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Within the frame of vertically coupled silicon nitride (Si3N4) resonators characterized with 220 GHz free spectral 
range driven by a continuous wave laser at 1.55 µm for Kerr comb generation, the design of achromatic critically 
coupled resonators may bring severe issues because of the difficulty in designing dispersion-free access couplers 
with controlled coupling factor over a large spectral bandwidth. As a consequence of this, numerical simulations of 
Kerr frequency comb in these structures may drastically differ from reality if frequency-dependence of the access 
coupler’s properties is not taken into account in the simulated model. In order to address this issue, we have 
developed a numerical model that takes into account the frequency dependence of the access coupler coefficients 
and remains valid even for the simulation of low Q factor resonators. Field propagation within the ring is described 
by the nonlinear Schrödinger equation. Novelty in the model resides in the computation of a complex-valued, 
frequency dependent coupling transfer function between resonant ring and underlying access waveguide that 
models frequency-dependent dispersion and losses in the access coupling region of the resonator. Based on 
simulation results, we discuss on the differences observed in Kerr comb generation in resonators with three 
different coupler designs initially intended to yield critical coupling over the largest achievable bandwidth.  

http://dx.doi.org/10.1364/AO.99.099999 

Introduction  
The work of T. Hänsch and J. Hall on optical frequency combs with 

mode-locked lasers has contributed to optical frequency metrology by 
enabling a coherent link between optical and microwave 
frequencies  [1]. This work has allowed and led to the development of 
new technologies and applications like coherent terabit 
telecommunication  [2], ultra-short pulse generation  [3], optical 
waveform synthesis  [4], astronomical spectrometry  [5], comb 
spectroscopy  [6], low phase noise microwave and terahertz 
generation  [7]. 

Besides the generation techniques based on femtosecond mode 
locked lasers  [8], optical resonators present an attractive and compact 
alternative to these systems due to their mode selectivity and power 
enhancement properties. The high quality factor (Q) that is achievable 
with optical resonators along with the strong confinement of light in 
the mode volume of the optical medium that makes up the micro-
resonators are very favorable properties for the generation of Kerr 
Frequency combs (KFC) with low pump power threshold. Since Q 
factor is ultimately determined by the material absorption, the highest 

Q factors are achievable with fused silica micro sphere  [9], CaF2  [10], 
MgF2  [3] and SrF2  [11] toroidal resonators, materials that allow Q 
factor values higher than 1010. However, achieving ultra-high total Q 
factor requires precise control of the coupling system which is delicate 
with tapered fibers and technically challenging with prism 
injection  [12]. Despite a higher absorption, silicon nitride (Si3N4) 
planar resonators offer an interesting alternative due to higher 
nonlinear refractive index (𝑛2 = 2.5 10−15 𝑐𝑚2. 𝑊−1) of the 
material which compensates lower Q factors that usually do not 
exceed 107in these structures. On top of that, this technology is robust, 
compatible with CMOS technology and operational in the 
telecommunication band free of two photon absorption and free 
carrier absorption  [13]. It has been proven that dispersion engineering 
in these structures can be adjusted to provide adequate dispersive 
properties for KFC generation at almost any wavelength [14]. In 
addition to this, the generation of an octave spanning KFC covering 
128 THz from a Si3N4 resonator with 226 GHz FSR has already been 
experimentally demonstrated by Okawachi et al. [15]. 

In the last decade, intensive numerical studies on KFC generation 
have been published [16–20]. The main formalisms used to model 
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nonlinear optical cavities are the coupled mode equations and Lugiato-
Lefever (LL) formalism. These formalisms model the dynamics of high 
finesse optical cavities and rely on the hypothesis that variations of the 
intra-cavity field between successive round-trips is small  [21,22]. 
Coupled mode equations, where intra-cavity comb dynamics are 
described by a set of coupled partial differential equations that each 
describe the dynamics of each resonator mode is an advantageous 
modelling approach that allows for the implementation of frequency 
dependent losses, coupling coefficients and Kerr nonlinear 
coefficient  [18] but remains valid for high finesse cavities only. A 
variety of numerical methods that each presents different advantages 
have been put in place to solve the LL equation. Common approaches 
to solve the LL equation and study the dynamics of nonlinear optical 
cavities are split-step based methods. Note that also a 
multidimensional root-finding Newton-Raphson method has been 
used in [16] to very quickly obtain steady-state solutions of the LL 
equation. 

In the case of vertically coupled Si3N4/SiO2 racetrack resonators 
(Fig. 1), previous work led by Arlotti  [23] has demonstrated a 
significant frequency dependence of complex-valued coupling 
coefficients that end up inducing additional fluctuations of Q factor and 
dispersion with frequency. Taking into account this frequency-
dependent coupling, strong and potentially significant degradations of 
resonator quality factor become apparent which may impact KFC 
formation dynamics and shape. With lower Q factor, intra-cavity field 
variations between successive round-trips may become more 
pronounced and thus conventional modelling approaches may not be 
best suited to approach these specific cases of study. 

In this this paper we propose a numerical iterative scheme based on 
the Ikeda map  [24] that separates field propagation in the ring 
resonator from optical coupling between the ring and the access 
waveguide similar to the one used in reference  [25]. The Ikeda map 
model remains valid even when strong fluctuations of intra-cavity field 
between successive round-trips take place. Furthermore, because 
coupling and intra-cavity propagation are each treated separately, this 
numerical scheme easily allows the implementation of non-reciprocal 
and frequency-dependent access coupler transfer function of a 
resonator while correctly modelling the behavior of the device. This is, 
however, at the expense of higher computation cost compared to the 
LL equation since the propagation step-size cannot be larger than the 
cavity length when using this model as the basis for simulations. A 
fourth order, Runge-Kutta method in the interaction picture (RK4IP) is 
used to solve the nonlinear Schrödinger equation over the length of the 
cavity and simulate intra-cavity field propagation [26].  

