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FUNCTIONAL INEQUALITIES FOR TWO-LEVEL
CONCENTRATION

FRANCK BARTHE AND MICHAYL STRZELECKI

ABSTRACT. Probability measures satisfying a Poincaré inequality are known
to enjoy a dimension-free concentration inequality with exponential rate. A
celebrated result of Bobkov and Ledoux shows that a Poincaré inequality auto-
matically implies a modified logarithmic Sobolev inequality. As a consequence
the Poincaré inequality ensures a stronger dimension-free concentration prop-
erty, known as two-level concentration. We show that a similar phenomenon
occurs for the Latata—Oleszkiewicz inequalities, which were devised to uncover
dimension-free concentration with rate between exponential and Gaussian. Mo-
tivated by the search for counterexamples to related questions, we also develop
analytic techniques to study functional inequalities for probability measures
on the line with wild potentials.

1. INTRODUCTION

This article is a contribution to the functional approach to concentration in-
equalities, see, e.g., [18]. We work in the setting of Euclidean spaces (Rd, (- |)7
although most of the results extend to more general settings as Riemannian mani-
folds.

First we recall the main functional inequalities which allow to establish concen-
tration properties. A probability measure 1 on R? satisfies a logarithmic Sobolev
inequality if there is a constant Cps < oo such that for all smooth functions
f:R* - R,

(1.1) Ent,.(f?) < Cps /R IV f Py,

where Ent,(g) = [ gloggdu — ([ gdu)log ([ gdu) is the entropy of a nonnegative
function. It is convenient to denote by Crs(u) the smallest possible constant Cpg
n (1.1). Classically the inequality tensorizes, meaning Crs(u®™) = Cprs(p) for all
n, and the standard Gaussian measure satisfies a logarithmic Sobolev inequality.
Conversely, measures with a log-Sobolev inequality enjoy a dimension-free concen-
tration inequality with Gaussian rate: for all n > 1 and for all measurable A C R™¢
with u®"(A) > 1, it holds for all ¢ > 0

WEM (A4 tBy) 21— e K eis,

where K is a numerical constant and By = B$? denotes the Euclidean unit ball (of
R"4). This concentration property can also be formulated in terms of deviations of
functions, as we will mention later.
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2 F. BARTHE AND M. STRZELECKI

The other main property in the field is the Poincaré inequality. A probability
measure p on R? enjoys a Poincaré inequality if there exists a constant Cp < oo
such that for all smooth f: RY — R,

(1.2) Var, (1) < Cr [ 19 fPd

where Var,(f) = [ f2dp — (ffdu)2 is the variance of f with respect to p. Again
Cp(p) denotes the minimal constant for which the inequality holds. The Poincaré
inequality tensorizes (Cp(u®™) = Cp(u)) and ensures dimension-free concentration
properties with exponential rate: for all n and all A C R™ with p®"(A) > %, and
for all ¢ > 0,

t

(1.3) pE"(A+1B)) >1—¢ " Vor

)

where K is a numerical constant. The symmetric exponential distribution dv(t) =
e~ Itldt/2 on R satisfies a Poincaré inequality, but not the log-Sobolev inequality.
In [22], Talagrand proved a stronger concentration property than the above one: if
Ve (A) > % then for all t > 0,

(1.4) VO (A+ ViBy +tBy) > 1 — e 1,

for some universal constant C, where B, = By = {z € R" I |=;|? < 1}.
Talagrand’s two-level concentration inequality (1.4) is doubly sharp: for A =
(—00,0] x R"~1 it captures the exponential behaviour of coordinates marginals
of v®", while for A = {x; Y, x; < 0} using that B} C {x € R™; Y, z; <1} and
By C {z € R™; >, ; < +/n}, one gets

RN R™: Z?:l Li < t L >1— —-t/C
14 ({.’I] S y 4\/5 ~ \/_+ \/ﬁ = € ’

which is asymptotically of the right order in ¢ when n — oo, according to the
Central Limit Theorem.

Talagrand’s two-level concentration phenomenon was incorporated in the func-
tional approach by Bobkov and Ledoux: they introduced a modified log-Sobolev
inequalities which implies concentration of the type (1.4). More importantly, they
showed that it is implied by the Poincaré inequality (which means that the concen-
tration consequences of that inequality are stronger than (1.3)). More precisely,

Theorem 1.1 (Bobkov-Ledoux [8]). Let i be a probability measure on R, which

satisfies a Poincaré inequality with constant Cp. Then for any c € (0, 0;1/2), there
exists K(c,Cp) < oo such that for all smooth f: R? — (0,00) such that pointwise

e
But, (%) < K(.Cp) [ [V5Pdn

The Central Limit Theorem and an argument of Talagrand [22] roughly imply
that if dimension-free concentration in Euclidean spaces occurs, then the rate of
concentration cannot be faster than Gaussian, and the measure should be exponen-
tially integrable. In this sense, Poincaré and log-Sobolev inequalities describe the
extreme dimension-free properties. The functional approach to concentration with
intermediate rate (between exponential and Gaussian) was developed by Latata
and Oleszkiewicz [17]. We say that a probability measure p on R? satisfies the
Latata—Oleszkiewicz inequality with parameter r € [1,2], if there exists a constant
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Cro(r) < oo such that for every smooth f: R¢ — R one has

2 AN
Jua £2dp = (fa | £10die)
(1.5) sup ST
0e(1,2) (2 —0)20-1/m)

Let us stress here that most of the information is encoded in the speed at which
(2 — 0)21=1/7) vanishes as # — 2~ (by omitting the supremum on the left-hand
side of (1.5) and only considering a fixed 6 € (1,2) one gets a significantly weaker
inequality). We sometimes omit the dependence in r in the notation when there is
no ambiguity on the value of r. For r = 1 the inequality is equivalent to Poincaré
inequality. For r = 2 and the Gaussian measure, such inequalities were first con-
sidered by Beckner [7]. Moreover, up to the constants, the inequality for r = 2
is equivalent to the log-Sobolev inequality (note in particular that the limit as
6 — 27 of the ratio on the left-hand side is the entropy). Latata and Oleszkiewicz
proved that the above functional inequality tensorizes and implies dimension-free
concentration with rate exp(—¢"): under (1.5), if u®"(A) > 1 then for ¢ > 0,

HEM(A+tBy) > 1 — e K (/v/Crom)",

(their proof yields K = 1/3; see also [25] and Section 6 of [3] for an extension to
a more general setting). By p, we denote the probability measure on the real line
with density

< Cuop) [ IVIPdn.
R

e~ 1" at
i) = Spa 1)
For r € (1,2), Latala and Oleszkiewicz [17] showed that p, satisfies the inequal-
ity (1.5) with a uniformly bounded constant (in this case d = 1). For these measures,
one obtains a dimension-free concentration inequality with a rate corresponding to
the tails.

Another approach was suggested by Gentil, Guillin, and Miclo [13]|, which we
present now. For r € (1,2], we say that a probability measure p on R? satisfies the
modified log-Sobolev inequality with parameter r if there exists a constant C,, 1.5, <
oo such that for every smooth function f: R? — (0, 00) one has

(16) Entu(fQ) < CmLS(r) /Rd H,. (@)]‘Qdua

where H,.(t) :== max{t2, |t|” } for t € R and 7/ > 2 is the dual exponent of -, defined
by % + % = 1. This is a natural extension of the modified log-Sobolev inequality
of Bobkov and Ledoux, see Theorem 1.1, which appears as the limit case r = 1.
Indeed, when r — 17, ¥ — oo and

teR

t2/c? if |t < e,
00 if [t] > ¢

r’—00

lim HTr(t/c) = {

The modified log-Sobolev inequality tensorizes as follows: if u satisfies (1.6), then
for any positive integer n and every smooth function f: R — (0, 00) one has

Entu®n (f2) < CmLS(T) /]Rd ZHT/ (%)fﬂdutg ,
"i=1

where V;f denotes the partial gradient with respect to the i-th d-tuple of coordi-
nates of R%". Tt is proved in [13] that for each r € (1,2) the measure y, satisfies
a modified log-Sobolev inequality (1.6) with parameter r. This allows to recover a
two-level concentration inequality of Talagrand [23], extending (1.4): for r € (1,2),
if u®"(A) > 1, then

pE (A + ViBy +17B,) > 1 — e /",
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In view of Theorem 1.1, it is natural to conjecture, that similarly the Latata—
Oleszkiewicz inequality implies the modified log-Sobolev inequality (and therefore
improved two-level concentration), cf. Remark 21 in [6].

