by the 7 push-forwards of powers of
c1(wiog), SO we have

Na,0 = Ra—1 -

Definition 3 A decorated X -valued stable graph [I',~] is an X-valued stable
graph I' € G, ,, 5(X) together with the following decoration data 7:

e cach leg i € L is decorated with a monomial 122,
e cach half-edge h € H\ L is decorated with a monomial ¢,
e cach edge e € E is decorated with a monomial £,

e cach vertex in V is decorated with a monomial in the variables {145 }a1>2-

Let DG, 5(X) be the set of decorated X-valued stable graphs. To each
decorated graph
[T, 7] € DGy p(X),

we assign the cycle class jr.[7] obtained via the push-forward via
jr s Mp = Mg 5(X)

of the action of the product of the ¢, £, and 1 decorations on WF]Vir,

ireb e (0 [Mr]™) € Ad(My5(00). 3)

Our formula for the X-valued DR-cycle is a sum of cycle classes (3) assigned
to decorated X-valued stable graphs.



0.5 Weightings mod r

Following the notation of Sections 0.2-0.4, let S — X be a line bundle on a
nonsingular projective variety X. Fix the data

gZO, /BEHQ(X,Z), A= (al,...,an)
subject to the condition

iz:;a,- = /ﬁcl(S).

Let I' € G,,,3(X) be an X-valued stable graph, and let r be a positive
integer.

Definition 4 A weighting mod r of I' is a function on the set of half-edges,
w:H{I) —{0,1,...,r =1},
which satisfies the following three properties:
(i) Vi € L(I"), corresponding to the marking i € {1,...,n},
w(i) =a; mod r,
(ii) Ve € E(I"), corresponding to two half-edges h, h' € H(T'),
w(h) +w(h')=0 mod r,

(iii) Vv € V(I),
E w(h) = C1 S mod T,

where the sum is taken over all n(v) half-edges incident to v.

We denote by Wr . the finite set of all possible weightings mod r of I'.
The set Wr, has cardinality rh' @) We view r as a reqularization parameter.



0.6 The double ramification formula

We denote by P;”Aﬁ(X, S) € Avdim(gm,ﬁ)_d(mgm,g(X)) the degree d compo-
nent of the tautological class

—h1
> TR ] Jr*[HeXp< ¢z+az€z) 11 eXp< ))
ey pp(X) vev(r
wEWF’T

H U + @Dh/

e=(h,h')€E(T)

1— exp (- 205, +whf>)]

Inside the push-forward in the above formula, the first product

- 1
[Texp (5%2@% + aifm)
i=1

is over h € L(I") via the correspondence of legs and markings. The class n(v)
is the 72 class of Definition 2 associated to the vertex. The third product
is over all e € E(I"). The factor

1 —exp (—*w(h);u(h/) (Yn + ¢hf))
Un + Yw

is well-defined since
e the denominator formally divides the numerator,
e the factor is symmetric in h and A/

No edge orientation is necessary.

The following fundamental polynomiality property of PjZTA, 5(X, S) is par-
allel to Pixton’s polynomiality in [28, Appendix| and is a consequence of [28,
Proposition 3"].

Proposition 1 For fized g, A, 5, and d, the class
Pol5(X,9) € Ad(Myp (X))

is polynomial in r (for all sufficiently large 7).
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We denote by PZ’ 4,5(X, S) the value at r = 0 of the polynomial associated
to P;l:275(X, S) by Proposition 1. In other words, P¢ , (X, S) is the constant
term of the associated polynomial in r.

The main result of the paper is a formula for the X-valued double rami-
fication cycle parallel' to Pixton’s proposal in case X is a point.

Theorem 2 Let X be a nonsingular projective variety with line bundle
S—=X.

For g > 0, double ramification data A, and f € Ho(X,Z), we have

DR97A7B(X, S) = PZ,A,ﬁ(X’ S) € Avdim(g,n,ﬁ)—g(Mgm,B(X)) .

0.7 Strategy of proof

Consider the projective bundle P(Ox @ S) — X. By applying Cadman’s rth
root construction [8] to the 0-divisor Dy, we obtain a bundle

P(X,S)[r] — X (4)

where every fiber is a projective line with a single stacky point of stabilizer
Z)rZ.

Our proof of Theorem 2 is obtained by studying the Gromov-Witten the-
ory of the bundle (4) relative to the oo-divisor D.,. The virtual localization
formula for the orbifold /relative geometry

P(X, 9)[r]/ Do

yields relations for every r which depend polynomially on r (for all sufficiently
large r). After setting r = 0, we obtain the equality of Theorem 2. The
argument has two main parts.

(i) Let H;Aﬁ(X, S) be the moduli space of stable maps

f:C—-X

LOur handling of the prefactor 279 in [28, Theorem 1] differs here. The factors of 2 are
now placed in the definition of P.le:;l, 5
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endowed with an rth tensor root L of the line bundle f*S(—>""  a;z;).
Furthermore, let

Tl C;,A,B(S) — Mg,A,B(X7 S)
be the universal curve, and let £ be the universal rth root over the universal
curve. A crucial step is to prove that the push-forward of

r-cy(—Rm.L)

to M, 5(X) is a polynomial in r (for all sufficiently large ) and that the
polynomial has the same constant term as the polynomial PZ:TA’ﬁ(X, S). Our
formula for the X-valued DR-cycle therefore has a geometric interpretation
in terms of the top Chern class ¢,(—Rm,.L).

Contrary to the case of ordinary DR-cycles studied in [28], for the case of
X-valued DR-cycles, we cannot use Chiodo’s formulas [11] to deduce polyno-
miality. Instead, we adapt Chiodo’s computations to our geometric setting
in Sections 2.3 and 2.4.

(ii) We use the localization formula [21] for the virtual fundamental class of
the moduli space of stable maps to the orbifold/relative geometry

P(X,S)[r]/Dw -

The positive (respectively, negative) coefficients a; specify the monodromy
conditions over the 0-divisor (respectively, the tangency conditions along the
oo-divisor).

The moduli space M; 45(X, S) appears in the localization formula. In-
deed, the space of stable maps to the C*-invariant locus corresponding to the
stacky 0-divisor Do_is precisely /\/l; 45(X,S). The push-forward of the local-
ization formula to M, ,, 3(X) is a Laurent series in the equivariant parameter
t and in 7. The coefficient of =17 must vanish by geometric considerations.
We prove that the relation obtained from the coefficient of t =170 has only two
terms:

e The first is the constant term in 7 of the push-forward of r - ¢, (—Rm. L)

to ﬂg,nﬁ (X)

e The second term is the X-valued double ramification cycle DR, 4 (X, S)
with a minus sign.

The vanishing of the sum of the two terms yields Theorem 2.

11



0.8 Notation table

To help the reader, we list here the symbols used for the various spaces which
arise in the paper:

e P(X,S) the CP*-bundle P(Ox & S) over X,

o P(X,S)[r] is the outcome of applying Cadman’s rth root construction
to the 0-divisor Dy C P(X,S),

° mg,nﬁ(X) is the space of stable maps f : (C,z1,...,2,) = X,

. ﬂ;Aﬁ(X, S) is the space of stable maps f : (C,z1,...,2,) = X to-
gether with an rth root of f*S(—3"", a;z;),

e I, , is the stack of prestable curves,
e MY, is the stack of twisted prestable curves,

) imin is the stack of prestable curves together with a degree 0 line

bundle Z,

) img’ivtriv is the stack of prestable twisted curves together with a degree 0
line bundle Z where the stabilizer of every point of the twisted curve
acts trivially in the fibers of the line bundle,

° Qﬁgﬁ is the stack of prestable twisted curves together with a degree 0
line bundle L with no conditions on the stabilizers.
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1 Curves with an rth root

1.1 Artin stacks and Chow cohomology

Let 9, ,, denote the smooth Artin stack of prestable curves. The Artin stack
smj ., of prestable curves with a line bundle Z of total degree 0 is obtained
from the Picard stack of the universal curve

7€ — My,
and is also smooth. The Artin stack 97, has a universal curve
.02 z
&, =M

which carries a universal line bundle Z with sections sq,...,s,.

Kresch [30] has developed a theory of Chow cohomology classes on Artin
stacks. A basic property is that given a morphism from a scheme to the stack,
Kresch’s Chow cohomology class on the stack determines a Chow cohomology
class on the scheme (comptatible with further pull-backs). We describe here
a family of Chow cohomology classes on imi -

We first define the set GZ_of prestable graphs as follows. A prestable

g?n
graph I' € G7,, consists of the data

I'=(V,H, L, g:V—oZs,v:H=V, ::H=H d:V—7)
satisfying the properties:

(i) V is a vertex set with a genus function g: V — Z,
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(ii) H is a half-edge set equipped with a vertex assignment v : H — V and
an involution ¢,

(iii) E, the edge set, is defined by the 2-cycles of ¢ in H (self-edges at vertices
are permitted),

(iv) L, the set of legs, is defined by the fixed points of ¢ and is placed in
bijective correspondence with a set of n markings,

(v) the pair (V, E) defines a connected graph satisfying the genus condition

S g(v) + h'(T) = g,

veEV

(vi) the degree condition holds:

> dw)=0.

veV

An automorphism of T' € GZ, (X) consists of automorphisms of the sets
V and H which leave invariant the structures L, g, v, ¢, and d. Let Aut(T")
denote the automorphism group of I'.

