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APPROXIMATION OF CURVES WITH PIECEWISE CONSTANT
OR PIECEWISE LINEAR FUNCTIONS

FREDERIC DE GOURNAY, JONAS KAHN, AND LEO LEBRAT

ABSTRACT. In this paper we compute the Hausdorfl distance between sets of con-
tinuous curves and sets of piecewise constant or linear discretizations. These sets
are Sobolev balls given by the continuous or discrete LP-norm of the derivatives.
We detail the suitable discretization or smoothing procedure which are preservative
in the sense of these norms. Finally we exhibit the link between Eulerian numbers
and the uniformly space knots B-spline used for smoothing.

INTRODUCTION

This article focuses on a widespread problem of approximation which consists in
approaching a curve by a set of points or by a piecewise linear function (line segments
or polyline). We also analyze the reverse operation called smoothing, which amounts
to, given a set of points or polyline find an approaching curve with an higher level
of regularity. These two approaches yields the instinctive question : how well can
we approximate a particular space of curves with a particular set of points sets or
polyline sets.

This subject has been thoroughly studied, especially by the computer vision com-
munity [6, 10, 8]. The most common approach is to find minimal length objects
controlling some approximation error and the limit error. Our view is different, since
we want to approximate in a Hausdorff sense, that is to approximate each curve by
a set of points or polylines, and each set of points or polylines by a curve, so that all
approximations are close for an appropriate distance.

In practice, the authors have encountered this question when trying to computa-
tionally project a measure on a space of pushforward measures of curves [1, 2, 4, 5|:
the implementation needs a discretization, and it is guaranteed to work only if both
directions of approximation are small for the transportation distance W!. It is likely
that this kind of results may be useful in other contexts in computer science.

In this article, we prove that Sobolev balls and similar spaces may be approximated
by discretized Sobolev spaces, where the norm is given by discrete derivatives. As
explained in the notations, the Hausdorff distance comes from the transportation
distance on both time and space, giving a very robust meaning to the approximation.

An ingredient in the proof is exhibiting a Sobolev curve that approximates a given
set of points. The construction makes use of Eulerian numbers. Given their known
connection to B-splines |7, 11], this might not be so surprising,.

1. NOTATION

Throughout the paper, k, will denote a constant depending only on a that might
change from line to line.

Key words and phrases. B-Spline - Approximation of curves - Eulerian numbers - Hausdorff
distance.
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Curves are in R? and we identify discretization of curves with families of vectors
p = (Po,-.-,Pn-1). Even if we tackle both periodic and non-periodic cases, the
notations are tailored for the periodic case, which allows the abuse of notation p; =
Pi (mod n) for each ¢ € Z. In this setting, the discrete convolution product for a family
of vectors p € R™? and K € R" reads as :

n—1
(K *p); = Z K;pi-j,
3=0

Given any norm || e || in R% the discrete renormalized ¢? norm is defined as
)

1 n—1 1/q
Iples = (EZHEH"> -
1=0

Note that this special choice of renormalization of the £? norm turns Young’s convo-
lution inequality into :

(1.1) 1K xplle < nl| K[ [Iplles Vg = 1.
The convolutional discrete derivative operator, A is defined by
(Axp)i =pi — Pi1-

Similarly for any m € N, the m-order discrete convolutional derivative operator
A*™ € R™ is defined by the recursion formula A*™+1) = A« A*” with A*' = A. Its
closed form is given by :

(1.2) A = (—1)i<7‘>.

2

Let us also define 1 as the identity for the convolution, and T the shift operator :

1= Lo=1 , and T = =1 .
1,=0 i#0 T, =0 i#1.
The discrete derivative operator can be written as A =1 —T.

Given o = (av, . . ., o) with a; € R™, we consider the periodic Sobolev multi-
balls W,™%(er) and their discrete counterparts P;"?(c) defined as :

Wﬁm’q(a) = {f € Lé ([O, 1] — Rd) s.t. Hf(r)|’Lg([0,1]) < VT,O <r< m} ,
Plila) = {pe R™ st n'||A" xplle <o, Vr,0<r <m},

where L} is the set of periodic functions in L' and f) denotes the derivative of order
r of f.

