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Univ. Bourgogne Franche-Comté, FEMTO-ST Institute, CNRS/UFC/ENSMM/UTBM, Department of
Applied Mechanics, France

Abstract

This paper presents a sensor using the mode localization phenomenon to detect a mass
perturbation. It is composed of two cantilevers with different lengths and connected by a
coupling beam. The short cantilever is electrostatically actuated and by changing the applied
DC voltage, we can reduce its stiffness and reach the veering point, which corresponds to
a balanced system. This principle allows us to overcome the manufacturing defect which
perturbs the initial system. An analytical model using the Euler-Bernoulli beam theory is
developed for the design. The equation of the continuous system is discretized with the
Galerkin method and simulations are performed. The designed device composed of polysil-
icon coupled microbeams is then fabricated with the Multi-User MEMS Processes and an
experimental investigation is carried out. Three devices with different coupling are considered
with a length ratio of 0.98. This ratio is suitable to reach the veering point by using a DC
balancing voltage around the half of the pull-in voltage. The comparison between theoretical
and experimental results shows a good agreement for each device.

Keywords: mode localization, manufacturing defects, veering point, electrostatic actuation,
mechanical coupling

1. Introduction

Among the many and diversified applications of Microelectromechanical systems (MEMS),
mass detection is a promising one for detecting and measuring the presence of biological
species like viruses or bacteria, whether in liquid or gaseous media. Most of these sensors
use the change in the resonant frequency [1, 2, 3, 4] as output signal and it is possible to
improve their sensitivity by using nanoelectromechanical systems (NEMS) [5] which have
a high resonant frequency. But nanometer scale devices present the disadvantage of being
more susceptible to noises [6] and their linear dynamic range is limited without nonlinearities
cancellation [7, 8, 9]. Other alternatives for mass sensors have been presented in the litera-
ture. Zhang et al. [10] used a mass sensor based on parametric resonance. Kumar et al. [11]
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studied bifurcation-based mass sensors which measure the sudden change in the amplitude
response of nonlinear resonators. Kacem et al. [12] proposed to use simultaneous resonance
to overcome the limitations of nanomechanical resonators. However, all of these devices is
composed of a single resonator and the ambient condition can change their output signal
[13].

Recently, a new generation of mass sensors composed of coupled resonators has emerged.
This kind of sensor uses the phenomenon of mode localization [14, 15] and measures the
change in the vibration mode of coupled resonators to detect a small perturbation. The
normalized sensitivity of this sensor depends on the ratio between the stiffness of the resonator
and of the coupling. When the coupling is very weak, this normalized sensitivity can be two to
three orders of magnitude higher than the sensitivity of a device using frequency variations
[13]. The use of multiple resonators has also the advantage of improving common mode
rejection capabilities [16]. Therefore, mass sensors using weakly coupled resonators have
been considered in recent publications. Spletzer et al. [17] presented a mode localized mass
sensor using two cantilevers coupled by an overhang, and a mass of 154 pg was placed on
their device to highlight the mode localization. Thiruvenkatanathan et al. [18] used a mass
sensor with two electrically coupled resonators. Chopard et al. [19] studied two coupled
cantilever mass sensor with piezoelectric excitation. Other authors considered devices using
more resonators, like Wang et al. [20], which used a mass sensor based on three degrees of
freedom coupled resonator and operating in air, or Spletzer et al. [21], which considered a
device with fifteen weakly coupled cantilevers. This kind of device also concerns stiffness
sensors [22, 23] and acceleration sensors [24].

