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a b s t r a c t
Truss lattice structures are intricate geometries, whose fabrication has recently been simplified by the
development of Additive Manufacturing (AM) technologies. These lightweight geometries present great
volume densities and surface-to-occupancy ratios, which makes them ideal for thermal dissipation
applications. This paper introduces a new framework for the parametric design of graded truss
lattice structures that maximize passive cooling. It exploits the results of a semi-analytic formulation
and analysis of the volume density and surface-to-occupancy ratio of state-of-the-art unit cells. In
particular, it comes out that any truss lattice structure presents an optimal beam diameter over unit
cell size ratio that maximizes its surface-to-occupancy value. This value and the ratio for which it is
reached are identified and compared for the most common unit cells. The unit cell with the maximal
surface-to-occupancy ratio is then identified, along with its set of optimal parameters, taking into
account additive manufacturing constraints. The validation of this optimal geometry is performed by
populating pre-defined design spaces of both academic and industrial case studies. An orientation
strategy and a parametric gradation approach are also proposed to further optimize the generated
heat sinks and maximize passive cooling. These results are very helpful to support decision making
during the parametric design of a heat sink and to identify, a priori, the optimal unit cell, its control
parameters, its orientation and its gradation strategy. The generated geometries are compared with
traditional heat sink structures through static heat dissipation simulations, in order to demonstrate
their interest.

1. Introduction
Recently developed Additive Manufacturing (AM) technologies
are experiencing a great popularity rise among manufacturing
companies, enabling the fabrication of intricate parts so far inconceivable [1]. Indeed, these breakthrough technologies catch the
attention of many industrial fields (e.g. aerospace, automotive,
defense or medical sectors) very much interested in exploring
the design capabilities of AM to create high-value metallic or
plastic components [2]. As opposed to subtractive manufacturing
technologies, AM consists in joining materials to create objects
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from 3D models, usually layer upon layer [3]. Thanks to this
approach, lattice [4] and porous structures, organic structures
resulting from topological optimization [5], or parts with tortuous flow channels [6] are becoming possible and easier to
manufacture. However, there still exists a gap between those
newly offered manufacturing capabilities and the available design
methodologies and tools, which prevents their full adoption and
exploitation [7]. Thus, a paradigm shift is clearly needed by developing ad-hoc models, methods and tools to support the definition
and treatment of those complex shapes all along the Product
Development Process (PDP).
This new way of thinking and designing the products shapes
and functionalities widens the range of possibilities, allowing
much more freedom for the direct embedment of advanced
features, as well as for the optimization of their mechanical
properties. Among them, incorporating lattice structures within
the objects seems very promising to improve the performances
(e.g. mass reduction, strengthening, thermal dissipation) of 3D
printed products. This article focuses on the parametric design
and optimization of graded truss lattice structures to enhance the
heat dissipation of complex parts. It introduces a new

Fig. 1. Heat sinks designed by means of traditional fins (a), or incorporating a
graded truss lattice structure (146 629 beams) for enhanced heat dissipation (b).

framework to support the design and generation of such intricate
geometries. These lightweight geometries present great volume
densities and surface-to-occupancy ratios, and are therefore very
well suited for the design and optimization of heat sinks. Fig. 1
shows heat sinks designed by means of traditional fins or incorporating a graded lattice structure following the framework
proposed in this paper. However, these ratios may vary depending on the adopted type of unit cell, its intrinsic parameters,
its orientation and gradation within the lattice structure, all
of which are being studied in this paper. More precisely, this
article demonstrates that any truss lattice structure presents an
optimal beam diameter over unit cell size ratio that maximizes
its surface-to-occupancy value. This value and the ratio for which
it is reached are identified and compared for the most common
state-of-the-art truss lattices. The unit cell with the maximal
surface-to-occupancy ratio is then identified, along with its set of
optimal parameters, taking into account additive manufacturing
constraints. The validation of this optimal geometry is performed
by populating pre-defined design spaces of both academic and
industrial case studies. An orientation strategy and a parametric
gradation approach are also proposed to further optimize the
generated heat sinks and maximize passive cooling. These results
are very helpful to support decision making during the parametric
design of a heat sink and to identify, a priori, an optimal unit cell,
its control parameters, its orientation and gradation strategy. The
generated geometries are compared with traditional heat sink
structures through static heat dissipation simulations.
The contribution is threefold: (i) a new framework for the
parametric design of graded truss lattice structures that maximize
passive cooling, (ii) a semi-analytic formulation and a theoretical
analysis of the volume densities and surface-to-occupancy ratios
for state-of-the-art unit cells, in order to support decision making
and identify a priori the optimal unit cell and its control parameters, (iii) an approach to generate printable well-oriented and
graded truss lattice structures, in order to further enhance the
dissipation performances.
The paper is organized as follows. After an overview of the current developments on thermal dissipation geometries (Section 2),
Section 3 describes the overall framework composed of several
steps. The semi-analytic formulation and the theoretical analysis
of the volume densities and surface-to-occupancy ratios of the
most common unit cells are detailed in Section 4. In Section 5,
the approach is then discussed and validated on both academic
and industrial case studies, and the performances are compared
with the ones obtained by other heat sinks designs. Section 6 ends
this paper with conclusions and perspectives.
2. Related works
To cool down a system generating thermal energy, one of the
classical ways is to surround the hot temperature source by a heat
sink, in order to maximize the thermal exchange area between
the source and its environment [8]. This simple refrigeration