2. MAIN RESULT AND ORGANIZATION OF THE ARTICLE

We are ready to state our main result. Let us emphasize that it is not restricted
to measures on the real line and that the dimension d does not enter into the
dependence of constants.

Theorem 2.1. Let r € (1,2). Let u be a probability measure on R® which satisfies
the Latata-Oleszkiewicz inequality (1.5) with parameter r and with constant Cro(ry-
Then p satisfies the modified log-Sobolev inequality (1.6) with parameter r and a
constant C depending only on Cpro(y and r. More precisely, one can take C =

a(r) max{Cro(), Cig(r)} for some function a.

The concentration property can also be formulated in terms of functions. As
shown in [17], the Latala—Oleszkiewicz inequality (1.5) implies that for any integer
n > 1 and every 1-Lipschitz function f: R — R, one has

(2.1) u®"(!f - /R fdp®"| > t\/OLom) < 2exp(—K min{t?,t"}).

The modified log-Sobolev inequality (1.6) implies via a modification of Herbst’s
argument a stronger deviation inequality. Therefore our main theorem ensures
that the Latata—Oleszkiewicz inequality ensures such an improved concentration.
This is the content of the next two corollaries, for which some notation is needed.
For z = (z1,...,2,) € (R*)™ and p € (1,00) denote

" 1/p
ol = (3 lail?)
=1

(here | - | stands for the £3 norm on RY; in the notation we suppress the roles of d
and n, but they will always be clear from the context).

Corollary 2.2. Letr € (1,2). Let i be a probability measure on R which satisfies
the Latata—Oleszkiewicz inequality (1.5) with parameter r and with constant Cro.
Then there exists a constant C > 0, depending only on Cro and r, such that for
any positive integer n, any smooth f: R™ — R, and all t > 0,

wen (11 - /R Fdu®| > 1)

1 t2 tr
< Qexp(——ml { , m })
C'supyegan [V (2)[27 Ot supeayn V()70 o

Using standard smoothing arguments one can also obtain a result for not neces-
sarily smooth functions, expressed in terms of their Lipschitz constants.

Corollary 2.3. Letr € (1,2). Let u be a probability measure on R which satisfies
the Latata—Oleszkiewicz inequality (1.5) with parameter r and constant Cro. Then
there ezists a constant C' > 0, depending only on Cro and r, such that for any
positive integer n the following holds: if f: R¥™ — R satisfies

[f(x) = f(y)] < La|z —yl,
[f(@) = fW)] < Lrallz = yllr2,
for all z,y € (R})", then for all t > 0

‘f / fdu®"‘ > t) < 2exp(—lm1n{gz2,cwt%y}).
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One can also express concentration in terms of enlargements of sets. Below B§"
and B?" stand for the unit balls in the 5 and £,-norms on R respectively. Also,
let

n n - r\1/7
BT,’2d = {(ml,...,xn) € (RH™: (Z|xz| ) / < 1}
i=1
be the unit ball in the norm || - ||,,2. Observe that for r € (1,2),
d1/271/an,2d C Bf‘ln C Bn,2d c Bgn C nl/rfl/2Bn,2d.

Corollary 2.4. Let u be a probability measure on R¢ which satisfies the Latata—
Oleszkiewicz inequality (1.5) with parameter r and constant Cro. Then there exists
a constant K > 0, depending only on Cro and r, such that for any positive integer
n and any set A C R™ with u®"(A) > 1/2,

uon (A n {(ml, ey an) € (R imin{|xi|2, |z} < t}) > 1 e Kt
=1

In particular,
(2.2) PP (A+ VB + VBl > 1 — e K
One can take K = 35 min{1/C,1/C"'}, where C is taken from Theorem 2.1.

This corollary should be compared with the results of Gozlan [14]. He proved that
if a probability measure ;1 on R? satisfies the Latala—Oleszkiewicz inequality, then
it satisfies a Poincaré type inequality involving a non-standard length the gradient
(see Corollary 5.17 in [14]), which in turn implies a slightly different type of two-level
concentration (see Proposition 2.4 and Proposition 1.2 in [14]). However, unlike in
the above two corollaries, the constants which appear in his formulations do depend
on the dimension d of the underlying space (even though they do not depend on n).
Namely, if we denote z; = (z},...,2%) € R? for i = 1,...,n, then [14] shows the
existence of a constant K > 0 (depending only on Cro and r) such that for any
positive integer n and any set A C R with u®"(A4) > 1/2,

2 J

N@n(AJr {(acl,...,xn) e (R - iimm{’% , % } gt})
> 1 eKt/d

(the d in the denominator on the left-hand side comes from Corollary 5.17 of [14]
and the d on the right-hand side—from Proposition 2.4 therein). In particular, this
implies
P (A + d*PVEBYT  d YT Ay > 1 e K
In terms of the dependence on d this is weaker than (2.2), since
BZ’Qd c dl/T_l/QB,;,in cC d1+1/TBgn’
with strict inclusions when d > 2.

The organization of the rest of the article is the following. In Section 3 we
introduce two more functional inequalities. They will serve as intermediate steps
between the Latala—Oleszkiewicz and the modified log-Sobolev inequalities. In
Section 4 we prove the main result and Corollaries 2.2 and 2.4. The rest of the
paper deals with measures on the real line. One motivation is to make progress
on a question that we do not fully settle: our main theorem shows an implication
between two properties; are they actually equivalent? In Section 5, we recall the
known criteria. In Section 6 we consider the weighted log-Sobolev inequalities used
by [13] in order to derive (1.6). We show that the two properties are not equivalent.
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Workable criteria are available for measures on R with strictly increasing potential
close to co. In the final section, we develop an elementary approach to deal with
potential with vanishing derivatives or even decreasing parts. We illustrate this
method on the functional inequalities of interest.

3. PRELIMINARIES: A FEW MORE INEQUALITIES
We start with the following observation.

Lemma 3.1. Suppose that a probability measure i on R® satisfies the Latata—
Oleszkiewicz inequality (1.5) with constant Cro. Then it satisfies the Poincaré
inequality (1.2) with constant Cp = Cro.

Proof. By taking 6 — 17 in (1.5) we see that (1.2) holds for all positive smooth
functions (with constant Crp). Since the variance is translation invariant, we
conclude that (1.2) holds for all smooth functions bounded from below. The general
case follows by approximation. (I

Remark 3.2. Alternatively, one can deduce the Poincaré inequality from the fact
that Inequality (1.5) implies dimension-free concentration and the results of [16].

For r € (1,2) denote
Fu(t) =log®" (14 t) —1og¥" (2), t>0.

