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Abstract

We establish exponential inequalities for the supremum of martingales obtained from counting
processes as well as the supremum of their square martingales. Exponential inequalities are also
provided for the oscillation modulus of these martingales.
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1 Introduction

The counting processes naturally arise in a lot of applied circumstances, and the understanding of their
evolution is the object of a lot of modelization problems. To this end, inequalities of concentration
are of great interest, particularly because they play a decisive role in the control of errors in statistics.
The exponential inequalities for the distribution of random variables have been of interest for many
years (see Hoeffding [1963] for instance for one of the first result about this issue), and it is still a
very active domain of research for various types of processes. For example, in the chaos environment,
such inequalities have been obtained for the supremum of a countable family of empirical processes in
Talagrand| [1996], Ledoux| [1997], Massart [2000], Rio| [2002] or Bousquet| [2002].

In this paper we focus on counting processes and its associated square martingales. Even though
some results already exists for martingales in continuous time (one may cite for example Van De Geer
[1995] or Theorem 23.17 of Kallenberg| [1997]) or in discrete time (see |Chen et al.|[2014]), we exhibit
here the exponential martingales of some counting processes and their square martingales, providing
also exponential inequalities for the supremum of some U-statistics of order two. While it is closely
related to the work of Reynaud-Bouret| [2006|, where the supremum of a countable family of martingales
of counting processes is considered, we use quite different proofs and we obtain results with bounds
which are sharper than those in Reynaud-Bouret| [2006].

Inequalities for U-statistics is a well-studied issue too. One may refer to Giné and Zinn| [1992] for
U-statistics of order m, Klass and Nowicki [1997] and Arcones and Giné [1993] for the order two, and
Bretagnolle [1999],|Giné et al.|[2000] or Hanson and Wright|[1971] in the sub-gaussian framework. In the
specific case of the Poisson process, some exponential inequalities with explicit constants are obtained
for U-statistics of order two in Houdré and Reynaud-Bouret| [2003]. Once again, we obtain here sharper
bounds with quite different proofs, which may be very useful for some statistical applications. Indeed
the exponential inequalities are often used for statistical problems in a non-asymptotic framework, like
estimation problems (see for instance Laurent| [2005] for the estimation of a quadratic functional of a
density) or testing problems, as in [Fromont and Laurent| [2006] for a goodness-of-fit test in density, or
Fromont et al. [2011] for an adaptive test of homogeneity of a Poisson process.

The remainder if this article is organized as follows: in the next section, we recall some general
notations, while Section [3]is devoted to the exponential martingales of the counting processes. The
exponential inequalities of our martingales and their associated square martingales are presented in



Section [l We provide some applications of the inequalities for U-statistics of order two in Section
We compute also the oscillation modulus of the martingales in this section. Finally, we have gathered
all the proofs in Section [6]

2 Notations

Let T' > 0 and N = (N¢)¢>0 be a counting process with a continuous compensator A = (A¢)¢>0, and
F = (Ft)t>0 be the completed right-extension of its natural filtration, that is

Fi = ﬂa(Nu,ug S)UN

s>t

where N = {A € F : P(A) = 0}. We assume that the jumps of N are totally inaccessible, and that
N — A is a martingale (not only a local martingale).

We consider also H = (H;)s>0, a predictable adapted process of bounded variations, bounded by
the non-random real number [|H || .4 on the interval [c, d], that is sup,cie g [Hs| < [[H || oo, [c,q) almost
surely. If ¢ = 0, [|H || jo,r) Will be written ||H||o  for short. The non-random real number ||H ||y, g

will stand for a bound of the L? norm of H in L?(A([c,d])), that is f |Hy|2dA, < ||HH2 | < oo
almost surely.
Recall that for a stochastic process X, we define [X]; by

[X]p =< X > + ) |AX,[?

s<t

where < X¢ > is the quadratic variation of the continuous part of X and AXg; = X5 — X,- is the
jump of X at s. We will use the fact that if X is a martingale and H is a predictable process satisfying

E[[y° H2d[X]s] < 400, then (fg HSdXS> o is a martingale (see |[Bass, 2011}, p.134]). Recall also that
t>
for a C2 function f and a semi-martingale (X;);>0, the It6 formula (|Bass, 2011, Theorem 17.10]) entails