mechanism is called static heat conduction or passive cooling,
and this is the type of thermal dissipation considered in this
article. Actually, due to their robustness and low maintenance
requirements, those self-contained passive cooling technologies
are much used in many industrial systems. To increase the cooling
performances, an additional solution consists in creating a heat
conducting fluid flow (e.g. air, water or cooling liquid) around
the heat sink in order to avoid thermal accumulation at its surface. This approach is called forced heat convection or active
cooling. It is not directly considered here, even though some
of the results of this article could be exploited to extend the
proposed approach for this type of dissipation. This is further
discussed in the conclusion.
Because thermal energy dissipation problems are governed
by partial differential equations derived from the first law of
thermodynamics, the optimal heat sink geometry is generally
extremely hard to find analytically when considering real-life
configurations [9]. This is why, over the years, various generic geometries, from the simplest to the most intricate one, have been
explored and tuned to resolve this kind of problems [10]. The
pros and cons of the available solutions are discussed in the next
paragraphs.
Fins and pins: these simple geometries are often generated by
extruding a constant cross-section in a rectilinear direction. Fins
consist of thin walls regularly spaced out, whereas pins are vertical pillars distributed over the heating surface. The classical rectangular cross-section of fins can be morphed into spine shapes,
in order to increase thermal dissipation efficiency [9,11]. Likewise, the heat transfer rate of pins with a circular cross-section
can be increased by shaping them like airfoils, reducing the
turbulence in the convective air flow [12]. Fractal-like pins microstructures have also been explored for the design of optimized
heat sink geometries [13]. However, fins and pins, which are
among the simplest heat sinks geometries, do not present optimal
surface-to-occupancy ratios which limits their performance.
Open-cell foams: these lightweight metamaterials can be defined as porous materials with interconnected cavities. Open-cell
foams present good surface-to-occupancy ratios, which make
them good candidates for thermal dissipation [14,15]. Experimental studies have been carried out on metal foams in order to have
a better understanding of their geometrical [16], mechanical [17]
and thermal [18] characteristics. However, because of their random nature, these properties are hard to model or simulate. This
makes them unsuited for a priori parametric design, especially in
the case of heat sink design [19].
Surface-based lattices: defined by the thickening of TriplyPeriodic Minimal Surfaces (TPMS), which are mathematical 3D
functions with zero mean curvature everywhere (locally minimizing their area), surface-based lattice structures are used in particular by the medical industry to generate implants with enhanced
osseointegration properties [20]. Indeed, like open-cell foams,
they demonstrate good surface-to-occupancy ratios, and the exact formulas for these ratios have long been known [21]. Parametric optimization has even been considered to minimize the
surface area of various TPMS [22]. However, despite many investigations on their mechanical properties [23], very few works are
focusing on TPMS thermal applications [24].
Truss lattices: defined as the aggregation of interconnected
beams, truss (or beam-based) lattices can be classified into 2 subgroups: triply periodic lattices (TPL), and stochastic lattices (SL).
Both present good surface-to-occupancy ratios, which makes
them good candidates for thermal dissipation. The first one consists of a space-filling repetition of a specific unit cell. This
repetition pattern is usually made rectilinearly in 3 orthogonal directions, with a cubic unit cell design envelope, and 3
identical constant spacing distances. The properties of TPL with

Fig. 2. Overall framework for the parametric design and the generation of high-performance heat sinks incorporating graded lattice structures.

non-rectilinear repetitions [25], non-cubic unit cell design envelopes and variable spacing distances have been studied. Contrariwise, stochastic lattices correspond to beam-based structures
that do not present any repetition pattern at all. The study of
these structures is similar to the one of open-cell foams. Therefore, only triply periodic lattices with parallelepipedic unit cell
design envelopes and non-identical constant spacing distances
will be considered in this article. It is also established that the
use of truss-based lattices is wide spread within the industry
sector, due to their earlier emergence and the greater range of
available software solutions for their design. This is why the
scope of this article has been restricted in this manner. However,
the dissipation performances comparison of the proposed trussbased lattices parametrization framework to equivalent work
focusing on surface-based structures would be of great interest
for a future paper. Like for TPMS, a lot of content can be found
on mechanical responses of truss lattices [26,27], whereas fewer
results are related to thermal dissipation [28,29]. In particular,
in case of active cooling, the pressure loss contrasting the use
of beam-based lattice structures has been experimentally highlighted [30]. Moreover, still in case of active cooling, experimental
and numerical studies allowed to evaluate the thermal properties
of octet-truss [28]. Finally, a coupling between topology optimization and lattice structures generation has also been investigated
to create complex structures [29].
Topology optimized geometries: also called organic structures,
these geometries are generated after complex structural computations. Based on Finite Element simulation, topology optimization (TO) consists in numerically removing as much material
as possible from an initial design volume, while ensuring that
the so-generated part geometry withstands the initially defined
load case. Because they are not bound to a geometric family,
the way truss or surface-based lattices can be, TO geometries
are less constrained: assuming an infinitely small mesh size, the
globally optimal geometry for a given problem will be one of
the considered solutions. Even if mechanical optimization comes
quicker to mind when talking about TO, many thermal TO investigations have been carried out to identify optimal designs of
2D extruded [31,32] and 3D [33,34] heat sinks. However, TO still
suffers from slow industrialization, because of its significant computation times, its complexity of use requiring a rare expertise,
and its expensive software and hardware requirements [35].
From this literature review, several conclusions can be drawn
on the design of heat sinks. First, even if few articles are looking
into the use of surface-based lattices to enhance thermal exchanges, exact formulas and parametric optimization have been
detailed to optimize the surface area of TPMS. However, no equivalent analysis has been suggested regarding truss lattices. Actually, a lot of effort has been made to study the mechanical
characteristics of truss lattices, but few works consider their
thermal dissipation potential. Beam-based lattices are perfectly
adapted for parametric optimization. They present repetition patterns (unlike open-cell foams or TO geometries), they can be

defined by few simple parameters (unlike TPMS) while demonstrating enhanced surface-to-occupancy ratios (compared with
pins and fins). All this makes them unquestionably well suited
to thermal dissipation.
3. Overall parametric design framework
The overall framework proposed in this article allows the
parametric design and the generation of heat sinks incorporating graded lattice structures for high-performance passive cooling (Fig. 2). It is composed of several steps briefly introduced
in the following paragraphs and further detailed in the next
sections. Following this process, engineers can modify the values
of several control parameters in order to adapt the so-generated
lattice structures to their own passive cooling problem. More details are given throughout the paper concerning the influence of
each parameter on the resulting lattice-based heat sink geometry.