We say that a probability measure p on R? satisfies an F,.-Sobolev inequality if there
exists C' such that for every smooth g: R — R,

2
3.1 2Frgid<0/v2d.
(3.1) /Rdg (fRdQQdM) < Rdl gl du

This inequality is tight, i.e., we have equality for constant functions (if f is constant
and equal to zero on its support, then the expression 0/0 should be interpreted as
0 here and in (3.3) below). We say that p on R? satisfies a defective F,.-Sobolev
inequality if there exists B and C such that for every smooth g: R — R,

2

g 2 2
3.2 /ming/ d+C/Vd.
(3.2) 9 (fRdQQdM) 1 9 Rdl gldu

In 3] Barthe, Cattiaux, and Roberto provided capacity criteria for, among others,
the Latala—Oleszkiewicz and F,.-Sobolev inequalities. We refer to Section 5 of [3]
for a thorough overview of the topic, and in particular to the diagram on page 1041,
which we use as a road map. The following theorem is a direct corollary of the
results contained therein (and also in Wang’s independent paper [25]).

Theorem 3.3. Let r € (1,2), and let p be an absolutely continuous probability
measure i on R?. Assume that u satisfies the Latata—Oleszkiewicz inequality (1.5)
with parameter r € (1,2) and constant Cro. Then p satisfies the (tight) Fy.-Sobolev
inequality (3.1) with a constant C < 1152 Cpo.

Proof. Denote T(s) == s21=1/7). Recall the following definition of capacity: for
Borel sets A € Q C R?, define

Cap,(4,Q) = inf{/d IVfPdp: fia >1and fio. = 0}
R

(the infimum is taken over all locally Lipschitz functions), and

Cap,,(A) :=inf { Cap,(4,Q) : A C Q and pu(Q) <1/2}.
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Theorem 18 and Lemma 19 of [3] imply that if u satisfies the Latala—Oleszkiewicz
inequality (1.5) with some constant Cro, then

7 p— — 1(A)log?"" (1+1/u(A)) < 6C0 Cap, (4)

T(log(l-iri/u(f“)))
for every A C R? with p(A4) < 1/2. Using 2log(1 + t) > log(1 + 2t), t > 0 and

r € (1,2), we obtain that for all A as above,
u(A)log?™ (1+2/u(A)) < 12CLo Cap,(A).
Theorem 28 of [3] then gives! that for every smooth function f: R? — R,

/f2 log?™ (14 f¥)dpu — (/deu) log?/™ (1+/f2du) < 1152CLO/|Vf|2du.
Substituting f2 = g%/ Jga g%dy yields the claimed F,-Sobolev inequality (3.1). O

Remark 3.4. The latter theorem remains valid even if y is not absolutely continuous.
To see this we use an approximation argument. Let 7. be the centered Gaussian
measure on R? with covariance matrix ¢ Id. For small enough £ > 0, 7. satisfies
the Latala—Oleszkiewicz inequality with the same constant as p and hence, by
tensorization, so does p®~.. Testing the inequality with the function (x,y) — f(z+
y), we conclude that p . also satisfies the Latala—Oleszkiewicz inequality (with a
constant at most 2Co () when € is small enough). Thus, by Theorem 3.3, p * 7.
satisfies the F,.-Sobolev inequality. We fix a bounded smooth Lipschitz function,
take ¢ — 0, and arrive at the conclusion that u satisfies the F,.-Sobolev inequality
for all bounded smooth Lipschitz functions (we have pointwise convergence and
since the function is Lipschitz and bounded we can use the dominated convergence
theorem). Now if f is an arbitrary smooth function such that [, IVfI2du < oo,
then it suffices to consider functions f,, = ¥, (f), where ¥,,: R — R is, say, an odd
and non-decreasing function defined by

U, (—t) for ¢ < 0,

W, (t) = t for t € [0,n),
U, (t)=n+t) forte[n,n+ 2|,
U, (t)=n+1 fort >n+2,

and ¢ : [0,2] — [0,1] is smooth and increasing on (0,2), such that (0) = 0,
P(2)=1,¢'(0+) =1, ¢'(2—) =0, ¢(t) <t for ¢t € [0,2]. We then use dominated
convergence on the right-hand side and monotone convergence on the left-hand side
(note that by the Poincaré inequality f is square-integrable).

We need another inequality introduced by Barthe and Kolesnikov in [4]. Let
7 € (0,1), one says that a probability measure x on R? satisfies the inequality I(7)
if there exists constants B; and C; such that for every smooth f: RY — R,

_ f?
(3.3) Ent,(f?) < Bl/ fPdu + Cl/ IV £ log" T(e +
. R Rd fRd f2dp
This inequality is related to the previous ones. The next statement is a quotation
of Theorem 4.1 in [4], with a stronger assumption (of a Poincaré inequality instead
of a local Poincaré inequality)

)du.

IThe assumption of absolute continuity of 1 comes into play at this point. Indeed, the proof of
Theorem 28 in [3] relies on a decomposition of R? into level sets {f2 > py}, for some well chosen
pr. (cf. proof of Theorem 20 in [3]), and one needs to know that the sets {f2 = p} N {|Vf| # 0}
are negligible.



8 F. BARTHE AND M. STRZELECKI

Theorem 3.5 (Barthe-Kolesnikov [4]). Let r € (1,2). Let p be a probability mea-
sure satisfying Inequality I(2/r"). Then u satisfies a defective F.-Sobolev inequality
(3.2) and a defective modified log-Sobolev inequality with parameter r.

If in addition p satisfies a Poincaré inequality, then its satisfies an F,.-Sobolev
inequality (3.1) and a modified log-Sobolev inequality with parameter r, (1.6), with
constants depending only on the constants of the input inequalities.

We establish a partial converse to the above implication:

Theorem 3.6. Let r € (1,2). Assume that a probability measure u on RY satisfies
the defective F,.-Sobolev inequality (3.2) with constants B and C. Then u satisfies
the 1(2/r") inequality (3.3) with some constants By and Cy which depend only on
B, C, and r.

Proof. We reverse the reasoning from the proof of Theorem 4.1 in [4]. Fix a smooth
function f such that the right-hand side of (3.3) is finite. We may and do assume
that [5. f?|In(f?)|dy < co.? Consider the function

®(z) = 2* log!~2/" (e+2%), zeR,

(which is convex since the function ¢ — tlog! =% T/(e +t) is convex and increasing
for ¢t > 0. Recall that r’ > 2). Denote by L the Luxemburg norm of f related to ®:

L=inf{A>0: /qu>(f/x)du <1},

Note that L < 0o, [p. ®(f/L)dpn =1 (by the definition of L), and L* > [;, f2du
(since ®(z) > 2?).
Set g := \/®(f/L). We have [, g>dp =1 and (3.2) reads

(3.4) / g?(1og™™ (1 + g?) — log™™ (2)) dpu < B/ deu+C/ \Vg|*dp.
Rd Rd Rd

Let us first express the right-hand side of this inequality in terms of f. For z € R
denote ¢(z) := zlog"?* V" (e + 22). Then
2

5 log ™77 (e 4 0?)

2
e+

0 < ¢'(x) =log> V" (e +2?) + (1/2 — 1/q)

< 2log' /21"’ (e + 2?)

and thus
wol = I (/) <l hogi—2 e 1 g2y 12)
< 4|VL—J;|2 log' /" (e + ,f]Rdfifzd/j/)
Hence
2 ) 2
(3.5) B/Rd g%l,u—l—C/Rd |Vg|?du < B+4C/Rd %loglﬁ/r (e—i— m)du.