In the non-periodic case we define the Sobolev multiballs as :

W™i(a) = {feL'([0,1] =R s.t. 1F N ooy < @ ¥r,0 <7 < m},

n—1 1/q
1
PH(a) = peR™ gt n" ( E —[[(A* *p)in) <a,Vr,0<r<m
—n

We consider two different discretizations of curves : given a family of points p the
O-spline discretization is defined by :
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So(p> it Pnt],

which simply amounts to considering the piecewise constant function with plateaus
on the intervals [, %], 0 <i<n—1. On the other hand the 1-spline discretization
is the linear interpolation between the points, it is defined by :

s'(p) : t — Pint) + {nt} (P[nﬂ — p\_ntJ) ;

where |e], [e] are respectively the floor and ceiling function; we denote the decimal
part of a number as : {nt} = nt — |nt] € [0,1]. We introduce the Sobolev multiballs
of 0-splines and of 1-splines as :

S (a) = {so(p) with p € 73;”"1((1)},

Ly(a) = {s'(p) with pe P (a)},
m,q

in (a) and L} () their periodic counterparts.
Finally, we specify a metric between curves. Given curves f and g from [0, 1] to
R¢, the distance between f and ¢ is defined as :

with of course

(1.3) A(f.g) = / 1£(6) — g(#)lde.

The distance (1.3) enforces that the set of values of f and g are similar but also
that their time parameterizations are close. The distance (1.3) is related to the
1-Wasserstein distance, if one considers :

F(8) = (f(1),t) and e((1,t1), (22, 11)) = 21 = 22| + [t2 — to].
Denote dy f the push-forward of the Lebesgue measure A of [0, 1] on R*!, that is :
For any Borel set A € R dy f(A) = A (f‘l(A)> :

Note that, for instance

d)\3"(A, B) = ni: %5pi(A))\(B N

1=0

1 1+ 1
n n

) YACRP!, BCR.

Introduce the 1-Wasserstein distance between the corresponding measures d, f and
dyg. We have

W (drf,drG) = inf/ c((z,t2), (y,ty))dy(z X ta,y X t),
Rd+1XRd+1

~yell

where II is the set of measures on R+ x R whose first and second marginals
are given by d,f and d,g respectively. One such coupling v is given by the time
parameter of the curve, so that :

(1.4) W (dnf, dri) < / 1£(t) — g(0)]] dt.
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2. MAIN RESULT

Introduce the Hausdorft distance between to sets of functions A and B by :

dy (A, B) = sup inf d(f, g)+sup 1nf d(f q9),

feA9EB geB f
where d is defined in (1.3). Our main theorems are stated as follows,

Theorem 2.1. If m > 1, the Hausdorff distance between the multi-balls of radii o of
zero-order periodic splines and the multi-balls of radit o of periodic Sobolev functions
is bounded by "=

Theorem 2.2. I[fm > 1, the Hausdorff distance between the multi-balls of radii o of
zero-order non-periodic splines and the multi-balls of radit o of non-periodic Sobolev
Junctions is bounded by "=

Theorem 2.3. If m > 2, the Hausdorff distance between the multi-balls of radii o of
first-order periodic splines and the multi-balls of radii o of periodic Sobolev functions
is bounded by ~%

Remark 2.4. More precisely, Theorem 2.3 states that, if m > 2 for any f € Wﬁm “(a),
there exists p € P;*(x) such that

(2.1) Wi(f;s'(p)) < =5,

and for any p € P;(a), there exists f € W,"%(a) such that (2.1) holds.

Ra

We first describe the approximant, for the discrete to continuous case, in the fol-
lowing proposition.

Proposition 2.5. Given a sequence of points p, define the function f, by

n—1 m k
(22) YVt € [O, 1[, fp<t) = Zg ( t— Z 1, Z Cmik * A*k * P)i%XOS:Kla
i=0 k=0 '

with x a the indicator function of the set A. Then the two following properties are
equivalent :

e For each r and i the coefficient C] satisfies

ET
(2.3) vr>1, Cr="21 and C°=1

rl

where E¥, k > 1 is the i-th Eulerian number of degree k.
o The curve fp is a spline of order m, m — 1 time continuously differentiable
whose m'" order derivative is given by