• Design space definition: from an initial part design (that may
or may not already contain a dissipative structure), the design space is delimited, encompassing the maximal volume
in which a heat sink structure can be generated. Together
with the delimitation of the design space is thus specified
a non-design space (or base design) which represents the
functional surface and volume of the initial design that must
be part of the final geometry to manufacture. Later on, a
load case will be defined in order to specify the thermal
conditions to be applied to the part.
• Lattice selection and orientation: according to the heat dissipation problem specificities, a unit cell κ is selected, its size
a and the beam diameter d must be identified in order to
maximize the cooling efficiency, and its orientation parameters oκ have to be tuned in regard to the base design frame in
order to further enhance the thermal dissipation. To support
decision making in this particular step, engineers can exploit
the results and conclusions of the semi-analytic formulation
and analysis presented in Section 4.
• Wireframe generation: within the design space, the overall
lattice wireframe is first generated, by regularly repeating
the corresponding unit cell of size a.
• Lattice volume grading and meshing: once the lattice wireframe has been generated, the diameter of the volume surrounding each skeleton beam must be defined. A vertical
gradation can be optionally realized, by defining a diameter
value at the interface between the base design and the
bottom of the heat sink (dbottom ), and a diameter value at
the top of the dissipative structure (dtop ). The impact of
such a gradation strategy on the overall cooling efficiency
is discussed in more detail in Section 5. The meshing of
the resulting volume is realized thanks to the marching
cubes algorithm, but smarter approaches generating lighter
numerical files can be adopted [36].

Fig. 3. Considered state-of-the-art unit cells and their acronyms.

• Unification: the meshed heat sink geometry is finally
trimmed to the design space delimitation, and merged with
the part base design, forming the final part.
Finally, once the final geometric model has been generated,
a few preparation steps are still required before its 3D printing: specification of the build orientation, generation of the potential support structures, slice of all the parts to build and
selection of the manufacturing parameters.
4. Unit cells volume density and surface-to-occupancy ratio
computation and analysis
This section details the way the volume density and the
surface-to-occupancy ratio are computed. The formulas are then
analyzed to define design rules helpful to support decision making during the parametric design of high-performance latticebased heat sinks. The considered unit cells are listed in Fig. 3
together with their acronyms. Throughout this article, placed
above a particular quantity, the superscript κ is used to highlight
that the value is specific to the considered unit cell.
An infinity of other unit cells could be envisioned. However,
due to space limitation, only the most common academic and industrial ones are considered in this article [10]. The overall framework and semi-analytic decomposition strategy remain anyhow
valid and replicable for any unit cells.
4.1. Semi-analytic unit cell decomposition strategy
To compute the volume density and the surface-to-occupancy
ratio of a unit cell, three main approaches can be distinguished.
The first one is an analytic approach which consists of computing
integrals over intersecting trimmed cylinders, in order to obtain
exact formulas. Even though this technique leads to parametric
equations which can then be differentiated to identify optimum
values, in practice, the equations are complicated to define and
to integrate for each unit cell [37].
Another approach is to use a 3D modeling software to generate
a series of lattices with various parameter values, and to measure
the volume and surface of the generated geometries. Then, a
mathematical regression can be performed to identify the equations that drive the evolutions of these two quantities with
respect to the lattice parameters. Compared to the analytic approach, this technique is flexible and easily implementable, since
the parametric generation of multiple geometries is automated
in most existing 3D modelers. However, as demonstrated later
on in this article, the volume and surface evolutions of a unit cell
are not regular across the whole parametric space. Therefore, the
mathematical regression would perform badly in identifying the

Fig. 4. Decomposition strategy for the computation of the volume density and
surface-to-occupancy semi-analytic formulas (κ = GBCC ).

underlying equations, and would most likely return inaccurate
formulas.
As a consequence, the decomposition strategy proposed in this
article is a semi-analytic hybrid version of the two previously
mentioned techniques. The main idea is to first decompose the
unit cell into nodes and beams, as presented in Fig. 4. Indeed, a
unit cell can be decomposed into nodes of various topologies and
beams of various lengths. The parametrization of the unit cells is
realized through two parameters: the side size a and the beams
diameter d. For a given lattice structure κ , let us note Nnκ the
number of node topologies (or types) and Nbκ the number of beam
types (with different lengths). For instance, when considering
the decomposition of the GBCC unit cell of Fig. 4, it comes that
NnGBCC = NbGBCC = 2.
Once the considered unit cell has been decomposed, the volume and surface of each element can be computed independently (Fig. 4). For a beam type j ∈ J1; Nbκ K, the analytic formulas

κ
SBj
and VBjκ can be easily determined. Differently, for a node type
κ
κ
i ∈ J1; Nnκ K, the evolutions of SNi
and VNi
are identified by
mathematical regressions. The way this is performed is further
detailed in Section 4.3.

κ
Fig. 5. The considered unit cells and cross-section views, together with the corresponding occurrence counts ψNi
, valencies viκ and apparent diameters dapp,i for each
κ
node type, and the occurrence counts ψNj
and beam lengths Lκj for each beam type.

Moreover, the contribution of each element type to the overall
surface and volume depends on its occurrence count. Inspired by
the crystallography theory, with each node type (resp. beam type)
is associated a specific occurrence count per unit cell
κ
κ
ψNi
(resp. ψBj
) corresponding to the number of complete nodes
(resp. beams) that can be created by assembling all the fraction
of nodes (resp. beams) accounted for in the unit cell volume. For
example, the top image of Fig. 4 shows a GBCC unit cell composed
of 4 vertical beams quarters and 8 horizontal beams quarters
GBCC
having the same length, which gives an occurrence count ψB2
=
3 for this particular beam type.
Moreover, with each node type is also associated a valency
viκ (or coordination number or ligancy in crystallography) corresponding to the number of beams connected to this node. For the
GBCC unit cell, the valencies of the first and second node types
are respectively v1GBCC = 14 and v2GBCC = 8.
Once the contribution of each element type is determined, the
overall surface S κ and volume V κ of a unit cell can be obtained
and used to compute the volume density ρVκ and surface-tooccupancy ratio ρSκ as described in Sections 4.4 and 4.5. From
those equations, it is then possible to define the diameter-size
ratio maximizing the surface-to-occupancy ratio ρSκ as described
in Section 4.7.
Finally, only two parameters (side size a and beams diameter
d) are required for a full parametrization of any unit cell κ . This
is possible since the lattice structures considered in this article
are only presenting Cartesian repetition patterns (so the unit cell
remains cubical throughout the repetition). In the case of nonCartesian lattice structures, more parameters would be needed
to define the unit-cell geometry. However, depending on the
configurations, the formulas and values obtained for Cartesian

