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Abstract

We establish exponential inequalities for the supremum of martingales obtained from counting
processes as well as for the supremum of their square martingales. Exponential inequalities are also
provided for the oscillation modulus of these martingales.
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1 Introduction

The counting processes naturally arise in a lot of applied circumstances, and the understanding of their
evolution is the object of a lot of modelization problems. Exponential inequalities are of great interest
in this context, particularly because they play a decisive role in the control of errors in statistics. The
exponential inequalities for the distribution of random variables have been of interest for many years
(see Hoeftding [1963] for one of the first result about this issue), and it is still a very active domain
of research for various types of processes, like sums of i.i.d. random variables, empirical processes, U-
statistics, Poisson processes, martingales and self-normalised martingales, with discrete or continuous
time. For example, for discrete time processes with i.i.d. random variables, exponential inequalities
have been obtained for the empirical process or for U-statistics of order two in Hanson and Wright
[1971], Giné and Zinn| [1992], [Arcones and Giné| [1993|, [Talagrand| [1996], Ledoux [1997], Klass and
Nowickil [1997|, Bretagnolle| [1999], Massart| [2000] or |Giné et al. [2000] to cite a few. We may refer
also to [Massart| [2007] or Bercu et al. [2015] for a wide review of exponential inequalities for discrete
time martingales.

In this paper we focus on counting processes and their associated square martingales in continuous
time. Our aim is to provide exponential inequalities for the oscillation modulus of a counting process
as well as its associated square martingale. To this end, we exhibit first local martingale properties
of the exponential of some counting processes and their square martingales, we establish exponential
inequalities with explicit constants for the supremum of those processes, leading to exponential bounds
for the oscillation modulus.

Some results already exists for martingales in continuous time, one may refer for instance to The-
orem 23.17 of [Kallenberg [1997]) for semi-martingales such that [M]s < 1 almost surely, or Reynaud-
Bouret| [2003] for the case of the Poisson process. Another framework is considered in [Van De Geer
[1995] or Reynaud-Bouret|[2006], where exponential inequalities are obtained for more general counting
processes than the Poisson process. These exponential bounds are derived from technics adapted from
the empirical process, with extensions of Bernstein’s exponential inequality to general martingales. As
a consequence of the results of [Van De Geer| [1995], exponential inequalities with explicit constants
have been established for the supremum of counting processes with absolutely continuous compen-
sators in Reynaud-Bouret| [2006], as well as for sup,c(o 7 sup, M{* where (M;');>0 is a countable family
of martingales associated to counting processes.



The case of the square martingale is closely related to the one of U-statistics of order two which has a
long history too, and exponential inequalities with explicit constants for such processes are also of main
interest for statistical problems in a non-asymptotic framework. Indeed the estimator of a quadratic
form may naturally be a U-statistics of order two, and the results obtained on square martingales are
generally not the simple consequence of those obtained for simple martingales. In statistical problems
like the estimation of a quadratic functional of a density (Laurent [2005]), or in testing problems (see
Fromont and Laurent| [2006] for a goodness-of-fit test in density or |Fromont et al. [2011] for an adaptive
test of homogeneity of a Poisson process), the keystone for controlling the statistical error is to use
exponential inequalities for the right model, and many of them come from results on sequences of
i.i.d. random variables. In the specific case of the Poisson process, a sharp exponential inequality
with explicit constants hold for U-statistics of order two and for double integrals of Poisson processes
in Houdré and Reynaud-Bouret| [2003]. The Poisson process is viewed as a point process (T;);>1 on
the real line, allowing to use the inequalities obtained for U-statistics of i.i.d. random variables like
Rosenthal’s inequality and Talagrand’s inequality, after conditioning by the total random number of
point.

In our case, we do not make any assumption about the independence of the underlying point
process. We therefore shall consider more general counting processes than the Poisson process, like
non-explosive Cox processes or Hawkes processes with bounded intensities for instance. Comparing
to the existing literature, we use quite different proofs with stochastic calculus instead of adapting
previous technics in discrete times. This leads to a more accurate tail of the distribution for large
deviations, namely in xlogx, through inequalities with explicit constants. This also allows us to
consider the supremum of double integrals of other counting processes than the Poisson process.