1 1+ 1
n n |

(2.4) fr(,m) (t) =n™(A*™ *xp); forte ] —

In the course of the proof of Proposition 2.5 we prove the following seemingly new
recurrence relationship between the Eulerian numbers.
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Proposition 2.6. The Eulerian numbers are solution to each of the two recurrence
equations:

(25) E?zsz(f)if@&y(kjl)Eﬁﬁl

k=1 =0
T m E—1

29 mr = () e (D) e
k=0 =0

Propositions 2.5 and 2.6. Let f, be the function defined in Equation (2.2). It is
trivial to see that Equation (2.4) is true if C° is the convolution identity kernel. It
remains to check the regularity at the connections, indeed the [-th derivatives on the
right and on the left of the spline f, have to be equal at each connection, that is, for
each i € [0,n — 1] and [ € [0, m — 1]

lim g, (1) = lim g (¢).

t—0 t—1

This gives the following equation :

(Cmfl*A*l*p)iJrl (Cmfk*A*k*p)i

I
iNgt
)

(& — 1)

3

1
k

(27) (Cm—l—k*A*(k:—H) *p)i’

Since p is arbitrary, it can be removed, this yields :

s

Z;‘ (T*C’S k A*k) =C*%0<s<m.
k=0

Subtracting the first term of the sum from the right hand side one has

28 > ;‘ (T*C*F % A™) = (C* =T % C%); = CF — 5, = (A% C*);.

k=1

Finally, f, is m —1 continuously differentiable if and only if the coefficient C' verify
the recursive formula:

(2.9) V1<s<m, Z% (T*C(S—k’) N e

k=1

We turn our attention to solving Equation (2.9) and to obtain that for all s,
: 1
Cf ==L with E;:%( 1);4(8; >(z—l<:)5 and EP = 1iff i = 0,

where E¥, |, k > 1is the i — th Eulerian number [3] of degree k. Suppose the formula
for C" is valid up to r = s — 1, replacing C*~* by its value in Equation (2.9) and
replacing A** by its expression (1.2) one obtains:

S5 = ; (Z) %(-1)1( ) zil (s 1o k;) 11—y

=0 r=0
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Changing the index r by ¢ = r 4+ [ and extending the summation of ¢ from [ to 0 one

gets B 5
- Serg (e )

q=0 k=1
Summing in [ the right hand side, one has

s

ser= S () (o

q=0 k=1

Now using the binomial theorem,

SICP = i(—nq (S) ((i —q)* — (i — (¢ +1))%),

q=0

an Abel transform gives

sICs = ii(—mq(i —q)* KZ) + <q ° 1)} 41

q=1
Finally, Pascal’s rule yields formula s!C? = E? and the proof of Proposition 2.5 is
finished. [J
In order to prove Proposition 2.6, we rewrite Equations (2.7),(2.8) where we sub-
stitute C' with the corresponding Eulerian number F using formula (2.3). O

Proposition 2.7. The periodic spline f,, satisfying Equalities (2.3),(2.4) can be ex-
pressed in the B-Spline basis. It turns out that the control points are exactly the p;

(2.10) Jolt) = 3" B (nt - i)p

1€Z

m—+1 m + 1
with  B™(z) = = Z ( >(x — k)%,

where (a)7 denotes the m-th power of the positive part of a. Note that the formula
defined is periodic and the support of B™ is [0,m + 1], so that, for a fized t, f, is a
finite sum.

Proposition 2.7. The function which satisfies condition (2.4) is defined up to the
addition of a polynomial of degree m — 1. This polynomial has to be periodic then it
is reduced to a constant. Finally the homogeneity of f,, in p yields its uniqueness.

It remains to show that the function defined in (2.10) satisfies condition (2.4).
Using the differentiation formula of the equispaced B-spline [9], the k-th derivative
of fp(t) is given by :

k
f("’ pin < ,)Bm_k nt—i—j
ZZ: Z ; ( )
Since B%(t) = Xtepo,1 m-th derivative reads as :

m - i [T
(1) =Y pin™ (-1 (])X[[

1€EZ 7=0
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m m . af M
1€EL a=0
For ¢ in [, ®4] one has

o m
(.

k=0

which allows to conclude. |

3. PROOF OF THE THEOREMS

This section deals with the proofs of the main theorems. It is subdivided into 4 sec-
tions. In Section 3.1, we introduce some useful results and operators used throughout
the rest of the proof. In Section 3.2, we construct the spline approximation when the
continuous curve is given and show that the distance between the spline and the con-
tinuous curve is bounded with the correct rate with respect to n. In Section 3.3, we
construct a continuous curve when the spline approximation is given. In Section 3.4
the distance between constructed continuous curve and the given spline approxima-
tion is proven with the correct rate but the continuous curve does not belong to
the correct multi-ball. Finally in Section 3.5, we gather the results of the different
sections and prove the main theorems.