repetitions may also remain valid and still very efficient to enhance the thermal dissipation performances in case of nonCartesian repetition patterns. This is illustrated in Section 5
wherein both categories of repetition patterns have been considered for testing and validation.
4.2. Beams length and nodes apparent diameter
The length of the beam type j is defined by the distance
between the center of its two extremity nodes. It is proportional
to the unit cell side size a. Noting γjκ this proportionality factor,
it comes that:
Lκj = γiκ a,

∀j ∈ J1; Nbκ K

(1)

Let us also define the apparent diameter dapp,i of the node
type i, as the minimal distance from which all the connected
beams are independent (i.e. are not overlapping). By geometrical
considerations, it can be understood that the apparent diameter
dapp,i is independent of the side size a. Actually, the apparent
diameter is only proportional to the beam diameter d, and the
proportionality coefficient δiκ is specific to the node type i of the
unit cell κ . The following relation can therefore be written:
dκapp,i = δiκ d,

∀i ∈ J1; Nnκ K

(2)

Fig. 5 illustrates the node and beam types of each considered
unit cell, with their respective occurrence counts, valencies, apparent diameters for the node types, and occurrence counts and
lengths for the beam types. One can clearly understand that for
the considered unit cells maxκ (Nnκ ) = maxκ (Nbκ ) = 2. The beam
length and node apparent diameter are both used to compute the
beams surface and volume analytic contributions in Section 4.5.

Table 1
Proportionality coefficients αiκ and βiκ for the lateral surface and volume of the
considered unit cells.
Acronym (κ )

α1κ

β1κ

α2κ

β2κ

G
BCC
OT
D
BCCz
BCCxyz
FCC
GBCC
GFCC

0.939514
3.074558
3.677716
0.768658
8.155219
5.306663
3.677737
5.306663
11.774450

0.94198377
1.99338745
3.33365169
0.49835000
3.88799115
4.42474702
3.33365520
4.42474702
7.65076508

N/A
N/A
N/A
N/A
N/A
N/A
2.283168
3.074558
2.283168

N/A
N/A
N/A
N/A
N/A
N/A
0.90412690
1.99338745
0.90412690

4.3. Computation of regressions at nodes

Fig. 6. Surface regression of the GBCC lattice first node geometry.

In the proposed approach, for a node type, a series of 3D
CAD models with various diameters are generated, and their
respective volumes and lateral surfaces (without the circular caps
resulting from the connected beams trim) are measured. Because
the geometry of a node only depends of the beam diameter d,
one can understand that modifying this diameter only results in
a homothetic transformation (or scaling) of the node. Therefore,
because of the linear properties of homothetic transformations,
the volume (resp. lateral surface) of a lattice node is proportional
to d3 (resp. d2 ). Figs. 6 and 7 present the volume and lateral
surface regressions validating this assumption for the GBCC lattice node of type 1. The points to be fitted have been obtained
while measuring the volume (resp. lateral surface) of parametric
CAD models. These proportionalities have also been observed
for all the other considered unit cells, with Pearson correlation
coefficients R2 above 1 − 10−8 = 0.99999999. Thus, the volume
and the lateral surface of a lattice node can be written as:
κ
SNi
= αiκ d2 ,
κ

κ 3

VNi = βi d ,

∀i ∈ J1; Nnκ K
κ

∀i ∈ J1; Nn K

(3a)
(3b)

Table 1 lists the values of αiκ and βiκ for the two considered
node types, and with respective measurement errors of ±10−6
and ±10−8 .
4.4. Non-overlapping parametric space
Thanks to the proposed decomposition framework, several
lattice parametric design spaces can be identified. Indeed, when
increasing the d/a ratio, there exists a certain value σ κ for which
the node geometries of the unit cell κ become tangent and
start overlapping. This value divides the parametric space into
a non-overlapping parametric space (when d/a < σ κ ) and an
overlapping one. The delimitation of these two spaces can be
visualized in Fig. 8 for the GBCC unit cell.
For the couples of parameters (d, a) in the overlapping parametric space, because the lattice unit cells are only composed of
node geometries, Eqs. (3a) and (3b) are not valid anymore. Therefore, the best approach to compute their surface remains the
mathematical regression as explained in Section 4.3. However,
the overlapping parametric space is mostly composed of closed
porosity lattice designs (because of the nodes overlaps) and
is thus of less interest for heat sink design. Therefore, in the
rest of the paper, only couples of parameters (d, a) in the nonoverlapping space are considered, i.e. for which d/a < σ κ .
4.5. Volume density and surface-to-occupancy computation
Using the previously defined notations, in case of a 1 node
type and 1 beam type lattice unit cell (Nnκ = 1 and Nbκ = 1),

Fig. 7. Volume regression of the GBCC lattice first node geometry.

the surface-to-occupancy ratio ρSκ and the volume density ρVκ are
computed as follows:

ρSκ =
ρVκ =

Sκ
Vcube
Vκ
Vcube

=
=

κ
κ
ψN1
α1κ d2 + ψB1
(γ1κ a − δ1κ d)π d

(4a)

a3
κ
κ
ψN1
β1κ d3 + ψB1
(γ1κ a − δ1κ d)

π d2
4

(4b)

a3

More generally, in case of a unit cell with multiple node types
and multiple beam types, the surface-to-occupancy ratio and
volume density are computed as follows:
Nnκ
i=1