F(X0) = F(Xo) + / F(X,)dXq + 2 / Xy < X050+ SIA(XG) — F(Xe) — F(Xe)AX,),

s<t

For f = exp and a semi-martingale X satisfying < X¢ >= 0 and Xy = 0, this leads to

eXizl—i—/est —|—Zes AXs 1 - AX, (1)

s<t

3 Martingale properties

We consider in this section the three martingales M = (M;)i<r, M = (Mt)th and M = (Z\Z)tST
defined for t < T by

t t t
M; = (/ H,d(N, — Ay))? — / H2dN, = M} — / HZ2dN,
0 0 0

and

~ t t t
M; = (/ H,d(N, — Ay))? —/ HZ2dA, = M} _/ H2dA,.
0 0 0



Our main goal is to establish in the next section some concentration inequalities for these three
martingales. We will use Chernoff bounds in order to do that, so we are first interested by the

exponential martingales associated with the three processes M, M and M. We start first with the
process M in the following lemma.

Lemma 1. Let Z be the process defined for a fized real number \ and all t <T by
¢
Zy = \M; — / (eMs — 1 — \H,)dA,.
0

The process (e?t)<r is a martingale.

Let us define now for a > 0

T, = inf {|M, .
“ ogelgT{’ tl>a}

Since the jumps of N are totally inaccessible, Ty, is a stopping time (|[Bass, 2011, Proposition 16.3]).
The next lemma sets out a stopped exponential martingale associated with the martingale M.

Lemma 2. Let Z be the process defined for a fized real number \ and all t < T by

_ 5 t
Zy = A\M; — / (e2MEMs 1 _ 9XNH M) dA,.
0

For every positive a, the process (eZMTa) s a martingale.
t<T

Finally we present the analogue of Lemma [2| for the martingale M.

Lemma 3. Let Z be the process defined for a fized real number \ and all t <T by

~ ~ t
Zy = \M; — / (MIs(Hs+2Ms) _ 1 _ NH_(H, + 2M,))dA,.
0

For every positive a, the process (eZMTa)tST s a martingale.

4 Exponential inequalities

We have gathered in this section our main results, that is the exponential inequalities for the three
martingales M, M and M. The rates that appear in these inequalities are governed by the rate function
I defined for x > 0 by

I(zx) = (14 z)log(l +x) — z.

We start with a technical lemma that provides a useful inequality for the proofs of the main
theorems.

Lemma 4. Let I;(H, \) be defined fort > 0 by fg(eAHS —1—AH;)dAs. Fort <T and every real X,

HI3 ¢
[1:(H, A)| < THI2. gUMNH [oo,7) (2)
oo, T

where g(x) =e* — 1 — .

We present now in Theorem [I| an inequality for the martingale M, with its two-sided version.



Theorem 1. For every positive x and T, we have the following inequalities:

37 | H]loour
P( sup M;>xz) <exp | — = I( ) (3)
0<t<T HHHgo,T HHH%T

and

H|3 H
P( sup |My| > x) <2exp | — | LQ’T I(H HOQO’T:E) . (4)
0<t<T IH S H5 7

Such exponential inequalities have already been obtained for martingales with bounded jumps in
Kallenberg| [1997] or [Van De Geer| [1995] for instance. However in Theorem [1], we significantly improve
the constants in the inequality. The bounds of the inequalities are also sharper than those in |Reynaud-
Bouret| [2006], where a countable family of processes of the type (M®), is considered therein. We
obtain a term with a logarithm in the case of the large deviations (that is when x tends to infinity),
and in the case of the small deviations (when x tends to zero), the bounds are of the same order of
magnitude with more precise constants through the function I.

The next Theorem deals with the square martingale M. The same inequality is obtained for —M,
leading to a two-sided concentration inequality.

Theorem 2. For every positive © and T, we have the following inequalities:

~ IH37 | Hloor [z
P( sup M; >x) <3exp | — —I( ~1/3) (5)
0<t<T IH|Z, 7 IH37 V2
and 9
-~ 157 NHoor [
P( sup —M; > x) <3exp | — —I( : =), (6)
0<t<T =2, [H[3, V2

thereby we have the following two-sided concentration inequality:

~ 1H3r  NH|sor [z
P( sup |M;| > z) <6exp | — —1I( — /=) - (7)
0<t<T IHZ, 7 [HI37 V2

Finally Theorem |3|is the analogue of Theorem |2| for the martingale M.