2Indeed, like above let us define odd and non-decreasing functions ¥, : R — R by putting
U, (t) =tfort € [0,n), Un(t) =n+1fort>n+2;fort € [n,n+2]let us take ¥y, (t) = n+ (),
where ¢ : [0,2] — [0,1] is smooth and increasing on (0,2), and satisfies ¢(0) = 0, ¥(2) = 1,
P (0+) = 1, ¢¥'(2—) = 0, ¥(t) < t. Then the functions fn, = ¥,(f) are smooth, bounded (and
hence [pa f2|In(f2)|dp < o0) and converge to f pointwise. After proving that (3.3) holds for fn,
we obtain the assertion for f by taking n — oo and using monotone convergence on the left-hand
side and the Lebesgue dominated convergence theorem on the right-hand side (note that we know
that f and f, are square-integrable, |V fy| is up to a constant smaller than |V f|, fn = f if
[f] € [0,n], |fn]l < |f| if |f] € [n,n + 2], and if |f| > n + 2, then V f, = 0).
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As for the left-hand side of (3.4), it is easy to see that there exists k1 = k1(r) >0
such that, for y > 0,

ylog' =" (e +y) (logQ/T (1+ylog' ™" (e +y)) — log®" (2)) > ylog(y) — k1.

Applying this inequality with y = f2/L?, we arrive at

v’ " f?
[ a0 W ) < 1o @)dn = [ Lrlow(£2/12)ds — .
R4 Rd
Together with (3.5) this yields
f2
fRd f2du

It remains to replace the expression on the left-hand side by Ent,, ( f 2) and estimate
L2
Since

/ f2log(f*/L?)du < (B + k1) L* + 40/ IV f|? logt=2/" (e + )du.
R4 Rd

Ent,, (f?) = inf /Rd (f2 log(f2/t) — f% + t)du
2] 2/72y_ 2 1 12\d
< [ (Pro8tr2/2) = 7 + 1),
we conclude that
f2
fRd frdp

Finally, it is easy to see that for every € > 0 there exist ko = ka(e,r) such that,
for y > 0,

(3.6)  Ent,(f2) < (B+r +1)L2 + 40/ V£ |2 log! =2/ (e n )du.
Rd

ylog' /" (e 4+ y) < eylog(y) + ko

Using first the definition of L and the fact that L% > fRd f?dp, and then the above
bound (with y = f2/ [ f?du) we can thus estimate

f2

f]Rd f2dﬂ) e

= [ Plog = e e [l (e
R4 R4

SEEHt#(f2)+H2/ fdu.
Rd

Eventually, for ¢ small enough we combine this bound with (3.6) and simplify the
entropy terms (recall that by our assumption Ent, (f?) < co) in order to reach the
claim. O

4. PROOF OF THE MAIN RESULT AND ITS COROLLARIES

Proof of Theorem 2.1. Our assumption is that u satisfies a Latata—Oleszkiwicz in-
equality with parameter r. Therefore by Lemma 3.1 it also satisfies a Poincaré
inequality, and by Theorem 3.3 (and Remark 3.4 if p is not absolutely continuous)
it satisfies a (tight) F.-Sobolev inequality. From Theorem 3.6, we deduce that u en-
joys an I(2/r")-inequality. Eventually Theorem 3.5 asserts that the I(2/r’), together
with the Poincaré inequality, implies a (tight) modified log-Sobolev inequality with
parameter r. The constants that we obtain in the above inequalities only depend
on 7 and Cro(y. Proving the claimed dependence in Cpo(,) is straightforward, but
requires to track the constants in the various intermediate statements. We omit
the details. O
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Remark 4.1. Let us comment here that for d = 1 it is known that the inequalities
(1.5) and (1.6) hold if and only if they hold with the integration with respect to u
on the right-hand side replaced by integration with respect to p4., the absolutely
continuous part of u (cf. [9], Appendix of [19], Appendix of [15]).

For the proofs of the corollaries we need one more technical lemma. We denote
by H? (t) :== sup,cp{st — Hy(s)}, t € R, the Legendre transform of H,, (we refer
to the book [20] for more information on this topic).

Lemma 4.2. Letr € (1,2). The function H}, is given by the formula

t2/4 if 0 <t <2,
Hi(t)=<|t|-1 if 2 <|t| <7,
(&) af [t >

Moreover, H,(t) > % min{t?, [¢|"}.
Proof. The first part is a straightforward calculation. To prove the second part,

first notice that
1 1\"
in (—) =1/4.
re(1,2) r — 1 \¢/
This allows to verifty the inequality H (t) > 4 min{t2,[t|"} for t € [0,2] U [/, 00).
It remains to prove the inequality on the interval [2,7'], where H' (t) = ¢ — 1 is

affine in ¢, and {1 min{t?, |¢|"} = 1¢" is convex in ¢. Thefore it is enough to check
the inequality at the endpoints of the interval, which we have already done. (I

Proof of Corollary 2.2. A classical argument of Herbst (see, e.g., [18]) allows to
deduce concentration bounds from log-Sobolev inequalities. It was implemented
in [6] for modified log-Sobolev inequalities with energy terms H(V f/f) involving
general functions H. We rather follow the calculation of [1] which is more suited
to the case H = H,.. Take a function f: (R?)” — R and denote

A= sup [Vf(z), B= sup [|[Vf(z)]rpz.

rEeRdn rERI™

Moreover, let F(A) = [pa, €M@ dp®". Then

AF'(A) = /R A @M

and hence, since u satisfies the modified log-Sobolev inequality with some constant
C =C(Cro,r) (by Theorem 2.1) and by the tensorization property,

AF'(X) — F(\)log F(\) = Enten ()
n )\ .
< C/ﬂw ;HT/(;Viﬂ)e”du@
< 2C max{(AN/2)%, (BA/2)" }F(N),

2771

ing both sides by A2F()\) we can rewrite this as

where we used the inequality 3, max{a?, b} } < 2max{>", a2,>, b7 }. After divid-

1 / /
(X logF(A)) < 20 max{(AN/2)%, (BA/2)" }/A2.
Since the right-hand side is an increasing function of A > 0 and

1
lim —log F(\) = du®m
Jim +log F(A) Rdnfu ;
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we deduce from the last inequality that
1 /
3 log F(\) < / fAu®™ +2C max{(AN/2)%, (BA/2)" } /A,
Rdn
which is equivalent to

/}Rdn eMdu®n < exp()\ /}Rdn fdu®™ 4+ 2C max{(AX/2)?, (B)\/Q)T/}).
Therefore from Chebyshev’s inequality we get, for ¢t > 0 and any A > 0,
Jan e2M quen
exp(2A [gan fApu®™ 4 2Mt)
< exp(—2Mt + 2C max{(AN)?, (BA)"'}).

p(F = | fapm ) <

Rdn

Now we can optimize the right-hand side with respect to A. Let U and V be such
that A = UY2V, B =UY""V. We have
max{(AN)?2, (BA)"}) = Umax{(VA)2, (VA)"} = UH,(V\)
and hence
t
onif > du®" +t) < —2CUH;, (=—=))-
p (12 [ e 1) < exp(-20UH; (57))

Using Lemma 4.2 and the definitions of U and V we get
(g [ paun st < exp (- 2min { g )
AU =Py cAz cr=1prJ)

which yields the assertion of the corollary. (I

Proof of Corollary 2.3. Let f. be the convolution of f and a Gaussian kernel, i.e.,
fe(z) = E f(x + G), where G ~ N(0,I). This function clearly inherits from f
the estimates of the Lipschitz constants. Since it is smooth, the fs-norm and the
norm || - ||,+2 of its gradient can be estimated pointwise by Lo and L, 2, respectively.
Therefore we can apply Corollary 2.2 to f.. Moreover, |f.(x) — f(z)| < Lay/eE|G|
and hence f. converges uniformly to f as € tends to zero. This observation ends
the proof of the corollary. (I

Proof of Corollary 2.4. We follow the approach of Bobkov and Ledoux from Section
2 of [8]. Take a set A C R with u®"(A) > 1/2. For z = (x1,...,2,) € (R,
denote

F(z) = Fa(z) = aigijZminﬂxi —al?, |zi —ai|"}
i=1

(note that here | - | is the fo-norm on R?). Take any ¢ > 0 and set f = min{F,t}.
We claim that for all z,y € (R%)",

(4.1) @)= f)l <2vile—yl,  |f@) = f@)] <267 [z = yllro.