In the case of two identical coupled resonators, the vibration modes corresponding to
the system without any perturbation are the symmetric mode noted (1; 1) and the anti-
symmetric mode noted (1;−1). In these two modes, the vibrations are respectively in-phase
and out-of-phase and we have identical amplitudes on both resonators. For the detection,
the device needs to be at the veering point corresponding to these two modes. They appear
when we have exactly two identical resonators. But when the size of the device decreases,
the manufacturing defects become non-negligible. So, the device is initially unbalanced and
localized vibrations take place without any additional perturbation. In order to overcome
these defects, we propose to use a device composed of two coupled cantilevers with different
lengths. With this configuration, the short cantilever has a smaller mass and a higher stiffness.
As the short cantilever is electrostatically actuated with a combined AC-DC voltage, we
use the softening effect of the electrostatic force to reduce its stiffness. By applying the
appropriate DC voltage, we can balance the device and reach the veering point. Tuning
the DC voltage to counterbalance defects can be realized with two resonators with the same
dimensions, but using initial asymmetric device allows us to know which one is the stiffest
and needs electrostatic softening. This principle was already investigated in [25] and an
analytical model using the Euler-Bernoulli beam theory was briefly exposed in [26]. In this
paper, we will detail this model in order to design the device. Concerning the mechanical
coupling, most of sensors use an overhang to connect the two cantilevers but its design is
not accurately modeled. As the coupling is a parameter which defines the sensitivity of the
device, it needs to be correctly designed. Therefore, we propose to use a coupling beam to
connect the two cantilevers, and it is taken into account in the model. The sensor is then
fabricated with the Multi-User MEMS Processes for an experimental investigation. Three
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devices with different coupling are tested to validate the proposed model.

2. Device description and model

The device used in this study (Fig. 1a) is composed of two micro cantilevers with lengths
L1 and L2 (L1 < L2), a width b and a thickness h. The coupling plays a major role in defining
the device sensitivity, that’s why its design and dimensions have to be controllable. Most
of sensors use an overhang to connect both cantilevers. Such a coupling is difficult to be
accurately modeled and as a consequence practically uncontrollable. Therefore, a coupling
beam with a length Lc, a width bc, a thickness h is used to connect the two cantilevers at a
distance x̃c from the fixed end. For the electrostatic actuation, we apply a combined AC-DC
voltage to the electrode located at a distance g from the short cantilever.

This device is modeled with two Euler Bernoulli beams connected by a rotational spring k̃r
(Fig. 1b). This represents the torsional stiffness [27] of the coupling beam and it is expressed
as

k̃r =
Gβbch

3

Lc
(1)

where G is the shear modulus of the constitutive material and β is a coefficient depending
on the ratio bc/h. A model of mechanically coupled microbeams has already been presented
in [28] and the coupling beam was also modeled with an Euler Bernoulli beam subjected
to a bending stress. But in our case, the coupling beam is near the fixed end and the
dominant stress is the torsion. So, the mass and the bending stiffness of the coupling beam
are neglected in our model. As the surface micromachining process does not allow ideal
clamping conditions to be achieved, a torsional stiffness k̃e is introduced in the model at
the supposed fixed ends. Normally, a complete modelization of the real boundary condition
should include a translational spring [29, 30] but we assume that the small deflection at the
fixed end can be neglected. On the long cantilever, we also add a discrete point mass located
at a distance x̃m from the fixed end in order to consider the mass perturbation.
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Long cantilever
 (Cantilever 2)
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Figure 1: The device (a) and the model (b).

According to the equation of beams carrying lumped element [31, 32, 33], the equations
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governing the bending vibration of the model shown in Fig. 1b is given by

EIw̃′′′′1 + ρbh ¨̃w1 + c̃1 ˙̃w1 − k̃r (w̃′1 (x̃c)− w̃′2 (x̃c)) δ
′ (x̃− x̃c) =

1

2
ε0bCn

(
VDC + vAC cos

(
Ω̃t̃
))2

(g − w̃1)
2

(2)
EIw̃′′′′2 + (ρbh+ m̃δ (x̃− x̃m)) ¨̃w2 + c̃2 ˙̃w2 − k̃r (w̃′2 (x̃c)− w̃′1 (x̃c)) δ

′ (x̃− x̃c) = 0 (3)

where primes and dots denote respectively the partial differentiation with respect to the
position along the microbeam x̃ and to the time t̃, E is the Young’s modulus of the constitutive
material, I is the moment of inertia of the cross section, w̃1 and w̃2 are respectively the
deflection of the first (shortest) and the second (longest) cantilever, c̃1 and c̃2 are the damping
coefficient, δ is the Dirac delta function, ρ is the material density, ε0 is the dielectric constant
of the medium between the cantilever 1 and the actuation electrode, Cn is a coefficient which
takes into account the fringing field effects [34], VDC and vAC are respectively the DC and
AC actuation voltage, Ω̃ is the excitation frequency and g is the capacitor gap. The damping
coefficient of each cantilever is given by [9]