All along this paper we will compare three specific designs of 
vertically coupled Si3N4/SiO2 resonators with the same resonant ring 
but different coupling designs that were theoretically studied in  [23] in 
order to obtain critical coupling over a spectral range larger than 
30 nm at 1550 nm pump wavelength. Section 1 of this paper is 
dedicated to the description of the numerical model. In section 2, the 
cold cavity transfer function properties are described. The main 
numerical results on Kerr frequency comb generation are presented 
and discussed in section 3. 

1. Description of the Ikeda map for KFC  
The approach presented in this paper consists in modelling the 

cavity by the means of an iterative method that computes separately 
the propagation of the electrical field within the ring resonator from 
the coupling of an external, initially blue detuned, cw pump laser 
whose central frequency is linearly shifted toward lower frequencies 
across the cold resonator resonance frequency. This iterative approach 
combines at each iteration two models: the Generalized NonLinear 
Schrödinger Equation (GNLSE) that describes intra-cavity light 

propagation and a transfer matrix model that describes propagation 
through the coupler. The use of the Ikeda map to model the optical 
cavity allows an interesting degree of latitude as it can be applied to 
any optical cavity regardless of its finesse or quality factor, thus 
providing a reliable tool for the implementation of the information 
about frequency-dependent coupling provided by Arlotti et al. in  [23] 
in the simulation of KFC generation. 

In Fig. 1, the ring resonator schematic representation depicts a ring 
resonator with cavity length 𝐿 corresponding to a free spectral range 
𝐹𝑆𝑅 = 𝑐 𝑛𝑔𝐿⁄  where 𝑛𝑔 is the ring resonator group index at pump 

wavelength and c the speed of light in vacuum. The round-trip time of 
the pump laser frequency is given by  𝑇𝑅 = 1/𝐹𝑆𝑅.  

 

 

Fig. 1. Schematic of the modelled vertically coupled racetrack 
resonator: 𝐴𝑚 represents the intra-cavity field during round-trip 𝑚 
after propagation over the cavity length. 𝐴𝑖𝑛 and  𝐴𝑜𝑢𝑡 refer 
respectively to the input and output field at the underlying access 
waveguide. 

Before providing a general description, it is necessary to depict the 
following assumptions included in our numerical model. We consider 
an ideal ring resonator that supports a single waveguide mode. It is 
also assumed that light is linearly polarized and keeps its polarization 
unchanged at any location of the resonator, which is equivalent to 
neglecting any impact caused by birefringence during propagation. 
Hence this model can be applied to any optical resonator in which 
ignoring these effects is acceptable, regardless of the cavity length or 
geometry. 

The two time-scale approach presented in this paper associates a 
slow time-scale to the variable 𝑡 = 𝑚𝑇𝑅  to the 𝑚-th round-trip of light 
circulating inside the resonator with 𝑇𝑅  the cavity round-trip time, and 
a fast time-scale to the variable 𝜏 comprised between −𝑇𝑅/2 and 𝑇𝑅/2 
that describes the temporal distribution of the optical signal circulating 
inside the cavity. 

A. Optical coupler: Transfer function 

Interactions between intra-cavity fields (𝐴̃𝑚; 𝐴̃𝑚−1) and underlying 
waveguide in the coupling region of the resonator during the passage 
from round-trip 𝑚 − 1 to round-trip 𝑚 are described by the following 
relation 

 [
𝐴̃𝑜𝑢𝑡

𝐴̃𝑚(𝑧 = 0)
] (𝜔) = [

𝜅1 𝜌1

𝜌2 𝜅2
] [

𝐴̃𝑚−1(𝑧 = 𝐿)

𝐴̃𝑖𝑛

] (𝜔) (1) 

The matrix representation given above is the so called transfer 
function of the access coupler applied to the Fourier transform of the 
slowly varying envelopes of electric fields entering and leaving the 
coupling region according to Fig. 1. Here, the direct Fourier transform 
is expressed as: 



 𝐴̃(𝑧, 𝜔) = ∫ 𝐴(𝑧, 𝑡)
+∞

−∞

𝑒−𝑗𝜔𝑡𝑑𝑡 (2) 

Complex-valued coefficients 𝜌𝑖  and 𝜅𝑖  (𝑖 = 1 𝑜𝑟 2) correspond 
respectively to the wavelength-dependent transmission and coupling 
coefficients of the resonator’s access coupler (Fig. 1). Their absolute 
value determines the amplitude of the transmission and coupling at a 
given wavelength. The phase of these coefficients accounts for the 
spectral dependence of the optical path of light in the coupler. In this 
way, the dispersive properties of the coupling mechanism are properly 
represented in this numerical framework. In order to respect the 
conservation of energy, the absolute value of the determinant of the 
matrix involved in (1) has to be unitary at any wavelength: 

 |𝜅1𝜅2 − 𝜌1𝜌2| = 1 (3) 

Eq. (3) has been verified a-priori for every case of study presented in 
this paper.  

B. Intra-cavity propagation 

Intra-cavity light propagation can be accurately described by the 
generalized nonlinear Schrödinger equation for the slowly varying 
envelope A(z, τ) of the electric field, 

 

𝜕𝐴(𝑧, 𝜏)

𝜕𝑧
= −

𝛼

2
𝐴(𝑧, 𝜏) + (∑ 𝑗𝑛+1

𝛽𝑛

𝑛!

𝜕𝑛

𝜕𝜏𝑛
𝐴(𝑧, 𝜏)

𝑛≥2

) 

+𝑗𝛾 (1 +
𝑗

𝜔0

𝜕

𝜕𝑡
) [𝐴(𝑧, 𝜏) ((1 − 𝑓𝑅)|𝐴(𝑧, 𝜏)|2

+ 𝑓𝑅 ∫ ℎ𝑅(𝑠)

+∞

−∞

|𝐴(𝑧, 𝜏 − 𝑠)|2𝑑𝑠)] 

(4) 

where 𝜏  denotes the local time in a so-called moving frame 
travelling along with the optical envelope at pump frequency group 
velocity 𝑣𝑔 = 𝑐/𝑛𝑔. The relationship between 𝜏  and t is 𝜏 = 𝑡 − 𝑧/𝑣𝑔. 