Suppose that we already know that this holds. Note that (2t'/7")" = 2r¢"—1,
Also, [pan fdu®" < t/2 since F =0 on A and p®"(A) > 1/2. Consequently, by
Corollary 2.3 and (4.1),

PO (Fa > 1) <p®m(f > 6) <p®(f > /R A= 1 12)

1 .{(15/2)2 (t/2)" })

< _Z
—eXp( D TG I ToTa Yo

= exp(—§ min{ﬁ, 4’”0%}) < exp(—Kt),

o~
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where K = 35 min{1/C,1/C"~'} and C is the constant with which, by Theorem 2.1,

the modified log-Sobolev inequality holds for p. Since clearly
{Fa<ttcA+{(@,. .. o) € ®RY" Y minflal o} <t}
i=1

this yields the first assertion of the corollary. The second part follows by the
inclusion

n
{(:cl, wn) € (RY™ D “min{|a?, 2]} < t} C VB + 1B
i=1
It remains to prove the claim (4.1). To this end, consider the functions
n
Glz) =Y min{lzi[*, [a:]"}
i=1
and g(x) = min{G, t}. Since g is locally Lipschitz it suffices to show that, a.e.,
n n
Do IViglP <, D Vgl <27t
i=1 i=1

Indeed, this will imply that (4.1) holds with ¢ in place of f (note that the norm
I - |2 is dual to the norm || - ||+ 2). Since f(x) = infaeca g(x —a) (and the infimum
of Lipschitz functions is Lipschitz with the same constant), the same estimates will
be inherited by f.

On the open set {G > t} the estimates obviously hold, since g is constant. The
set {G =t} is Lebesgue negligible. Thus in what follows it suffices to consider the
set {G < t} on which g = G.

If, for some ¢, |z;| < 1, then

Vig(@)[? = dlai|* = dmin{laq|?, |2:]"},
Vig(@)l” =27 |2i|” < 27 [aif* = 2" minf|ai]?, ]}
If on the other hand |z;| > 1, then
Vig(@)? = r®[ai U7V < dla|” = dminf |, 2]},
Vig(@)|” =" Jai|" = r" min{|z;[, [2:]"}.
Thus, a.e. (the set where |z;| = 1 for some ¢ is negligible),
Vig(@)]* < 4min{|a;]?, ||},
Vig()]” <27 min{|z [, [a;]"}.

Consequently, on the set {G < t}, it holds a.e.
S [Vigla) < 4G(x) < 4t,
=1
D IVigla)” < 27'G(x) <27t
=1

Therefore the proof is complete. (Il
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5. CRITERIA FOR MEASURES ON THE REAL LINE

From now on we restrict to probability measures on the real line. In this setting,
more tools are available. For several functional inequalities, workable equivalent
criteria are available. They are based on Hardy type inequalities, of the form

/ 1~ FO)Pdu < A / P
R+ R+

We refer to [2]| for the history of the topic, from the original book of Hardy, Lit-
tlewood and Pélya, to the general version by Muckenhoupt. The textbook [2] also
mentions that such Hardy inequalities yield the following criterion for Poincaré
inequalities on R (where we include a numerical improvement from [19]):

Let © be a probability measure on R, with median m. Let v be a probability
measure on R, and let n denote the density of its absolutely continuous part. Then
the (possibly infinite) best constant C'p such that for all smooth f,

Var,(f) < Cp/(f')2d1/

R

verifies max(B}, Bp) < Cp < 4max(B}, Bp), with

1 _ ™1
6.0)  Bp=swulle+o0) [ 1 By =sw (o)) [,
T>m m T z<m z N
where by convention 0 - co = 0.
Bobkov and Gotze [9] extended the reach of these methods, by proving a similar
statement for log-Sobolev inequalities of the form

Entu(fQ) < CLs/(f/)le/.
R

Their result reads as the previous one, with different numerical constants and B;,
B replaced by
(5.2) B} ¢ = sup p([z, +0))log <;> /I 1

' L5 = o ullw, +00)) ) S 0’
and B o defined similarly for x < m. This criterion was later extended to the
Latata—Oleszkiewicz inequality (1.5). Let p be a probability measure on R. Denote
by m the median of ;1 and by n the density of its absolutely continuous part. Barthe
and Roberto [5] proved that p satisfies the Latala—Oleszkiewicz inequality (1.5) if
and only if maX{BZFO(T), BZO(T)} < 00, where

(5.3) BZFO(T) = sup ([, 00)) log?"™ (1 + m) /1 %dt

m

and BZO(T) is defined similarly but with x < m. Moreover the best possible constant
Cro() in (1.5) is comparable to maX{Bz'O(T), BZO(T)}, up to numerical constants
which do not depend on r € (1,2).

In the subsequent paper [6], Barthe and Roberto provided a criterion for the
modified log-Sobolev inequality (1.6). However, they did not reach a full equiva-
lence. Here is the outline of Theorem 10 in [6]. Let du(t) = n(t)dt be a probability
measure on R with median m. If u satisfies the Poincaré inequality with constant

Cp and maX{B;LS(T),B;LLS(T)} < 00, where

(5.4) B’:’V;LS(’I‘) = fggu([m,m))log(m) (/: #dt)l/(r—l)
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and B_ ;¢ is defined similarly but with z < m, then u satisfies the modified log-
Sobolev inequality (1.6) with constant

Crnrs < 235Cp + 27 1 maX{B:;LS(r)’ BLsa)

The converse implication is, so far, known only under the following additional as-
sumption: there exists € > 0 such that for all x # m

1 max(m,x) 1
5.5 _ > .
(5.5 Tt =

min(m,x)

In this case, if u satisfies the modified log-Sobolev inequality (1.6), then
maX{B:LLS(T)’ B st} <o

and this quantity can be estimated in terms of the constant C,,, 1 5(,-) up to constants
depending on r and €. The Poincaré inequality is a classical consequence of modified
log-Sobolev inequality, exactly as in Lemma 3.1.

Even though the above criteria involve simple concrete quantities, it does not
seem easy to use them in order to reprove our main result Theorem 2.1 for measures
on R. However, if one assumes for example that du(z) = exp(—V(x))dz, x € R,
where V' is symmetric, of class C?, liminf, .., V'(x) > 0, and

V//(:L,)

zIHH;o V’(x)Q o

then one can estimate the quantities BZO(T), B:L LS(r) and show that the Latala—

Oleszkiewicz inequality (1.5) is equivalent to the modified log-Sobolev inequal-
ity (1.6) and furthermore to the condition

Vix)
5.6 limsup ——— < o0
(5.6) mSup LS
(see Remark 21 in [6]).
In the rest of the paper we use and develop one-dimensional criteria in order to
study whether the modified log-Sobolev inequality is actually equivalent to other
inequalities which are known to imply it.

6. WEIGHTED VS. MODIFIED LOG-SOBOLEV INEQUALITY

It is known that if a probability measure 1 on R? satisfies a certain weighted log-
Sobolev inequality (and an integrability condition), then it also satisfies a modified
log-Sobolev inequality, see Theorem 3.4 in [12] (in the context of a specific measure
on the real line a similar argument appears already in the large entropy case of the
proof of Theorem 3.1 from [13]). The goal of this subsection is to show that the
converse implication does not hold in general, even for measures on the real line.

First we present a workable criterion for the weighted log-Sobolev inequality.