The remainder of this article is organized as follows: in the next section, we recall some general
notations, while Section [3|is devoted to the exponential martingales of the counting processes. The
exponential inequalities of our martingales and their associated square martingales are presented in
Section ] We provide some applications of the inequalities for U-statistics of order two in Section
We compute also the oscillation modulus of the martingales in this section. Finally, we have gathered
all the proofs in Section [6]

2 Notations

Let F = (F)t>0 be a complete right-continous filtration, N = (N¢)¢>0 be a F-adapted counting process
with a continuous compensator A = (A;);>0. We assume that the jumps of N are totally inaccessible
and that N — A is a martingale with respect to the filtration F.

We consider also H = (H;)s>0, a left-continuous adapted process of bounded variations, bounded
by the non-random real number ||H||o g on the interval [c,d], that is supscpaq [Hs| < [|H|oo,[c,a)
almost surely. If ¢ =0 and T > 0, HHHoo,[o,T] will be written ||H ||, for short. The non-random real
number || H||3 g will stand for a bound of the L? norm of H in L*(A([c,d])), that is fcd |H,|?dA, <
||H||%’[c’d} < 400 almost surely.

Recall that for a stochastic process X, we define [X]; by

[X]e =< X°> 4+ ) |AX]?

s<t

where < X¢ > is the quadratic variation of the continuous part of X and AX; = X; — X, - is the
jump of X at s. We will use the fact that if X is a martingale and H is a predictable process satisfying
E[[y° H2d[X],] < 400, then (fot HydX)i>0 is a martingale (see [Bass, 2011, p.134]).

Recall also that for a C? function f and a semi-martingale (X;);>0, the It6 formula ([Bass, 2011



Theorem 17.10]) entails

F(X0) = F(Xo) + / F(X, )X, + / Xy < X050+ SIA(X) - F(Xo) — F1(Xe)AX,).

s<t

For f = exp and a semi-martingale X satisfying < X°¢ >= 0 and Xy = 0, this leads to

ethl—i—/equ —1—269 €A% —1 - AX,]. (1)

s<t

Finally we define for every n > 1
So(X) = inf{t > 0,eX= >n}

with the convention inf @ = +oo. If (eXt-);5¢ is a finite left-continuous process, then S,(X) is a
stopping time (see [Bass, 2010, Theorem 2.4|) satisfying lir_{l Sp(X) = +oo almost surely.
n—-—+0o0

3 Martingale properties

We consider in this section the three martingales M = (M;)i<r, M = (Mt)th and M = (Z\Z)tST
defined for t < T by

t
M, :/ Hyd(Ns — Ay),
0

and the two double integrals with their compensator
¢ t
M; = (/ H,d(N, — Ay))? — / HZ2dN,
0 0
t
= M} — / HZdN,
0
¢
:/ 2M,- Hsd(Ng — Ag),
0
and
M, = / Hyd(Ns — As) / HZ2dA,
= M7 — / HZdA,
0

t
= / (2M - H, + H?)d(Ns — Ay).
0

Our main goal is to establish in the next section some exponential inequalities for these three
martingales. We will use Chernoff bounds in order to do that, so we are first interested by the

exponential martingales associated with the three processes M, M and M. We start first with the
process M in the following lemma, proving that the exponential of M is a local-martingale. We follow
the proof of Theorem VI.2 in Brémaud| [1981] where the case of an absolutely continuous compensator
A is treated. We may also refer to[Sokol and Hansen [2012] to find in that case some conditions on the
intensity and the counting process to obtain an exponential which is a martingale.

Lemma 1. Let Z be the process defined for a fized real number A and all t < T by
t
Zy = AM; — / (eMs — 1 — \H,)dA,.
0

Then for every n > 1, the process (eXp(Zt/\sn(Z)))tST 15 a martingale.

3



Let us define now for a > 0

T, = inf {|Mt‘ > CL}.
0<t<T
Since the jumps of N are totally inaccessible, Ty, is a stopping time (|Bass, 2011, Proposition 16.3]).
The next lemma sets out a stopped exponential martingale associated with the martingale M.