c̃i =
2πfiρbh

Q
i = 1, 2 (4)

where fi is the resonant frequency of the cantilever i and Q is the quality factor. For
convenience, we introduce the non-dimensional variables and parameters below

x =
x̃

L1

; xc =
x̃c
L1

; xm =
x̃m
L1

; m =
m̃

ρbhL1

; wi =
w̃i
g

; τ = L1
2

√
ρbh

EI
;

t =
t̃

τ
; Ω = Ω̃τ ; ci =

L1
4c̃i

EIτ
; kr =

k̃rL1

EI
; δ0 =

1

2
ε0bCn

L1
4

g3EI

(5)

and the electrostatic force is expanded into a third order Taylor series. As the AC voltage
is also negligible in comparison with the DC voltage, we can drop the terms with vAC

2

when developing the electrostatic force. After these considerations, we obtain the following
non-dimensional equations

w′′′′1 + ẅ1 + c1ẇ1 − kr (w′1 (xc)− w′2 (xc)) δ
′ (x− xc) = δ0

(
VDC

2 + 2VDCvAC cos (Ωt)
)

∗
(
1 + 2w1 + 3w1

2 + 4w1
3
)

(6)

w′′′′2 + (1 +mδ (x− xm)) ẅ2 + c2ẇ2 − kr (w′2 (xc)− w′1 (xc)) δ
′ (x− xc) = 0 (7)

where primes and dots denote respectively the partial differentiation with respect to the new
non-dimensional variables x and t. When the electrostatic actuation is composed of a DC
and AC voltage, the microbeam is deflected by the DC component and vibrates by the AC
component. Therefore, the equilibrium position of the microbeam is shifted and it vibrates
around a new static deflection which depends on the DC voltage. By using one mode Galerkin
discretization, the total deflection of each cantilever can be expressed by [35]

w1 (x, t) = (a1s + a1 (t)) ∗ φ1 (x) ;w2 (x, t) = (a2s + a2 (t)) ∗ φ2 (x) (8)
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where a1s and a2s are generalized coordinates of the static deflection, a1 (t) and a2 (t) are
the time varying generalized coordinates and φ1 (x) and φ2 (x) are the mode shapes. As the
coupling is weak, we assume that the mode shape of each cantilever is the same as the mode
shape of single cantilever without the coupling, so φ1 (x) and φ2 (x) are given by

φi (x) = Ki1

[
Ki2 sin

(
λix

L1

Li

)
−Ki3 sinh

(
λix

L1

Li

)
+

sinλi + sinhλi
cosλi + coshλi

(
cosh

(
λix

L1

Li

)
− cos

(
λix

L1

Li

))]
(9)

where Ki1 are chosen in order to have∫ Li
L1

0

φi
2 (x) dx = 1 ; (10)

Ki2 and Ki3 are expressed as

Ki2 =
cosλi + coshλi + 2EIλi

k̃eLi
sinhλi

cosλi + coshλi
;Ki3 =

cosλi + coshλi − 2EIλi
k̃eLi

sinλi

cosλi + coshλi
; (11)

and λi is the first solution of the following equation

k̃eLi
EIλi

(cosλi coshλi + 1) + cosλi sinhλi − sinλi coshλi = 0 (12)

Then, we multiply respectively Eq. (6) and Eq. (7) by φ1 (x) and φ2 (x) and integrate them
respectively from x = 0 to x = 1 and from x = 0 to x = L2/L1. When the value of the
torsional stiffness k̃e at the fixed end is sufficiently high to ensure a good clamping condition,
we obtain the following parameters which remain almost unchanged∫ 1

0

φ1 (x) dx ≈ 0.784 ; 3

∫ 1

0

φ1
3 (x) dx ≈ 4.43 ; 4

∫ 1

0

φ1
4 (x) dx ≈ 9.39 (13)

By considering the following properties of the Dirac delta function∫ L2
L1

0

δ (x− xm)φ2
2 (x) dx = φ2

2 (xm) ;

∫ Li
L1

0

δ′ (x− xc)φi (x) dx = −φi′ (xc) (14)

we deduce from Eqs. (6,7,8,9) and Eq. (13)