Definition 5 A decorated prestable graph [I', ] is a prestable graph I" € Gg "
together with the following decoration data ~:

e cach leg i € L is decorated with a monomial ¢¢&2.
e cach half-edge h € H \ L is decorated with a monomial ¥,
e cach edge e € E is decorated with a monomial &7,
e cach vertex in V is decorated with a monomial in the variables {145 }a1>2-
Let DGi ., be the set of decorated prestable graphs. Every
[[,4] € DG,

determines a class in the Chow cohomology of Qﬁi 0

14



e [ specifies the degeneration of the curve,

e d specifies the degree distribution of Z,

e 1); corresponds to the cotangent line class,

o &i=alsiZ),

o & = ci(siZ) where s, is the node associated to e,

o ap = (€1 (wiog)* €1(2)°).

We have followed here the pattern of Definition 2.

More generally, every possibly infinite linear combination of decorated
prestable graphs determines a class in the Chow cohomology of i)ﬁi .- Indeed,

for any morphism
B— M7,

from a scheme B of finite type, only a finite number of terms in the linear
combination will contribute. We refer the reader to the Appendix of [22] for
the construction of the product in the Chow cohomology algebra (see also
the discussion in Section 1.7 below).

1.2 Twisted curves

Let » > 1 be an integer. The analog of 9, , in the context of rth roots is
moduli space of M, , of twisted prestable curves constructed in [41], see also
2, 3]. We give a short summary here.

A twisted curve is a prestable curve with stacky structure at the nodes?.
Denote by p, C C* the group of rth roots of unity in the complex plane.
The neighborhood of a node in a family of twisted curves is obtained from
the family

(z,y) = z = xy

2 A more complete name is balanced twisted curve, but we omit the word balanced, since
these are the only twisted curves that we consider. While stacky structure can also be
imposed at the markings of the curve, our twisted curves have stacky structure only at
the nodes.
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by taking a p, X u, quotient in the source and a u, quotient in the target.

To construct the versal deformation of the node of twisted curve, we start
with the versal deformation

C5C, () z=ay (5)
of the node of a prestable curve. Let (a,b) € u, x u, act on C? by

(z,y) — (az,by),

and let ¢ € p, act on C by z — cz. These actions commute with (5) via the
group morphism

O X b = fyy (a,b) > c=ab.

After taking the stack quotient of both sides of (5), we obtain a family of
twisted curves over [C/u,] with one stacky p,-point at the origin. The fibers
of the family over t # 0 are nonsingular curves isomorphic to C*. The fiber
over the origin t = 0 is the union of the coordinate axes zy = 0 factored by
the kernel of the morphism ¢. As soon as a twisted curve acquires a node,
the twisted curve simultaneously acquires an extra p, group of symmetries
(given by the image of ¢).

In a family of prestable curves, the neighborhood of a node is modeled
by the versal deformation

(r,y) — z=uzy.
Given two line bundles T, and T}, over a base B, consider the tensor product
T,=T,T,.
We construct a family of curves over the total space of T, over B by
T,egT,—T.,, (bxy) — (buzy).

Here, B is the boundary divisor and 7, is the normal line bundle to B. We
can construct a family of twisted curves over the total space of T, by applying
Cadman’s rth root construction to the zero section B C T,. In particular,
the normal bundle to the locus of nodal twisted curves is now (7}, ® T,) /7).
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A prestable twisted curve is a twisted curve with a prestable coarsification.
Let 901 ,, be the moduli space of prestable twisted curves of genus g with n
marked points. Since MY, is obtained from the smooth Artin stack 9,
of ordinary prestable curves by applying Cadman’s rth root construction to
the boundary divisor, 97 is also a smooth Artin stack. The moduli space

O, ,, carries three universal curves, see [11]:

(i) There is the universal twisted prestable curve

r r
O

(ii) There is the fiberwise coarsification C, of € . The local model of

C, . 1s given by the quotient of the map
(z,y) =z =y

by the kernel of the group morphism ¢. An A,_; singularity at the
origin is obtained, so the universal curve Cj , is singular.

(iii) There is the universal curve E;n obtained by resolving the singularities
of Cj,, by a series of blow-ups. The resolution of the A, ; singularity
yields a chain of » — 1 rational exceptional curves over the origin. The
rational curves correspond to the vertices of the A,_; Dynkin diagram,
and their intersection points correspond to the edges. We call C] ,, the
bubbly universal curve.

1.3 Twisted curves with a line bundle

We introduce two more Artin stacks denoted by D2 and M7

e The stack 90177 is obtained from the stack 97 of prestable curves with
a line bundle by applying Cadman’s rth root construction to the boundary
divisors. It is the stack of twisted prestable curves endowed with a degree
0 line bundle Z with one extra condition: the stabilizer of every point of
the twisted curve acts trivially in the fibers of the line bundle. A Chow

cohomology class on imj ., determines a Chow cohomology class on img;g’triv
by pull-back.

17



e The stack im;’,L is the stack of twisted prestable curves with a degree 0

line bundle (with no stabilizer conditions).

These stacks are related by three natural morphisms:
r,L Pl r,Ztriv. P2 Z p3
My — M —= MY — M, (6)

The morphism p; assigns to a pair (C, L) the pair (C, Z = L®"), where C is
a twisted prestable curve and L a line bundle. The morphism p; is étale of
degree r?9~!. The morphism py comes from Cadman’s rth root construction.
The morphism p3 assigns to a pair (C,S) the curve C.

While we have taken both Z and L to be of degree 0 in the definitions,
all of the constructions and results of Sections 1 and 2 will be valid in case

deg(Z) = rdeg(L).

1.4 Commutative diagram

Let X be a nonsingular projective variety with line bundle S — X. Let
A= (ay,...,a,) be a vector of integers which satisfy

iz:;a,- = /ﬁCl(S)

for 5 € Hy( X, Z).
The moduli space ﬂ; 45(X,S) of stable maps

f:(Cixy,...;zy) = X
endowed with an rth root of the degree 0 line bundle
i=1

plays a central role in the proof of Theorem 2. The moduli space ﬂ; 45X, 5)
is defined as the fiber product of the following two maps:

18



(i) 7z Mgnp(X) — M7 assigns to a stable map f: C'— X the pair

(Crs(=> aw)).
(i) € : MPL — M7 is the composition € = py 0 py.

The moduli space M;A,ﬁ(X, S) is the fiber product of 7z and e:

My a5(X,8) — Myns(X)

WL\ Wz\ (7)

mrL mZ

‘g?n ’

where we denote top arrow also by e.

1.5 The pull-back map 77,

We describe here the pull-back map 7}, for Chow cohomology classes defined
by decorated graphs. Let
[l.~] € DG,

be a decorated prestable graph representing a Chow cohomology class in
imj ,, following the conventions of Section 1.1.

Lemma 3 The pull-back 73|I, 7] is obtained in terms of Chow cohomology
classes of decorated X -valued stable graphs by applying the following proce-
dure:

e Replace the degree d(v) € Z of each vertex with effective classes
B(v) € Hy(X,Z)

satisfying

c1(S) — a; =d(v),
/M (8)= Y= d(v)
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where the sum is over the legs i incident to v. Sum over all choices

of B(v).

o Replace each class 1y at each vertex v with

b
mo= 23§ )abut e

iFv k=1

where the first sum is again over the legs i incident to v.

All other decorations are kept the same.

Proof. Given a stable map f: C'— X, the degree of f*S(—> ", a;x;) on
the component of the curve C' corresponding a vertex v of the dual graph

equals
C1 (S ) — a; ,
fug 92

iFv
which justifies the first operation.

Recall the divisor D; corresponds to the i¢th section,

Z T Z
D, C thm — M

g?”’

and wiog = wr (> i, D;). The first Chern class of f*S(—>_" | a;x;) on the

universal curve equals
n
Cl(S) — E CL,’D,’ .
i=1

The pull-back 7§(n,) is the push-forward from the universal curve of the
product

Ko (01(5) _ i aiDi>b, (8)

where K = ¢j(wyog). Since KD; = 0, the product (8) is equal to Kb if
a > 0. Hence, for a > 0,
T5(Nab) = Nab »

20



In case a = 0, we expand (c1(S) — >, a;D;)" and take the push-forward
from the universal curve to the moduli space. We find

b
mo= X3 (3 )abut e

iFv k=1

in the notation of decorated X-valued stable graphs. O

1.6 Chow cohomology classes on ﬂ; 44(X,S) and ?)ﬁgﬁ
1.6.1 Overview
Recall the commutative diagram (7):

M ap(X,8) —— Mynp(X)

r,L Z
m!]’” iD/tg,n

We now define Chow cohomology classes via decorated graphs on
M;Aﬁ(x, S) and im;ﬁ

and describe the pull-back map 7} . Except for the additional data recording
the twisted structure, the discussion is almost identical to our treatment of

7z Mgnp(X,S) — M7, .

1.6.2 The moduli space ﬂ;Aﬁ(X, S)

We define the set G 4 5(X,S) of X-valued r-twisted stable graphs as follows.
A graph I € G} , 5(X, S) consists of the data

'=(V,H, L, g v,t, :V—>HyX,Z),tw:H— {0,...,r—1})

satisfying the properties:
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(i-vii) exactly as for X-valued stable graphs in Section 0.3,
(viii) the twist conditions hold:

(L) VieL = tw(i) =0,
(E) Ve = (I/,h") e E = tw(l) +tw(h”) =0 mod r,
(V) YoeV = > tw(h) = [, c(S) — 24, a modr.

v(h)=v

The line bundle S — X and vector A only appear in property (viii).