Lemma 2. Let Z be the process defined for a fized real number \ and all t < T by

t
Zy = A\M; — / (ePMIsMs _ 1 _9XNH M,)dA,.
0

For every positive a and every n > 1, the process (eXp(Zt/\Ta/\Sn(Z))tST s a martingale.
Finally we present the analogue of Lemma [2| for the martingale M.

Lemma 3. Let Z be the process defined for o fized real number X and all t < T by

~ ~ t
Zy = A\M; — / (M (HsH2Ms) _ 1 _ XNH (H, + 2M,))dA.,.
0

Q2

For every positive a and every n > 1, the process (exp( AT AS (E)))KT is a martingale.
a n -

4 Exponential inequalities

We have gathered in this section our main results, that is the exponential inequalities for the three

martingales M, M and M. The rates that appear in these inequalities are governed by the rate function
I defined for x > 0 by
I(x) =(14+z)log(1+z) — =.

We start with a technical lemma that provides a useful inequality for the proofs of the main
theorems.

Lemma 4. Let I;(H,\) be defined for t > 0 by fg(e’\HS —1— AH;)dAs. For t <T and every real X,

we get the almost sure inequality

H 2
PN L.

< e (A H loo,7) (2)
IH (1%, 7

where g(x) = e* — 1 — x. Moreover the function g satisfies for every positive A, B and x

)i\r;%(Ag(Bz) —A\z) = —AI(E). (3)

We present now in Theorem [I| an inequality for the martingale M, with its two-sided version.

Theorem 1. For every positive x and T, we have the following inequalities:

IHIE 7 || Hl|oo,r
P( sup M; > x) < exp(— —I( =) (4)
0<t<T ||H||?>OT HHI@T
and I |2
Hllyr N H|loor
P( sup |Mi| > 2) < 2exp(—nt 2L (e ), (5)
0<t<T HH”goT HHH%T



Such exponential inequalities have already been obtained for martingales with bounded jumps in
Kallenberg| [1997], Van De Geer|[1995] or Reynaud-Bouret| [2006]. In Kallenberg| [1997|, the bound is
of the form exp(— ﬁgggc) for some constants A and B, and is available for a semi-martingale M such
that [M]. < 1 almost surely, which is not our case here. In |Van De Geer|[1995], the bound is of the
form Aexp(—Bwx) for some constants A and B and z large enough. Finally in Reynaud-Bouret| [2006],
the inequality is of the form P(sup,cpo 77sup, M{* > Ay/z + Bz) < exp(—z) for a countable family of
martingales (M);>0. Comparing to all these results, in the case of the large deviations, that is when
x tends to infinity, we get a more acccurate tail namely in xlog x instead of . When x tends to zero,
these bounds are similar (up to constants), taking the form A exp(—Bz?).

The next Theorem deals with the square martingale M. The same inequality is obtained for —M,
leading to a two-sided inequality.

Theorem 2. For every positive x and T, we have the following inequalities:

~ IHI3 7 N Hlor [
P( sup M; > x) < 3exp(— —I( —1/=)) (6)
0<t<T HH 2 r " 1HI3 2 V 2

and

- IH|37 || Hloor [z
P( sup —M; > x) < 3exp(— —I( 7 =), (7)
0<t<T IH |2, IH57 V2

thereby we have the following two-sided exponential inequality:

~ IHII3 7 |H ||oo,r [
P( sup |My| > ) < 6exp(— —I( =1/35))- (8)
0<t<T IH |27~ I1HI5, V2

If we compare and , we can notice that the upper bound in involves /z instead of x in
the inequality , leading to a sharper bound when x tends to zero, contrary to the case of the large

deviations. Finally the next Theorem [3|is the analogue of Theorem [2| for the martingale M.