Proposition 6.1. Let du(z) = e~V dx be a probability measure on the real line.
Let V: R — R be even and locally bounded. Assume that in some neighborhood of
00, the function V is of class C?, and that

(i) liminf, . V'(z) > 0,

(i6) limy o0 Frsk = 0.
Then, there exists C < oo such that p satisfies the following weighted log-Sobolev
inequality: for every f: R — R,

(6.1) mmu%scAfWFa+m%wwux
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if and only if

lim su & < o0
msup |22V (z)2 :
Remark 6.2. Condition (ii) can be weakened to limsup,_, |¥:;§£%' <1

Proof of Proposition 6.1. Denote W (z) := V(z) — log(1 + |z|*™"), « € R. By
the Bobkov-Goétze criterion [9] (see (5.2)), p satisfies the weighted log-Sobolev
inequality if and only if

(6.2) ili%u((z, 00)) 1og(m) /Oz eVt < .

Of course, it suffices to investigate what happens for z — co. Note that

_ 1—r
lim inf W’(x) = lim inf (V’(Jj) - M) >0

xT—00 xT—00 1 + :C27T
(by Assumption (i)) and
. W' (z)
im =
z—oo W'(x)?

(by (ii) and the fact that W (x) = V" (x) + o(1)). Thus, as z — oo,

0 V(@)
Vv e

/z eW(t)dt N eW(:c) _ eV(m)
0 Wi(x) (1 +[z*77)(V'(2) +o(1))
(here by ‘~’ we mean that the ratio of both sides tends to 1 as z — o0; to prove

that this is indeed the case it suffices to consider the ratio of the derivatives of both
sides). Therefore, (6.2) holds if and only if

) V(x) + logV'(x)
lim sup 5 - -
wmoo (L4 [2277)(V!(z) 4+ o(1))V' ()
which, since V'(z) is bounded away from zero as & — oo, happens if and only if
V(x)
li < 0. U
1msup |22V (2)2 o0
Our example is a modification of the example constructed by Cattiaux and
Guillin [11] to prove that the log-Sobolev inequality is strictly stronger than Ta-
lagrand’s transportation cost inequality.

< 00,

Proposition 6.3. Forr € (1,2) and max{r/2,r — 1/r} < f—1<r —1/2 define
Ulz) = Uy p(x) = |z 4 (r + 1)|z|"sin®(z) + |z|®, = €R.

Let pr g be the probability measure with density proportional to e Urs@)  Then
Wr.3 satisfies the modified log-Sobolev inequality (1.6) and the Latata—Oleszkiewicz
inequality (1.5) (with d=1).

On the other hand, u, g does not satisfy the weighted log-Sobolev inequality (6.1).

Proof. Let us first note that § € (r,r + 1). For > 0,
Uz) = 2" 4 (r + 1)a" sin®(z) + 2°,
U'(z) = (r + 1)(1 + sin(2z))z" + (r + 1)ra" " sin®(z) 4+ p2” L.

Clearly, U’(z) > B2%~1; in particular liminf,_,o, U'(x) > 0. Moreover, for 2 > 1,
|U" ()| can be bounded by Mz" for some constant M = M(r, 3). Thus,

|U" ()| . Mz

r—00 U’(:C)Q T z—o0 ﬂQ;CQ(ﬁfl) o

0,
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since S —1 > r/2. We are thus in position to apply workable versions of the criteria
for the modified and weighted log-Sobolev inequalities (note that the normalization
of u, 3 amounts to adding a constant to the potential U, which does not affect the
calculations and reasoning below).
First note that
U@ o ket
T—00 U’(:C)T/ T z—o00 ﬂr’z(ﬁfl)r’ ’
since (8 — 1)r" > (r — 1/r)r’ = r + 1. Thus, by the Barthe-Roberto criterion (see
(5.6)), urp satisfies the modified log-Sobolev and the Latata—Oleszkiewicz inequal-

ity.
On the other hand, for certain values of z — oo (e.g., for z = km — 7 /4, k € N),
we have |U'(x)| < ((r + 1) + B)2P~!. Hence

li U) o v

imsup ———— im =
P 227U (2)?2 ~ a—oo 2277 ((r + 1)r + B)222(5-1)
since § —1 < r —1/2. Thus, by Proposition 6.1 above, p, g cannot satisfy the
weighted log-Sobolev inequality. (I

o0,

Remark 6.4. The introduction of [21], suggests that the results of our Theorem 2.1
are contained in [26], namely that it follows from [26] that the F,.-Sobolev inequal-
ity (3.1) implies the modified log-Sobolev inequality (1.6). We would like to rectify
this: Wang’s paper [26] deals with measures with faster decay than Gaussian. He
proves that in that setting an appropriate super Poincaré inequality (or equiva-
lently, an appropriate F-Sobolev inequality) implies a certain weighted log-Sobolev
inequality. However, in our setting (measures with tail decay slower than Gauss-
ian), we have an example of a measure which satisfies the modified log-Sobolev
inequality (1.6) and the Latata—Oleszkiewicz inequality (1.5) (or equivalently, the
F,-Sobolev inequality (3.1)), but does not satisfy the weighted log-Sobolev inequal-
ity (6.1). Therefore Theorem 2.1 cannot be deduced from Wang’s paper [26].

7. ON POTENTIALS WITH VANISHING DERIVATIVES

7.1. Motivation. Recall that r € (1,2) is the parameter associated with the
Latala—Oleszkiewicz inequality (1.5) and the modified log-Sobolev inequality (1.6).
Throughout this section we consider symmetric probability measures on the real
line of the form

Au(z) = dny (x) = - exp(~V(@))dw, ¥ €R,

where V: R — R is even and Z is the normalization constant.
It is easy to see that if € € [0,1) and for z € R

V(z) =z +€sin($)’T, x>0,

then py satisfies both the Latala—Oleszkiewicz inequality (1.5) and the modified
log-Sobolev inequality (1.6). Indeed, if ¢ € [0,1), then liminf, , . V'(xz) > 0,
lim, 00 V" (2)/V'(2)? = 0 and the claim follows from the simplified versions of the
Barthe-Roberto criteria (see (5.6)).

This example becomes more interesting for ¢ = 1: since for any integer k, V' ((2k+
1)7) = 0 we cannot apply the simplified asymptotic versions of the criteria. In
particular, one would like to know if, for measures with such potentials, the modified
log-Sobolev inequality (1.6) and the Latata—Oleszkiewicz inequality (1.5) are valid
simultaneously.

In the limit case r = 2, Cattiaux [10] proved that if

V(z) = 2* + 2\xsin(z), x>0,
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then uy satisfies the classical log-Sobolev inequality if and only if |A\| < 1 (note
that this potential differs from (x+ Asin(x))? only by a bounded perturbation). He
used probabilistic methods which seem to rely on the fact that » = 2. Below we
present an analytic approach and obtain an extension of his results.

7.2. Results. For a > 1 define
Va(z) = |z + sin(z)|a, z € R.
Let v, be the probability measure with density proportional to exp(—Vj):

dvy(z) = Zi exp(—Vu(x))dz, zeR.

(o7
Proposition 7.1. Let « > 1 and r € (1,2). The following assertions are equivalent
(i) 7 < roa) = 5397,
(i) vo satisfies the Latata—Oleszkiewicz inequality (1.5) with parameter r,

(iii) vo satisfies the modified log-Sobolev inequality (1.6) with parameter r.
Remark 7.2. For Cattiaux’s example the threshold is r9(2) = 6/5.