The universal curve
el
m:Chap = Mg ap(X,5)

carries the log relative dualizing sheaf wi,, and the pull-back f*S of the line
bundle S via the universal map,

J:Chapg— X.
Following Section 0.4, we define Chow cohomology classes on ﬂ; A45(X,9):

o 1) = c1(sjwr),
o §i=oci(sif*S),
o Nup = (€1 (wiog) c1(f*S)") -

Definition 6 A decorated X -valued r-twisted stable graph [I',7] is an X-
valued stable graph I' € Gj 4 5(X) together with the following decoration
data ~:

e cach leg i € L is decorated with a monomial 1¢&?,
e cach half-edge h € H\ L is decorated with a monomial ¢,
e cach edge e € E is decorated with a monomial £2,

e cach vertex in V is decorated with a monomial in the variables {745 }a15>2-
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Let DG 4 5(X, S) be the set of decorated X-valued r-twisted stable graphs.

Every
[Fv 7] S DG;,A,B(Xv S)

determines a class in the Chow cohomology of ﬂ; 45(X,89)

e [ specifies the degeneration of the curve with twisted structure w at
the nodes on the rth root of

f*S<_gaixi>v

e [ specifies the curve class distribution of the map f,

e the decorations v, &;, &, and 7, specify Chow cohomology classes,

e = ar(sof75).

1.6.3 The Artin stack M7
Let G;’ﬁ be the set of r-twisted prestable graphs defined as follows. A graph
IeGh
consists of the data
r=(vV,H, L,g,v,t,d:V—=>2Z,tw:H—{0,...,r—1})
satisfying the properties:
(i-vi) exactly as for prestable graphs in Section 1.1,

(vii) the twist conditions hold:

(L) VieL = tw(i) =0,
(E) Ve = (W,h") e E = tw(l) 4+ tw(h”) =0 mod r,
(V) YveV = > tw(h)=d(v) modr.

v(h)=v
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Definition 7 A decorated r-twisted prestable graph [I',v] is a graph
IeG)t
together with the following decoration data ~:
e cach leg i € L is decorated with a monomial 1¢£?,
e cach half-edge h € H \ L is decorated with a monomial ¥,
e cach edge e € E is decorated with a monomial £,

e cach vertex in V is decorated with a monomial in the variables {745 }a15>2-
Let DG;’ﬁ be the set of decorated r-weighted prestable graphs. Every
I,7] € DGy,

determines a class in the Chow cohomology of imgg :

e [ specifies the degeneration of the curve with twisted structure w at
the nodes on L,

e d specifies the degree distribution of L®",

e 1); corresponds to the cotangent line class,

o & =a(s; L),

o & = c(sFL®") where s, is the node associated to e,

o 7ap = T (C1(wiog)* €1 (LET)?).

1.6.4 The pull-back map 7

Let [I',7] € DG;”fL be a decorated prestable graph representing a Chow coho-
mology class in i)ﬁ;ﬁ The pull-back 7} along

L M 4 5(X,S) — ok
is computed by exactly the same rules governing 7. The proof is identical.
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Lemma 4 The pull-back 7} [I',~] is obtained in terms of Chow cohomology
classes of decorated X -valued r-twisted stable graphs by applying the following
procedure:

e Replace the degree d(v) € Z of each vertex with all effective classes
B(v) € Hy(X,Z)

satisfying

c1(S) — a; =d(v),
/a@) (8) =3 0 = d(v)

iFv
where the sum is over the legs i incident to v. Sum over all choices

of B(v).

o Replace each class noy at each vertex v with

b
mo= X3 (3 )abut e

iFv k=1

where the sum is again over the legs i incident to v.

All other decorations are kept the same.

1.7 Multiplication in the Chow cohomology of ?)ﬁgﬁ

The product in Chow cohomology of the classes of two decorated r-twisted
prestable graphs in DG;”fL is defined in a very similar way to the product of
stable graphs carefully described in the appendix of [22]. We briefly sketch
the construction and highlight the differences.

An edge contraction in an r-twisted prestable graph is defined in the
natural way:

e if the edge contraction merges two vertices, the corresponding genera
and degrees are summed,

e if the contracted edge is a loop, the genus of the base vertex increases
by 1 and the degree remains unchanged.
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The total degree and twisting conditions are still satisfied after edge contrac-
tion in an r-twisted prestable graph.

We define the product of two decorated r-twisted prestable graphs

[T 4,74, [Cs,75] € DGE

as follows. The product is a (possibly infinite) linear combination of deco-
rated r-twisted prestable graphs.

We first consider prestable graphs
r,L
I'e Gy,
with edges colored by A, B, or both A and B, satisfying the conditions:

(i) after contracting the edges not colored A, we obtain I'y4,

(ii) after contracting the edges not colored B, we obtain I'g.
For each such I', we add decorations by the following rules.

e The monomials 1% on the legs of the graph I' are obtained by multi-
plying the corresponding leg monomials on the graphs I'4 and I'p.

e The monomial * on a half-edge colored A only or colored B only is
inherited from the graph I'4 or I'g respectively. On an edge e = (h', ")
colored both A and B, we take the product of the monomials on the
corresponding edge in the graphs I' 4 and I'g and include an extra factor

1
—= (Y + ur)
,
corresponding to the excess intersection.

e The monomial £* on an edge colored A only or colored B only is inher-
ited from the graph I'y or I'g respectively. On an edge colored both
A and B, we take the product of the monomials on the corresponding
edge in the graphs 'y and I'p.
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e The factors 7, of the monomials assigned to each vertex v of I'4 (and
['p) are split in all possible ways among the vertices which collapse to
v as I is contracted to I'y (and I'g). Each vertex of I' is then marked
with two monomials in the variables 7n,; which we multiply together.

The product [I'4,va] - [I's, 5] is then the sum over all decorated r-twisted
prestable graphs [I",v] produced by the above construction.

It is important to note that a product of two decorated r-twisted prestable
graphs can be an infinite linear combination of decorated r-twisted prestable
graphs. For instance, if we take the square of the graph with a single vertex
of degree 0 and a single loop (and no decorations), we obtain, among other
terms, a sum over all graphs with two vertices of degrees d and —d connected
by two edges. Since the integer d can be chosen arbitrarily, the result is an
infinite linear combination. However, the product of two decorated r-twisted
prestable graphs or even of infinite linear combinations of such graphs, is
always well-defined because the coefficient of each graph in the product only
involves a finite number of graphs in the factors. Therefore, the product
rule transforms the vector space of possibly infinite linear combinations of
decorated r-twisted prestable graphs into an algebra which agrees with the
product in the Chow cohomology of Qﬁgﬁ

2 GRR for the universal line bundle

2.1 Universal bundles on universal curves over Sﬁgﬁ

The universal twisted curve
. g1, L r,L
T Qfgm — Smgm

carries a universal line bundle £. Consider a node in a singular fiber of the
universal curve. The kernel of the group morphism ¢ of Section 1.2 acts on
the fiber of £ over the node. If the generator

(1,—1) € pr X py

of the kernel acts on the fiber of L at the node by e*™", we assign the
remainders a and —a mod r to the branches of the curve at the node. Every
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node in the universal curve therefore acquires a type: a pair of remainders
mod 7 assigned to the branches meeting at the node (with vanishing sum
mod r). For the line bundle

Z =L,

the action of the kernel of ¢ is always trivial.

The push-forward L of the sheaf of invariant sections of £ to the coarse
universal curve Cp%, is a rank 1 torsion free sheaf which is described in detail
in [12]. The push-forward of the sheaf of sections of L#" to Cl: is just a line

bundle Z.

On the bubbly universal curve crl

g,n?
Z from the coarse curve CplL. The situation is more interesting for L.
Chiodo [11] has proven that there exists a line bundle

we may pull-back the line bundle

~ ~rL
L—Con

for which the push-forward of the associated sheaf of sections to the coarse

curve Cgvﬁ is L. However, instead of the simple isomorphism

Z=/L% on ¢~k

‘g?n’

we have the more complicated relation

Z=L*(D) on CL

gi”’

where D is a linear combination of the exceptional divisors of the desingu-
larization

~r,L r,L
Con — Con
More precisely, a node of type
(a,b) with a+b=0 (modr),

gives rise to a chain of r—1 rational curves in the fiber of the bubbly universal
curve. These rational curves appear in D with coefficients

a, 2a, ..., (b—1)a, ab, (a—1)b, ..., 2b, b,
see [11].
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2.2 Polynomial classes

Consider a family of polynomials

{Pp € Cltwy, 7,77 }

repGZ,

For each graph I' € DGin, Pr is a polynomial in the variables twy, where
h runs over the half-edges of I" which are not legs (and Pr is a Laurent
polynomial in 7). The family Pr determines a family of Chow cohomology

classes on ML for all r:
a= Z Z Pr (tw(h),r,r™") - [T, tw],
I tw

where the summation is over all r-twistings tw of all decorated prestable
graphs I' € DG/, which, equivalently, is the set DG}'":. We call such families
of classes polynomial. We let

| :‘f[l,,P—EF .
wal() = int[val,(Fr) - [E(D)
Proposition 5 If a and § are two polynomial families of classes of valua-
tions val(a) and val(B3), then the product® of a3 is a polynomial family of

classes satisfying
val(af) > val(a) + val(B) .