Theorem 3. For every positive x and T, we have the following inequalities:

2
. Y el .
P( sup M; > z) < 3exp(— —I( ’ (9)
0<t<T IH S I1HI3 7 4
and
. HZp  [HIP oL+ 80/ 1HIZ g 1
P( sup —M; > x) < 3exp(— | ||22’T I(” HOQOT = ; (10)
0<t<T ez 157 4

thereby we have the following two-sided exponential inequality:

|H 25 /L + 82/ [HIZ 7 — 1
IHII3 7 4

~ IH 113 7
P( sup |My| > z) < 6exp(—

I(
0<t<T 1112, 7

(11)

Comparing now and (1)), we observe that M and M are behaving in the same way for x tending
to zero, while M appears to be much more concentrated around its expectation. When z tends to
infinity, provide a similar bound (up to a constant) to , which is quite surprising in view of the
relationship M=DM + [ H?d(N — A). Moreover using this relationship, with H? instead of H,
and 7, lead also to an exponential inequality but less sharp than because ||H||%T < HHQH%T



5 Examples of applications

5.1 TU-statistics of order two

The main hypothesis of the previous theorems is to suppose that the counting process N has a con-
tinuous compensator A, which is bounded in some spaces (as well as H) through the assumption
|H|l2,r < +oo. If the process N admits an intensity A, some mild assumptions on A ensure the
continuity of the compensator A = [ A(s)ds. This allows us to consider for instance Poisson, Cox
or Hawkes processes with a bounded intensity such that N — A is a martingale. As an exam-
ple, if the process (%E[NHh — Ni|Fi])nt is uniformly bounded for h small enough, we know that
the F-intensity of N is bounded and N — A is a martingale because the intensity is obtained by
A(t) = limy,_,+ hE[NHh — Ny|Fi] almost surely (see formula (3.5) in Chapter 2 of Brémaud| [1981]).

If N is a Poisson process, some sharp exponential inequalities have already been obtalned in Houdre
and Reynaud-Bouret| [2003] for double stochastic integrals of the form Z; = [ [V h d(N, —
Az )d(Ny—Ay) where h is a bounded Borel function. The Poisson process N is viewed as a pomt process
(T3)i>1, so that Z; is the U-statistic of order two for the Poisson process: Z; = ZOSTKT]_Q h(T;, T}).
This allows to use the inequalities obtained for U-statistics after conditioning by the total random
number of points, leading to a similar inequality to the one in [Giné et al.| [2000].

Such exponential inequalities for U-statistics are very useful for statistical applications. For instance
the estimation of the L? norm i f?(x)dx of the density of i.i.d. random variables via selection model is
considered in [Laurent| [2005] and Fromont and Laurent| [2006]. The estimator of a quadratic distance
is naturally a U-statistics of order two and the exponential inequality of [Houdré and Reynaud-Bouret
[2003] is a main tool for the study of the property of the estimator. In the Poisson model too, as in
Fromont et al.|[2011] where the homogeneity of a Poisson process is tested, the method is based on an
approximation of the L?-norm of the intensity of the Poisson process seen as a point process (T})i>1
on the real line.

In the particular case where h is a stochastic kernel of the form h(x,y) = H(x)H(y), M may be
written M; = 27y, i.e. it is a double stochastic integrals or a U-statistics of order two. Although we
are not limited to the Poisson case, by the Meyer theorem (see [Protter, 2005, page 104]), the jumps
of a Poisson process are totally inaccessible so that we may apply Theorem 2} Comparing to |Giné
et al.| [2000] or Houdré and Reynaud-Bouret| [2003|, where the supremum of (Z;):>¢ is not considered,
the inequality @ provide different bounds for the large deviations (with an additional logz in our
inequality) as well as for the small deviations. Indeed in |Giné et al.|[2000] or Houdré and Reynaud-
Bouret| [2003|, the bound is of the form Lexp(—% min(All//Q27 322//33, &, DQQ)) for some explicit constants
A, B, C, D and L.

5.2 Oscillation modulus control

The main theorems of the previous section provide also an upper bound for the oscillation modulus of
the three martingales. We consider then ¢, d and x three non-negative real numbers, and the counting
process N = Ny — N, whose compensator is A¢;. — A.. The followong theorem gives upper bounds
for the oscillation modulus of the martingales M and M.