Theorem 3. For every positive x and T, we have the following inequalities:

. HZp  [HIZp L+ 80/ 1HIZ 1
0<t<T IH S r ~ 1H 27 4
and
. HZp | H|% L+ 82/ [HIZ gz — 1
P( sup —M; > x) <3exp | — | ||22’T I( | HOQOT = ) 9)
0<t<T 1HSr  IH5r 4

thereby we have the following two-sided concentration inequality:

|H|2 5 /L + 8/ HIZ p — 1

P( sup |]\7[t\ >x) < 6exp HHH%T
T IH 1131 4

0<t<T HIZ

I(



If we compare , and , we can notice that the rates are similar for M and M (which
is Ofe —a1Vzlog(®))) when z tends to infinity, and slower than the rate of M (O(e=92*1°8(®))). Since

M=M +[H 2d(N —A), thls result is not very surprising and does not significantly improve the
inequality obtained using (4)) with H?, and §. The sfuua‘mon is rather different when z tends to

zero. M and M have the same rate (0(6_0”52) and O(e~2*")), slower than the one of M (O(e=7)).

However, for the term f H 2al(N — A) the constant ¢; involves , and co involves SO

N S 1
1523 7 1113 7
it is better to use instead of the relationship M = M + [ H?d(N — A) in that case because

137 < I1H2(13 -

5 Examples of applications

5.1 TU-statistics of order two

The main hypothesis of the previous theorems is to suppose that the counting process N has a con-
tinuous compensator A, which is bounded in some spaces (as well as H) through the assumption
|H|l2,r < +oo. If the process N admits an intensity A, some mild assumptions on A ensure the
continuity of the compensator A = [ A(s)ds. This allows us to consider for instance Poisson, Cox
or Hawkes processes with a bounded intensity such that N — A is a martingale. As an exam-
ple, if the process (%E[NHh — N|Fi])nyt is uniformly bounded for h small enough, we know that
the F-intensity of N is bounded and N — A is a martingale because the intensity is obtained by
A(t) = limy, o+ +E[Nyyn — Ny|F] almost surely (see formula (3.5) in Chapter 2 of Brémaud| [1981]).
If N is a Poisson process, some exponential inequalities have already been obtamed in Houdré and

Reynaud-Bouret|[2003] for U-statitics of order two of the form Z; = [ [ h d(Ny—Ag)d(Ny—Ay)
where h is a bounded Borel function. In the particular case where h is of the form h(:):, y) = H(z)H (y)
for some bounded Borel function H, the U-statistics of order two Z may be written Z; = %Mt. Since
the jumps of a Poisson process are totally inaccessible by the Meyer theorem (see [Protter, 2005, page
104]), we may also apply (). Comparing to [Houdré and Reynaud-Bouret| [2003] where the supremum
of (Z4)¢>0 is not considered, the inequality appears to be simpler, with a more precise rate for the
small deviations and a better one for the large deviations.

5.2 Oscillation modulus control

The main theorems of the previous section provide also an upper bound for the oscillation modulus of
the three martingales. We consider then ¢, d and x three non-negative real numbers, and the counting
process Nf = Ny — N, whose compensator is Ayt. — Ae.

In the case of the martingale M, we may use the relationship My — My = fct H,(dN, — Ay,) —
[2 Hy(dNy — Ay) to get

t
sup |M; — M| <2 sup | Hy(dN, — Ay)|
(s,t)Ele,d] t€le,d] Je

=2
tE

/ Hoyyo(dNE — dAS)|.

Since N€ satisfies the same assumptions than N, we may apply with N¢ A€ and the process
u+— H, . in order to obtain

H H
P sup |M;—DM]|>z]|<2exp | ”2““” 1(” ”‘”[“”) . (11)
(s,t)€[c,d]? ”HHoo,[c,d] ||H||2 Je.d]

5



For the martingale M, we first give a bound for P(sup(s 1)efe,q2 |(fst Hud(N, —Ay,))? — fst H2dN,| > z).
We shall consider the following relationship
t
(/ H,d(N, — A,)) / H2dN, = Mf — M¢ — 2(M; — / Hy, (N, — Ay)

where Mf = ([! Hyd(N, — Ay))? — [ H2dA, = ([~ Hused(NG — AS))? — [0 H2,  dAS,. This yields
fora >0

t
sup /HdN —Ay) 2/ HZdN,| > )
st)ecd s

S
x
<P(2 sup |Mf|> )—HF’( sup | [ Hy(Ny—Ay)| >a)+P( sup |[My— M| > —).
t€(e,d) s€le,d) Je (s,t)€lc,d]? da

We get then from , and

20ed 5 1 Hlloo ey [@
P(2 sup |MF| > )<6exp I( 2
reled NHP g TH e V8
IH1 e N H oo .
2ed I(H H2 o)
IH IS g HIS g