The threshold ro(«) in Inequalities (1.5) and (1.6) suggests a weaker concentra-
tion than the one actually exhibited by the measures v,, which is better described
by transportation cost inequalities, see [24, 23]. Let o € (1,2]. Recall that we
say that a probability measure p on the real line satisfies the transport—entropy
inequality Tyyin{s2,|z|} (@) if for any probability measure o on the real line

Tova(p;0) < H(o|p),

where 7, , is the optimal transport cost between the measures p and o with respect
to the cost function ¢ — min{(at)?, |at|*}, i.e.,

Toaln.o) =inf [ [ min{(atz = )" lafe ~ )] }dne.),
where the infimum runs over the set of couplings between p and o, and H(o|p)

stands for the relative entropy of o with respect to p.

Proposition 7.3. Let o € (1,2]. The measure v, satisfies the transport—entropy
iequality Tmin{IZJI‘a}(a/) with some constant a > 0 depending only on «.

One can also wonder what happens if we allow the potential V' to have even
bigger oscillations. For o > 1 and A > 1 define

Va(z) = |z + Asin(z)|¥, z €R,
and let v, » be the probability measure with density proportional to exp(—Vg,»).

Proposition 7.4. Let o« > 1 and A > 1. The measure v, x does not satisfy the
Poincaré inequality (1.2).

7.3. Proofs. In the next two proofs we shall omit the subscript « in the notation
and write V, v, and Z instead of V,, v, and Z,, respectively.

Proof of Proposition 7.1. Fix a > 1. Let us start with proving that the Latata—
Oleszkiewicz inequality (1.5) holds for r < ro(a). For x > 0 we have V(z) =
(z + sin(x))* and

V'(x) = a(z + sin(z))* (1 + cos(x)).
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Denote for simplicity 8 = (o —1)/3. For = > 0 such that 1 — fz=#~1 > 0, we have

[ee) :chac*B )
/ eVt = / e VOt 4+ / eV Oqt
T i z+x—F

—V(z) oo _
< +/ e~ Viutu B)(l—ﬂufﬁfl)du,

IN

2B
e_V(Z)
B

(7.1)

IN

+ / eVt ) gy,

where we used the fact the V is increasing on (0, 00) and substituted t = u 4 u~?
in the second integral. Note that, by the convexity of the function x — z%, x > 0,

Vu+u?) = V(u) = (u+u +sinu+u?)" — (u+sin(u))*

a(u + sin(uw))* (u™? + sin(u +u™?) — sin(u))

a(u + sin(u))* ! (u™F + 2sin(u"/2) cos(u + u~"/2))
> a(u +sin(u))* ! (u™? — 2sin(u="/2))

> cu® 3 = ¢

V

for some ¢; = ¢1(a) > 0 (for, say, u > 1). Thus (7.1) implies that for sufficiently
large z,

[e’e} —V(x
(7.2) / Vg L eV

—1—ec gla=1)/3"

We proceed similarly with [ eV (dt. First note that, for ¢ > 2,
Vit —2m)+ (2m)* = (t — 2w +sin(2))* + (2m)* < (¢t +sin(t)* = V(b),
since a > 1. Hence,
2k 2(k+1)w 2(k+1)m
/ eV(t)dt _ / eV(t—2ﬂ')dt < e—(27r)a‘ / eV(t)dt
2(k—1)m 2km 2km
and consequently, for x > 27,

“ v = ke [T v
/Oe dtg(l—i—Ze )/9626 dt

k=0 T

_ 1 v
= (1 + 1@ e*@“)“) /z—27r e \dt

(recall that V' is increasing on (0, 00)).
As above, denote for simplicity 5 = (o — 1)/3. For & > 27 we have

B

/ VOt = / VOt 1 / eV Ot
r—27 r—x—B r—2T

V(x) z -
< +/ V(1 4 fuP ) du,
x )
V(z) z -
(7.3) <$ 5+ (1+B(x— 27r)_'6_1)/ eV =) gy,
€T r—2T

where we used the fact the V is increasing on (0, 00) and substituted ¢ = u — u="?
in the second integral (I(z) > = — 27 is the unique number such that z — 27 =
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I(z) — 1(x)~#). Note that
Viu—u?)=V(u) = (u—u’+ sin(u — u_B))a — (u + sin(u))®
a(u—u7ﬁ+81n(u )a 1(
a(u—ufﬁ +sin(u —u™"))*" 1(u — 2sin(u"/2) cos(u — u~"/2))
( ( (w™? —2sin(u™"/2))

u™” —sin(u —u~ )+sin(u))

I /\

_ a—1
au—uB—i—smu—u )

< —cou a=1y,=38 — —C9

for some ¢z = ca(a) > 0 and sufficiently large « > 0. Thus (7.3) implies that for
sufficiently large =,

T V(m) x
eVt < £ + (14 Bz —2m) P e eV dy
T—27 a? z—2m

xr
< < Jre*a/ eV Wy,
xﬂ r—27

for some ¢z = ¢3(«) > 0. Thus, for sufficiently large x,

V(t) e CO7 ¢
(7.4) /0 e Wdt < g ey

For ¢ > 2 the function ¢ — tlog®/?(1 4 1/(2t)) is increasing for small enough
positive t. Using (7.2) and (7.4), we see that for sufficiently large z > 0,

v([z, 00]) log®/"’ (1 + m) /OI eV®at

—V(x)

V(m) Vv 2/r
e 2/7"/( V(z) ((171)/3) < (z) p2@/r'=(a=1)/3)
N pa—1)/3 log Ze Mz 2(@—1)/3 ~ p2(a-1)/3 N

(we omit multiplicative constants not depending on z). Clearly, if 1 < r < ro(«),
then this is bounded as © — oo, and by the Barthe-Roberto criterion (see (5.3)
above) the Latala—Oleszkiewicz inequality with parameter r does hold.

Conversely, let us show that if v enjoys the Latala—Oleszkiewicz with parameter
r then necessarily r < r¢(a). This can be seen by focusing on the points xp =
(2k 4+ 1)7 where V' vanishes and our estimates can be reversed up to multiplicative
constants. Indeed, for k large enough one can find a constant c3 such that for
(RS [.Tk —kz_ﬂ,xk +k_B],

V'(y)| < ez tk—25.
For k and y as above,
V(y) = Viae)| < sz % < ey,

using here that 8 = (o — 1)/3. Thus,

[e%) T Jrk*‘3
/ V(@) g 2/ T V@ gy > pBe V@ emer

k

Tr Tk
/ V@) dy > / eV @ dy > k= PeV (k) g—ea
0 Ik—k7B

k
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Consequently, as the function ¢ — tlog?/" (1+1/(2t)) is increasing for small enough
positive t, for k sufficiently large we can write:

v([xg, 00)) logQ/T/ (1 + ;))) /Ozk eVt

2v([zg, 00

e~ Vizk) , e
> 2/r ( V(zy) B)
R 18 log e k

y V(.Tk)2/T/ N (2/{37T)2a/T/
- k28 - k26
If v satisfies the Latala—Oleszkiewicz Inequality with parameter r, then by the

Barthe-Roberto criterion (see (5.3) above) the latter quantity remains bounded
from above when k — oo. This forces a/r’ < 3, or equivalently r < ro(«).

V(zk)
kB

Next we turn to the proof of (i) <= (é#ii). In view of Theorem 2.1, we just
need to prove that if v satisfies a modified log-Sobolev inequality with parameter r
then necessarily r < ro(«). We apply the necessity part of the criterion of Barthe—
Roberto. It requires Assumption (5.5), which is verified since (7.4) is valid for
(r — 1)V instead of V, with different numerical constants. Then we use the fact
that the quantity B:L LS(r) defined in (5.4) is bounded, together with lower bounds
of f;: e~V and fozk e("=DV  The computations are similar than the above ones for

the Latala—Oleszkiewicz inequality, and yield r < ro(«). We omit the details. O

Proof of Proposition 7.3. Fix a € (1,2] and denote, for t > 0,

e N = 2/ e Vs,
Z Ji

Let F, and Fexp be the cumulative distribution functions of v and the symmetric
exponential measure with density %e‘m respectively.