Theorem 4. For every non-negative x, ¢ and d, we have the following inequality for the oscillation
modulus of M :

c Hooc
P( sup [My— M| > z) < 2exp(— 12 HQ[d]I(” | [d]x))

(12)
(s,t)€[c,d]? ||1T1r||2 Jeyd] ”HHQ[Cd]



For the martingale M, we get the following exponential upper bound

t s [t N3 e - N H oo jeq) [2
P( sup [(| Hud(Ny—Ay))" — HZdN,| > x) < 10exp(— e I( e g)), (13)
(s,t)€lc,d]? s s H ”oo,[c,d] H ”2,[c,d]

leading to the exponential inequality for the oscillation modulus of M :

- IHII3 H| oo
P( sup |M; — M| > z) < 10 exp(——i 1(” | oled [ 2)
(s,t)E€[c,d]? HHHOO,[C,d} HHHZ[Qd] 16

1H3, I(mﬂuoo,[c,d} |H.d \/;))
IHI2, 4 IHl2allHll2eaq V8

HH”§ c.d HHHOO,[c,d]HHHoo,d T
o S

1HIZ " Tzl H e

+ 2exp(

+ 2exp(—

In view of Theorems [[]and[2] the previous inequalities show that considering the oscillation modulus
instead of the martingales M and M themselves does not affect the exponential bounds, except for the
constants. We obtain in Theorem {4 explicit constants with respect to the integrand H as well as the
interval [c, d], which may be useful for the applications.

6 Proofs

Proof of Lemma The process Z is defined as AM; — fg(e/\Hs —1—M\H,)dAs where )\ is a fixed real
number. Z is of bounded variations because H and M are of bounded variations, and the continuity
of A entails the equality AZy; = AH;AN,;. We get then from that

t
eZt =1 +/ eZs=dZs + Zezs* [eAHsANS —1— AH;AN;]
0 s<t

t ¢
=1+ / eZs= [NdM, — (eMs —1 — NH,)dA,] + / eZs (eMs — 1 — \H,)dN,
0 0
t
=1 +/ eZs= (M — 1)d(N, — Ay).
0
For n > 1, the stopping time S, (Z) is defined by
S.(Z) = inf{t > 0,e%~ >n}.
Since eZt~ is a finite left-continuous process, limy, 400 Sn(Z) = 400 almost surely. Moreover, for every
t<T,
t
€Zt/\5n(Z) =1 —|—/ €Zs_ (CAHS — 1)1s§Sn(Z)/\Td(NS — AS)
0

To conclude, the result follows from the inequality

E| / e (M — 1)?1 g (pardNs] < nP(eMller L 1)?E[N7] < +o0 =
0



Proof of Lemma |2 . We proceed as in the proof of Lemma |1 I The process Z is defined as AM; —
fo M Ms 1 _ 9NH M,)dA, for a fixed real \. Z is of bounded variations because H and M are

of bounded variations too, and since A is continuous, we may compute AZ, = 2A\H,M,- AN,. We get
from that

et =1 +/ e?s=dZ, —i—Ze o= [PAHM—ANs _ 1 _ 9XNH M- AN]
s<t

t ~ to
=1+ / eZs=dM; + / eZs= (MM _ 1 _ 9NH,M,-)d(N, — Ay)
0 0
t .
=1+ / eZs= (MM _ 1)d(N, — Ay)
0

and .
ertarsn(?) =1 4 / e (MM = 1)1 gy g (29 @(Ns = As).
; <

It remains to show that E[f, oo 27, - (e2MM— _1)21

Sn(2),

SST/\T(l/\Sn(Z)dNS] < 4oo.Forall s <T AT, A

2AH M~ | < 2|A|[|H oo, 7| M- | < 2|Al(a + [|H ||, 1) [ H || oo, T,

(€2>\HSM57 _ 1)2 < (€2|)‘|(a+”HHoo,T)||H||oo,T + 1)2‘

As a consequence, we obtain with the fact that e2Z~ < n?for s < S,.(2)

+oo
]E[/O 62Zs_ (eZAHsMs_ — 1)21$<T/\Ta/\5' (Z )dN] 2(62‘)‘|(a+”H”oo,T)||H||oo,T + 1)2E[NT] < 400 m

Proof of Lemma (3| ! We follow the steps of the proof of Lemma[2] adapting the computations to this
case. The process Z is defined as MM, — f (eMs(Hs+2Ms) _ 1 _ NH (H, 4 2M,))dA, for a fixed real

