
STABILITY CROSSING CURVES OF LINEAR
SYSTEMS WITH SHIFTED FRACTIONAL

γ-DISTRIBUTED DELAYS

Irinel Constantin Morărescu ∗
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Abstract: This paper focuses on the characterization of the stability crossing
curves of a class of linear systems with shifted fractional gamma-distributed delay.
First, we describe the frequency crossing set, i.e., the set of frequencies where the
characteristic roots may cross the imaginary axis as the parameters change. Next,
we describe the stability crossing curves, i.e., the set of parameters (average delay,
gap) such that there exists at least one characteristic root on the imaginary axis.
Such stability crossing curves divide the parameter-space into different regions,
such that within each such region, the number of strictly unstable roots is fixed.
The classification of the stability crossing curves is also discussed and illustrated.
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1. INTRODUCTION

One of the classical problems in the stability anal-
ysis of a dynamical system is to understand how
a stable equilibrium state or a steady motion be-
come stable/unstable with a change of the param-
eters, see, e.g. Seyranian and Maylibaev [2003].
Without any loss of generality, the correspond-
ing parameter-space will be divided in various
stability and instability domains, such that, in
the linear case, the number of unstable charac-
teristic roots is invariant with respect to all the
points of the parameter space inside the region,

and such that for each point of the boundaries
the corresponding characteristic equation has at
least one root on the imaginary axis. In the se-
quel, such a root will be called critical, and cor-
responding frequency a crossing frequency. It is
well known that such a problem becomes partic-
ularly difficult in the delay systems case, see, for
instance, El’sgolts and Norkin [1973], Niculescu
[2001], Gu et al. [2003] and the references therein.
Among the methods to perform such a task, we
cite in particular two ”dual” methods: the D-
subdivision and τ -decomposition, respectively. As



explained in Michiels and Niculescu [2007], the
distinction between these methods lies on the way
the delay is treated.

The current paper focuses on the characterization
of stability crossing curves for a class of systems
of linear systems with shifted fractional gamma-
distributed delay. Such kernels have been used
in different applicative areas since they offer an
excellent fit to the data in many situations as, for
example in biology, or networks control. More pre-
cisely, the kernel may represent the distribution of
maturation delay of hematopöıetic stem cells as
in Bernard et al. [2001], Haurie et al. [2000], Hearn
et al. [1998], or the total network delay where
the gamma distribution is used to model queueing
delay as discussed in Li and Mason [2007].

In the sequel, we will consider the parameter space
defined by the delay terms, that is (average delay,
gap) and the proposed approach follows the lines
of Gu et al. [2005], Morărescu et al. [2007] for the
class of systems under consideration. Without any
lack of generality, the approach we are proposing
enters in the class of τ -decomposition methods,
and it can be resumed as follows: we start by
describing the frequency crossing set. For this class
of systems, we characterize the stability crossing
curves, i.e., the set of parameters (average delay,
gap) such that there is at least one pair of charac-
teristic roots on the imaginary axis. Such stability
crossing curves divide the parameter space R2

+

into different regions, such that within each such
region, the number of strictly unstable charac-
teristic roots is fixed. The classification of the
stability crossing curves is largely discussed. It is
worth to mention that to the best of the authors’
knowledge, there does not exist similar results
in the open literature for the class of fractional
systems considered here.

The following standard notation will be adopted:
C (C+, C−) is the set of complex numbers (with
strictly positive, and strictly negative real parts),
and j =

√
−1. For z ∈ C, ∠z, ℜ(z) and ℑ(z) define

the argument, the real part and the imaginary
part of z. R (R+, R−) denotes the set of real
numbers (larger or equal to zero, smaller or equal
to zero). N is the set of natural numbers, including
zero and Z the set of integers.

2. PRELIMINARIES

Consider the problem of stability analysis of a
general class of delay differential equations (DDE)
that can be described in frequency-domain by the
following characteristic function:

H(s, α, β) = Q(s) + P (s)f(s, α, β), (1)

where P and Q denote polynomials with deg(P ) <
deg(Q), f is an analytic function (in a domain

which contains the right half-plane), containing
at least one exponential function such that (1) is
transcendental, with α, β real parameters control-
ling the behavior of the system. Furthermore, we
assume that:

Assumption 1. The polynomials P (s) and Q(s)
do not have common zeros.

It is obvious that if Assumption 1 is violated then
P , Q have a common factor c(s) 6= constant.
Simplifying by c(s) we get a system described by
(1) satisfying Assumption 1.

Let us precise that, for instance, a complete char-
acterization of H∞-stability for such general sys-
tems is not known. So that, ’stability’ word is used
as an abuse of language in this section as well as in
section III, describing only the absence of poles in
the closed right half-plane. However, for systems
considered in section IV, it can be deduced from
Bonnet and Partington [2002] that H∞-stability is
equivalent to the condition ’no poles in the right
half-plane’ and ’stability’ has a stronger meaning
there.