P( sup | Hy, (N, — Ay)| > a) <2exp <—
s€le,d]

and

P( sup |M;— M| > ) <2exp |-
(s)€led]? da

If we choose a = \/E, we obtain

t HHH% [c,d] HH”OO [e,d] [T
sup / Hoyd(Nou—Ay) —/ H2AN,| > 2) < 10exp [ — 2 I( ’ \[) . (12)
st )E[e,d)? s HHHio HHH2[cd] 8

For the oscillation modulus of M, we may use similarly

HH”%,[c,d] I(HHHoo[cd] l') .
ATy T, 5

B t t
— M, = (/ Hyd(N, — Ay))? — / HZ2dN, + 2(M; — M) M,
~ ~ t :I/‘
P( sup |M; — M| >2) <P( sup / H,d(N, — Ay))? —/ H2dN,| > %)
(s,t)€le,d] (5,t)€[e,d]2 s 2

+P(sup M| >a)+P sup ]Mt—Ms\zi :
s€[0,d] (s,t)€lc,d]? 4a

: 5 _ T IIH”oo,[c,d] ||H||2,d .
Using |D , 1) and choosing a = 4/ g Ml TH g O obtain

IH113 . I(HHHOO le.d] /ﬁ)

IHIZ, (o NHIZ g V16

VB3, A H s eal Hlooa [z
ot %)

P( sup |M;— M,|>z) < 10exp (—
(s,t)€lc,d]

+ 2ex
RS
oo [ 1B I(W\H!!oo,[c,dmﬂum,d \/;)
Xp el
TMHP, by HlalHlzeq V8

Gathering all these results, we obtain the following Theorem:



Theorem 4. For every non-negative x, ¢ and d, we have the following inequalities:

t 13 g NH oo eq [z
Sup /H d(Ny, — Ay) —/ HZ2dN,| > z) < 10exp I( \f) :
(st s I HIZ feq NHIGq V8

13 ) H oo )
P sup |[My— Mg > x| <2exp I( )
<(s,t)e[c,d]2 ° ) ”HH2 Jeyd] HHH2[cd]

and
- N3 ey N H oo jea) [
P( sup |M;— Mg >2x)<10exp I( —/ =)
(s,t)€lc,d]? HH”2 eyd] HH”Q[Cd] 16
, \HHMI(WH||Wd|H|rM \ﬁ
+ 2exp
H1% 1 H ||2,all H ||2,[e,q 8
1212,y A H el Hloca [
2 — I —
+ GXP HH||2 Cd] ( 7 \/;)
6 Proofs

Proof of Lemma The process Z is defined as AM; — fg(eAHS —1—MAH,)dAs where A is a fixed real
number. Z is of bounded variations because H and M are of bounded variations, and the continuity
of A entails the equality AZy; = AH;AN;. We get then from that

et :1+/ ZidZ+ Yy el [MANs — 1 - NH, AN,

s<t

t t
1+ / eZsm [\dM, — (M= —1 — NH,)dA,] + / eZs= (eMs — 1 — \H,)dN,
0 0

t
1 +/ eZs= (M — 1)d(N, — Ay).
0

Then, for s <T,
’6)‘H5 _ 1’ < e AMIH lloo,7 +1

and
Zo-| < N H ||oor Ny + (eMH et 1 4 2)\[||H]| oo 1) A7

Therefore we obtain

“+o00
E[ / 22— (M —1)21,c7dN,) < CO\, || Hl| o, Ar)E[e2MH e 2NT N < 400
0

where C(\, ||H ooz Ar) = (eMIHlIwr 4 1)2 exp (2(eMIHlew 41 4 2)\[| H[oo 1) A7) =



Proof of Lemma The process Z is defined as AM; — fot(eZ)‘HsMS — 1 =2\ H My)dA; for a fixed
real \. Z is of bounded variations because H and M are of bounded variations too, and since A is
continuous, we may compute AZ; = 2AXH;M AN, We get from that

. t . ~ .
e?t =1+ / P dZ, 4+ e [PMMANs _ 1 9N M AN
0 s<t

to. t
=14\ / eZdM, + / eZs= (e2MHsMs _ 1 _ ONH M,)d(N,s — Ay)
0 0

=1+ /0 " (ML )N, — A,)
and ) .
eZinta =1 4 /O eZs= (e2MsMs _ 1)1, d(N, — Ay).
It remains to show that E[ 0+°° 2~ (e2AMMs 1021 o p7, dNg] < +o00. For all s < T AT,
12AH M| < 2|M[|H ||oo,r | M| < 2[A[(a + [ H ||oo,r) [ H oo,

and
(QQAHsMs _ 1)2 < (e2l>\|(a+IIHHoo,T)IIHlloo,T + 1)2.