3.1. Notations and technical lemmas. In the following, we make extensive use
of the shift operator o, defined as

(Om *P)i = Py mas if m is odd
(3.1)
(0m*P)i = 3 (Pitmy2 + Pitmya+1)  if m is even

Moreover, we need a notion of support of the convolution kernel, this notion is well
suited to the non-periodic case and is only useful in this context.

Lemma 3.1. Let o, € N with a + < n, we say that a kernel K has support in
[—a, B] if K; =0 for each f < i < n — «. For such a kernel K, we have, for all
AeR” foralla>p andb<n— a,

(Z'“K*A%Hq) SnHKH@(Z mu) .

i=a—f3
Finally we introduce the operator A™!, the inverse of the operator A.
Lemma 3.2. Let a, 3 € N. If A has support in [—c, ] and verifies Z;:Ol A; =0,
define A=1(A) as

i B
ATHA) =) A=) A
j=0 j=0

Then AxA™YA) = A . Moreover A=Y (A) has support in [—a, —1] and ||A7L(A)||n <
(6 + a)ll Al

Next we gather some results about the Eulerian numbers in the following lemma.
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Lemma 3.3. Form > 2 the kernel C™ sums up to 1 and have support in [0,m] and
the kernel C™ % o, is symmetric. Moreover if

A=C" %o, —1,
then A=%(A) exists. Form = 0,1, then A= 0.

Lemma 3.3. First we recall the following well-known properties of Eulerian numbers,
valid for m > 1, see [3]

Er=E" ..., andE'=m-k+1)E" ' +kE;!

We prove S/t om =S L:;[f, = 1 by an induction on m.
B = > (m—k+1)EM +kEPT
1<k<m 1<k<m
m—1 m—1
= Z(m —k)EM T+ kEM  =m Z EMl=m! O
k=1 k=1

We now study the symmetry of C™ x g,,. If m is odd this property is a direct

consequence E" = E ;. If m is even, simply notice that

(C™won)i = > (Crig + Clign)
= (C iz T O > = (€™ x o)

The coefficients of A sum up to 0 and A has support in [— [ 2|, |2 |] so that A~!(A)
exists. For n large enough, we now prove that the symmetry of A ensures that the
coefficients of A7'(A) sum up to 0. For that purpose, for each j, denote u = n — j
so that A, = A;.

ga—l(mi:i (i:Aj) —nZA _nzl (n— ) A—nZA

= \= pars
_ % (uzn;uAﬁ;(n—j)Aj) -5 (ZA +u;ﬁf1 )
_ % (iluAu_:jAj> —g <ZOAj+An>

= gA: . A :jo. .

Hence A™%(A) exists and has support in [— [2 ], 2| — 1]. Moreover,we have

|AT2(A)||n < I%” for n > m.
0

3.2. Approximation of function by splines. We now describe the approximating
spline for a continuous curve in the periodic and non-periodic case. We prove that
the approximations belong to the correct Sobolev multi-balls. We also prove that the
Wi-distance between this approximation and the continuous curve is bounded with
the correct rates.
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Proposition 3.4. Let f € W™ (), (resp. f € W™(ax)), define p € R as
pZ:f(%) foralli=0...n—1.
e Thenp € P, (at) (resp. P;i(cx))

o Ifm > 1, then d(f,s"(p)) < —.
o Ifm >2, then d(f,s'(p)) < —.

This proposition states that the distance from the multi-balls of Sobolev functions to
the set of splines behaves exactly as stated in Theorems 2.1,2.2 and 2.35.

Let f € W/ () (resp. f € W™(a)) and set p; = f(%), we first prove that
p € P () (resp. p € P (cv)).