Proof. Let I' be a decorated prestable graph and tw an r-twisting. The
coefficient of I' in the product a3 is a finite linear combination of coefficients
of contractions of I' in & and 3. More precisely, the coefficient is a sum over
all ways to label the edges of I' with A, B, or AB and to split every monomial
on a leg, edge, or vertex of I' into a product of two factors labeled A and B
while keeping a factor

1
— @+ )
aside for every edge labeled AB. For every such labelling, the contribution
to the coefficient of I' is the product of the two corresponding polynomials

3The product of two families of Chow cohomology classes is defined by taking the
products of the corresponding Chow cohomology classes on E)ﬁf]fl for all .
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in tw(h), r, and r~! times a factor of r~! for each AB-edge. Therefore the

coefficient of T is also a polynomial in tw(h), 7, and r~L.

The lowest possible order in r is given by summing the following three
degrees:

e val(a) + (number of A-edges and AB-edges) from the coefficient of the
A-contraction of I' in «,

e val(/3) + (number of B-edges and AB-edges) from the coefficient of the
B-contraction of I' in j3,

e —(number of AB-edges) from the excess intersection factor
1 / 2
— W),

The sum of these three degrees is, indeed, val(«) + val(g3) + |E(T)|, so the
valuation of af is the sum of valuations of o and § (or larger if the lowest
degree terms cancel out). O

Proposition 6 Let a be a polynomial family of classes in the strata algebra
of ML, Let B be the push-forward of a to the strata algebra of M7, . Then,
for any decorated prestable graph I' € DGin, the coefficient of I' in B is a
Laurent polynomial in r of valuation at least val(a)+2g—1, for all sufficiently

large r.

Proof. For every r-twisting tw of I', the push-forward from the stratum
[T, tw] of M7L to the stratum ' of 97 has degree

TZUEV(F)@g(v)—l) _ ng—zhl(r)—\\/(rn

see the proof of [28, Corollary 4].

The coefficient of I" in 3 is obtained by summing the coefficients of [I', tw]
in « over all r-twistings tw of I'. According to Proposition 3" of the Appendix
of [28], the sum is a Laurent polynomial in r, for r sufficiently large, with
valuation at least

val(a) + |E(I)| + AY(T).
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Multiplying the Laurent polynomial by the degree of the push-forward map,
we obtain, again, a Laurent polynomial in r with valuation at least

val(a) + |E(T)| + h'(T) + 29 — 2h'(T") — V(T) = val(a) +2g — 1

as claimed. O

2.3 Applying the GRR formula to E;ﬁ — i)ﬁ;ﬁ
The bubbly universal curve
T E;ﬁ — 93?;,5

is representable and proper over Qﬁgﬁ We may apply the Grothendieck-

Riemann-Roch (GRR) formula to compute R, L,

ch (R?T*E) = T, (ch(E) -td(w)) .

As before, let D; be the class of the divisor of E;ﬁ corresponding to the
1th section. Let

K = ci(wiog) = cl<w<éDi>> , &= cl(g).

Following the notation of Section 2.1, let D be defined by
Z = L%(D).
Let j be the double covering of the locus of nodes in the singular fibers,
jiA—Crk

The sheets of the covering correspond to the two ways of numbering the
branches of the curve at the node. The domain A carries two cotangent line
bundles corresponding to the two branches of the node. We denote by v and
vy first Chern classes of the two cotangent lines.

Using the above notation, we have:

ch(L) = e/Te P/,
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K - D, o1 Bop, V12m_1 + szm_1
td - 1 * 9
() eK—lql—e—Di< TJ 22(2m)! v+ 1

m>1

see [11, 16].

Lemma 7 We have

K + D, 1 By, vt 4 piml
&/r v &/r—D/r 1 . 2m "1 2 .
e eK—lql—e‘Di e ( H*zz(zm)! v+ 11

m>1

Proof. The following intersections vanish in E;ﬁ by the definition of wieg
and the fact that the markings are disjoint from the nodes (before the bubbly
resolution and, therefore, also after the bubbly resolution):

K-A=D;-A=D;-D=0.
Moreover, since the the bubble curve is crepant (see [11]), we have
K-D=0.
The push-forward of the constant term vanishes
(1) =0.

The formula is then easily obtained from the above vanishing from GRR. ¢

2.4 GRR and polynomiality in r

Proposition 8 The GRR formula for the Chern character chy(Rm.L) is a
polynomial family with valuation —(k + 1). Its coefficients of lowest degree
m r equal

m tw(h k+1—m o
(kD) Mg+ + rF Z Z gi—( ) ,(—1)27/)2?/%'-

m!(k+1—m
I" with one edge (h7h’) i+j+m=k—1 ( )
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Proof. The first term in Lemma 7 only involves decorated graphs with a
single vertex and with a single (trivial) weighting. The dependence on r in
the first term is only through e¢/”. The degree k part of the class, obtained
by 7 push-forward of the degree k£ + 1 part, is a Laurent polynomial in r with
lowest degree term

’I“_(k+1) X W*(gk-i-l) — T_(k+1)770,k+1 )

Since the second term in Lemma 7 is supported on A before 7 push-
forward, we can write the result after m push-forward as a sum of contribu-
tions of graphs I' with a single edge e = (h, h’). Since the factor e¢/" is then
the 7 pull-back of &, the crucial calculation is

1 B V2m—1 + V2m—1
-p/r (145 L 2m V1 2 9
s [e ( +‘7*2Z(2m)! v+ 1y ’ )

m>1

Fortunately, the 7 push-forward (9) was computed by Chiodo in Step 3
of [11, Section 3|. The codimension k part of (9) is equal to a sum over
r-weighted prestable decorated graphs I' with a single edge e = (h, k') with

coefficient
By (tw(h)/r)
(k+1)!

> (=D (10)

i+j=k—1

Here, By (x) is the Bernoulli polynomial defined by

te:ct tk
p— :ZBk(x)H.

k>0

! with lowest degree term

We see (10) is a a polynomial in tw(h), r and r~

in r given by
B tw(h)k-i-l o

k 1\t o))
T Z: (=1)"nty, - (11)
i+j=k—1

The formula for the second term in Lemma 7 is then obtained by multiplying
by eée/". O
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Proposition 9 The GRR formula for the Chern class Ck(—Rﬂ'*Z) s a poly-
nomaial family with valuation —2k. The coefficient of lowest degree in r equals
the degree k part of the mixed degree class

2k+|E(

> %Tjr*[ H exp (——77 ))

I'eGy

11

e=(h,h')€E(T)

1 —exp ( tw(h)tw(h) tw (w + ¢h/)>
Yn + Yw ] ’

where 1 = 1o 2.

Proof. The Chern class ¢, can be expressed as a quasi-homogeneous poly-
nomial in the Chern characters,
1

cr = Echk - (12)

By Proposition 5, each monomial M on the right side of (12) is a poly-
nomial family of classes with valuation at least —(k + deg(M)). Since the
monomial of largest degree is

_ Lk
M k:'Ch

the Chern class ¢ is a polynomial family with valuation at least —2k. Since
only the lowest degree coefficient in r of the polynomial class ch; contributes
to the lowest degree in r of the polynomial family ¢, the valuation of the
latter is exactly —2k.

More precisely, the lowest degree coefficient in
1+ 1 (—=Rm.L) + co(—Rm.L) +

is obtained by exponentiating the formula for chl(—Rw*Z) given by Propo-
sition 8 after changing the sign. A parallel exponentiation is taken in [28,
Section 1]. O
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We will now push-forward the GRR formula of Proposition 9 along the

morphism
€: Sﬁzfl — Emi n

from the commutative diagram (7).

Corollary 10 The push-forward e*ck(—Rw*Z) s a Laurent polynomaial in r
with valuation 29 — 2k — 1 for r sufficiently large. The coefficient of r29—2k—1
s obtained by substituting r = 0 into the polynomial

> Y e mlnexp(——n )

FgGZ r-twist tw ev()

e (<2201 1)
H U + w

e=(h,h’)€E(T)

and extracting the part of degree k.

Proof. The claim follows directly from Proposition 6, Proposition 9, and
the calculation:

—2k + [E(D)| +2g — 2h"(I') — [V(T)| — (29 — 2k — 1) = —r}(T) .

While graphs I' € G"L in Proposition 9 correspond to classes in the Chow

,n

cohomology of smg " graphs
I'eGZ,

here correspond to classes in the Chow cohomology of imi - O

Finally, as proven by Chiodo [10, Proposition 4.3.3] and [11, Lemma
2.2.5], all of the following three push-forwards yield the same complex on
mr,L :

g’”

e Rm.Lviam: &l el

: . T,L r,L
e RmL via m: Cpp — Myn

ro . NT,L r,L
o Rm. L viam: Chy — ML .
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Hence, Corollary 10 also holds for Rx, L.

Corollary 11 The push-forward e,cy(—Rm.L) is a Laurent polynomial in r
with valuation 29 — 2k — 1 for r sufficiently large. The coefficient of r29—2k—1
1s obtained by substituting r = 0 into the polynomial

SOy m[ T exp(__ )

FeGZ r-twist tw veV(T)

11

e=(h,h')€E(T)

1 —exp (—7“@);”(”) (n + wh/)>
Un + Un ]

and extracting the part of degree k.