It is then enough to show that

+oo
E[/ 62ZS_ 15§T/\Tast} < +o00.
0

This last inequality comes from the fact that for s <T AT,
27 = 2A\M,- — 2 / Si(e”HuMu — 1 —2)\H,M,))dA,
< 2AM,- 0
=4\ /OS M,- H,d(N, — Ay,)

< 4|AallH [loo,r (N7 + A7)

Then e2Zs* < e4|)‘|a||HHoo,T(NT+AT) and
+o00
E[/ e*7s- l<rnr, dNs] < E[NTem)"a”H”oo,T(NT-*‘AT)] <400 m
0

Proof of Lemma We follow the steps of the proof of Lemma 2] adapting the computations to this
case. The process Z is defined as AM; — fg(e/\HS(HSJrQMS) —1— AH(Hs + 2My))dAs for a fixed real
A. The process 7 is again of bounded variations because H and M are of bounded variations, and the
continuity of A entails the equality AZ; = AH (Hg + 2Ms)ANg. Then yields

t =~ - I~
e? =1+ / ZmdZ, ) e [MHAMIANs 1 NH (H, + 2M,)AN,]
0 s<t

t =~ ~ t =~
=1+ / eZs= dM, + / eZs— (eMIs(Hst2Ms) _ 1 _ NH (H, + 2M,))d(Ng — Ay)
0 0

[
=1 +/ s (MM _ 1) d(N, — A,)
0



and .
Z“Ta =1 —|—/ 2o (eMUHA2M) 1)1 o d(Ns — As).
0

The proof is complete showing that E[ |, oo QZ (eMs(Hs42Ms) _ 1)21 i dN,] < +o00. For all s <
TAT,,

| H(H +2M,)| < | H|,

som + 2(a+ || Hlloo,) | Hlloo,r

and
(eAHs(HsHMs) _ 1)2 < (e\/\l(HHIIiO,TJr?(aHIHIIoo,T)HHHOQ,T) + 1)2_

It is thus enough to show that
—+o00 ~
E[/ e?Zs- 1SST/\TadNS} < Ho00.
0

This last inequality comes from the fact that for s < T AT,

97, = 2AM,- — 2 /0 T (MM N\ (H, + 2M,))dA,
< 2AM,_
_ /0 s_(4)\Mu7 + 2)\H,,)dM,
< (4| M@ + 2| H [|oo,r )1 H |l oo, 7 (NT + AT).

Then ¢2Ze- < (ANat2 I Hllo,t) | Hloo,r (N2 +AT) 5114
+oo =~
K| / 221, cppr. dN,] < E[Npe @Mt 2NIH oo )1l s (NT+AD)] < Loy m
0 - B

Proof of Lemma Let s <t <T and A € R. We use the following inequality:

\H, _ (\H,)’
‘6 —1- s Z 4!
j>2
)\H )\JHJ -2
-8Ry
7>3
M| H
- (|)\\H5 Z| | || ||
7>3
)\2 1 WanioT
[HZ 2
that is ) )
H? M| H |
[HZ, 2 )
Integrating with respect to dAg we obtain
M| < 1415 || H
[1:(H, )|_W9(| | H [|oo,7)
oo, T

where g(z) =e* —1—z =



Proof of Theorem |1| Recall that I;(H, \) is defined by fot(eAHS —1—M\Hy)dAs. Using Lemma we
obtain for all A > 0, x >0 and T > 0,

P( sup M; > x) =P( sup AMi—L(HN)+1(HA) > em)

0<t<T 0<t<T
IHI3
< P(e”HHgo,Tg(AHHHOO’T) sup eAMt*[t(H’/\) > 6)“73).
0<t<T
Doob’s maximal inequality and Lemma (1| then lead to
14131
B( sup My > o) < exp |~ g(A|H]looir) — Aa
0<t<T ||H||ooT
for every A > 0 with g(z) =e* — 1 — z, so we get
1513
P( sup M; > z) < inf exp #Q(AHH”ho) — Az
0<t<T A>0 HHHOO,T