Proof. For any k < m, let i > k in the case f € W™4(a) and let i be arbitrary in
the case f € W;""(a), we have

N 1 i s1 Sk—1 o Sk
(A* *p)Z:— “ e f( ) (_> dSk"'dSQdSl
nF Jo—ict Jspmsi—1 = 1 n
S1=1— S9=81— Sk=Sk—1—

Notice that sy is integrated on the interval [i — k,i]. We use a Fubini theorem, and
in the periodic case , we use a change of variable s, + k — s, to obtain :

. . sEp+1 so+1 L Sk
i@l < [ [T [T () s dsiads
sp=0 Js s

k—1=5k 1=52

[ )

In the periodic case, the functions 6; are functions that verify

IN

0;(sk)dsy.

Vs, 0 < 6;(s) <1, ZH and/ Oi(s)ds <1 Vi> K,
0

where K = 0 in the pel"IOdlC case and K = k in the non-periodic case. By Jensen’s

inequality, we have :
n q
7 (2 o as) 1o
/skzo [16:]1 2 ||L

[n*(A™ < p)i|* < (
[ e GOl oo e

<
Ll el

The k-th semi-norm of p is then bounded by :

IN

0; (sk)dsk

n—1 n 1/q
Hlaenl, < (S 1 () ocom)
i s =0
1/q
CNEAT K
(LI Qe

This proves that p € P} “(a) in the periodic case, and p € P;*/(ax) in the non-
periodic case. O
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The second item of Proposition 3.4 involves bounding the distance between f and
s%(p). In the periodic and non-periodic case, we have

o) < [ - (“” )|

<Z/ dt < = Z/ 17/ (s)]| ds

||f ”Ll ([0,1]) Hf HLq ([0,1]) < o

The last statement of Prop051t10n 3.4 amounts to boundlng the distance between f
and s!(p), assuming that m > 2.

)d
Lin] J'(s)ds

Introducing for each ¢ the point m; = i+i/ 2, and performing a Taylor expansion
around this point, we have, for every ¢ € [ TR 21“] :
t+m;
fmi+t) = f(m)+tf (m;)+ / f"(s)(m; +t — s)ds
1 1 1 1+ 1
1 . = _— —_— -
om0 = (-nnf (1) + e 57 (S5
n 1
= flm) +1f (mi) + (5 —nt) [ [(s)(ms — 5~ — s)ds
R A r
nt + = s)(m; + — — s)ds
2" ), 2n
t+mi
(F =@ +m) = [ () i st t)ds
ms —_——
B(t,s)
o 1 t
n " 1 m — S v _
o [T | mtm =)+ o (U D~ xes) |
v(t,s)
For ¢ 6 [5+, 5] and the s under consideration, we have [8(¢,s)| < [t] and [y(t, s)| <

|t| + 5=, so that
i1

I = s @D+ mol < (g +20) [ 1)l

Finally we have

a(f.s'(p) < / |£(6) — 5" (@)(0))|| dt

< Z / s [ 1ot = 5 [ 1

a;
< ﬁ HfH(S)HLQ([O,l]) T2

Thus the proof of Proposition 3.4 is complete. This calculus holds both for periodic
and non periodic functions.
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3.3. Approximation of splines by functions. Now that the spline are known,
this section is devoted to the construction of the continuous curve with the correct
Wl distance and the correct Sobolev constants cx.

3.3.1. Construction of the approrimant. As announced, we have the following propo-
sition
Proposition 3.5. Let p € P,/ (v), let fo,.p be as defined in Proposition 2.5, then

there exists ko a constant that depends only on o such that the spline f,,  .p belongs
to W™ ((1+%8)a) .

The shift kernel o, defined in Equation (3.1) either drifts the indexes of p or of its
mid points %(p + T * p) depending on the parity of the desired spline. Notice that
[omlle = n~" so that for any p € P;%(ax), we have 7,, x p € P;(cx) by virtue of
Young’s convolution inequality (1.1).