(a1s + a1)λ1
4 + ä1 + c1ȧ1 + kr

(
(a1s + a1)φ

′
1
2

(xc)− (a2s + a2)φ
′
1 (xc)φ

′
2 (xc)

)
= δ0

(
VDC

2 + 2VDCvAC cos (Ωt)
) (

0.784 + 2 (a1s + a1) + 4.43(a1s + a1)
2 + 9.39(a1s + a1)

3)
(15)

(a2s + a2)λ2
4L1

4

L2
4 +

(
1 +mφ2

2 (xm)
)
ä2 + c2ȧ2

+ kr

(
(a2s + a2)φ

′
2
2

(xc)− (a1s + a1)φ
′
1 (xc)φ

′
2 (xc)

)
= 0 (16)
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Firstly, the static deflection is calculated by dropping all time varying terms [35] in Eq. (15)
and Eq. (16), and we obtain

a1sλ1
4 + kr

(
a1sφ

′
1
2

(xc)− a2sφ′1 (xc)φ
′
2 (xc)

)
= δ0VDC

2

∗
(
0.784 + 2 a1s + 4.43 a1s

2 + 9.39 a1s
3
)

(17)

a2sλ2
4L1

4

L2
4 + kr

(
a2sφ

′
2
2

(xc)− a1sφ′1 (xc)φ
′
2 (xc)

)
= 0 (18)

Then, Eq. (15) and Eq. (16) are developed and we can eliminate some terms by considering
Eq. (17) and Eq. (18). As we use small vibration amplitudes which are under 10% of the
capacitor gap, we assume that the vibration is still linear. By keeping only the harmonic
load and dropping all nonlinear terms, we finally obtain the matrix equation below

[
M
] [ ä1

ä2

]
+
[
C
] [ ȧ1

ȧ2

]
+
[
K
] [ a1

a2

]
=
[
F
]
∗ cos (Ωt) (19)

where [
M
]

=

[
1 0
0 1 +mφ2

2 (xm)

]
;
[
C
]

=

[
c1 0
0 c2

]
;

[
K
]

=

[
λ1

4 − δ0VDC2 (2 + 8.86 a1s + 28.17 a1s
2) + krφ

′
1
2 (xc) −krφ′1 (xc)φ

′
2 (xc)

−krφ′1 (xc)φ
′
2 (xc) λ2

4L1
4

L2
4 + krφ

′
2
2 (xc)

]
;

[
F
]

=

[
(1.56 + 4 a1s + 8.86 a1s

2 + 18.78 a1s
3) δ0vACVDC

0

]
(20)

Eq. (19) is similar to the equation of two degrees of freedom system and solving this equation
gives us the value of A1 and A2 which are respectively the amplitude of a1 and a2. Finally,
the frequency (f) and the vibration amplitude at the end of each cantilever (W1 and W2) are
given by

f =
Ω

2πτ
; W1 = A1 ∗ φ1 (1) ∗ g ; W2 = A2 ∗ φ2

(
L2

L1

)
∗ g (21)

3. Design and fabrication of the device

To design the device, we use the proposed model with the following dimensions: b =
20µm; h = 1.30µm; g = 1.17µm; Lc = 65µm; bc = 3µm and x̃c = 10.5µm. With these
dimensions, the parameter β in Eq. (1) is equal to 0.242 and the coefficient for the fringing
field effects is Cn = 1.13. For the other parameters, we take the values given in Table 1. In
this table, the Young’s modulus and the shear modulus correspond to the material properties
of polysilicon, and Q is based on a quality factor of a single cantilever of a previous design.
The length of the long cantilever has been fixed at 100µm. The length of the short cantilever
has been determined so that the DC balancing voltage is less than half of the static pull-in
voltage [36]. To do so, a series of simulations has been launched for a length of the short
cantilever in the range 96µm to 100µm. For each value, the AC voltage is vAC = 10mV
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and the DC balancing voltage corresponding to the veering point has been determined. The
DC balancing voltage is reached when the system exhibits the symmetric and antisymmetric
modes. As there is no mass perturbation, the value of m in the matrix [M ] in Eq. (20) is equal
to zero. The Fig. 2 shows the results in terms of pull-in and balancing voltage for different

Table 1: Parameters for the simulation

Parameters Value
E [GPa] 169
G [GPa] 69.3
ρ [kgm−3] 2320

ε0 [m−3kg−1s4A2] 8.85 10−12

k̃e [Nm/rad] 1.50 10−7

Q 450

lengths of the short cantilever.
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V
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Pull-in voltage
DC balancing voltage

Figure 2: DC balancing voltage and pull-in voltage as a function of the length ratio between the two can-
tilevers.