The phenomena taken into account by GNLSE are: the linear 
attenuation through coefficient 𝛼, the dispersion coefficients 𝛽𝑛, 𝑛 ≥ 2 
whereas the nonlinear dispersion is taken into account through the 
simplified optical shock parameter 𝜏𝑠ℎ𝑜𝑐𝑘 = 1/𝜔0. Instantaneous 
Kerr effect manifests itself through the term (1 − 𝑓𝑅)|A(z, τ)|2. Self-
induced Raman scattering is taken into account by the convolution 
product between the instantaneous power |A(z, τ)|2 and the Raman 
impulse response. 

The GNLSE (4) can be very efficiently solved numerically by a 
variant of the symmetric split-step method termed the Interaction 
Picture (IP) method  [27,28]. Combined with an embedded Runge-
Kutta (RK) scheme with order 4(3) to solve the nonlinear part of the 
GNLSE, it provides a robust and efficient step-size adaptive numerical 
method well suited for the purposes of the present study. Details on 
the RK4(3)-IP method, including a downloadable C++ software can be 
found in  [26]. 

As the scope of this paper consists in studying the spectral 
dependence of the coupling effect on KFC formation, we restrict the 
GNLSE to its NLSE form given by eq. (5) thus limiting propagation 
effects to linear losses, group-velocity dispersion and Kerr effect. 

 

𝜕𝐴(𝑧, 𝜏)

𝜕𝑧
= −

𝛼

2
𝐴(𝑧, 𝜏) + ∑ 𝑗𝑛+1

𝛽𝑛

𝑛!
𝑛≥2

𝜕𝑛𝐴(𝑧, 𝜏)

𝜕𝜏𝑛

+ 𝑗𝛾𝐴(𝑧, 𝜏)|𝐴(𝑧, 𝜏)|2 
(5) 

By solving the NLSE (5) along with the boundary conditions 
imposed by the coupler transfer function (eq. (1)) at each round-trip m, 

the dynamics of a ring resonator can be studied. The system formed by 
eqs. (1), (5) is referred in the literature as an Ikeda map  [24]. For high 
finesse cavities, these two equations are usually averaged into a driven 
damped NLS  [15, 20] which lends itself for analytical developments by 
neglecting the ability to take into account the frequency dependence of 
coupling factors and losses in simulations. By keeping the model as 
described above, it is possible to take into account frequency variations 
of the coupling and transmission coefficients as well as the non-
reciprocity of the cavity and the frequency dependent propagation 
losses in the context of the simulation of KFC generation and regardless 
of the cavity quality factor or finesse. 

C. Frequency dependent parameters 

Arlotti et al. have designed in  [23] three different access coupling 
regions intended for Si3N4 resonators with 220 GHz FSR to operate in 
the critical coupling regime over a large frequency bandwidth when 
pumped in the optical C-band. In reference  [23] the parameters that 
are modified to achieve the desired coupling properties are the access 
waveguide cross-section dimensions and the separation distance 
between the Si3N4 cavity and the underlying access waveguide. The 
size, shape and material properties of the cavity remain unchanged. All 
along this manuscript, in each figure the labels 1 (black curve) and 3 
(gray curve) will refer to couplers with phase mismatched structures 
(PMM) that allow critical coupling over a bandwidth of up to 330 nm in 
the best case scenario. The main difference between the two cases 
labelled 1 and 3 resides in the choice of a different separation distance 
between ring resonator and access waveguide. For the sake of 
comparison, label 2 refers to quasi-phase-matched (QPM) structure 
where the access waveguide and resonator’s mode present the same 
effective index. Unlike the PMM structure, the QPM structure allows for 
achromatic coupling conditions on a much narrower bandwidth of 
23 nm. Observation of |𝜌𝑖| in Fig. 2 clearly indicates the wide and close 
to critical coupling bandwidth that generally requires |𝜌𝑖| > 0.98 
depending on the wavelength. This bandwidth tends to be one order of 
magnitude narrower with QPM structure (label 2, red curve). Also, it is 
worth mentioning that for all three couplers non-zero 𝜅𝑖  and 𝜌𝑖  
arguments are responsible for additive intra-cavity chromatic 
dispersion. We will come back to this feature and its significant impact 
on KFC generation in section 2.  

 

 

Fig. 2. Absolute values of coupling (𝜅1,2) and transmission (𝜌1,2) 

coefficients for each coupler (labelled 1, 2 and 3) as a function of 
simulated optical mode numbers. Labels 1 and 3 (left vertical axis) 
refer to PMM structure whereas label 2 (right vertical axis) refers to 
QPM structure (see [23]). 

As the material and geometrical properties (e.g. bending radius) of 
the racetrack resonator have a direct impact on the spectral 
dependence of dispersion (𝛽𝑛) and propagation losses (𝛼) of the ring 
resonator [29], we have limited our choice to a single specific design of 



Si3N4/SiO2 racetrack resonator. The spectral dependence of 𝛼 and 𝛽2 
depicted in Fig. 3 illustrates respectively an attenuation coefficient of 
29.69 (𝑚−1) and an anomalous chromatic dispersion of 
−18.88 (𝑝𝑠2. 𝑘𝑚−1) at 1.55 µm, the pump laser wavelength. In order 
to accurately implement these properties into our numerical model, 
both attenuation and dispersive effects are respectively represented in 
eq. (5) through a vector expression of 𝛼(𝜔) and a 10th order Taylor 
series expansion of 𝛽(𝜔) with coefficients 𝛽𝑛 that matches with the 
group velocity dispersion (GVD) fluctuations with frequency illustrated 
in Fig. 3.a. Last, the ring resonator studied in simulations is made up of 
high confinement Si3N4 material characterized by a Kerr coefficient 
𝛾 = 1200 (𝑊−1. 𝑘𝑚−1)  [13,29]. 

 

 

Fig. 3. Representation of the frequency dependent linear coefficients 
of our modelled Si3N4 ring resonator: a) Ring resonator wave vector 𝛽 
(black) and group velocity dispersion 𝛽2(red); b) Material losses are 
expressed as intensity losses in (m-1). 