The [ — th derivative of the spline f,, .p is given by :

l {
0 =0t (1= 1) i
For every 4 in [0,n — 1], the [-th derivative of g; reads as :

m k-1
W m—k | Ak t
vVt € [0,1], 9, (t)—kz:;(C * A *Om*p)i<k—l)!
We first deal with the case [ = m. In this case

n—1 1 1 1/q
1F e = n™ (Z ﬁ/ H(C’O*A*m*am*p)indt> = Q.
i=0 0

Now suppose that [ < m—1. Notice that "= (0,1,0,...) = Id—A, using Lemma 3.2
the coefficients of O™~ and of C™~! sum up to one. Hence the operator A =
ATH (M=t — Om=l e T1) exists and there exists a constant k,,; that depends only
on m and [ such that [|Aflx < *= and

Cm =l = Ol T 4 Ax A,

Note also that in the case [ = m — 1, one has A = 0. Set q = 0,, x p, by the triangle
inequality, we have :

q 1/q

dt)

n—1 1 1
170l = (Z—/
i—o 't Jo

k—1

n—1 1
! l/ m—k *k t . *(1+2)
< n (;n : (CmF % A *q)i<k_l)! t (Ax A 5 q).

=l

(C™ 7 x A x q) —tkil
=)

NE

™
+ 1
L

q 1/q
dt> o]

q 1/q
dt) Dy

We claim that the first term, (3, is bounded by «; and that the second term, ~, scales
as O(n~2). Indeed for the term 3, we have, since A = Id — T

Cmflfl *A — _Cmfl 4 Cmfl *Tfl —|—A*A*2

b

n—1 1 m k—1
e
i=0 /0 '

k=142



12 FREDERIC DE GOURNAY, JONAS KAHN, AND LEO LEBRAT

so that

n—1
1
_ l -
B - (ion

n—1 1
n! (Z%/ﬂ (1—1) ||(C’m’l*A*l*q)in—|—tH(C’m’l*A*I*q)i+1
i=0

(1= ("% A wq), +1 (C" A xq)

1/q
q
dt>
1/q
q
dt> |

By virtue of Young’s inequality (1.1) and ||[C™ ! % o, || = n~t, we have 8 < a.

In order to deal with the second term ~, first assume that [ < m — 2. Indeed in
the case | = m — 1, we have A = 0 and then v = 0 and nothing is to be proven. In
the case | < m — 2, bound ¢ by 1, introduce the operator

(3.4) Q= Z

k= l+2

IN

A change of index in 4 allows us to conclude

(3.3) B <nH|C™ % A x 0y % D)0

ka*A* l+2‘+’A|

and note that there exists a constant k,,; that depends only on m and [ such that
1Q|x < % Then Young’s inequality yields:

Oél+2

7] < Q% A kgl < o A wpllgy < iy

Hence for any [ < m — 1, we have

al+2
1P ze < ev + Ry

and for I =m or [ = m — 1, we have

1f Oz < .

Lemma 3.6. Let m > 1 and p € P ().
For 9 =1—22 gnd 7 = £ define :

fp(t) = fonsp (00 +T7),
where f, . is defined in Proposition 2.5, then fp c Wi (a + 55)
Lemma 3.6. The differentials of fp are given by :
FO@) = (0n)' g (nbt + nT — i) Xacgio i+ 10y

the Sobolev semi-norm of f can be written as :

~ n—10m
172 = W(,Z il

q 1/q
dt)
< 9B +0747,

where we used |§] < 1 to obtain the last bound and where the variables § and 4
are similar to 5 and 7 defined in proof of Proposition 3.5, other than their sums in ¢
range from 10m to n — 10m.

m _
tkl

m—k *k
kz (C™F %A *Um*p)i—(kf—l)!
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We can then follow the same outline of the proof of Proposition 3.5; using Lemma 3.1
we can verify that the o, shift does not interfere with non-periodicity of p, owing to
the sufficiently large buffer 7. Then, one has similar bounds :

a
(3.5) 1Ne <075 (@ + o, ’*2).
Now using that #~'q < 1+ k/n, one can conclude that

1F P Nee <

O

3.4. Wasserstein distance. It remains to bound the distance d between the piece-
wise constant or linear discretization and f the continuous approximant built with
the vector p.

Lemma 3.7. Let m > 1 and p € P, () and let f,,,.p be defined as in Proposi-
tion 2.5, then

Ra
d(fam*paso(p)) < 7

The distance d between f,, ., and s%(p) is bounded by :

(3.6) A fyep5° Z / (nt - %) b
(3.7) - Z . / lgi(u) — pilldu.