In Fig. 2, the DC voltage that we have to use is close to the pull-in voltage when the length
difference between the two cantilevers increases. By choosing a length ratio of 0.98, we get
a DC balancing voltage around the half of this pull-in voltage, so the length of the short
cantilever is fixed at 98µm.

After choosing the lengths of the cantilevers, the designed device was fabricated by using
the Multi-User MEMS Processes (MUMPs R©). As shown in Fig. 3, the microbeams are
composed of a polysilicon layer Poly2 (1.30µm thick) renforced by a second polysilicon layer
Poly1 (1.85µm thick) at the fixed end. The measured gap between the cantilevers and
the bottom electrode (Poly0) is around 1.17µm. On the chip containing the cantilevers,
three different devices were considered (Fig. 4) with coupling beam locations at x̃c = 5.5µm,
x̃c = 10.5µm and x̃c = 15.5µm from the fixed end. Changing the value of x̃c allows us to
change the coupling parameter and it is weaker when the coupling beam is near the fixed
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end. There are electrodes under both cantilevers, but only the one under the short cantilever
is actuated.

Nitride
Poly0

Poly1
Poly2

Figure 3: Top view and cross section of the short cantilever (L1 = 98µm).

Figure 4: Optical microscope images of the three fabricated devices (from left to right, x̃c = 5.5µm, x̃c =
10.5µm and x̃c = 15.5µm)

4. Experimental setup and model validation

To realize the experimental setup, the chip containing the coupled MEMS cantilevers is
placed in a vacuum chamber (Fig. 5a) to decrease the pressure at 0.50mbar. The vibration
is then generated by using probes connected to a generator. To determine the vibration
amplitude, the vibration velocity at the end of each cantilever is measured by a single point
laser Doppler vibrometer Polytec OFV-5000. We deduce then the vibration amplitude from
the velocity amplitude. Here, the results of interest are the frequency responses of each
cantilever so we use a Picoscope R© 5444B to automatically collect the data. As detailed in
Fig. 5b, this PC based oscilloscope is piloted with a MATLAB program to produce the AC
actuation and to obtain the signal coming from the laser Doppler vibrometer. The vibration
amplitudes can also be measured with other methods such as electrical readout. In this case,
we detect the motional current due to the capacitance variation and it can be amplified with
CMOS readout circuit [9].

For the theoretical results, we use the developed model and perform the simulation with
the given dimensions and parameters. As there is no mass perturbation, the parameter m
in Eq. (20) is still equal to zero. However, there are some parameters which are identified
experimentally. The first parameter is the quality factor Q. For cantilevers vibrating in
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Figure 5: The laser Doppler vibrometer used for experiments (a) and schematic of the experimental setup
(b).

air, the quality factor depends on extrinsic loss (viscous losses and acoustic radiation) and
intrinsic loss (support loss, thermoelastic damping, volume loss and surface loss) [37]. For
cantilevers vibrating at moderately low pressure, the viscous damping with rarefied gas effect
is shown to be dominant [38]. In addition to it, attachment loss [39] can also be among the
main damping source. But all of these losses mechanisms are complex and it does not allow
us to estimate the quality factor with a high accuracy. So, it is determined directly from
experimental results by using the half-power bandwidth method on a single cantilever on
the same chip and with the same dimensions. The second parameter is the torsional spring
which modelizes the actual clamping condition. At the veering point, the coupling beam
does not interfere in the vibration when the two cantilevers vibrate in phase. Therefore, the
frequency of the symmetric mode is equal to the natural frequency of each resonator, i.e. the
natural frequency of the long cantilever or the natural frequency of the short cantilever under
the softening effect of the DC voltage. By analyzing the free vibration of a single cantilever
with a length L2 and a torsional spring k̃e at its end, we can deduce from the experimental
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frequency f1 exp of the device in the symmetric mode that

k̃e =
EI λ2

L2
(− cosλ2 sinhλ2 + sinλ2 coshλ2)

cosλ2 coshλ2 + 1
where λ2 = L2

√
2πf1 exp

√
ρbh

EI
(22)

And the last parameter is the capacitor gap g. As the measured value is not very accurate,
we chose to deduce it from the experimental DC balancing voltage.