IH57 | H oo
=exp | — —I( 1)
< [, THE,

that is (3). Applying this inequality with —H instead of H, we obtain also

IHI57  ||H|loor
“1EE, EE, )
0o, T 2T

P( sup —M; > z) < exp
0<t<T

Then follows from the inequality

P( sup |My|>x)<P(sup My >z)+P(sup —M;>z) =
0<t<T 0<t<T 0<t<T

Proof of Theorem Let us begin with the proof of . ForallT >0, A >0 and =z > 0,

P( sup M, > z) <P(T, <T)+P( sup My, >2zNT, >T)
0<t<T 0<t<T

<P(sup [My] > a) +P( sup eMinte > 7). (14)
0<t<T 0<t<T

Using the inequality , we obtain for t < T and A > 0
Mo oM IH 113 7
(6 sMs — 1 — 2/\HsMs)dAs < 9(2)‘0’”H||00 T)‘
0
Then Lemma [2| and Doob’s maximal inequality yield for every A > 0

2
113

Y 7 - 2
P( sup eMMint, > e)‘m) < P( sup M tnT, >e IHIZ,
0<i<T 0<t<T

H 2
< exp <HH2’T9(2MIIHHOO,T) _ Ax>

9(2Xa|Hl|oo,1)



and
IHII5 7

P( sup eMenta > €M) < inf exp T —g(2Aa|| H || oo, ) — AT
0<t<T A>0 ||H||oo,T

H|? H
[HS " 2allHIl3 7

The inequality and Lemma 1| then entail for every a > 0,

I1HI3 (HHHOO’T) IHI3 (HHHOO’T )

- — 3
P( sup M; > z) < 2 leer 2alHI3
0<t<T

2 - 2
HIZ 7 4 o I r

We choose a = \/g in order to obtain . For the proof of @, notice that for A > 0 Lemma [4| and
Lemma 2] yield

IHI3

—\M “\Z - 2
]p( sup e AMiaT, > e)‘z) < P( sup e AZenT, >e IHIZ,
0<t<T 0<t<T

IHI3 7

< e”H“ﬁo,T

9(2Xal|Hllo0) 9(2Aal[Hlloo,7) =z

and the end of the proof is similar to the one of . In order to obtain , we use the inequality

P( sup |M;|>z) <P( sup My >z)+P(sup —M; >z) =
0<t<T 0<t<T 0<t<T

Proof of Theorem This proof is similar to the one of Theorem Let us begin showing the
inequality (). For all 7> 0, A > 0 and x > 0,

P( sup M, > xz) <P(T, <T)+P( sup ]\Z/\Ta >zNT,>T)
0<t<T 0<t<T

<P( sup |My| > a)+P( sup e*inta > A7), (15)
0<t<T 0<t<T

Using the inequality , we obtain for t < T and A > 0

tNTa AHs(Hs+2My) HH’ET
/ (eMMe =) — 1 — AH(Hs + 2M))dAs < —g(A[Hlloo,r ([[H][oo,r + 2a)).
0

L < 2lar
IH (1%, 7

Then Lemma [3] and Doob’s maximal inequality yield for every A > 0

~ ~ = ¢
IP’( sup e MMinT, > e)\ac) < ]P’( sup AT, >e IHIZ, -
0<t<T 0<t<T
13,7

< exp 72.q<)\HHHOO,T(HHHOO,T +2a)) — A\w
IH % 7

I H loo, 7 ([|1H oo, 7+2a))

and

G e 1513,
P( sup et > ) < inf exp | 2L g H oo, r (| H [loo.r + 20)) — Az
0<t<T A>0 HHHOO,T

o (M s
1z 1157 (2a + [ Hloo,r)
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The inequality and Lemma [2| then entail for every a > 0,

=S (Moo o =S ( Il oo, 7
P( sup ]\th>x)<26 IHIZ, 27 IHI3 e 1HIZg 7~ IHIZ (a1 Hlloo, 1) ™"

0<t<T
) ~[[Hlloo, m+/I1HZ, p+8z
ie a= in order to get (8). For the proof of (9)),

We choose a = 5—m—
20+ Hl| oo, 4
notice that for A > 0, we obtain with Lemma 4 and Lemma

N - =S
P( sup e MinTe > M) <P sup e MnTa > e 1712, 7 S oo 7 (1 lloe 7+24)
0<t<T N O 0<t<T N
15113 7
< exp | 77mm —9AH [[oor ([ Hlloo,r + 2a)) — Az
[H |5 7

and the end of the proof is similar to the one of . To conclude, follows also from the inequality

P( sup |]\7[t\ >z) <P( sup ]\Z > x) + P( sup —]\Z >z) m
0<t<T 0<t<T 0<t<T
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