Now using the triangle inequality, one has

dt

tk

C’m k*A*k*am*p) T

(3.8)  |lgi(t) = pill < (C™ x 00 % P);, — Pi

Integrating in ¢ at the first line and summing in ¢ at the second line, allows us to use
Young’s inequality for the third line given the fact that ||C™ *x0,,||s < 1/n. Now for
the last line, using that the ¢!-norm is lower than ¢’-norm (by Jensen’s inequality),
one can conclude that second term of (3.8) is bounded by :

— l S m—Fk *k t
;n/ z:: (C"* % A x 0, % D), i dt
n—l1 m 1
< - Cm k A*k -
_lzon; * *Om % D), G
= 1
<D _@a*=p)|,
; “(k+1)
(3.9) S%Jr’;—‘;.

It remains to deal with the first term appearing in inequality (3.8) which can be
rewritten as

| (C™ %0 *p); —Pill = | K *pi|]| with K =C™ %0, — 1.
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Notice that K sums up to zero, so that there exists A = A™!(K) with [|Al[p < &=
for some constant k,,. As a result,

n—1 1

1 m
> [ M€ o s~ pilldt < K pla < K *pl
i=0 /0

a
(3.10) < | APl < —hi
Hence, up to another constant k,,,

d(fam*pa S (p)) S X/ﬁ:m + F

Lemma 3.8. Let m > 2 and p € P, (a) and let f,,,.p be defined as in Proposi-
tion 2.5, then

d(fom*m Sl (p>) < —

The distance d(fs,,+p, s'(P)) is given by :

o) = [ 150~ @),
- z/ o (nt= 1) = m)

hereafter we divide the right hand side into three parts, 3,7, :
9:(t) = s'(P)®)|| < I((C™ %00 = L) xP),I| : B
+ [ (C" ok Ak p) t = (Pi1 — D)t 1Y

m k
Z (Cmfk * A*F *O’m*p) v
=2

dt,

1

+ 20

t k!

The [ term is treated in a similar fashion to the previous section. Using Lemma 3.3,
there exists a constant x,, that depends only on m and a kernel A with ||A[|p < &=
such that A = A2(C™ % 0,, — 1). Hence 8 < ||(Ax A% xp);||. In order to deal with
the 0 term, bound ¢ by 1, introduce the operator

Q= Z CmF e A2 g
k=2
then § < ||(Q x A% x p);||. It is easy to check that there exists a constant s, that
depends only on m such that [|Qs < “=. It remains to deal with the v term. For
that purpose notice that

(C" ' %o *Axp), = (Piy1—Pi) = (C" ' ,om*xAxp—0_3%xAxp)
= ((C’m_l*am—a_g)*A*p)

The operator C™ ! x ¢,,, — 0_3 sums up to zero and has support in [—m,m] so that
it is a first order derivative kernel in the sense of Lemma 3.2 and there exists a
constant k,, that depends only on m and a kernel R = A~ (C"™"! x g, — 0_3) with
R[] < = so that v < |[(Rx A% xp).

K
n

%

it
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Collecting all the terms we have,
3
' . ; Km
g:(t) = s' () ()| < D I(A7 % A’p)i||  with|[ A7, < -
j=1

and finally

(85}

W5 0 < 23 [ lt) = (YOt < 0, %2,

Lemma 3.9. Let m > 1 and p € P (), let fgm*p be defined as in Lemma 3.0,
then
~ Ke
d(fom*})7 So(p>) < —
n
Lemma 3.10. Let m > 2 and p € P™4(a) and let f,, . be defined as in Lemma 3.6,
then
~ Ke
d(fom*wsl(p)) < 7

1

Lemmas 3.9 and 3.10. Since for any p, d(sg, Sp

We have
1
A w5t = |

1
s/\
\0

The « term is a subpart of the equation (3.6) and can be bounded in a similar
fashion to (3.8) :

) < 24 it suffices to prove Lemma 3.9.

Fonsn(t) — $2(1) H dt

1
ﬁhm@)—ngt+TWdﬁbA‘bg@t+7)—syﬂﬂﬁ

-~

a B

n—10m itl

1 n
a:iA wﬁmpwt+7)—sgwt+rﬂ|:0”E:.K | fosp(t) — su(t)]|dt

n—10m n—10m m

1 1 1
<p 1|z C™ %, *p)i — il + — C" k% A* x5, %p)i———
N N e L DI [ 7+ P!