3 Localization analysis

3.1 Overview

Let X be a nonsingular projective variety over C. Let S — X be a line
bundle. Let
A= (ay,...,a,)

be a vector of double ramification data as defined in Section 0.2,

gai:/ﬁcl(S)

The double ramification cycle
DRy 45(X) € Au(Myn (X))

is defined via the moduli space of stable maps to rubber M; 45(X,85). We
prove here the claim of Theorem 2,

DRy 45(X) =P9, 5 € A, (Mynp(X)).

Our path follows [28, Section 2].
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Theorem 2 for an arbitrary vector A can be deduced from the case where
every a; is nonzero by forgetting the markings with a; = 0. Our proof
of Theorem 2 has no mathematical difficulties when A has zeros, but the
discussion then requires separating markings into three types instead of just
positive and negative. For simplicity, we assume every a; is nonzero.

3.2 Target geometry

Denote by P(X, S) the CP'-bundle P(Ox @ S) — X. Following the notation
of Section 0.2, let
Dy, Do C P(X,S)

be the divisors defined by the projectivizations of the loci
Ox ® {0} and {0} S

respectively. After applying Cadman’s rth root construction [8] to Dy, we
obtain a bundle
P(X,S)[r] — X

with fiber given by the orbifold projective line CP'[r] with single orbifold
point with stabilizer Z/rZ.

Denote by M, 4 5(P(X, S)[r]/Ds) the moduli space of stable maps to
the orbifold P(X, S)[r] relative to Dy. The moduli space parametrizes con-
nected, nodal, twisted curves (C,z1,...,z,) of genus g with n markings?
together with a map

f:C— P(X,9)[r],

where P(X,S)[r] is an expansion® of P(X,S)[r] along Du. The following
conditions are required to hold over

Do, Do € P(X, S)[r]

(i) The stack structure of the domain curve C' occurs only at the nodes
over Dy and at the markings corresponding to positive elements of A

4As always, the markings are distinct and away from the nodes.
®The expansion has a canonical Dy C P(X,S)[r] from the bulk and a canonical
Do C P(X,S)[r] from the last component of the expansion.
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(which must be mapped to Dy). The monodromies associated to the
latter markings are specified by the parts a; of A at these markings.
More precisely, the monodromies are a; mod r.

(ii) The only points mapped by f to D, are the markings z; with negative
a;. The multiplicity of D, at x; is —a;. The map f satisfies the ramifi-
cation matching condition over the internal nodes of the expansion P.

(iii) Stability requires the full data (C, xq, ..., z,, f, P(X,S)[r]) to have only
finitely many automorphisms.

The moduli space M, 4 5(P(X, S)[r]/Dw) has a perfect obstruction the-
ory and a virtual class of dimension
dime [My,4,5(P(X, S)[r]/ Do) =
. A vir Q;
dime M s(X. )™ — (9~ 1)+ 3 1%, (13)

i|la;>0
see [29, Section 1.1].

We will be most interested in the case where r > >" | |a;|. The last term
in (13) then vanishes. We refer the reader to [1, 29, 36] for a more detailed
definition of the moduli space of stable relative maps.

3.3 The C*-fixed loci
3.3.1 The C*-action

The standard C*-action over X on the projective bundle P(O & S) — X,
defined by

5 ’ [ZE’,Z, S] = [l’,Z,gS] )
lifts canonically to C*-actions on P(X, S)[r] and M 4 5(P(X, S)[r]/Dso)-

3.3.2 Graphs

The C*-fixed loci of M, 4 5(P(X,S)[r]/Ds) are in bijective correspondence
with decorated graphs

®=(V,E,L,g:V—>Zs, B:V— Hy(X,Z), £:V = {0,00}, d: E = Zs)

38



which satisfy the following six properties:

(1)

(i)

V is a vertex set with a genus function g, a degree function /3, and a
label ¢. For v € V, the degree 5(v) must be an effective® curve class.
We also require the genus and degree conditions to hold:

g=> g)+h'(®) and B=> Bv).

veV veV

L, the set of legs, is placed in bijective correspondence with the n
markings:

e legs marked ¢ with a; > 0 are incident to vertices labeled 0,

e legs marked ¢ with a; < 0 are incident to vertices labeled co.

E is the edge set. For e € E, the edge degree d. corresponds to the
d.-th power map
CP'[r] — CP'[r].

® is a connected graph, and ® is bipartite with respect to labeling ¢:
every edge is incident to a 0-labeled vertex and an oo-labeled vertex.

If {(v) = 0, denote by A(v) the list of integers formed by the values
a; for the legs ¢ incident to v and by the values —d, for the edges e
incident to v. For every such vertex v, we impose the condition

A() =/B( (8) modr.

where |A(v)| is the sum of the elements of A(v).

If {(v) = oo, denote by A(v) the list of integers formed by the values a;
for the legs i incident to v and by the values d, for the edges e incident
to v. For every such vertex, we impose the condition

A(v)] = /B( als).

6Effective here includes the class 0 € H?(X,Z).
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To every 0-labeled vertex v of ®, we assign the space ﬂ;(v), A@),B) (X5 5).
We will use the notation

M, = My) a0),50) (X5 5) -
As explained in Section 1.3, the forgetful map

M, = M) n(w),s0) (X)

T

is a finite map of degree r?~!. The virtual fundamental class Wﬂm of M
is of dimension

v

vir

dime [M,]" = dime [Myyne s (X)]
= (3—dim(X))(g(v) = 1) +n(v) + / a(X).

Bv)

v

A C*-fixed relative stable map with vector A = (ay, ..., a,),
f : (C7 {4 P 7xn) - ]P)(Xv S)[T]/DOO

takes two basic forms:

o [f the target does not expand, then the stable map has a finite number
of preimages of D,, which correspond precisely to the markings ¢ with
a; < 0. Each such preimage is then described by an unstable vertex of
® decorated by oo.

o [f the target expands, then C' contains a possibly disconnected subcurve
mapping to the rubber P(X, S) — with no orbifold structure at Dq in
the rubber. The ramification in the rubber over Dy is specified by the
degrees d, of the edges of ®, and the ramification over D, is specified
by the negative elements of A. The ramification in the rubber occurs
over Dy and is specified by the negative elements of A over D, Every
oo-labeled vertex v describes a connected component of the rubber
map. We will denote the moduli space of stable maps to rubber by

—_—r

M

oo”

In the second case above, let g(oco) be the genus of the possibly discon-
nected domain of the rubber map, n(co) the total number of legs and edges
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adjacent to oo-labeled vertices, and B(occ) their total degree. The virtual
fundamental class [ﬂ;}m has dimension

vir

— g(o0)

dim(c W;}Vir = dimc [mg(OO),n(OO)ﬁ(OO)(X)}

— (3 dim(X))(g(c0) — 1) + n(c0) + /ﬁ el —ge0).

The image of the virtual fundamental class [ﬂ;}m in the moduli space of
(not necessarily connected) stable maps to X is denoted by DR..

3.3.3 Unstable vertices

A vertex v € V(®) is unstable if B(v) = 0 and 2g(v) — 2 +n(v) < 0. There
are four types of unstable vertices:

(i) £(v) =0, g(v) =0, v carries no markings and one incident edge,
(ii) ¢(v) =0, g(v) =0, v carries no markings and two incident edges,
(iii) £(v) =0, g(v) = 0, v carries one marking and one incident edge,
(iv) (v) = 00, g(v) = 0, v carries one marking and one incident edge.

The target of the stable map expands if and only if there is at least one
oo-labeled stable vertex.

A stable map in the C*-fixed locus corresponding to ® is obtained by
gluing together maps associated to the vertices v € V(®) with Galois covers
associated to the edges. Denote by VY (®) the set of 0-labeled stable vertices
of ®. Then the C*-fixed locus corresponding to ® is isomorphic to the product

[ M, x M_, ifthe target expands,
— veVY, (®)
Mg = .
I M, if the target does not expand,
vEVE (D)

quotiented by the automorphism group of ® and the product of cyclic groups
Zq, associated to the Galois covers of the edges.
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The natural morphism corresponding to @,
L Mc} — ﬂg,Aﬁ(]P)(X, S)[T]/Doo) R

is of degree

|Aut(P H d,

ecE(®)

onto the image ((Ms).

Lemma 12 Forr sufficiently large, the unstable vertices of type (i) and (ii)
can not occur.

Proof. We define ' € Hy(X,Z) to be an effective summand of (3 if both
p" and [ — ' are effective cycle classes (including 0). Let b be the maximum

of ‘ i) g c1(5) ’ over all effective summands of 8. Further, let

be the sum of the positive elements of the vector A. Assume

7’>2(a++b).

Let By (respectively, ) be the sum of degrees of all vertices of ® with
label 0 (respectively, 0o), so

We then have

ay — /ﬁo Zd

ecE(®)

cer(@) de < r/2.
At each 0-labeled stable vertex v € V(®), the condition

ZCLZ / (S):z:d6 mod r

v ekv

By our choice of r, we have )
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holds by the conditions on the graph ®. By our choice of r, both the absolute
value'of D it a; — fﬁ(v) c1(S) and ), d‘e are less than r/2. Therefore, the
equality mod r is actually an exact equality:

Zai—/ cl(S):Zde. (14)

itv B(v) ekv

For an unstable vertex of type (i) or (ii), we have both > ., a;, = 0 and
B(v) = 0. The sum of the degrees of edges adjacent to such a vertex then
vanishes by (14). However, the degree of every edge is a positive integer and
the graph ® is connected. The resulting contradiction implies that there are
no unstable vertices of types (i) and (ii). O

3.4 Localization formula

We write the C*-equivariant Chow ring of a point as
Ag-(e) = Q[t],

where t is the first Chern class of the standard representation.