2. Analytical description of the cold cavity properties 

A. Transfer function 

It is interesting to study the ring resonator behavior in the linear 
regime i.e. with sufficiently low optical power so that the nonlinear 
term doesn’t manifest itself in the NLSE (see eq. (5)). In this regime, 
resonator’s cavity enhancement properties, resonance linewidth and 
mode structure can very easily be determined analytically. By 
assuming no Kerr nonlinearity in (5), intra-cavity field propagation can 
be described by the following analytical solution, 

 𝐴̃𝑚(𝜈𝑘) = 𝐴̃𝑚−1(𝜈𝑘)𝑒
−(

𝛼
2

−𝑗(∑
𝛽𝑛
𝑛!

(−2𝜋(𝜈𝑘−𝜈0))𝑛)𝑛≥2 )𝐿
 

 (6) 

where 𝜈𝑘 is the frequency of the mode 𝑘 in an evenly spaced 
frequency grid centered around the pumped mode resonance 
frequency 𝜈0 so that 𝜈𝑘 = 𝜈0 + 𝑘. 𝐹𝑆𝑅 (𝑘 ∈ ℤ). By combining 
relation (6) with the coupler’s transfer function (1), the resonator’s 
transfer function 𝑇(𝜑) is easily determined in the steady state regime 
at any given wavelength and is expressed as, 

 𝑇(𝜑) =
𝐴̃𝑜𝑢𝑡

𝐴̃𝑖𝑛

=
𝜌1 + (𝜅1𝜅2 − 𝜌1𝜌2)𝐿̂𝐷̂𝑒𝑗𝜑

1 − 𝜌2𝐿̂𝐷̂𝑒𝑗𝜑
 (7) 

where ring propagation losses and dispersion are respectively 

modelled by operators 𝐿̂ = 𝑒−
𝛼

2
𝐿 and 𝐷̂ = 𝑒+𝑗(∑

𝛽𝑛
𝑛!

(−2𝜋(𝜈𝑘−𝜈0))n)L𝑛≥2 . 
The variable 𝜑 represents the linear phase accumulated by the intra-
cavity field over one round-trip with respect to the FSR spaced 
frequency grid. This linear phase is linked to the shift in frequency 
𝑓 ∈ [−𝐹𝑆𝑅/2; 𝐹𝑆𝑅/2]  which represents the frequency detuning in 

the vicinity of kth optical mode: 𝑘2𝜋 + 𝜑 = 2𝜋
𝜈𝑘+𝑓

𝐹𝑆𝑅
. 

 

B. Quality factor and power enhancement factor 

Maximizing the resonator’s quality (Q) factor over the widest 
achievable bandwidth favors the KFC generation process by reducing 
the total round-trip losses that have to be overcome by parametric gain 
in order for modulation instability to manifest itself and give rise to an 
optical frequency comb. The resonator’s Q factor is a measure of 
round-trip losses and is linked to the full-width at half maximum 
Δ𝑓1

2⁄  of the squared absolute value of the cavity’s transfer function 

|𝑇(𝜑)|2 at frequency mode 𝜈𝑘 and thus, gives useful information 
pertaining to the selectivity of the cavity. The quality factor at a given 
frequency 𝜈𝑘 is expressed as follows: 

  𝑄 =  
𝜈𝑘

𝛥𝑓1
2⁄

 (8) 

In this numerical work, by using relation (7), it is possible to 
compute the local Q factor at each resonance all along the simulated 
frequency span and for each coupling scheme. As depicted in Fig. 4, 
whatever the coupling design is, a similar Q factor ≈ 1.4 105 is 
observed at pumping wavelength. However, one can appreciate how 
the coupling design drastically affects Q-factor value with frequency. It 
is easy to distinguish the case corresponding to QPM structure 
(coupler 2) as it corresponds to a high quality factor over a 
considerably narrower bandwidth compared to that of the two other 
cases. 

 

 

Fig. 4. Frequency-dependence of Q factor for each of the different 
access coupling regions described in section 1. Labels 1 and 3 refer to 
PMM coupling structure whereas label 2 refers to QPM structure. 

To favor KFC generation in optical resonators it is also important to 
optimize the pump laser energy storage in the ring cavity. Pump 
energy storage efficiency is quantified through the ring cavity power 
enhancement factor (PEF) defined as the ratio intra-cavity power at 
resonance over input pump power. An analytical expression of a 
resonator’s PEF as a function of its coupling and intra-cavity properties 
can be deduced from (1) and (6) and it is given by, 

 𝑃𝐸𝐹 =
|𝐴̃𝑚|

2

|𝐴̃𝑖𝑛|
2 =

|𝜅2|2

|1 − 𝐿̂𝜌2|2
 (9) 

The PEF is a function of 𝜅2 and 𝜌2 coefficients, as a consequence it is 
a function of frequency. PEF achieved with each coupler design is 
depicted below in Fig. 5. 

As illustrated in Fig. 5, PEF strongly differs for each case of study. A 
maximum PEF of 210 at pump wavelength is obtained with the third 
coupler design. The simultaneous observation of Q factor and PEF as 
function of frequency confirm that PMM coupler structure and more 
precisely the third design will favor KFC generation as it guarantees a 
maximum PEF at the desired pump wavelength and optimum Q factor 
over the largest bandwidth that minimizes degenerate FWM power 
threshold, by means of minimizing total round-trip losses. For passive 
resonators, it is of greatest interest to design the coupler so that 



resonator’s critical coupling is obtained in the vicinity of pump 
wavelength, while maintaining a high quality factor elsewhere.  

 

 

Fig. 5. Resonator’s PEF as a function of frequency for each access 
coupler design described in section 1.C. 

C. Cold cavity resonance mismatch 

Chromatic dispersion affects the spacing between resonator’s 
modes and thus creates resonance mismatch. In optical resonators, 
dispersion can result from whispering gallery modes, meaning that 
some modes propagate at the outer edges of the resonator while other 
propagate closer to the inner edge of the racetrack waveguide (or 
closer to the center of the cavity in the case of mini-disks, micro-
spheres…) and material dispersion which is the frequency dependence 
of a material’s refractive index. Dispersion plays a crucial role in KFC 
generation because it allows phase matching to occur between the 
comb spectral components thanks to Kerr effect. 