By Proposition 7.1, v satisfies the Latata—Oleszkiewicz inequality with ro(a) > 1,
so it satisfies the Poincaré inequality. Thus, by Theorem 1.1 of [15], in order to
prove the assertion it suffices to show that there exists b = b(a) > 0 such that

[ (Faxp () = B (Fosp(w)] < 51| =y

for all z,y € R.
Note that for > 0 we have & = F, ! (Fexp()) if and only if

1 . 1
1— e V@ = F (&) = Foplz) =1— Ze™.
2 2
Thus it suffices to check whether there exists b = b(a) > 0 such that

(7.5) bz —y|* <1+ |N(|x])sgn(z) — N(|y|) sgn(y)]

for all z,y € R (recall that v is symmetric).
If |x — y| < 2w, then one can guarantee that (7.5) holds simply by taking b <
(27)~1. Let therefore consider the case when |z — y| > 27. We have to cases:

1. x,y are of different signs,
2. z,y are of the same sign.

Case 1. In the first case we have
b —y|* =0 (|2 + [y <2071 (|2 + |y|*).

From the proof of Proposition 7.1 we know that for sufficiently large ¢ > 0 we have

Lone _ L [T v 1 e’
56 =7 \ € ds < Z(1— 6761(04)) ' t(a=1)/3
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(see (7.2)). Thus, for sufficiently large t > 0,

N(t) > V(t) = |t +sin(t)]* > =,

|~

Therefore, we can choose b > 0 to be such that 22=16t* < N(t) + % holds for all
t > 0. Then

b —y|* < 27 (|2 + [y|*) < 1+ N(J2]) + N(Jy]),

which is exactly (7.5) in the case when z,y are of different signs.
Case 2. Suppose now that x,y are of the same sign, say ¢ > y + 27 > y > 0.
Observe that, for t > 0 and k € N,

V(t+ 2km) = |t +sin(t) + 2kn|* > V(t) + (2k7)“.
Thus, for ¢t > 0 and s > 2,
V(t+s) > V(t+2r[s/(2n)]) > V() + 2m)*|s/(2m) | > V() + s* /2.
Therefore, for t > 0 and s > 2,

e—N(t—i—s):z/ e—V(u)du:z/ oV (uts) gy,
4 t+s Z Ji

IN

2 /OO VW =s"/2% g N5 /2%
Z t

Thus, if we take b < 1/2, then (7.5) holds also for z > y+27 > y > 0 (we substitute
x =t+ s,y =t). This finishes the proof. O

Proof of Proposition 7.4. Fix A\,a > 1. We write V for V, ). For sufficiently large
x > 0 we have

V'(x) = a(x + Asin(x))* (1 + Acos(x)).
Denote z = (2k + 1)m, k € N. There exists dy > 0 such that V is decreasing on
[z — b0,z + do] for sufficiently large k. Thus

0 T+
(7.6) / eV Wat > / eVt > goeV (@),
Tk T

Moreover, by the convexity of the function x — z® (x > 0), for h € [0, 0] we
have

V(zr —h) = V(ag) = (zr, — h+ Asin(ag, — h))* — (2 + Asin(zg))®
> a(zg + Asin(zg))* (—h + Asin(zg — h))
= axy ' (Asin(h) — h).

Ty Tk 50
/ VWt > / VWOt = / eV @—h)gp
0 xp—00 0

s
(7.7) > / 0ev(mk)+ar:71()\sin(h)fh)dh.
0

Hence

Putting together (7.6) and (7.7), we observe that

) T 1
/ VO gy x/ ¥ VOG> 50/ ? ey (hsin()—h) gy
T 0 0

tends to infinity when k& — oo, since Asin(h) — h > 0 for h positive and small
enough. By the Muckenhoupt criterion (see (5.1)), we may conclude that v cannot
satisfy any Poincaré inequality. O
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7.4. Remarks on a general setting. In this final section, we show informally
how the method used in the calculations of the previous section can be extended
to more general families of measures. The main issue is to derive estimates of the
quantities f;o eV and fmoo e~ V. For shortness we do not treat separately upper and
lower bounds.

The classical approach is based on writing [€” = [ & x V'e" and on an inte-
gration by parts. It Works if there exits xp and € > 0 such that for = > xg, V is of

class C2, V! > 0 and (v')Z
which depend on ¢, for x > xg,

/°° oV ~ e~ V(@) /”” oV A V(@)
v V'(x) 2o Vi(x)

This approach cannot work if V' vanishes for arbitrarily large values, as it was
the case for V,. The approach that we used for v, can still be applied in such
situations, when the potential is, in some sense, essentially increasing. The key

parameter at point x is a number 6(z) > 0 so that for some constants C > ¢ > 0
(independent of z),

< 1 —¢. In this case, up to multiplicative constants

Yy € [x —0(z),z +
V(e +0(x) > V() +
V(e —0(x)) <V(x)+
In words, V is essentially constant on [x —8(z), x + 6(z)], but does increase between
the left endpoint and the center, and between the center and the right endpoint. For

the upper bound, one also needs V' to grow at least linearly: V(z + K) > V(z) 4+ ¢
Under some additional assumptions (e.g., ' is small enough compared to ¢), one

gets
/ eV xf(x)e” V@), / eV = 0(z)eV .
x Zo

Note that when V'(z) > 0, 1/V’(z) is heuristically the scale at which V' moves by 1,
which makes a connection with the classical approach. Let us also mention that for
measures having the latter properties, the Latata—Oleszkiewicz and the modified
log-Sobolev inequality with parameters r will be true simultaneously. Indeed if  is
bounded from above, then Condition (5.5) should be verified. Then the quantities

B{O(T) and B are comparable since for x large

(/I e—v) 1Og2/r’ (1 + ff%) /0 eV Odt ~ 0(x)? (V(x) +log H(x))Q/T/,

(/:O e_V) 10g(f;o%) (/OZ e(r—nv(t)dt)l/(rl) ~ 02y (V(2) + og 0(2)).

Let us conclude with a simple observation about potentials which are nonincreas-
ing on infinitely many intervals (variants involving essentially nonincreasing ones
can be written).

(:c)], V(y) = V(z)| <C,

mLS(r)

Lemma 7.5. Let i be a probability measure on the real line with density propor-
tional to exp(—V (x)) for some locally bounded V: R — R. Suppose that there exists
€ > 0 and a sequence of positive real numbers x,, — 00, such that V is nonincreasing
on (xn —€,xy+¢€). Then u does not satisfy the Latata—Oleszkiewicz inequality (1.5)
with any parameter r € (1,2).



FUNCTIONAL INEQUALITIES FOR TWO-LEVEL CONCENTRATION 23

Proof. From the assumption about the monotonicity of V' on the intervals (z, —
€,Zn +€), we get

/ efv(t)dt/ h VWt > ge=VEn)  geViEn) = g2,
x 0

n

Moreover, 1og2/r/(1 + Wlo@)) — +oo for any r € (1,2). Thus, by the Barthe—

Roberto criterion (see (5.3) above) the Latala—Oleszkiewicz inequality (1.5) cannot
hold, with any parameter r € (1, 2). O

The above result should be compared to Proposition 7.4. Observe that measures
satisfying the hypotheses of the Lemma may verify a Poincaré inequality. This is
the case for the potential V(z) = ||x|] involving the integer part. This potential is
constant on every interval [k, k+ 1), € N. Nevertheless V(z) is a bounded additive
perturbation of the potential |z| of the symmetric exponential distribution, hence
the associated measure satisfies a Poincaré inequality.
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