[∑
ρSκ =

]
[∑N κ
∑Nnκ κ κ κ ]
κ κ
κ κ
b
ψNi
α i d2 +
j=1 ψBj γj a −
i=1 ψNi vi δi d π d
a3
(5a)

Nnκ
i=1

[∑
ρVκ =

]

κ κ
ψNi
βi d3 +

[∑N κ
b

j=1

ψBjκ γjκ a −

∑Nnκ

i=1

κ κ κ
ψNi
vi δi d

]

π d2
4

a3
(5b)

Fig. 9 illustrates how these equations are obtained, in the case
of a simple 1 node type and 2 beam types lattice structure. The
formulas can be simplified as follows:
d2

d

ρSκ = [Aκ − C κ ] 3 + Dκ 2
a
[
]a
C κ ( d )3
Dκ ( d )2
κ
κ
ρV = B −
+
4

a

4

a

(6a)
(6b)

Fig. 8. Separation of parametric spaces for the GBCC unit cell.

Fig. 9. Visual details of the surface S κ and volume V κ computation around a node in case of a simple 1 node type and 2 beam types lattice structure.

where Aκ , Bκ , Cκ and Dκ are constants specific to each unit cell,
and defined by the following equations:
κ

κ

A =

Nn
∑

κ

κ

κ

κ

ψNi αi , and B =

i=1

Nn
∑

κ κ
ψNi
βi
κ

κ

κ

C =π

(7a)

i=1

Nn
∑

κ

κ κ

κ

ψNi vi δi , and D = π

i=1

Nb
∑

ψBjκ γjκ

(7b)

j=1

Finally, one can notice that the edge effects arising from the
trim of the structure to its design space envelope are not taken
into account. Indeed, the contribution of the lateral trimmed
areas to the overall lattice surface is negligible when considering
thousands of repeated unit cells.
4.6. Manufacturing requirements
Even if the design freedom provided by AM technologies allows the fabrication of intricate lattice structures, there still exist
geometric constraints that need to be met and which are specific
to each AM technology. In this paper, the considered manufacturing technology for the fabrication of the heat sinks is Laser Beam
Melting (LBM).
An important constraint in LBM is the minimum feature size,
and specifically for lattice structures, the minimum manufacturable beam diameter. Even if it varies according to the adopted
printing material, machine and manufacturing parameters, it is
usual to take dmin = 0.5 mm. Another consideration when designing a part for LBM production is the overhang angle. This constraint states that any feature longer than the maximal overhang
length ℓov , and forming an angle with respect to the build platform lower than an overhang angle θov , must be supported [38].
As for the minimum beam diameter, it varies according to the

adopted material-machine-parameters tryptic, but common values are θov = 45◦ and ℓov = 1 mm.
As a conclusion, the considered unit cells are not manufacturable for any couple (d, a) in the parametric space. The couples
(d, a) for which the lattice structure is printable depend on the
printing orientation (or balancing) of the whole part. However,
as explained in Section 4.7, it is advantageous for passive heat
sink design to manufacture lattices with small beam diameters
d and small unit cell sizes a. For small values of these two
parameters, lattice structures are manufacturable for almost any
orientation.
4.7. Surface-to-occupancy ratio ρSκ maximization
Eqs. (6a) and (6b) show that the volume density ρVκ is a thirddegree polynomial of the ratio d/a, whereas it is not the case for
the surface-to-occupancy ρSκ . However, for a constant unit cell
size a, the surface of a truss lattice is a quadratic function of
d, where the second-order coefficient is Aκ − C κ . Actually, this
coefficient is always negative. This can easily be visualized with
the 3 last miniatures of Fig. 9. The surface of a lattice node is
smaller than the sum of all the surfaces of the cylinders whose
union are forming the lattice node. The same consideration can
be made for the volume of the lattice node, which implies the
two following inequalities:
C κ > Aκ

and

Cκ
4

> Bκ

(8)

Thus, for a constant value of a, the surface-to-occupancy function presents a maximum. The value of d for which this maximum
is reached can be identified by partially differentiating equation (6a) with respect to d, and by finding the value of d for
which it vanishes. The diameter-size relation maximizing the

Table 2
Values of Ωaκ and Ωdκ maximizing the surface-to-occupancy ratio.
Acronym (κ )

Ωaκ

Ωdκ

G
BCC
OT
D
BCCz
BCCxyz
FCC
GBCC
GFCC

0.55536151
0.37023936
0.230036924
0.3702412
0.31600360
0.273120323
0.32532145
0.30063617
0.26342710

0.74048200
0.49365247
0.306715899
0.4936549
0.42133813
0.364160430
0.43376193
0.40084823
0.35123614

Table 3
Volume densities which maximize surface-to-occupancy ratios.
Fig. 10. Evolution of the surface-to-occupancy ratio of the GBCC unit cell
highlighting the value Ωaκ of d/a for which ρSκ is maximum (scenario a
is constant), and the value σ κ of d/a which characterizes the limit of the
non-overlapping parametric space.

Fig. 11. Optimal surface-to-occupancy ratios (ρSκ )max of the considered unit cells
(when d/a = Ωaκ ), with respect to the beam diameter d.

surface-to-occupancy ratio ρSκ is therefore defined by:

⏐
∂ρSκ
d⏐
= 0 ⇔ ⏐⏐
∂d
a (ρ κ )

= Ωaκ =

S max

Dκ
2(C κ

(9)

− Aκ )

If this condition is satisfied, by injecting it in Eq. (6a), the
surface-to-occupancy ratio maximal value, noted (ρSκ )max , can be
expressed in two different ways:
(ρSκ )max = Φaκ,a ×

1

= Φaκ,d ×

1

a
d

with

Φaκ,a =

with

Φaκ,d =

Dκ 2
4(C κ

− Aκ )

Dκ 3
8(C κ − Aκ )2

(10a)
(10b)