Intra-cavity and coupler dispersion are taken into account 
separately in the model presented in this paper. Intra-cavity dispersion 
accounts for all sources of dispersion during propagation in the ring 
cavity. It is modeled by the 𝛽𝑛 coefficients in the propagation eq. (5). 
Hence, the cold cavity resonance frequency mismatch ∆𝜈𝑐  induced by 
intra-cavity propagation can be deduced from the dispersion 
coefficients 𝛽𝑛 by the relation 

 ∆𝜈𝑐 =  
𝐹𝑆𝑅

2𝜋
(∑

𝛽𝑛

𝑛!
(−2𝜋(𝜈𝑘 − 𝜈0))𝑛

𝑛≥2

𝐿) (10) 

However in eq. (10) ∆𝜈𝑐 does not describe the effects of dispersion 
imposed to the intra-cavity signal when it crosses the access coupler.  

 

Fig. 6. Cold resonance frequency mismatch for the three resonators 
under study, taking into account all sources of dispersion (coupler 
and intra-cavity dispersion). The dashed line labelled 4 represents the 
resonance frequency mismatch caused by dispersion during intra-
cavity propagation only for comparison. Dispersion coefficients are 
taken into account up to the tenth order. 

To that effect, eq. (7) can be used to determine the exact position of 
the resonance peaks associated to all the simulated resonator modes, 
thus giving a resonator’s cold resonance frequency mismatch taking 
into account total round-trip dispersion consisting of both, intra-cavity 
and coupler dispersion.  

The cold resonance frequency mismatch of each resonator 
normalized with respect to the cavity FSR is represented in the above 
Fig. 6. The effects of intra-cavity dispersion alone are also represented 
with a dashed curve 4 for comparison purposes. The importance of 
taking coupler dispersion into account in our simulations becomes 
apparent as the mode structure of each resonator is strongly shaped by 
its access coupler design, further highlighting the importance of the 
work performed in reference  [23]. 

In  [30] Bao et al. studied the effect of mode pulling due to the Kerr 
effect in nonlinear resonators and they demonstrated that, in the 
formation of cavity solitons inside an optical resonator, Kerr-induced 
mode-pulling is responsible for pulling the cold cavity resonance into 
an evenly-spaced resonance mode structure that produces 
appropriate and stable phase matching conditions for the existence of 
a KFC in the resonator. In fact, the demonstration provided by Bao et al. 
can be reproduced with the model presented in this paper by applying 
it to eq. (5) instead of the Lugiato-Lefever equation used in  [30]. By 
taking the Fourier transforms of the intra-cavity propagation equation 
(5), one obtains, 

 

𝜕𝐴̃(𝑧, 𝜔)

𝜕𝑧
= −

𝛼

2
𝐴̃(𝑧, 𝜔) 

+𝑗 ∑
𝛽𝑛

𝑛!
𝑛≥2

(−(𝜔 − 𝜔0))𝑛𝐴̃(𝑧, 𝜔) 

+𝑗𝛾𝑅𝑒{𝐴̃(𝑧,⋅)⨂𝐴̃(𝑧,⋅)⨂𝐴̃∗(𝑧,⋅)}(𝜔) 

−𝛾𝐼𝑚{𝐴̃(𝑧,⋅)⨂𝐴̃(𝑧,⋅)⨂𝐴̃∗(𝑧,⋅)}(𝜔) 

(11) 

where 𝐴̃∗ denotes the complex conjugate of Ã, the Fourier 
transform of the complex envelope 𝐴, and ⨂ denotes the convolution 
product. In eq. (11) one can identify the phase modulation terms due to 

intra-cavity dispersion 𝑗 ∑
𝛽𝑛

𝑛!𝑛≥2 (−(𝜔 − 𝜔0))𝑛 (Fig. 6 dashed line) 

and more importantly the phase modulation term due to nonlinear 

effect 𝑗𝛾𝑅𝑒{Ã(z,⋅)⨂Ã(z,⋅)⨂𝐴̃∗(z,⋅)}(ω)/Ã(ω, τ) that is responsible 

for the compensation of all phase mismatch effects when a KFC is 
generated inside the cavity. This nonlinear term is linked to the Kerr-
induced resonance mismatch in frequency units 

 ∆𝜈𝑘 =
𝐹𝑆𝑅

2𝜋

𝛾𝑅𝑒{𝐴̃(𝑧,⋅)⨂𝐴̃(𝑧,⋅)⨂𝐴̃∗(𝑧,⋅)}(𝜔)

𝐴̃(𝜔, 𝜏)
 (12) 

To conclude, the total residual hot resonance mismatch  (∆𝜈ℎ) of a 
resonator when power is circulating inside the optical cavity is the sum 
of the cold resonance mismatch (∆𝜈𝑐) and Kerr-induced resonance 
mismatch (∆𝜈𝑘): 

 ∆𝜈ℎ = ∆𝜈𝑐 + ∆𝜈𝑘 (13) 

Hence,  ∆𝜈ℎ , quantifies how much each resonator mode is pulled 
into an equally spaced frequency grid. For a given mode, a small 
residual mismatch means that the cavity resonance is aligned with the 
corresponding comb component being generated close to that mode. 
Since coupler dispersion is actually a supplementary source of 
dispersion in our study (Fig. 6 curves 1, 2 and 3), the nonlinear phase 
modulation term has to compensate the total resonator dispersion and 
not only the dispersion phase modulation term given in eq. (11).as: 

j∑
𝛽𝑛

𝑛!𝑛≥2 (−(𝜔 − 𝜔0))𝑛. 