As mentioned in the Introduction, the aim of this
paper is to present the way the location of the
roots of the characteristic function of the type (1),
behaves in the parameter-space defined by the pair
(α, β). Without any loss of generality, the conti-
nuity dependence of the roots of the characteristic
function with respect to the parameters α and
β 1 reduce the (stability) analysis to the following
problems:
(a) first, to detect crossings with respect to the
imaginary axis jR since such crossing are related
to changes in the stability behavior. In other
words, we need to compute the frequency crossing
set denoted by Ω, which consists of all positive
frequencies corresponding to the existence of at
least one critical characteristic root. As we shall
see later, the frequency crossing set is reduced to
a finite collection of intervals. This set will be de-
rived by using geometric arguments; (b) second,
to describe the behavior of critical roots under
changes of parameters in (α, β) parameter space.
More precisely, we will detect switches (reversals)
corresponding to the situation when critical char-
acteristic roots cross jR towards instability (sta-
bility). Excepting some explicit computation of
the crossing direction, we will also briefly discuss
the smoothness properties as well as with some
appropriate classification of the stability crossing
boundaries.

1 See, for instance, Datko [1978] or El’sgolts and Norkin
[1973] for further remarks on the dependence of the roots
of DDE’s with respect to delay parameters, see also Bon-
net and Partington [2007] for some considerations in the
fractional case



Finally, another useful related concept is repre-
sented by the characteristic crossing curves con-
sisting of all pairs (α, β) for which there exists at
least one value ω ∈ Ω such that H(jω, α, β) = 0.

3. SMOOTHNESS OF THE CROSSING
CURVES AND CROSSING DIRECTION

In the sequel, let us consider that the frequency
crossing set Ω is given and the stability crossing
curves are described by the smooth mappings
ω 7→ α(ω), ω 7→ β(ω). Denote also by Th an
arbitrary crossing curve and consider the following
decompositions into real/imaginary parts:

R0 + jI0 = j
∂H(s, α, β)

∂s

∣

∣

∣

∣

s=jω

,

R1 + jI1 =
∂H(s, α, β)

∂α

∣

∣

∣

∣

s=jω

,

R2 + jI2 =
∂H(s, α, β)

∂β

∣

∣

∣

∣

s=jω

.

Then, since H(s, α, β) is an analytic function of
s, α and β, the implicit function theorem indicates
that the tangent of Th can be expressed as







dα

dω
dβ

dω







s=jω

=

(

R1 R2

I1 I2

)−1 (

R0

I0

)

(2)

=
1

R1I2 − R2I1

(

R0I2 − R2I0

R1I0 − R0I1

)

,

provided that

R1I2 − R2I1 6= 0. (3)

It follows that Th is smooth everywhere except
possibly at the points where either (3) is not
satisfied, or when

dα

dω
=

dβ

dω
= 0. (4)

If (4) is satisfied then straightforward computa-
tions show us that R0 = I0 = 0. In other words
s = jω is a multiple solution of (1).

We will call the direction of the curve that corre-
sponds to increasing ω the positive direction. We
will also call the region on the left hand side as
we head in the positive direction of the curve the
region on the left. To establish the direction of
crossing we need to consider α and β as functions
of s = σ+jω, i.e., functions of two real variables σ
and ω, and partial derivative notation needs to be
adopted. Since the tangent of Th along the positive

direction is

(

∂α

∂ω
,
∂β

∂ω

)

, the normal to Th point-

ing to the left hand side of positive direction is
(

−∂β

∂ω
,
∂α

∂ω

)

. Corresponding to a pair of complex

conjugate solutions crossing the imaginary axis
along the horizontal direction, (α, β) moves along

the direction

(

∂α

∂σ
,
∂β

∂σ

)

. So, as (α, β) crosses the

stability crossing curves from the right hand side
to the left hand side, a pair of complex conjugate
solutions crosses the imaginary axis to the right
half plane, if

(

∂α

∂ω

∂β

∂σ
− ∂β

∂ω

∂α

∂σ

)

s=jω

> 0, (5)

i.e. the region on the left of Th gains two solutions
on the right half plane. If the inequality (5) is
reversed then the region on the left of Th loses
two right half plane solutions. Similar to (3) we
can express
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s=jω

=

(

R1 R2

I1 I2

)−1 (

I0

−R0

)

(6)

=
1

R1I2 − R2I1

(

R0R2 + I0I2

−R0R1 − I0I1

)

.