Fig. 10 shows the evolution of ρSκ according to the GBCC unit
cell parameters. One can clearly see both the curve characterizing
the maximum of ρSκ defined for the specific value Ωaκ of the ratio
d/a, and the curve bounding the non-overlapping parametric
space defined for the specific value σ κ of the ratio d/a.
A similar analysis could be performed for a constant value
of d. Indeed, there exists a value of a maximizing the surfaceto-occupancy ratio ρSκ . Likewise, this value can be identified by
partially differentiating equation (6a) with respect to a. This leads
to a different d/a ratio, noted Ωdκ , and different values of the
coefficients Φdκ,a and Φdκ,d used to compute (ρSκ )max . Due to space
limitations, these equations are not provided here.
Depending on the encountered scenario, i.e. whether the engineer chooses to fix the value of a or the value of d, either the
coefficient Ωaκ or Ωdκ must be used to determine the optimal

Acronym (κ )

ρVκ when d/a = Ωaκ

ρVκ when d/a = Ωdκ

G
BCC
OT
D
BCCz
BCCxyz
FCC
GBCC
GFCC

48.4%
49.7%
47.0%
49.7%
46.7%
50.5%
47.0%
47.0%
41.7%

71.4%
73.7%
69.7%
73.7%
69.2%
74.8%
69.7%
69.6%
61.8%

value of the other parameter, thus maximizing the surface-tooccupancy ratio ρSκ .
Table 2 gathers all the values of Ωaκ and Ωdκ for the considered lattice structures. The errors lie in between 10−6 and 10−8 ,
which is very low, and this proves that the adopted semi-analytic
decomposition strategy is valid. Of course, during the parametric
design, when tuning their parameters, designers do not need that
much accuracy and some values will be rounded. Fig. 11 displays
the evolutions of Eq. (10b) for the considered unit cells, i.e. the
surface-to-occupancy evolutions according to the beam diameter
d, in the case where d/a follows Eq. (9). On this figure is also
displayed in red the values of d unsuited for LBM production
(d < dmin = 0.5 mm).
Finally, maximizing the surface-to-occupancy ratio is useful
for a heat dissipation problem with a fixed design space. However, for applications such as aerospace or automotive, one other
crucial constraint is the weight of the heat sink, which can
directly be correlated to the volume densities ρVκ of the unit
cells. Thus, to further characterize the performance with respect
to weight issues, the values of ρVκ must be computed when the respective surface-to-occupancy ρSκ ratios are maximized. It means
that the ratio d/a is constant and follows Eq. (9). Because the
volume density of a particular lattice is a third-order polynomial
of ratio d/a, when Eq. (9) is met, the volume density ρVκ of the
unit cell κ is constant. When considering the design scenario
for which a is constant, the value of ρVκ can be obtained by
injecting the value of Ωaκ into Eq. (6b). Reversely, for the scenario
with d constant, Ωdκ has to be used. Table 3 lists the constant
values of ρVκ , when the respective surface-to-occupancy ratios are
maximized for the two design scenarios (i.e. a or d specified by
the designer). This table helps the designer in identifying the most
suited unit cell when considering the weight constraint.
4.8. Synthesis
The equations of the surface-to-occupancy ratio and volume
density of any unit cell have been formulated, and numerical values have been computed for the most common ones. Using these
results, and depending on their design requirements, engineers
can select an appropriate unit cell and tune its control parameters
(a, d) to maximize the surface-to-occupancy ratio, and remain

Fig. 12. Simulation results for the academic test case with pin-based (a), fin-based (b), regular oriented lattice (c), and graded oriented lattice (d) dissipative structures.

in the manufacturable area as well as in the non-overlapping
parametric space. Moreover, this parametric analysis leads to the
following findings:

• Two design scenarios can be followed and lead to the use of
different coefficients: when the designer decides to fix the
value of the cell size a, then he/she has to find the value of
d using Ωaκ , reversely if d is fixed, then a is obtained with
equation a = d/Ωdκ .
• If the couple (a, d) is chosen such that d/a = Ωaκ or d/a =
Ωdκ , then necessarily d/a < σ κ and the node geometries are
not overlapping. This is straightforward when analyzing the
relative position of the two curves of Fig. 10.
• The BCCxyz unit cell reveals a slightly higher surface-tooccupancy ratio than the others. This is thus the one selected for the experimentations and for the validation in
Section 5.
Finally, the formulas and findings presented in this section
are valid for Cartesian lattice structures, and this covers most
of the industrial situations. However, the overall framework and
the semi-analytic decomposition scheme remain adapted for nonCartesian repetition patterns. In this case, new parameters would
notably appear and the formulas would significantly change.
5. Experimentations and results
The parametric analysis performed on various unit cells has
demonstrated the existence of an optimal ratio d/a that maximizes the surface-to-occupancy ratio of the structure. However,
even though it is straightforward that the thermal exchange
surface has an important impact on the performances of a passive dissipative structure, it is not the only parameter that can
influence them. This section considers a design scenario for which
a is fixed by the designer. It demonstrates through numerical
experiments that a lattice structure generated with the previously
identified d/a = Ωaκ value is indeed the optimal structure considering the thermal dissipation performances. It also shows that
the findings obtained for Cartesian repetition patterns may still
be of interest to enhance the thermal dissipation performances
of non-Cartesian lattice structures.
5.1. Numerical validation on an academic test case
The experiments and the numerical validation have been realized on an academic test case, represented by a 0.5 mm thick
plate, shaped like a square of 10 mm side. The thermal load case
consists of a 5 W heat flux applied at the bottom face of the
plate. All the dissipative structures compared in the following
paragraphs are encompassed in a 10 mm side cube located above
the top face of the plate, which corresponds to the heat sink

Table 4
Parameters used for the simulation of the academic test case.
Simulation parameters
Thermal conductivity of solid material λ
Convective heat transfer coefficient
Ambient temperature