-~ -~

¢ n

Given that the support of C"™ % x g, is included in [—m, m] and using Lemma 3.1
the 7 term can be bounded in the same manner as in Equation (3.9) . For the ¢ part
define A = A=Y(C™ * 7,,, — 1); the support of A is included in [—m, m] by virtue of
Lemma 3.1 and bounding 6" by 1+ £, we have that :

Ra
o< —
n
For the § part notice that § + 27 = 1, so that :

0t +7—t] <7
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n—1 itl n—1 itl nr
b= Z/ |sp (0t +7) — pi| dt < Z/ Y Pk = Pirkt | Xisken a1yt
i=0 V% i=0 Y% k=—nrt1
1 o
< =Y 207 |[(A * p)i|| = 2n7||A < k—t
< 20l )] =207 wpll <

. This allows us to conclude that :

IN

Since |Axp|lp < 2 and 7
d (fam*pa Sp) S —Rm + n_§7

and

O

3.5. Proof of theorems. The end of the proof proceeds as follows. For any p €
Pi4(ax), build q = 0y,  p, notice that [|oy,|[a =n~" so that q € P} (a). We have
that fq € W, %(a + %¢). Let 0 € R be a scaling factor such that §fq € W, ().
Notice that there exists yet another constant depending on a only and still denoted
Ka such that 6 =1+ “¢, we then have

Ra
A(6fa o) < 25
By the triangle inequality for the distance d, we conclude that
(3.11) d(s'(p),8fq) < =, and d(s'(p), 8 fq) < — if m > 2.
n n

Thence dfq € W™ () is sufficiently close to s°(p) ( resp. s'(p)). This ends the
proof.

Theorems 2.1 to 2.3. For any function f in W;(a) (resp. f in W™(ar)) take
p € R™" such that p; = f (%), then p € P () (resp. p € P;i(ar)) by virtue

of Proposition 3.4. Still usingnthe result of Proposition 3.4, the distance between f
and its approximant, whether it is a piecewise constant or a piecewise linear spline,
is bounded with the correct rate.

Now for any piecewise constant or linear function s(p) € S;%(a) or s'(p) €

;2 (a) (resp. s°(p) € () or s'(p) € L7(ex)) build q = 6,,xp and the smooth-
ing spline f4 defined as in Proposition 2.5 (resp. fq defined as in Lemma 3.6). This
spline belongs to W;™((1 + “%)a) by using Proposition 3.5 (resp. W™((1 + %¢)cx)
by using Lemma 3.6). The distance d between fy (resp. fq) and the piecewise
constant or linear spline is bounded and the result of Lemmas 3.7 or 3.8 (resp. Lem-
mas 3.9 or 3.10) with the correct rates. Introduce the scaled function §f, (resp.
5 fq) as described in (3.11) to obtain a function in W () (resp. W™(ax)) whose

distance with respect to the spline is bounded with the correct rate. 0]

m7q

CONCLUSION

In this article, we bound the Hausdorff distance between set of continuous curve
with a prescribed Sobelev semi-norm on their derivative and their discrete piece-
wise constant and piecewise linear counterparts. Bounding the Hausdorff requires a
twofold control that is :
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e given a continuous curve, discretize the curve with a piecewise constant or
linear spline sufficiently close in the sense of the 1-Wasserstein distance and
which belongs to the suitable spline set.

e given a piecewise constant or linear spline, construct a continuous function
sufficiently close in the sense of the 1-Wasserstein distance and which belong
to the correct Sobolev multiballs.

The discretization step is trivial and given by the uniform sampling of the continuous
curve. On the over hand finding a m times continuous function that approximates the
0-th or 1-st order spline is trickier. The construction of this continuous approximant
involves using B-splines of order m but it appears that its expression is elegant
(see Proposition 2.7). The derivatives continuousness of this approximant yields
recurrence relationships involving Eulerian numbers and that are, to the best of our
knowledge new.

APPENDIX A. NUMERICAL IMPLEMENTATION

Authors released an open source implementation of the presented smoothing Euler-
ian B-splines'. The code implements for d = 2 the previously presented method with
a graphical user interface. Note that this code is easily scalable to higher dimensions
since its it time complexity depends only on the number of points p.
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