When a wide and stable frequency comb is generated in an optical 
resonator, Kerr induced resonance mismatch compensates the cold 
cavity resonance mismatch producing a hot cavity mode structure that 
is aligned with the generated comb teeth. As ∆𝜈𝑘  is directly 
determined by the Fourier transformed intra-cavity field (12), and ∆𝜈ℎ 
has to be sufficiently small in order for the generated modes to oscillate 
freely in the resonator, ∆𝜈𝑐 , and thus dispersion, determines the comb 



shape that can be expected to be generated in a given resonator as it 
determines the necessary phase matching conditions to be satisfied. 

From the resonance mismatch curves presented in Fig. 6, we can 
determine that resonator 2 has the best suited dispersive properties 
for the generation of KFCs since it has the flattest mismatch curve out 
of the three resonators and the only one that presents zero-crossing 
points (around modes -140 and +140) suggesting the possibility of 
dispersive wave emission around these spectral regions  [31]. With a 
frequency-independent quality factor, it is the dispersive properties of 
a resonator that determines the shape and the bandwidth of a 
frequency comb for a given pump power  [31]. This same resonator, 
however, presents a narrow-band high quality factor (Fig. 4) around 
the pumped mode that strongly degrades as the mode number 
increases, reaching minima of the order of 1500 around mode -140 
and 2200 around mode 140, all of which will hinder the comb 
generation and spreading process as will be seen in the section to 
come. Resonators 1 and 3 have similar cold mismatch structures but 
resonator 3 has a flatter one which thus favors wider frequency combs 
than resonator 1. 

3. Simulation results and discussion 
KFC generation simulations rely on the iterative model presented in 

section 1, where equations (1) and (5) serve as the basis for numerical 
simulations. Pump laser detuning with respect to the pumped 
resonator mode is a crucial parameter in Kerr comb generation. 
Indeed, due to the Kerr effect, the refractive index of a nonlinear optical 
cavity increases as optical power is accumulated, lengthening the 
optical path of light which results in a shift of the cavity resonance 
towards lower frequencies. The frequency detuning of the pumped 
laser has to be controlled in such a manner that it follows the Kerr 
induced pumped resonance shift to efficiently store the necessary 
power levels in the resonator that lead to Kerr frequency comb 
excitation [3]. 

To that effect, a cw pump laser of average power 𝑃0 as described in 
the temporal domain by, 

 𝐴𝑖𝑛(𝜏) = √𝑃0𝑒𝑗𝛿 + 𝑛(𝜏) (14) 

is used in simulations. The frequency of the pump laser is initially 
blue-detuned with respect to the cold cavity resonance and linearly 
shifted towards lower frequencies across the cold cavity resonance via 
the phase detuning parameter 𝛿. 

An additive white Gaussian noise source 𝑛(𝜏), that models laser 

spontaneous emission, 150 𝑑𝐵 weaker than the cw pump laser is used 
as a seeding signal for degenerate four wave mixing (FWM) 
interactions that take place in the initial stages of KFC generation [32]. 

For the sake of comparison, 𝑃0 has been adapted for each resonator 
properties described in section 2 so that the stored intra-cavity pump 
power represented by the product 𝑃𝐸𝐹(𝜈0)𝑃0 remains constant 
despite their different 𝑃𝐸𝐹(𝜈0). Hence, because of this normalization, 
the differences observed in KFC formation may only be attributed to 
discrepancies in frequency-dependent Q-factor and dispersive 
properties of each resonator. The pump power has been adjusted to 
1.7, 4.2 and 1 W for resonators 1, 2 and 3 respectively. 

Fig. 7.a represents intra-cavity power accumulation in the absence 
of nonlinear effects as the pump laser frequency is swept through the 
pumped mode resonance. The Lorentzian shape of the resonances is 
maintained and maximum power accumulation is the same for each 
resonator. The minor variation in resonance half-width is a result of 
the slight difference in quality factor at pumped mode of each 
resonator (cf. Fig. 4). Fig. 7.b shows power accumulation in each 
resonator when the Kerr effect is taken into account but in the absolute 
absence of noise (i.e. seeding signal 𝑛(𝑡, 𝜏) = 0). In the absence of 
perturbations, no degenerate FWM interactions (MI) can take place in 

the cavity. Due to the pump power normalization used in simulations, 
power accumulation remains the same for each cavity because self-
phase modulation is the only nonlinear effect taking place in this 
specific instance. As a conclusion, by normalizing pump power, i.e. by 
keeping the product 𝑃𝐸𝐹(𝜈0)𝑃0 constant, any differences that will be 
observed in KFC generation dynamics and its steady-state profile will 
be attributed to factors other than the PEF at the pumped mode. 

 

 

Fig. 7. Average intra-cavity power storage for each resonator design 
as pump laser wavelength is scanned over the cold cavity resonance 
from shorter to longer wavelengths. a) case of a dispersive cavity only 
𝛽𝑛 ≠ 0, 𝛾 = 0; b) 𝛽𝑛 ≠ 0, 𝛾 ≠ 0, 𝑛(𝑡, 𝜏) = 0. 

Fig. 8.a shows the intra-cavity average power accumulation during 
laser scan simulations for each resonator with normalized pump 
power, including the nonlinear Kerr effect and using a seeding signal 
that allows for modulation instability (MI) and FWM interactions to 
take place. Intra-cavity power storage dynamics are shown to be highly 
dependent on the quality-factor profile and the dispersive properties of 
each nonlinear resonator. Unlike resonator 2, the intra-cavity power 
accumulation dynamics of resonators 1 and 3 strongly resembles the 
conventional profile observed when parametric amplification occurs. 
Indeed, one can correlate the identified marks in Fig. 8.a to well-known 
functioning regimes shown in Fig. 8.b that subsequently appear during 
pump laser frequency scan. 

In Fig. 8.b, inset I refers to the temporal and spectral profile 
corresponding to the apparition of the first modulation sidebands in 
each resonator. Further increasing the detuning leads to the formation 
of temporal patterns shown in inset II  [33]. These patterns correspond 
to a mode-locked frequency comb with a spacing corresponding to an 
integer number of cavity FSRs. With much larger detuning, more 
power is accumulated in the cavity thus leading to the broadening of 
the sidebands generated in II until they overlap and fill the resonator 
modes between them  [32]. This conducts to the formation of a broad 
but incoherent FSR-spaced frequency comb labelled as the chaotic MI 
regime (Fig. 8.b, inset III). Inset IV depicts the stable multiple pulses 
regime where temporal pulses with constant space between them 
circulate in the cavity. The generated spectrum is not smooth but 
stable. It results from the superposition of the respective comb 
spectrum associated to each pulse circulating at the same repetition 
rate. 