148.62 W m−1 ◦ C−1
10 W m−2 ◦ C−1
20 ◦ C

design space. The material chosen for the simulations is Aluminum. Indeed, it is a common AM printing material, presenting
great thermal properties. This article focuses on passive cooling
applications, and the simulations are thus realized accordingly:
the conduction of the heat through the solid material (namely
the lattice structure) is modelized along with the heat convection
between the solid material and the surrounding air. Specifically,
the thermal conductivity within the solid material is proportional
to the temperature gradient within the lattice structure, and the
convection between the lattice structure and the surrounding
air (modelized through the convective heat transfer coefficient)
is proportional to the temperature difference between the solid
material and the fluid. The performance of a particular dissipative
structure is measured through the maximal temperature Tmax of
the whole part when the steady state is reached. These simulations have been realized with Ansys Discovery Live, using the
parameters listed in Table 4.
Following the proposed parametric design framework, once
the design space is defined, the next step consists in selecting
the unit cell (Fig. 2). Here, the BCCxyz unit cell has been selected
since, as visible in Fig. 11, it presents the highest surface-tooccupancy maximal value (ρSκ )max for the considered scenario
(i.e. a constant value of a).
As a reminder, the scope of this article is to consider a static
heat dissipation problem. However, even for a non moving part
without any fluid stream generating device, one cannot completely ignore the existence of a fluid flow circulating through
the heat sink structure. Keeping in mind this element, the best
orientation for the adopted lattice structure is selected. For the
BCCxyz unit cell, Fig. 13 illustrates three possible orientations in
the case of a fluid flow perpendicular to the figure plane. It clearly
shows that the isometric orientation (c) is the one with the largest
pores, letting more easily the surrounding fluid go through the
dissipative lattice structure. This is therefore the oκ orientation
adopted for the generation of the BCCxyz lattice structure. As it
will be shown in the next subsection, this ideal orientation can
be used to drive the generation of the entire wireframe while
following both linear and curved repetition paths.
The first set of simulations are realized on non-graded lattice
structures, with constant unit cell size a = 1.83 mm, such
as the one of Fig. 12.c. Indeed, this is the value of the unit
cell size for which the optimal beam diameter d is equal to

Fig. 13. Front (a), side (b) and isometric (c) views of BCCxyz unit cell.

Fig. 15. Variation of the maximal temperature Tmax according to the dbottom value
of graded lattice structures (dtop = 0.5 mm).

Fig. 14. Maximal temperature in the regular lattice of the academic test case
when steady state is reached according to the beam diameter d.

Ωaκ × a = 0.5 mm. To demonstrate the optimality of this beam diameter value, the simulations are realized on structures presenting various beam diameters d, ranging from 0.4 mm to 0.6 mm. In
Fig. 14 representing the output results of these simulations, one
can see that the minimal value for Tmax is indeed obtained when
the beam diameter d = 0.5 mm. These results demonstrate
that choosing the right set of values for the parameters couple
(a, d) leads to the best thermal dissipation performances, in the
case of a non-graded lattice design. The resulting temperature
Tmax is also compared to the ones obtained in the case of fin-based
and pin-based dissipative structures (Fig. 12.a to c). The feature
sizes of these structures have been defined equal to the beam
diameter of the compared lattice structure, specifically 0.5 mm,
for the comparison to be fair. The differences between the Tmax
values of the three first simulations of Fig. 12, clearly illustrate
the interest of using a well parametrized lattice-based structure
for static heat dissipation applications.
However, in a passive thermal dissipative problem, heat conduction through the solid material plays an important part in
the obtention of the best performances. By homogenizing the
distribution of the heat throughout the whole geometry of the
heat sink, one can increase the overall thermal exchanges with
the surrounding fluid and enhance the general performance of the
dissipative structure. This is characteristic of thermal Topology
Optimization results, generally demonstrating massive trunks at
their base, with thinner ramifications as the structure grows
away from the heat source. In the case of a lattice structure, this
variation of volume density enhancing the thermal conductivity can be realized through a gradation of the beam diameter,
from the bottom to the top of the dissipative structure. In case
of a linear gradation strategy, two diameter values are needed,
namely dbottom and dtop , with dbottom ≥ dtop . While keeping dtop
to its minimum manufacturable value of 0.5 mm, several test
geometries have been simulated by varying the value of dbottom
from 0.5 mm to 0.8 mm. However, because the adopted starting
beam diameter value (dtop = 0.5 mm) maximizes the surface-to-

occupancy ratio, this gradation is realized at the expense of the
exchange surface of the structure. This is why, analyzing the measured values of Tmax for each of the simulations plotted in Fig. 15,
one can see that only a slight gradation of the beam diameter
over the height of the lattice structure uniformizes indeed the
temperature distribution throughout the structure, enhancing its
thermal dissipative properties. Formulated differently, the tradeoff made on the surface exchange to ensure a better temperature
distribution quickly becomes unfavorable with respect to the
thermal dissipation performance of the whole structure. From
Fig. 15, a dbottom = 0.53 mm appears to be the best compromise,
and this value will therefore be adopted for the gradation of
the industrial test case. Such a low-amplitude gradation (d ∈
[0.5..0.53]) can hardly be visually detected. Thus, to see the
gradation, the simulation of Fig. 12.d has been performed using a
higher gradation amplitude (dbottom = 0.8 mm) and it corresponds
to the one on the right of Fig. 15, thus resulting in a higher
Tmax value.
5.2. Industrial case studies
Two different industrial case studies are considered for testing
and validation: the redesign of an oil tank carter and of a bent
pipe. The first case study requires Cartesian repetition patterns,
whereas the second makes use of non-Cartesian lattice structures. Hot oil is circulating under the carter and inside the pipe,
and needs to be cooled down. In both cases, the constant heat flux
that needs to be dissipated is equal to 15 W, and the parameters
used for the simulations are the ones used for the academic test
case (Table 4).
Fig. 16.a presents the initial design of the carter. On this design
version, the heat dissipation is thus realized through thin fins
located above the carter. Following the proposed design framework, a maximal design space is first delimited from the initial
design (Fig. 16.a), with the carter base blank of any heat dissipation structure. According to the parametric analysis of Section 4.5,
a wisely parametrized lattice-based heat sink is generated above
the carter base (Fig. 16.b), and its dissipation performances are
compared to the ones of the initial design. The lattice unit cell
adopted for this industrial case study is still the BCCxyz, oriented
identically as for the academic test case. The generation of the
lattice wireframe is realized within the pre-defined design space,
along the main Cartesian directions, with a unit cell size equal to
1.83 mm. Overall, 146 629 beams are generated. A graded volume
is then generated around the wireframe, with an optimal dbottom
value equal to 0.53 mm and dtop still selected at the limit of the
manufacturing possibilities (dtop = 0.5 mm). These values are