5. Results

5.1. Frequency loci veering and amplitude ratio

First, the frequencies and the amplitude ratios of the two cantilevers (W1/W2) in each
mode (the in-phase mode and the out-of-phase mode) are plotted as a function of the applied
DC voltage. Then, the simulation is performed with the parameters given in Table 2 which
have been identified at the veering point. For simplification, we assume that the two can-
tilevers have the same damping coefficient (c̃1 = c̃2) and we determine it with Eq. (4). The
results obtained from the simulation and from the experimentation are compared as shown
in Fig. 6.

Table 2: Identified parameters for the model.

Parameters Device 1 Device 2 Device 3
Q 450 450 450

k̃e [Nm/rad] 1.54 10−7 1.50 10−7 1.42 10−7

g [µm] 1.16 1.13 1.16

At the veering point, we reach the balanced state. This corresponds to the case where
the frequencies of each mode (Fig. 6a) are the closest to each other and the amplitude ratio
(Fig. 6b) is equal to one. At this state, the mode shapes of the coupled microbeams are similar
to those of a device with two cantilevers exactly identical. They correspond to the symmetric
and anti-symmetric modes, as shown in Fig. 7. At this balanced state, the experimental
DC balancing voltage for device 1, device 2 and device 3 are respectively VDC1 = 6.10V ,
VDC2 = 5.85V and VDC3 = 6.10V . These three voltages are different because the identified
gap (in Table 2) to have the same results in the model are different. However, they are
all close to the value measured with an interferometer (around 1.17µm). Concerning the
in-phase mode at the veering point (symmetric mode), we also notice that each device has
experimentally a different frequency. We have f1 = 166.3 kHz for device 1, f1 = 166.0 kHz
for device 2 and f1 = 165.3 kHz for device 3. Theoretically, only the frequency of the anti-
symmetric mode depends on the coupling parameter but the frequency of the symmetric
mode remains unchanged. However, the clamping condition is not exactly identical for each
microbeam so their natural frequencies are different. As we can see in Table 2, the identified
torsional spring which modelizes the clamping condition is different for each device. But
these differences are also due to other small imperfections such as the non-uniformity of the
thicknesses or planar dimensions.
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Figure 6: Frequencies of each mode (a) and amplitude ratio of the two cantilevers in each mode (b) as a
function of the DC voltage.

For the pull-in instability, the DC balancing voltage that we use are all low compared to
the static pull-in voltage which is around 12V . It means that the length difference between
the two designed cantilevers is suitable for the device.

By varying the applied DC voltage, we obtain the frequency loci veering (Fig. 6a) [40] and
the model fits the experimental results. On each mode, there is a little difference between
the frequencies of each microbeams and the frequency of the short cantilever was considered
for this figure. When we are not at the veering point, the amplitude ratio in Fig. 6b shows
that the vibration to either side of the balancing state is localized. As reported in [41], the
vibration of the first mode is localized in the softest microbeam and that of the second mode
is localized in the stiffest microbeam. With the same applied DC voltage, the vibration is
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(a) (b)

Figure 7: Mode shapes of the device at the veering point: the symmetric mode (a) and the anti-symmetric
mode (b)

more localized in device 1. Indeed, a DC voltage not corresponding to the balanced state
constitutes a stiffness perturbation and the device with the weakest coupling is the most
sensitive. The theoretical results of the amplitude ratio show a curve with the same shape,
but the difference with the experimental results is more important when the DC voltage is
too low or too high. In device 1, these cases correspond to the mode (1; 0) or the mode (0; 1).
In these modes, the vibration is localized in one of the two cantilevers (an amplitude ratio
around 15 for the in-phase mode when VDC = 8V ) so the vibration amplitude of the other
one becomes too small to be accurately measured.