In the case of resonator 2, the average intra-cavity power 
accumulation dynamic (Fig. 8.a.2) does not resemble those observed 
for its counterparts (resonators 1 and 3). Indeed, the average power 
accumulation profile shows a sharp drop around the 0.01 normalized 
detuning mark. The resonance shift induced by self-phase modulation 
is observed in resonator 2. However, due to strong losses, parametric 
nonlinear effects are strongly degraded and power exchanges between 
the pumped mode and the generated comb are weak. This leads to a 
power accumulation trace that more closely fits the one observed in 
Fig. 7.b.



 

Fig. 8. Numerical results showing the Kerr comb generation process in resonators 1, 2 and 3. a) Average intra-cavity power as a function of frequency 
detuning during laser scan simulations. b) Intra-cavity field time-domain power distribution and power spectrum density (PSD) at different stages 
during laser scan simulations: I- Apparition of the first modulation sidebands. II- Formation of temporal patterns. III- Chaotic MI regime. IV- Stable 
multiple pulses regime. 

We can see from inset I that the appearance of the first modulation 
sidebands occurs only when a cw optical power of around 95 W is 
circulating inside the optical cavity, as opposed to resonators 1 and 3 
where less than 30 W is enough to excite modulation instability. In 
addition to this, these MI generated sidebands are formed close to the 
pumped mode, around modes ±18 as opposed to resonators 1 and 3 
where the first MI sidebands are generated around modes ±50 and 
±68 respectively. Indeed, as depicted in Fig. 4, resonators 1 and 3 
possess quality factor profiles that maintain the same order of 
magnitude over a wide spectral region. On the other hand, resonator 2 
is characterized by a narrowband high quality factor around the 
pumped mode that suffers strong degradations with frequency and a 
contrast of a factor of 97 between the quality factor at the pumped 
mode and the lowest quality factor in the simulated spectral domain. 
As the parametric gain engendered by the pump has to overcome the 
resonator’s losses in order for MI to occur, a substantially higher power 
(more than 3 times the necessary circulating power in resonators 1 
and 3) is needed in resonator 2 to initiate the comb generation process 
because of the fast degradation of total quality factor (round-trip 
losses) as the frequency increases. Furthermore, after the formation of 
temporal patterns in resonator 2, the chaotic MI regime does not seem 
to take place with the pump power used in simulations. The comb 
regime in resonator 2 immediately goes from temporal patterns (inset 
II, resonator 2) to a stable train of pulses (inset IV, resonator 2) after 
the drop in average intra-cavity power around the 0.01 normalized 
detuning mark mentioned above. 

Although frequency scan simulations may potentially be 
comparable with experiments, they do not always yield the single 
soliton regime which may require numerous laser scan simulations in 
order to be generated and in some cases may not be accessible at all in 
this manner. Alternatively, different approaches exist in order to 
reliably achieve the single soliton regime. From an experimental 
standpoint, another method such as the pump laser forward then 
backward tuning has been shown to be effective in controlling the 

number of pulses generated in the cavity  [34]. From a theoretical 
standpoint, the use of a single-shot pulse to deterministically trigger 
the single soliton state in an optical resonator has recently been 
studied and could present an interesting alternative to frequency scan 
simulations conventionally used in practice [35].  

The hard excitation method consisting in performing sudden 
changes in pump power or frequency detuning; as was initially 
proposed by Matsko et al. in  [36] is the method we used in this study 
in order to obtain single pulse solutions supported by each resonator 
and depicted in Fig. 9. For each resonator, regular frequency scan 
simulations are performed until the chaotic MI regime is achieved. 
Then, an abrupt detuning of the pump laser frequency is performed 
towards lower frequencies. By appropriately choosing the frequency 
detuning offset, the single pulse regime and its associated smooth 
spectrum are obtained. This allows for better interpretations than the 
multiple pulses spectra shown in Fig. 8.b (inset IV). 

Fig. 9 shows the single soliton spectra generated in this fashion 
along with the cold resonance mismatch for resonators 1 and 3 and the 
frequency-dependent Q factor for resonator 2. It becomes clear in 
Fig. 9.a and Fig. 9.c that the spectrum associated with the generated 
pulse is determined by the dispersive properties of the resonator (cold 
resonance mismatch) when Q factor fluctuations are not significant as 
evidenced by resonators 1 and 3. However, Fig. 9.b shows that a strong 
Q factor degradation can, in fact, degrade the spectral occupation of the 
generated KFC by acting as losses for the generated comb lines. Indeed, 
photons generated through parametric nonlinear effects are less 
efficiently stored in spectral regions where Q factor is low. In the case 
of resonator 2, excessive round-trip losses are due to extrinsic Q factor 
degradation through the sharp fluctuation of output coupling 
coefficient 𝜅1 (see Fig. 2). 

Here, the sharp contrast of Q factor seems to limit the bandwidth of 
the generated spectrum and further modifies comb shape in addition 
to the dispersion properties of the cavity and access coupler. The 
dispersive properties of resonator 2 (cf. Fig. 6) even suggest the 

a)

b)



potential for the generation of dispersive waves around modes -140 
and 140 that would further increase comb bandwidth. However, with 
losses (Q factor) being strongest (lowest) around these spectral modes, 
this effect does not take place. 

 

 

Fig. 9. Intra-cavity single pulse PSD supported by each simulated 
resonator. The power spectral density associated to each pulse is 
represented with respect to the left vertical axis. Normalized cold 
resonance mismatch for resonators 1 (a) and 3 (c) and Q factor for 
resonator 2 (b) are represented by the dashed line along the right 
vertical axis. 