A. The process 7 is again of bounded variations because H and M are of bounded variations, and the
continuity of A entails the equality AZy = NHy(H, + 2M,-)AN,. Then yields

et = / 2= dZ, + Ze o= [Ms(HsH2M)ANs _ 1 _ N[ (Hy + 2M,-)AN,]

s<t

t = ~ t =
=1+ /\/ eZs= dM, +/ eZs= (eMHA2M—) _ 9 _ NH (H, + 2M,-))d(Ns — Ay)
0 0
t =
-1 _|_/ €ZS’ (eAHS(HS-i-QMS,) - 1)d(NS - As)
0

and

t =
N 7. NH(He+2M__) _
eXp(Zt/\Ta/\Sn(Z)) =1 —|—/0 e“s™ (e 1)15<Ta/\S & )d(N Ay).

fOJroo 6223_ (e/\HS(H5+2MS—) _ 1)2 ~ dN] < +o0. For

The proof is complete showing that E| <TATuASH (D)
S a n

all s <T AT, A Sa(2),

| Ho(Hs +2M )| < || H |5 1 + 201 H oo, | My | < | HZoz + 2(a + [ H|loo,2) | Hlloo,T



(M (HA2M, ) 1)2 < ((UH I r+ 20 H o)l oo 1) 12

27—

Combining with the inequality e < n?, this entails

+o0o -
0

~ N2, 7 +2(at | Hlloo,0) | Hlloo,7) 4 12
s<TATaASH(Z )dN] n’(e ’ +1)°E[N7] < +oom

Proof of Lemma Let s <t <T and A € R. We use the following inequality:

A, I (AHGY
€ —1—AHs = Z 4!
Jj=2
C|OH)? = NH?
- 21 +H Z il
>3
|| H
. (|)\|H szl | H H
7>3
A2 1 A |H|
s Z| i
H HooT j>3 J:
that is ) )
2 A IELIY
2, 2 J
Integrating with respect to dAg we obtain
I1H
[e(H, A)| < 5o — (IAIHHH )
IIHII ~

where g(z) = e* — 1 — z. For the proof of (3), consider the function h defined for A > 0 by
h(\) = Ag(B)\) — Az. Since h/(\) = AB(eP* — 1) — x, we get that the minimum of h is reached for
A= Llog(l+ %) =: Ao and h(Xg) = —AI(5) =

Proof of Theorem Recall that I;(H,\) is defined by fot(e)‘HS — 1 — AH;)dAs. We define the

process Z as in Lemma [l|by Z; = AM; — I;(H, \) and for n > 1, the stopping time S,,(Z) is defined by

Sn(Z) = inf{t > 0,e#= > n}. Since (S,(Z))n>1 is a non-decreasing sequence of stopping times with
lim S,(Z) = 400 almost surely, we get by monotony

n—-400

P( sup My >z)= lim P(  sup My > x) = supP( sup Mpg,(z) > ).
0<t<T n=+o0  0<t<TASL(Z) n>1  0<t<T

Using Lemma , we obtain forall A >0,z >0and n > 1,

P( sup Mt/\Sn(Z) > l‘) IP)( sup eAMt/\Sn(Z)—ItASn(Z)(H,/\)-I—It/\sn(Z)(H,)\) > e>\$)
0<t<T 0<t<T

LlE ST
2 oo,
S ]P)(euH”OQ’T Sup eZtASn(Z) Z 6)\1)

0<t<T



Doob’s maximal inequality and Lemma |1| then lead to

IH|3 7
P( sup Mips,(z) > ) < exp(575— (MIHHoo,T) — Az)
0<t<T HHH

for every A > 0 with g(z) = e* — 1 — z, so taking the limit in n and the infimum in A, we get by

2
P( sup M; > w) < inf exp((rs 112,z (AHHHOO,T)—M)
0<t<T 152,
”HHQT [H J|oo,T
= exp(— ()
IH 27 IHI 7

that is . Applying this inequality with —H instead of H, we obtain also

[ H [loo,T

|
1O, ™

IHI3 7
P( sup —M; > x) < exp(— 5
0<t<T IHIZ, 7

Then follows from the inequality

P( sup |My|>x) <P(sup My >z)+P(sup —M;>z) =
0<t<T 0<t<T 0<t<T

Proof of Theorem I Let us begin with the proof of @ We define Z as in Lemma I by Z; =
AM; — I:(2H M, X\), thereby (S, (Z))n>1 is a sequence of non-decreasing stopping times such that
lim S,(Z) = +oo almost surely. We proceed then as in the proof of Theorem For all positive A,

n—4o00
a and =

P( sup M; > z) = supP( sup MMS ) 2 x) (16)
0<t<T n>1  0<t<T
<P(T, <T)+supP( sup Mt/\T/\S (7 =xNTa>T)
n>1  0<t<T anen
<P( sup |My| > a) +supP( sup Mertansn(z) > 7). (17)
0<t<T n>1  0<t<T