5.2. Frequency responses at the veering point

We consider now the device 2 and its frequency responses at the veering point are shown in
Fig. 8. The AC voltage for the excitation is vAC = 10mV and the DC voltage is VDC = 5.85V ,
as previously mentioned. The amplitude response shows that we have the same amplitude on
both cantilevers at the resonance frequency so we get the symmetric and the anti-symmetric
modes. The comparison also shows that there is a good agreement between both results
obtained from the model and from experimental measurement. As the difference between
the frequencies of the two modes depends on the coupling parameter, this result implies that
the modeling of the coupling beam is validated. It can also be verified in the two other
devices by comparing the frequencies at the veering point (Fig. 6a). Concerning the phase
response, we note in Fig. 8c that the phase shift between the vibrations of the two cantilevers
and the excitation is equal to −90◦ for the symmetric mode. This same phase shift means
that the two cantilevers vibrate in-phase, and we get the mode shape shown in Fig. 7a. For
the anti-symmetric mode, the phase shift of the short cantilever is −90◦ while that of the
long cantilever is −270◦. The difference of 180◦ between the phase of the two cantilevers
means that their vibrations are out-of-phase, and we get the mode shape shown in Fig. 7b.

6. Mass detection

In order to highlight the phenomenon of mode localization used for mass detection, a
small mass perturbation of m̃ = 6 pg and representing 0.1 % of the cantilever mass is added
at the end of the long cantilever (x̃m = 100µm) . After that, the theoretical amplitude
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Figure 8: Frequency responses of the device 2 for vAC=10mV and VDC = 5.85V : amplitude response of
the short cantilever (L1 = 98µm) (a), amplitude response of the long cantilever (L2 = 100µm) (b) and
experimental phase response of the two cantilevers (c).

response is plotted, as shown in Fig. 9.
At the veering point, we remind that we have identical amplitude on both cantilevers. Af-
ter adding the mass perturbation, we notice in Fig. 9 that the vibrations become localized.
The theoretical result with a coupling beam at 5.5µm shows the most localized vibrations
because it corresponds to the weakest coupling. In order to investigate the sensitivity of the
device, we consider this coupling and simultions are performed with a mass perturbations
between 0 pg and 30 pg. It represents a relative mass between 0% and 0.5% . Eigenstate shift
is often used as output metrics for mode localized sensors [42] so we determine it for each
added mass. It consists in calculating | ui − u0i | / | u0i |, where u0i and ui are respectively
the eigenstate of the mode i before and after adding the mass perturbation. The frequency
variation of each mode is also calculated and results are shown in Fig. 10.
We note in Fig. 10a that the eigenstate shift is more important for the second mode and the
sensitivity of the linear region is around 2.50 %/pg . For the frequency variation, Fig. 10b
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Figure 10: Eigenstate shift (a) and frequency variation (b) for x̃c = 5.5µm

shows that we have more variation in the first mode and the sensitivity is just around
0.03 %/pg.

7. Conclusion

A MEMS mass sensor composed of two cantilevers with different lengths and connected
by a coupling beam is presented in this paper. The proposed model uses two Euler-Bernoulli
beams coupled by a torsional spring and it is used to design the device. Experimental in-
vestigation is then carried out. By using the required DC voltage in each device, we have
obtained the symmetric and the anti-symmetric modes at the veering point. These results
show that it is possible to overcome the manufacturing defects by using a non-symmetrical
system which can be then balanced by the electrostatic forces. The DC balancing voltage
that we use is not the same for the three devices due to some disparities in the geometry,
but it is close to the half of the pull-in voltage. Therefore, the length difference between the
two cantilevers is appropriate for the device. Some parameters of the model are identified
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experimentally at the veering point, but using these same parameters with other actuation
voltages leads to results close to those of the experiments. By changing the coupling between
the two cantilevers, we still have good agreement between experimental and theoretical re-
sults. This confirms that the modelization of the mechanical coupling is efficient. Therefore,
it can be used to find the optimal coupling which will give the highest sensitivity for the
sensor. Finally, the proposed model is used to investigate the mode localization after adding
a mass perturbation. The eigenstate shift gives a sensitivity which is two orders of magnitude
higher than the frequency variation sensitivity. Future works will consist in the experimental
characterization of the sensor under mass perturbations.
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