For the localization formula, we will require the inverse of the C*-equivariant
Euler class of the virtual normal bundle in M, 4 5(P(X, S)[r]/Ds) to the C*-
fixed locus corresponding to ®. Let

f:(Ciay,... ) — P(X,9)[r], [f] € Mg,
where P(X, S)[r] is a possible expansion of P(X, S)[r] along D.,. Denote by
T — P(X,S)[r]

the tangent line bundle to the fiber of P(X,S)[r] — X. For simplicity, we
will also denote by T' the pull-back of T from P(X, S)[r] to the expansion
P(X,S)[r]. The formula for the inverse Euler class can then be written as:

1 e(HY(C,f*T(-Dy))) 1 1
e(Norm™™) — e(H°(C, f*T(=Du))) [T, e(Ni) e(Noo) *

(15)

Several aspects of Formula (15) require explanation. To start, we as-
sume that r is sufficiently large (using Lemma 12) to exclude the presence
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of unstable vertices of types (i) and (ii) in ®. To compute the leading factor
of (15),

e(H'(C, f*'T(~Dw)))

e(HO(C, f*T(—Dx)))
we use the normalization exact sequence for the domain C' tensored with
the line bundle f*T'(—D,,). The associated long exact sequence in cohomol-
ogy decomposes the leading factor into a product of vertex, edge, and node
contributions:

(16)

e Let v € V(®) be a stable vertex over Dy C P(X, S)[r] corresponding to
a moduli space
M Mg(v v),B(v) (X> S) :

The orbifold universal curve’

rorb
2 Cylv) @) 5(0) _>Mg(v (v),8(v)

carries an orbifold line bundle £ (the rth root of the pull-back of
S) which is the pull-back of 7" to the universal curve. Therefore, the
contribution

e(H'(Cy, f*T(~Dx))

e(H(Cy, f*T(=Dx))

yields the class
e ((—Rﬂ‘*ﬁorb) ® O(l/r)) = o ((—Rﬂ'*ﬁorb) ® O(l/r))

in A*(M,) ® Q [ 1], where O/ is a trivial line bundle with a C*-
action of welght and

rk = g(v) =1+ [E(v)]
is the virtual rank of — R, L.

Unstable 0-labeled vertices of type (iii) contribute factors of 1. Since
the restriction of T(— D) to Dy is trivial, the co-labeled vertices also
contribute factors of 1.

"The moduli space ﬂT .a,3(X) may be considered with the universal curve C; , 5 of

r,orb

Section 1.6.2 or with the orbifold universal curve C gAB" ‘While C AB has orbifold structure

only at the nodes of the fibers, C %} orb 5 has orblfold structure both at the markings x; and
at the nodes. A full discussion of the differences will be given in Section 3.5.4.

44



e The edge contribution is trivial since the degree % of f*T(—D.) is less
than 1, see [29, Section 2.2].

e The contribution of a node N over Dy is trivial. Indeed, the space of
sections HY(N, f*T(—D,,)) vanishes because N must be stacky, and
HY(N, f*T(—D,)) is trivial for dimension reasons. Nodes over D,
contribute 1.

Consider next the last two factors of (15),

1 1
[1; e(Ni) e(Noo)

e The product [, e(N;)~! is over the nodes that correspond to half-edges
of the graph ® adjacent to a O-labeled vertex. If N is a node corre-
sponding to an edge e € E(®) and the associated vertex v is stable,

then
_ t+evi(a(S) ¢

e(N) rd -

(17)

The factor corresponds to the smoothing of the node N of the domain
curve: e(N) is the first Chern class of the normal line bundle of the
divisor of nodal domain curves. The first Chern classes of the tangent
lines to the branches at the node are divided by r because of the orbifold
twist, see Section 1.2.

In the case of an unstable vertex of type (iii), the associated edge does
not produce a node of the domain. The type (iii) edge incidences do
not appear in [, e(N;) ™.

e N, corresponds to the expansion of the target P(X, S)[r] over D.
The factor e(Ny) is 1 if the target (P(X, S)[r]/Dw) does not expand

and
t+ W

e(Ny) = —=——
HeEE(<I>) de
if the target expands.

Here, W, is the first Chern class of a line bundle defined as follows.
Consider a point of the moduli space M, 4 5(P(X, S)[r]/Ds) where the
target expands. For the target over the point, the divisor along which
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the target expands carries tangent line bundles to the two components
of the target. The tensor product of these two line bundles is a trivial
line bundle. Thus the tensor product is the pull-back of a line bundle N
over the divisor of M, 4 3(P(X, S)[r]/Ds) where the target expands,
and WU, is the first Chern class of N. See [36] for more details.

The virtual class of My 4 3(P(X,S)[r]/Ds) can be written in terms of
the C*-fixed point loci by the virtual localization formula [21]:

[My.15(P(X,8)r)/Da)] ™ =
1

1 y [ﬂ@]vir
2¢3|Aut(<1>)|HeeE(¢)de *<e(Normvir)) (18)

in A* (Mg a5(P(X,5)[r]/Ds)) ® Q[t, 3]. Our analysis of the inverse Eu-

ler class of the virtual normal bundle yields the following contributions to
[ﬂ@}vir

e(Norm"'")

associated to the graph & :

e a factor
. /) B IHEw
11 i @®) _ > cal—Rm.L )<;)
eCE(v) d e d>0

for each stable vertex v € V(®) over 0, where E(v) is the set of edges
incident to v,

e a factor

de
. HeEE(Cb) ) DROO
t+ Yo

if the target expands, where DR, is the virtual class of the moduli
space of map to the rubber over D_.

3.5 The formula for the DR-cycle
3.5.1 Three operations

We will now perfgm three operations on the localization formula (18) for
the virtual class [M, 4 g(P(X, S)[r]/Deo)]"™:
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(i) the C*-equivariant push-forward via
€ : Myas(P(X, 9)[r]/Dec) = Mgnp(X) (19)

to the moduli space M, 5(X) of stable maps to X with trivial C*-
action,

(ii) extraction of the coefficient of =1 after push-forward by e,,

(iii) extraction of the coefficient of r°.

After push-forward by e,, the coefficient of t=! is equal to 0 because
e [Mya(P(X, 9)[r]/Dec)]™ € A My p(X)) @ Q[t] .

Using Proposition 9, all terms of the ¢! coefficient will be seen to be poly-
nomials in r, so operation (iii) will be well-defined. After operations (i-iii),
only two nonzero terms will remain. The cancellation of the two remaining
terms will prove Theorem 2.

To perform (i-iii), we multiply the e-push-forward of the localization for-
mula (18) by ¢ and extract the coefficient of t97°. To simplify the computa-
tions, we introduce the new variable

s=1r.

Then, instead extracting the coefficient of t°r°, we extract the coefficient of

sOr0.

3.5.2 Push-forward to M, 5(X)
For each vertex v € V(®), following the notation of Section 3.3.2, we have
My, = Mg 40809 -
As in diagram (7), we denote the morphism obtained projection to X by
€+ My, = My n) o) (X) - (20)
The maps € in (19) and (20) are compatible. Denote by

/C\d = T’2d_2g(v)+lE*Cd(—RTr*ﬁorb) c Ad(ﬂg(v)m(v),ﬁ(v) (X)) (21)
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By Corollary 10, ¢; is a polynomial in r for r sufficiently large.

We now write the inverse Euler class of the virtual normal bundle for the
C*-fixed point locus associated to the graph ® after push-forward along

€ : My p(P(X, S)[r]/ Do) = Myn5(X)

in terms of s = rt. The analysis of Section 3.4 yields the following contribu-
[ﬂq)}vir

tions to €.ty (Notm™™)
e a factor
r d — vir
— ; - 2 s [Miyy i) s (X))
s eelgv) 1+ Zevi(cy(S)) — Heqp, ; &

- 1
€ AMg(w)n) 50) (X)) © Q [s, ;}
for each stable vertex v € V(®) over 0,

e a factor
_f ) HeEE(Cb) de

-DR,
s 141U,

if the target degenerates.

For the first factor, we have used the compatibility of the virtual classes

= 7’2g—1 [mg(v),n(v),ﬁ(v) (X)}

vir vir

¢, [M]

proven in [4, Theorem 6.8].

3.5.3 Extracting coefficients

From (18) and the contribution calculus for ® presented in Section 3.5.2, we
have a complete formula for the C*-equivariant push-forward of ¢ times the
virtual class:

e (M, 45(P(X, $)[r), D)) =

5. ! L (Me”
r ; |Aut(®)| ] ) de : (e(NormVir)) - (22)

ecE(®
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Extracting the coefficient of r°. By Corollary 10, the classes ¢; are
polynomial in r for r sufficiently large. We have an r in the denominator in
the prefactor on the right side of (22) which comes from the multiplication
by t on the left side. However, in all other factors, we only have positive
powers of r, with at least one r per 0-labeled vertex of the graph and one
more 7 if the target degenerates. The only graphs ® which contribute to the
coefficient of 0 are those with ezactly one r in the numerator. There are
only two graphs which have exactly one r factor in the numerator:

e the graph ¢ with a 0-labeled stable vertex of full genus g and an co-
labeled unstable vertex of type (iv) for each negative element of A,

e the graph ®” with a stable oo-labeled vertex of full genus ¢ and a
0-labeled unstable type (iii) vertex for each positive element of A.