Proposition 1. Assume ω ∈ Ω, and s = jω is a
simple root of (1) and H(jω′, α, β) 6= 0, ∀ω′ >
0, ω′ 6= ω (i.e. (α, β) is not an intersection point of
two curves or different sections of a single curve).
Then as (α, β) moves from the region on the right
to the region on the left of the corresponding
crossing curve, a pair of solutions of (1) crosses
the imaginary axis to the right (through s = ±jω)
if R1I2 − R2I1 > 0. The crossing is to the left if
the inequality is reversed.

4. STABILITY CROSSING CURVES
CHARACTERIZATION

In the sequel let us consider

f(s, α, β) =
1

(s + α)m/n
e−sβ

where m, n ∈ Z, n 6= 0, α ∈ R+ and s ∈ C \
(−∞,−α]. In order to deal with fractional delay
systems of retarded type, we make the following
assumption.

Assumption 2. deg(P ) − m

n
< deg(Q).

In this case, the characteristic function (1) rewrites
as:

H(s, α, β) = Q(s) + P (s)
1

(s + α)m/n
e−sβ . (7)

The aim of this section is to characterize the
stability crossing curves in the (α, β) parameter
space. The presentation is as simple as possible,
and intuitive.



4.1 Identification of the crossing set

Let T denote the set of all (α, β) ∈ R+ × R+

such that (7) has at least one zero on jR. Any
(α, β) ∈ T is known as a crossing point. The set
T , which is the collection of all crossing points,
is known as the stability crossing curves. If ω ∈
R and (α, β) ∈ R+ × R+ then H(jω, α, β) =
H(−jω, α, β). Therefore, in the sequel, we only
need to consider positive ω.

Proposition 2. The frequency crossing set Ω con-
sists of a finite union of bounded intervals.

PROOF. Let ω ∈ Ω be a crossing frequency.
Considering s = jω and applying the modulus
to (7) one gets

|Q(jω)| =

∣

∣

∣

∣

P (jω)

(jω + α)m/n

∣

∣

∣

∣

. (8)

If Q(jω) = 0 one can easily derive that P (jω) = 0
and Assumption 1 is violated. In a similar way
P (jω) = 0 implies Q(jω) = 0. Therefore,
Q(jω)P (jω) 6= 0, ∀ω ∈ Ω and (8) rewrites as

∣

∣

∣

∣

P (jω)

Q(jω)(jω + α)m/n

∣

∣

∣

∣

= 1. (9)

Since deg(P ) < deg(Q) + m
n the left hand side

of (9) tends to 0 when ω 7→ ∞. This means that
there exists ωM > 0 such that Ω ∩ R+ ⊂ (0, ωM ].
Furthermore (9) has solutions (ω, α(ω)) if and
only if















|ω|m/n ≤
∣

∣
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Q(jω)

∣

∣

∣

∣

, m/n > 0,

|ω|−m/n ≤
∣

∣

∣

∣

Q(jω)

P (jω)

∣

∣

∣

∣

, m/n < 0.
(10)

In this case

α2 =

∣

∣

∣

∣

P (jω)

Q(jω)

∣

∣

∣

∣

2n/m

− ω2. (11)

It is clear that (10) holds for ω in a finite union
of intervals and the proof is completed.

4.2 Identification of crossing points

Proposition 3. Given ω ∈ Ω∩R+, the correspond-
ing crossing points are given by:

α =

√

∣

∣

∣

∣

P (jω)

Q(jω)

∣

∣

∣

∣

2n/m

− ω2, (12)

β =
1

ω

(

(2p + 1)π + ∠P (jω) − ∠Q(jω)

−m

n
arctan

(ω

α

)

)

, (13)

where p ∈ Z.

PROOF. The definition of α follows directly
from (11). The definition of β is obtained from
(7) since ∠Q(jω) must be equal modulo an integer

number of 2π with ∠

(

P (jω)

(jω+α)m/n e−jωβ
)

.

In the sequel we consider Ω =
⋃N

k=1 Ωk and we do
not restrict ∠Q(jω) and ∠P (jω) to a 2π range.
Rather we allow them to vary continuously within
each interval Ωk. Thus, for each fixed p ∈ Z, (12)
and (13) define a continuous curve. Let us denote
by T p

k,± the curve corresponding to Ωk with p ∈ Z

and α defined using ”+” or ”-”, respectively. We
note that we have an infinite number of curves
corresponding to each interval.

4.3 Classification of the crossing curves

Let the left and right end points of interval Ωk

be denoted as ωℓ
k and ωr

k, respectively. Due to
Assumptions 1 and 2, it is not difficult to see that
each end point ωℓ

k or ωr
k must belong to one, and

only one, of the following three types:

Type 1a. It satisfies the equation Q(jω) = 0
and m/n > 0.

Type 1b. It satisfies the equation P (jω) = 0
and m/n < 0.

Type 2. It satisfies the equation

|ω|m/n =

∣

∣

∣

∣

P (jω)

Q(jω)

∣

∣

∣

∣

.