Fig. 16. Initial design and deduced design space of an industrial oil tank carter
(a), and graded oriented lattice-based heat sink (b).

d cannot be anymore considered as optimal (because the formulas
used to obtain them are valid for Cartesian repetition schemes),
their use still helps to improve the overall performance of the
heat sink. Actually, in the present case, the unit cells are not
stretched that much as the angular variation between two neighbor cells does not exceed 4.1◦ . Thus, using the formulas obtained
for Cartesian repetitions can still be considered as a good approximation. Of course, while defining a proper parametrization of
this particular example, and while identifying the corresponding
new formulas, one could find out new optimal values for the unit
cells parameters so as to further improve the thermal dissipation
performances.
6. Conclusions and future works

Fig. 17. Simulations of the initial (a) and final (b) designs of the industrial carter
case study.

Fig. 18. Simulations of the initial (a) and final (b) designs of the industrial bent
pipe case study.

adopted based on the previously analyzed simulations of Fig. 15,
demonstrating that a low gradation is preferential with small
beam diameter values. The simulation result of the redesigned
version of the carter is compared to the one of the initial version
that uses vertical dissipative fins (Fig. 17). One can clearly see that
Tmax has significantly been reduced from 81.3 ◦ C to 54.6 ◦ C. This
comparison validates the proposed approach for the design of
high-performance heat sinks.
The proposed parametric design approach has also been followed to improve the design of a bent pipe. The initial design
is made of 32 fins surrounding the pipe and bent to follow
the evolution of its shape. The simulation result of this initial
design highlights a Tmax = 76.1 ◦ C (Fig. 18.a). Starting from this
version, a pre-defined design space is identified and filled in with
a lattice structure whose repetitions follow the shape of the bent
pipe. Overall, 64 320 beams are generated with a unit cell size
equal to 1.83 mm and a constant beam diameter of 0.5 mm. To
follow this curved non-Cartesian repetition pattern, each unit
cell is slightly stretched and rotated along the path. Here again,
when compared to classical fins, the simulation results clearly
demonstrate the interest of using truss lattice structures for the
design of high-performance heat sinks (Fig. 18.b). This example
also shows that, even though the adopted parameters a and

This article has introduced a new framework for the parametric design of graded truss lattices that maximize passive
cooling. The geometry of these intricate structures is controlled
by several parameters related to the type of unit cell κ used to
populate a design space, the unit cell size a and beam diameter
d, its orientation parameters oκ in regard to the base design
frame, the gradation parameters dtop and dbottom . A semi-analytic
decomposition strategy has been proposed to study the volume
density and the surface-to-occupancy ratio of state-of-the-art
unit cells. In particular, a parametric analysis (whose parameters were the beam diameter d and the unit cell size a of the
lattice structure) allowed to identify the underlying equations
followed by these two quantities. The values Ωaκ (resp. Ωdκ )
of the ratio d/a that maximize the surface-to-occupancy ratio of each unit cell have been identified and should be used
when the designer fixes the cell size a (resp. the beam diameter d). The experimentations and results have shown that
the proposed approach helps designing lattice-based heat sinks
with enhanced thermal dissipation performances, compared to
traditional fins-based geometries. Even though the perimeter of
this paper has been restricted to Cartesian lattices, the proposed
approach can easily be extended to structures presenting nonCartesian repetition patterns. An example of such a possibility
has been presented where the unit cells are stretched and rotated
along free-form curves. Actually, when considering slight shape
deviations from a perfectly cubic unit cell, the formulas obtained
for Cartesian repetition schemes can still be considered as a good
approximation.
The scope of this article was restricted to the case of passive
cooling. Because of their low manufacturing costs and maintenance requirements, static heat sinks are widely used. However,
for specific applications involving high heat generation sources,
the performances can be greatly enhanced by the presence of
a naturally or artificially induced fluid stream through the heat
sink.
In the case of such an active heat dissipation problem, the
present study is a great starting point and, through the proposed
framework, designers still have access to all the control parameters. Indeed, maximizing the exchange area between the heat
sink and the surrounding fluid is still a crucial aspect in such
configuration. The beam diameter over the unit cell size ratio
maximizing the surface-to-occupancy ratio, namely Ωaκ or Ωdκ ,
gives therefore a first part of the solution. However, selecting d
as low as possible with respect to the manufacturing capabilities
is not the best approach anymore. The two parameters d and
a being coupled through the value of Ωaκ or Ωdκ , the smaller d
is, the smaller the pores of the lattice structure are, preventing
the fluid stream from correctly circulating through the heat sink
(a phenomenon known as pressure loss). Another parametric
analysis of the pressure loss of a specific lattice according to
the same parameters a and d would enable the identification

of another optimal couple (d, a). Furthermore, according to their
orientation oκ , some lattice unit cells are demonstrating bigger
pores with respect to a and d. Thus, prioritizing the selection
of a lattice unit cell κ with a higher pore size with respect to
a and d, but with a slightly lower surface-to-occupancy ratio
might be preferential for an active heat dissipation problem.
Finally, this paper has been focusing on optimizing the
surface-to-occupancy ratio of truss-based lattice structures. However, multi-objective problems can arise when trying to resolve
heat dissipation problems, in particular when the volume or the
structural response of the resulting dissipation structure must
be controlled. Since analytic formulas of truss-based lattices surfaces have been provided in this paper, the extension of this
work to multi-objective optimization will be facilitated for future
works.
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