No terms involving ev*(c;(S)), 1 or ¥, classes contribute to the r° coef-
ficient of either &’ or ®” since every 1 class in the localization formula comes
with an extra factor of r. We can now write the r° coefficient of the right
side of (22) as

| Aut| - Coeff,o [e* (th,A,ﬁ(P(X, )i, Doo)]vif)] - (23)

Coeff,o {ng s977 . [mgm,g(X)}Vir} — DRy 45(X)

d>0

in A, (M, 5(X)) @ Q[s, 2]. Here, |Aut| = [Aut(®)| = [Aut(®")| = 1.

Extracting the coefficient of s°. The remaining powers of s in (23)
appear only in the classes ¢; (in the contribution of the graph ®’). In order
to obtain s’, we must take d = ¢,

| Aut| - Coeff 0,0 [e* (tWM,B(P(X, S)Ir], Dm)]vir)} _ (24)

Coeflo {7, - [Myns(X)]™} = DRyas(X)

in A* (Mgm,g(X).
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3.5.4 Proof of Theorem 2
Since Coeff,0 [e* (t[m% A5[P(X, S)[r],Dm)]Vir)} vanishes, we can rewrite
equality (24) as
DRy 4,5(X) =
Coeff,o [TE*CQ(—RW*EOHO) : Wg,n,ﬁ(X)}V“} € A (Myns(X)). (25)
Here, we have used the definition (21) of ¢,

Cy = re*cg(—Rw*Eorb) )

What is the relationship between the line bundle
E on T: C;,A75 — M;,A,B(X>
considered in Section 1.6.2 and the line bundle
L on T C;:Zr’% = M, 4 5(X)
which appears in (25) here? The definitions are slightly different:

e C; 4 5 has orbifold structure only at the nodes of the fibers,

o LU = f*S(=37L, aiwy),

. ;:‘X’% has orbifold structure both at the markings x; and at the nodes,

° Eorb — f*T .

The universal curve C; 4 5 is the coarsification along the markings z; of C;’:‘;;%.
By considering the sheaf of invariant sections of £ on Cy 4.5, We obtain an
rth root of

f*S( — Z a;T; — Z(r — de)xe) = f*S( — iaixi) ® OC< — Z :Ei)@T )
ila;i>0 c€E i=1 ilai<0

So the rth roots corresponding to £ and the coarsification of £°™ are related
simply by the factor (’)C< = D ijai<0 x2> which yields a shift

SHS—TZDi

tla; <0
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in the study of £ in Section 2. The lowest r terms of
cg(—Rm.L) and c,(—Rm. L)

are therefore exactly equal, and we can apply Corollary 11 to calculate

Coeffyo [reucy(—RTuL™) - [Myna(X)]™| € A(Myn (X))

Corollary 11 gives the coefficient of r ! of e,c,(—R7.L) in the Artin stack
Qﬁi .- The answer is obtained by the r = 0 restriction of the degree g part of

5 Z P () jp*[ 1T eXp(; ))

reGZ, r-twist tw veV(T)

11

e=(h,h")EE(T)

I —exp <—%w(hl)(¢h + lbh'))
Un + Yw ] '

By applying Lemma 4, we can calculate the pull-back of the class in ﬂgm, 5(X).
After interpreting the twists as weights, we obtain the r = 0 restriction of
the degree g part of

r—ht (D) 1
Z |A t( jF* [Hexp <2az¢2 + algl) H €xXp (_57]( ))
reg, veV(T)
wEWp r
H 1—exp ( (¢ + wh,)>
e=(h,h")€E(T) Un + wh'

The result is exactly the formula for the X-valued DR-cycle claimed in The-
orem 2. O

4 Applications

4.1 A topological view

Let X be a nonsingular projective variety with a line bundle S — X, and let
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be the canonically associated CP'-bundle over X with 0-divisor Dy and oo-
divisor D.

Localization with respect to the fiberwise C*-action immediately leads to
a calculation of the Gromov-Witten theory of P(Ox & S) in terms of the
Gromov-Witten theory of X and the class

c1(S) € Hy(X,Z) .

In [36], an effective procedure was given to compute the Gromov-Witten
invariants of the associated rubber geometry and the three relative geometries

P(Ox ®S)/Dy , P(Ox®8)/De , P(Ox®S)/DyU De

in terms of the Gromov-Witten theory of X and the class ¢;(S). The results
may be viewed as analogues in Gromov-Witten theory of the Leray-Hirsch
Theorem.

A basic consequence of the X-valued DR-cycle formula of Theorem 2 is a
much stronger result on the level of Gromov-Witten classes (not invariants).

Proposition 13 The X -valued DR-cycle formula calculates the push-forward
to the moduli space of maps to X of the virtual fundamental classes of the
moduli spaces of stable maps to

P(Ox @ S)/Dy , P(Ox@®S5)/Ds , P(Ox®S)/DyU Dy (26)

in terms of tautological classes and c1(S) € AY(X).

Proof. Theorem 2 provides a formula for the push-forward to the moduli
space of maps to X of the virtual fundamental classes of moduli space of
maps to rubber in terms of tautological classes and

Cl(S) € Al(X) .

To apply Theorem 2, we localize the equivariant virtual fundamental classes
of the moduli spaces of stable maps to the three relative geometries (26) with
respect to the fiberwise C*-action. The C*-fixed contributions are either
absolute or relative. The virtual localization formula [21] on the absolute
side is already of the desired form. On the relative side, after removing the
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cotangent line via the rubber calculus [36, Section 1.5, the desired form is
provided by Theorem 2. O

While [36] provides an algorithm for calculating the Gromov-Witten in-
variants of the relative geometries (26), the complexity of the method is
not practical for calculations®. On the other hand, Theorem 2 may be used
effectively for calculation.

In case X is a point, exact calculations using Pixton’s formula were pre-
sented in [28, Section 3] for Hodge classes and Hodge integrals. In Section
4.2 below, an application of Theorem 2 is presented where X is the resolution
of the surface Ay,-singularity.

4.2 Resolution of surface singularities
4.2.1 Gromov-Witten invariants of X,

Maulik [34] computed the Gromov-Witten invariants of the toric surface X,
obtained by resolving the surface A,-singularity. We briefly review the geom-
etry of the problem and refer the reader to [34] for a more detailed treatment.

The resolution of the A,-singularity is a nonsingular quasi-projective sur-
face X, with ¢ exceptional divisors. The intersection pairing of the divisors
is given by the Cartan matrix C of the Lie algebra A,. For a simply laced
Lie algebra, the Cartan matrix is given by

Ci=—2, Cp=1

if vertices ¢ and j in the Dynkin diagram are connected by an edge.

There is a (C*)?-action on the resolution X, of the A,-singularity which
leaves every exceptional divisor invariant. We denote by t¢; and ¢, the corre-
sponding equivariant weights. Because X, is a holomorphic symplectic vari-
ety, the ordinary Gromov-Witten invariants of X, vanish except in degree 0.
Maulik computed the reduced Gromov-Witten invariants which correspond
to (t; + to)-coefficient of the (C*)?-equivariant Gromov-Witten invariants of
Xy. The (t; + to)-coefficient is the lowest nonvanishing coefficient.

8The results, however, have been used for theoretical purposes, see [43, 45].
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Theorem 14 (Maulik [34]) Let a be a root, let f = do € Hy(Xy,Z) be a
nonzero curve class, and let

Wi, ..., w, € HX(X,, Z)

be divisor classes. Let by,...,b, >0 and cy,...,c, > 0 be integers subject to
the dimensional constraint

p q
Zbi+ch:g+q.
i=1 j=1

Then, we have

P q Xy, red (2 Y 3)'
<H (i) ] ch(1)> - JTDTA T gpote
=1 j=1

(2g+p—3)!
9,0+q,8

ﬁ 20+ 1) ( %)bi(o"wi)

1
=1

ey
Ll -1\ 2)

If B is not a multiple of a root or if the dimensional constraint is not satisfied,
then the invariant vanishes.

S,

4.2.2 The DR-cycle

The rank of the Cartan matrix for A, is £. The dimension of the equivariant
cohomology of X, is ¢+ 1, and the Poincaré intersection form is given by an
extension of the Cartan matrix C' :

+ 0
= pt+1)tita . 2
0= () (27)

Let A = (ay,...,a,) be a vector of integers satisfying > " ; a; = 0. Let
B # 0. We can compute the reduced rubber Gromov-Witten invariant

<H To(wi) - DRy,a,5(Xe, Oxl)> (28)

i=1
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using the formula of Theorem 2 for the X,-valued DR-cycle. The intersection
number (28) is, by definition, the coefficient of ¢; + ¢5 in the corresponding
equivariant intersection (the lowest nonvanishing coefficient).

Lemma 15 The only X,-valued stable graphs which contribute to the coeffi-
cient of t1 + to are graphs with one vertex.