Type 3. It equals 0.

Let us denote a generic end-point by ω0, which
may be either a left end or a right end of an
interval Ωk. Then the corresponding points in T p

k,+

may be described as follows:

If ω0 is of type 1a, then as ω → ω0 α → ∞ and

β → 1

ω0

(

(2p + 1)π + ∠P (jω0) − lim
ω→ω0

∠Q(jω)
)

.

(14)
Obviously,

lim
ω→ω0

∠Q(jω) = ∠

[

d

dω
Q(jω)

]

ω→ω0

(15)

if ω0 is the left end point ωℓ
k of Ωk, and

lim
ω→ω0

∠Q(jω) = ∠

[

d

dω
Q(jω)

]

ω→ω0

+ π (16)

if ω0 is the right end point ωr
k of Ωk. In other

words, T p
k,+ approaches a horizontal line.

If ω0 is of type 1b, then as ω → ω0 α → ∞ and

β → 1

ω0

(

(2p + 1)π − ∠Q(jω0) + lim
ω→ω0

∠P (jω)
)

.

(17)
Again T p

k,+ approaches a horizontal line.

If ω0 is of type 2, then α = 0. In other words, T m
k

intersects the τ -axis at ω = ω0.
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Obviously, only ωℓ
1 may be of type 3. In this case,

α → |P (0)/Q(0)|n/m
and β → ∞ as ω → 0.

Therefore (α, β) approaches a vertical line. It is
noteworthy that in some particular cases for p = 0
one gets π + ∠P (jω) − ∠Q(jω) = 0 implying:

β −→
ω→0

[

d

dω
∠P (jω)

]

ω→0

−
[

d

dω
∠Q(jω)

]

ω→0

− m

n

∣

∣

∣

∣

P (0)

Q(0)

∣

∣

∣

∣

−n/m

,(18)

that is

β −→
ω→0

P ′(0)

P (0)
− Q′(0)

Q(0)
− m

n

∣

∣

∣

∣

P (0)

Q(0)

∣

∣

∣

∣

−n/m

, (19)

resulting in (α, β) approaching a limit point.

Moreover, we can see from (7) that whenever there
exists α ∈ R+ such that αm/n = −P (0)/Q(0),
then ω = 0 will be a solution of the characteristic
equation independently of the value of β so that
T p

k,+ includes a vertical line.

We say an interval Ωk is of type ℓr if its left end
is of type ℓ and its right end is of type r. We may
accordingly divide these intervals into 10 types.

5. EXAMPLES

In order to illustrate the proposed results, we shall
consider two academic examples:

Example 1. (types 32 and 22). Let m = 1, n = 2,
P (s) = 3s2+2s+3 and Q(s) = s2+s−1. Figure 1
plots |P (jω)|/|Q(jω)| and |ω|m/n against ω. From
the plot, it can be seen that the crossing set Ω
contains two intervals, Ω1 = [0, 0.8895] of type
32 and Ω2 = [1.34, 8.4489] of type 22. Figure 2
shows the stability crossing curves for Ω1. With
ω → 0, we can notice that for p = 0, the curve
is in the special case where (α, β) goes first to
a limit point and then join a vertical axis. But
for all other cases, the graphic is asymptotic to
a vertical line. Finally, when ω → ωr

1 = 0.8895,
all curves end on the β-axis. Figure 3 shows the
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stability crossing curves for Ω2, which is of type
22. As it can be easily remarked, it consists of a
series of curves with both ends on the β-axis.

Example 2. (types 31a and 1a2). For the sec-
ond example, let us consider m = 1, n = 2,
P (s) = 2s + 5 and Q(s) = s2 + 2. Figure 4 plots
|P (jω)|/|Q(jω)| and |ω|m/n against ω. From the
plot, it can be seen that the crossing set Ω con-
tains two intervals, Ω1 = [0,

√
2] of type 31a and

Ω2 = [
√

2, 2.5441] of type 1a2. Figure 5 shows the
stability crossing curves for Ω1. We precise that as
ω → 0 the graphic asymptotically approaches the
vertical line α = 6.25. When ω → ωr

1 =
√

2, all
the curves are asymptotic to a horizontal line. To
conclude the academic examples, Figure 6 shows
the stability crossing curves for Ω2, which is of
type 1a2, and consists of a series of curves which
starts on a horizontal line and ends on the β-
axis. It can be shown that this system is stable
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for (α, β) = (0, 0), but there is no value of α
for which the system does not cross the stability
curves when β increases.

6. CONCLUDING REMARKS

This paper addressed the asymptotic stability
of a class of linear systems with fractional γ-
distributed delays. More precisely, the characteri-
zations of the stability crossing curves and corre-
sponding crossing frequency set are proposed.
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