Using the inequality , we get for t <T and A >0

IH|3 7
9(2xa|[ Hloo,1)-

I &
1% 7

EATaASH(Z)
inNTunS, (2) (ZHM,A) =/ (e2MMs 4 _9NH M,)dA, <
0

Since Ty, is a bounded stopping time, Lemma [2]and Doob’s maximal inequality yield for every A > 0
andn>1

2
113 7

-~ 5 — 2Xa||H|| oo
]P)( Sup eAMtATaASn(Z_) Z e}\ﬂ}) S ]P)( Sup eZt/\TaASn(Z) Z e Z HHHgo,Tg( CL” H 7T)
0<t<T 0<t<T
1H |13 7
< exp(smr— (QMHHH ) = Az)
15112, ~
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whereby

2
supP( sup e)‘MtATaASn(Z) > M) < inf exp( | H22’T g(2Xal|H ||oo,1) — Ax)
n>1  0<¢<T A>0 I HIZ, 7
H|2 H
e VB

HHHgoT QCL”HH%,T

thanks to . Coming back to the inequality , Theorem [l then entail for every a > 0,
I#13 (MHloor g _ WHIS 7 1 Hlloo 7 )

- - (
P( sup M, > z) < 2e IHIZ, 7 IHI3 5 +e IHIZ, 7 20l HI
0<t<T

We choose a = \/% in order to obtain @ For the proof of , we consider Z; = —A\M, —L;(2HM, —X\)
for A > 0. We get similarly, thanks to Lemma ] and Lemma

V15T o oxall Hoo) V15T o oxall He )~ Aa
) ) B .
P( sup e MiaT,n5n(2) > e)\x) < P( sup eZiNTarSn(2) > ¢ IHIZ, =)\ o euHugOI oo

0<t<T 0<t<T
and the end of the proof is similar to the one of @ To conclude, follows from the inequality

P( sup |M;|>z) <P( sup My>z)+P(sup —M,>z) =
0<t<T 0<t<T 0<t<T

Proof of Theorem [3] This proof is similar to the one of Theorem [ [2l Let us begin showing the
inequality (9). We introduce Z as in Lemma [3| with Zy = \M; — I,(H(H +2M), \) and its associated
sequence of stopping times S,,(Z ) to obtain for all positive a, A and x

P( sup ]\Z >x) <P( sup |M;| > a)+supP( sup exp(AM ~) > ). (18)
0<t<T 0<t<T n>1  0<t<T tNTaNNSn(2)

Using the inequality , we get for t <T and A > 0

tAToASw(Z) H
/ (MUIHEM) 1 — NH(H, + 2My))dAs < g HHH
0

(M\Hlloo 7(|[H oo, + 2a)).

Then Lemma [3] and Doob’s maximal inequality yield for every A > 0 and n > 1

IHI3
~ ~ Az— I H oo, 7 (|1 H || 0o, 7+2a))

- Az N IHIZ,
P(ozltlgT eXp()\Mt/\TaASn(Z)) 2" < P(oi?gTeXp(ZMTaASn(E)) = ¢ .
IH 3.7
<exp(im3— (AIIHHoo,T(HHHoo,THa)) — Az).