Proof. The (C*)*-equivariant Gromov-Witten invariant associated to a ver-
tex v of the graph I' with 5(v) # 0 is a polynomial divisible by t; 4, since X,
is holomorphic symplectic. By formula (27) for 7, an edge of I" contributes
either a constant, if the markings at the half-edges are divisors, or a factor
of

(p + 1)t1t2 ,
if the markings at the half-edges are equal to 1.

For a vertex v of I' with B(v) = 0, a more careful study using the (C*)2-
localization formula for the degree 0 Gromov-Witten invariants of X, is re-
quired. The (C*)%*-invariant locus in X, consists of £+ 1 points. The tangent
weights at the kth point are

Oék(tl, tg) = (p—l—? —k’)tl - (k’ — 1)t2 s —ak+1(t1, tg) = (/{5 —pP— 1)tz +kt2 (29)
and satisfy the equation
A — Oy :t1+t2.

For a divisor class w of X,, we denote by w®(t;,t,) the restriction of w
to the kth invariant point in (C*)2-equivariant cohomology. The restriction
w®(t,,1,) is a linear combination of ay, and 1.

The (C*)*fixed locus of Mg(v)7n(v)75(v):0 (X¢) is the union of £ + 1 copies
of Mg)n(w) corresponding to constant maps to the £ + 1 invariant points.
The contribution of the kth copy to the (C*)2-equivariant integral

(1T T

Xy

g(v), n(v)=p+q, B(v)=0
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equals

fio
= / Hlp Hlppﬂ AV (o)A (—ak1) . (30)

ap Ogy1
Mg () n(v)= p+q

Here, we use the notation
A\/(a) — ag(v) _ ag(U)—1>\1 + . _'_ (_1)g(v)>\g(v)

(k)

The weights ay, a1, and w; ~ are linear forms in ¢; and ¢,.

By formula (29), the weights «y and a1 are never proportional to ¢; +ts.
Thus, the (t; 4 t2)-valuation of the rational function (30) is nonnegative. In
other words, every vertex v of I" of nonzero degree has (t; + t5)-valuation at
least one, while every edge and degree zero vertex has (t; + t3)-valuation at
least zero. Since we are interested in the coefficient of t; + t5 of the result,
there can be only one vertex of nonzero degree, and we can restrict ourselves
to the (¢; + to)-valuation zero part of every degree zero vertex contribution.

We can extract the (t; + t)-valuation zero part of (30) by substituting

In particular, then oy = —ay41 and hence, by Mumford’s identity [37] for
Hodge classes,

AV ()N (=) = (—1)8@ 250
Thus, the contribution (30) simplifies to

(_1) -1 2g(v Hw(k / Hw H¢p+]7 (31>

M g(v),n(v)= p+q

(k)

where o, and w,;’ are now linear forms in ¢.

The contribution (31) is a Laurent monomial in ¢ of degree 2g — 2 + p.
In the total contribution of the graph I', we will have a product of these
monomials over the genus 0 vertices and also a product of monomials

—(p+ 1)t?
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over the edges carrying the class 1 on both half-edges. We distribute the edge
factor t2 to the two adjacent vertices, one factor of ¢ for each vertex. For the
invariant (28), all legs of " carry divisors. Hence, every half-edge carrying
the class 1 contributes a factor of ¢ to the monomial. Every degree 0 vertex
therefore contributes a factor of

t2g(v)—2+p+q — t2g(v)—2+n(v) )

By the stability condition, for a degree 0 vertex, the integer 2g(v) — 2+ n(v)
is positive. Every degree 0 vertex thus contributes a monomial factor of
positive degree. A product of such factors can never have a constant term.
We conclude that there are no degree 0 vertices and, as claimed, only one
vertex of nonzero degree. O

We are ready now to compute the reduced rubber Gromov-Witten invari-

ant red
<H7‘0(w,~) . DRg,A,B(XbOXe)> .

i=1

For the computation, we will need two identities.

Lemma 16 We have
22n+1

1
2. Qi+ D2+ 1) (2n+2)

i+j=n

Proof. After multiplying the left side by (2n+2)!, we obtain the well-known
sum of odd binomial coeflicients. O

The Bernoulli number are defined by the following generating series:

> tm t
ZBmm:et—l'

m=0

o7



We define the functions S(t) and G(t) b

_sin(t/2) (=1 .,
= Tn T ; e
_ Bse (—l)cl (_1)0” y
g(t = ; 2¢c C+Z (20 + 1)'40 (201/_'_ 1>'4C//t
Z B2C t2c
c>1

The last equality follows from Lemma 16.

Lemma 17 We have S(t) = 9O,

Proof. The verification is straightforward:

 (log(S(1))) = t(log“r;(/’;/”)

_ o, /2 [5cos(t/2)  3sin(t/2)
0P ( g2 (@27 )
_ %cot(t/2)—1

it it
-ty

et —1 2
t2b

= Z(_1>bB2b (2b)!

b>1

= (1),

O

We now substitute the formula of Theorem 2 for the DR-cycle in (28).
Since only graphs with a single vertex contribute, we obtain the following
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sum over the number k of loops:

San X% 2 ()

k>0 b1,...,bn ch+cf=c1—-1 M1 ,V1 =1
Clye-5Ck . y
. +ck Zcp—1 iV

red
5 (a2)2)b 1/2)% (1/2)
TR TSR ([T Ty ren))

In the above sum, ¢; and ¢ are the powers of the ¢)-classes at the branches
of the jth node. The indices ¢ and v run over a basis of (C*)?*-equivariant
divisor classes of X, and n*” is the inverse of the Poincaré intersection form

Ny -
In fact, we can restrict the range of ;; and v; in the diagonal splitting by
one. Indeed,

= (p+ Dtits,

while we are interested in the coefficient of t; + t5. We can therefore replace
the inverse of n by the inverse of the Cartan matrix C' and write (C~!)"
instead of nt.

Next, we apply Maulik’s formula of Theorem 14 to the reduced Gromov-
Witten invariants which appear and use our definitions of the generating
series S and G, We conclude that (28) equals

J2o+n=3 H(a’ wé)

i=1

X 2,%, id (H S(aﬁf)) (29(15)Z(a,wu)(C_l)“”(a,w,,)> :

k>0 v

Since >°, ,(a,w,)(C™H)" (e, w,) = (o, @) = =2, the formula simplifies to

o (o) Y gy 1) (H s<ait>) (~1g(1)"
= ¥t H(a,wl %] <H8 a;t )exp —2G(t))

i=1

59



& v S(agt)
= d29+n—3 o, W) t2g 1_‘[22172 .

[T 12355
The final equality coincides? with [34, Proposition 3.6] except for the auto-
morphism factors of the partitions (omitted here since we have numbered our

marked points).

The same calculation as above using the formula of Theorem 2 for the
DR-cycle yields the following more general evaluation for the rubber theory
over X,.

Theorem 18 Let S — X, be a (C*)?-equivariant line bundle on X,. Let a
be a root, let f = da € Hy( Xy, Z) be a nonzero curve class, and let

A:(al,...,an)

be a vector of integers satisfying

iz:;ai:/ﬁcl(S).

Then, we have the evaluation

n red n n
_ 12g+n-3 2911 Lizs S(ait)
<Hm<wz> DRy 5(Xe: S>> = d i[[lm,wi) s
Proof. Since S — X is now not necessarily trivial, Theorem 2 has addi-
tional & terms at the markings and 7, (£2) terms at the vertices. Lemma 15
still holds since the changes in the DR-cycle formula due to the line bundle
S play no role in the argument. The k-loop summation for

<H7‘0(wi) - DRy_4.5(Xy, 5)>

1=1

9The result is also stated in [34, Proposition 3.1] where the factor [[;_, (a,w;) is for-
gotten.
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is again

San XY 2 (-g)

k>0 b1,...,bn Cl +c’1’—01 1 M1,V =
ClyensCh ’
. +Ck —ck 1 ”k k

- a?2bik 1/2)5 (1/2) n 3 red
xH( b/z') H( é;‘) (é;”) <HTbi(wi)HTcg(wM)Tcy(w,,j)> ,

=1 j:1 g—k,ﬁ

The extra & and m,(£%) terms produce additional factors of the equivariant
parameters (and hence do not affect the reduced invariants). The evaluation
of the k-loop formula is then just as before. O

4.2.3 Remarks

Maulik’s evaluation of the reduced rubber invariants (28) played a crucial
role in establishing the GW /DT /PT correspondences for toric 3-folds, see
[35, 44]. His calculation of (28) in the case of A; relied upon the evaluation
of the stationary theory of CP' in [39, 40]. Using Maulik’s A; argument in
the reverse direction, Theorem 2 via Theorem 18 provides a completely new
DR derivation of the stationary Gromov-Witten theory of CP'.

Theorem 18 is also new. The DR-cycle for the rubber
]P)(OXZ D S) — Xy

constructed from the line bundle S — X, had not been considered before.
The DR perspective puts all the rubber theories over X, on the same footing.

4.3 The tautological ring of the moduli of stable maps

Pixton’s formula for the standard DR-cycle leads to relations in the tautolog-
ical ring of M, , first conjectured by Pixton [47] and later proven by Clader
and Janda [13]. After defining an appropriate strata algebra and tautological
ring for the moduli space of stable maps M, ,, 5(X), Bae [5] uses the formula
of Theorem 2 for the X-valued DR-cycle to construct tautological relations
in the Chow theory of M, 5(X), a rich new direction of study.
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