It is however important to recall that the bandwidth and shape of 
the generated KFC will be mainly dictated by the dispersive properties 
of the resonator as a whole because the generated comb has to “fit” in 
the resonator’s mode structure as evidenced by equations (11), (12) 
and (13) by producing an effective hot resonance mismatch Δ𝜈ℎ that is 
small enough so that parametric interactions between comb lines can 
take place. Degradations with frequency of total resonator losses (Q 
factor), can induce additional changes to comb bandwidth and shape 
when significant enough, as evidenced mainly by case 2 studied in this 
paper. In parallel the comb initiation process can be hindered as 
evidenced by the frequency scan trace of resonator 2 in Fig. 8.a.2. 
Similarly, we could expect that an increase in Q factor around the 
parametric sidebands engendered by the pump laser could decrease 
the power threshold for comb generation by means of reducing round-
trip losses. 

Fig. 10 illustrates the hot resonance residual mismatch ∆𝜈ℎ during 
laser scan simulations for resonator 3. This phase-mismatch curve is 
obtained using eq. (13) at different stages during laser scan 
simulations. During the apparition of the first modulation sidebands 
and temporal patterns, the flat regions observed in insets I and II 
coincide perfectly with the spectral regions where sidebands are being 
generated suggesting stable FWM interactions between spectral 
components (see Fig. 8.b insets I and II for resonator 3). However, no 
stable phase matching takes place during the chaotic regime as it was 
previously reported in  [30]. In this regime, power exchanges between 
the spectral components of the comb take place in an apparently 
random (chaotic) fashion. Hence the chaotic distribution of the 
temporal intra-cavity field and phase of its spectral components. Inset 
IV shows the phase matched mode structure of the hot resonance in 
the stable pulsed regime. The residual hot cavity resonance mismatch 
observed in this figure remains flat over a large bandwidth and shows 
that phase matching (cavity mode alignment) is achieved over a large 
bandwidth. 

 

Fig. 10. Evolution of the hot resonance mismatch ∆𝜈ℎ  during laser 
scan simulations for resonator 3. Insets I through IV correspond to the 
stages of comb generation presented in Fig. 8. 

Last but not least, an important aspect to consider when working 
with vertically coupled structures is the shaping of the output signal 
induced by the resonator’s coupler. The fact that 𝜅1 is frequency-
dependent will inherently modify the outgoing spectrum shape. This 
particular effect is of significant importance when the output spectrum 
no longer replicates its intra-cavity counterpart as evidenced by Fig. 11 
in comparison with Fig. 9. This issue is of particular importance in the 
context of coupler design since it most certainly will modify the shape 
of the only accessible signal in practice. 

 

Fig. 11. Output single pulse PSD (left vertical axis) superimposed with 
the output coupling coefficient 𝜅1 of each respective resonator’s access 
coupler : 1 (a), 2 (b) and 3 (c) 

4. Conclusion 
We have developed a numerical tool based on the Ikeda map for 

KFC generation in vertically coupled Si3N4 microresonators that eases 
the implementation of spectral dependence in the coupling and 
dispersive properties of the coupling design.  

a)

b)

c)

a)

b)

c)
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Based on a selection of three different coupling schemes dedicated 
to produce a wide-band critically coupled resonator we have 
numerically highlighted and analytically interpreted strong 
discrepancies in the KFC generation process and steady-state profile 
showing a strong impact of quality factor as well as resonator’s mode 
structure. Indeed, modifications of PEF at the pumped resonator mode 
impact comb generation power threshold through pump power 
accumulation efficiency. However, even for normalized pump power 
accumulation dynamics, simulations show that the comb generation 
process is highly dependent on the spectral profile of the resonator’s Q 
factor when a strong contrast occurs between the pumped mode and 
parametric gain regions (resonator 2). When Q factor remains of the 
same order of magnitude over the simulated bandwidth (resonators 1 
and 3), comb generation dynamics and shape are mainly dictated by 
the resonator’s mode structure i.e. its dispersive properties. Further 
flattening the cavity mode structure would lead to the generation of a 
wider spectra  [14, 37]. Hence careful attention has to be paid in the 
design of access coupler as it can result in degradation of Q factor and 
mode structure with frequency especially with the intent of generating 
KFC.  

Our numerical model could serve as a benchmarking tool with 
alternative Si3N4 ring resonators based on horizontal coupling schemes 
which are nowadays widely deployed [15]. Besides, our technique 
could apply to alternative technologies like silica micro-sphere or MgF2 
mini-disk since a spectral description of the coupler is achievable. 
However, the simplifying approximations described in section 1 need 
to be acceptable and nonlinearity should be limited to Kerr effect. 
Indeed, according to specific conditions, stimulated Brillouin scattering 
(SBS) may occur if the ring resonator’s Brillouin frequency shift is a 
multiple of FSR  [38], and severely affect the KFC generation dynamic. 
Implementation of additive SBS in the ring resonator would need 
heavy modification of the ring propagation equation into respective co- 
and contra- propagating equation and acoustic phonon rate 
equation  [39]. Also, Brillouin backscattering effect may happen when 
tapered fiber is employed as access coupling waveguide because of 
strong mode effective area reduction [40]. Other undesirable nonlinear 
effect like stimulated Raman scattering (SRS) may occur and disturb 
the Kerr comb generation too [41]. Contrary to SBS the SRS effect could 
be rapidly numerically computed by replacing propagation equation 
(5) with the GNLSE (4) [26, 27]. 

In addition to this, the implementation of a simulation method that 
separates intra-cavity propagation from access coupling limits the 
intra-cavity propagation step-size to a maximum value that equals the 
cavity round-trip length. Within the scope of the experimental cases 
presented in this paper i.e. for resonators showing a Q factor ranging 
from 105 to 106, this limitation doesn’t bring a time consuming 
computation effort. However for higher Q factors i.e. for resonators 
showing a longer storage time, one could expect simulation time to 
become significantly higher. A different approach such as the coupled 
mode equations approach may suit better [22]. Nonetheless, we expect 
our numerical investigations to be useful and bring a better 
understanding in Kerr comb generation. 
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