IH 1%,

As a consequence

supP( sup exp(M ) > e/\x) < inf exp(7—=5"— ()\HHHOOT |H||oor + 2a)) — Ax)

n>1  0<t<T INTaASn(Z) A>0 HHH
”H||2T [ H [ oo,r
= exp(— —I( ’ x)).
3 0 1113 (20 + [ Hlloo,7)
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thanks to . The inequality and Theorem [I| then entail for every a > 0,

VHI3.r ;oo 1H5r I1#]l oo, 7 )
~ TUHI2 2 U2 7 (24
P( sup M > @) < 2e Ml 15 4 o0 WA, o HIB o et 1Hloo,r)
0<t<T
N Hlloo, o+ /IHIZ, 7482
We choose a = W ie. a= 7 in order to get (9). For the proof of (10)), let

Z be defined by Z; = ~AM; — L(H(H + 2M), —)) for A > 0. We obtain similarly with Lemma [4] and
Lemma [l

IHI3
A I H loo, 7 (|1 H ][00, 7+2a))

M o Az 7 o ES
P(OiltlgTeXp( /\Mt/\Ta/\Sn(E)) > ) < P(OzltlgT eXp(ZtATaASn(Z)) > e T
| H
<exp(imm— ()\||H||ooT(||HHooT+2a))—)\90)

I1H ||
and the end of the proof is similar to the one of @ To conclude, also comes from the inequality

P( sup ]]\Z\ > x) <P( sup M, > x) + P( sup M, > r) =
0<t<T 0<t<T 0<t<T

Proof of Theorem Let us prove first. We use the relationship M; — M, = fct H,(dN, —
u) — fcs Hy(dN, — Ay) to get

t
sup |[M; — M| <2 sup | Hy(dNy — Ay)|
(s,t)€lc,d] tele,d) Je

=2
te

/ Hy,1c(dN; — dAS)|.
Since N€ satisfies the same assumptions than N, we may apply with N¢ A€ and the process

u +— Hyy. in order to obtain

H H2[cd] ||H||oo[cd]37
P( sup |M;— M| > x) <2exp(— (
(s,t)Elc,d]? HHng[Qﬂ HH”2 e, d]

))’

that is . Let us prove now. We shall consider the following relationship

t
(/Hud(Nu—A /H2dNu_Mt M¢E — 2(M; — /H (Ny — Ay)
where Mf = ([} Hyd(N, — Ay))? — [ H2dA, = ([ ¢ Hused(NG — AS))? — [0 H2,  dAS,. This yields
fora >0
t
sup /HdN —Ay) 2—/H3dNu|zx)
(s,t)€le,d]? s

<P(2 sup [Mf] >
tele,d]

We get then from (8, and

2+ P(sup | [ Ho(Ny—A)| >a) +B( sup |My — M| > ).
s€led] Je (s,t)€[c,d]? da

|8
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P(@ sup [17¢] > &) < Gexp(— 7 <’H”wd\ﬁ)’
el 2 HIZ g HZ g V8

s HHH2 Led o+ H [[oo,fe.d)
P( sup | H,(N, — Ay)| > a) <2exp(— 5 I( a))
seled] Je 2, o NHIG o
. |2
C H oo, |C
B( sup |M;— M| >+ )<2e S E— 1(” ”2’[ ALy,
(s,t)Ele,d]? ”HHOO,[Qd] ”HHQ,[qd] 8a

If we choose a = \/%, we obtain

t H H
P( sup /HdN ~Ay) 2—/H5dNu\z:c)§10ex( | ||22[Cd] I(” Hm[””\f)% (19)
(s,0)€le,d]? s IH 2, (o NHIG o V8

that is . To conclude with the oscillation modulus of M, we may use similarly

t
M, — / H,d(N, — \y))? — / HZ2dN, + 2(M; — M) M,
S
and
~ ~ t :L'
P( sup |M; — M| >2) <P( sup /Hd N, —Ay) 2—/H§dNu|z)
(Svt)e[czd} 8 t E[C d]2 s 2
+P(sup [My| > a)+P( sup [M— M| > ).
s€[0,d] (s,t)€[c,d]? 4a

; : _ JzHllsoca) 1Hll2,4
Using ), , and choosing a = 4/ Tl THpm V€ get

- 13 g H o feq) [z
P( sup |M;— M| > z) < 10exp(— I( ’ —))
(s,t)E€le,d] ! ”H||2 Jeyd] HHHQ[Cd] 16
. ”H||2dI(¢|!H||oo[cd]uﬂ||ood \ﬁ)
exp
IH||Z, , e, 8
1113 1. d [z
+ 2exp(~ NS
IIHllio,[c,d] ] 8
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