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Summary

We formulate a discrete Lagrangian model for a set of interacting grains, which
is purely elastic. The considered degrees of freedom for each grain include
placement of barycenter and rotation. Further, we limit the study to the case
of planar systems. A representative grain radius is introduced to express the
deformation energy to be associated to relative displacements and rotations of
interacting grains. We distinguish inter-grains elongation/compression energy
from inter-grains shear and rotations energies, and we consider an exact finite
kinematics in which grain rotations are independent of grain displacements. The
equilibrium configurations of the grain assembly are calculated by minimiza-
tion of deformation energy for selected imposed displacements and rotations
at the boundaries. Behaviours of grain assemblies arranged in regular patterns,
without and with defects, and similar mechanical properties are simulated.
The values of shear, rotation, and compression elastic moduli are varied to
investigate the shapes and thicknesses of the layers where deformation energy,
relative displacement, and rotations are concentrated. It is found that these con-
centration bands are close to the boundaries and in correspondence of grain
voids. The obtained results question the possibility of introducing a first gra-
dient continuum models for granular media and justify the development of
both numerical and theoretical methods for including frictional, plasticity, and
damage phenomena in the proposed model.
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1 INTRODUCTION

In a large number of engineering applications, it is necessary to describe the behaviour of granular media and to under-
stand the intrinsic mechanical phenomena involved in the deformation of grains assembly. The study of the mechanics
of granular media is obviously relevant in geotechnics, for instance to design and control earth structures, tunnels, and
ground improvement. Mechanics of granular materials are also relevant to the control of powder processing procedures,1

to guide the production of pharmaceutical tablet,2 or to understand performance of granular membranes frequently used
in civil engineering or to conceive bio-membranes.3 The intrinsic complexity of considered systems and the related defor-
mation phenomena require a fresh revisitation of the used methods and, in our opinion, a revival of the basic Lagrangian
methods.
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We explicitly and immediately remark that we limit our attention to discrete (ie, finite dimensional) models in which
grains (i) have a configuration characterised by their barycenter placement and their rotation and (ii) are interacting
pairwise with elastic energy depending upon their relative rotation, displacement, and consequent relative shear. We
believe that, even if dissipative and, in general, nonconservative phenomena play a relevant role in the mechanics of grain
assemblies, a clearly specified Lagrangian model is an important starting point in the proposed investigation. Indeed,
conservative deformation phenomena always occur and are of relevance, while the incremental balance of force approach,
sometimes used in the literature, see, eg, Cundall and Strack4 does not clearly distinguish between conservative and
dissipative interaction forces.

Indeed, one of the most influential paper in the field has been Cundall and Strack.4 In it, Cundall and Strack formu-
lated what is now known as the discrete element model (DEM) in which the behaviour of assembly of grains is reduced
to the mechanical interaction of an assembly of discs, subject to mutual forces. In mentioned paper, there is no reference
to conservation of elastic energy, and the integration scheme used is based on an incremental sequential determination
of the solution of the Newton force balance, calculated grain by grain, time step after time step. This concept is being still
used, eg, in Kuhn5 and Radja and Dubois6; however, occasionally, a variational point of view is accepted in the literature
(see Holtzman et al7). We also note that in the classical DEM algorithms, the grain interactions are treated from the view-
point of Hertz–Cattaneo–Mindlin contact analysis. In geomaterials, however, grain-interactions are often mediated via
certain cementation, multi-asperity contacts, nano/microscopic bridges/welds, or long-range/noncontact mechanisms.
The treatment of such grain-interactions as nearly point contacts, following the Hertz–Cattaneo–Mindlin paradigm, may
not completely capture all the relevant deformation mechanisms.

Rather inexplicably in the literature, one finds very few experiments trying to point out and highlight the most
fundamental features of the mechanics of grains assemblies: Among these, we cite Misra and Jiang8 and Richefeu et al.9

Experiments that measure grain-scale behaviour are few and are limited. Systematic studies of the measurements of grain
trajectories (including grain translation and spin) in well-defined granular system are rare, see for example trajectory mea-
surements in certain assemblies of regularly arranged grains, see Misra and Poorsolhjouy.10 Notably, studies that combine
trajectory measurements with forces, such as “force chains,” are particularly rare. The limited experiments, and also the
available numerical simulations based on every variant of DEM, indicate that it is not so easy to formulate a continuum
macroscopic model that can capture the behaviour of granular media and for sure a standard Cauchy first gradient con-
tinuum is not suitable to capture the main mechanical phenomena involved in the deformation of a large class of granular
media. While there is an abundance of elasto-plastic models, continuum models that link to the grain-scale mechanisms
remain work-in-progress as noted in the discussion related to recent papers authored by Misra and his colleagues, see
Misra et al.11 In this regard, we also point to the recently proposed micromorphic continuum models12 which follow, in
the spirit of Piola ansatz,13 from an identification of the grain-scale motions in terms of the small deformation continuum
kinematic measures, and the volume average of grain-pair interaction energies with macro-deformation energy density,
and demonstrate clearly the necessity for enhanced continuum models for granular materials.14,15

In a similar context, recently, the relationship between continuum homogenised models and their discrete microscopic
counterparts has been reexamined and revisited with a view towards the numerical applications and the need of get-
ting effective and efficient numerical codes: see, eg, Turco16 for Lagrangian discrete models for spatial beams in large
deformations,17 dealing with 2D networks of beams, and Turco and Caracciolo18 which considers a concentrated elas-
ticity model for plates. It is remarkable that there are many similarities between these models for structural elements
or complex microstructures and approaches that can be introduced to model grains packages. These common modeling
idea consists in describing structural elements or complex structures as an assembly of rigid bodies (with the associated
reference system) and elastic connections, which may undergo large deformations. Among the most famous scholar who
contributed to advancing this idea was Hencky, see Hencky,19 who exploited such models for the evaluation of buckling
loads of two-dimensional beams.*

In the present work, we develop a novel Lagrangian discrete model for planar assemblies of grains, which is able to
investigate the evolution of a quasi-static deformation process, see Turco.20 In this first effort, we do not dismiss com-
pletely the the method traced by Cundall and Strack. We postulate, however, an expression of deformation energy, which
depends on the relative displacement and relative rotation of two close interacting grains, and in particular, we clearly
define the concept of shear deformation relative to the relative grain roto-translation, which we could not easily find in
the literature. We assume that each grain is characterised by a typical radius in terms of which we describe the rela-
tive inter-granular deformation energy: This radius is needed to find the fundamental state relative placement of every

*It has to be noted that Gabrio Piola13 did justify the Euler–Bernoulli choice of deformation energy for an Elastica with a similar argument.
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(A) (B)

FIGURE 1 A, Buried grains in an elastic matrix and B, its schematic representation

interacting pair of grains. We assume that the elastic deformation occurring in the elastic grains is effectively described,
wherever it may occur or be localised, in terms of introduced relative rotation, shear, and elongation. This generalises
the Hertzian approach to grain interactions in which one assumes that the elastic interaction is localised at grain inter-
faces. We believe that the interesting considerations developed in the previous studies21-23 can be completed with those
presented here. In this introduction, we have presented a subjective selection of those which we consider the main refer-
ences about the mechanics of granular materials from a rather vast literature base. Furthermore, the main characteristics
of the presented model are briefly discussed trying to depict its peculiarities.

We neglect every dynamical effects, and we assume therefore that the inter-granular mechanical interaction can be
given by means of a variational formulation, based on a postulated form of the local strain energy: see Section 2. We
investigate the response to quasi-static transformations. These responses are of practical interest and are also more easily
computable using a step-wise computation method, which manages to handle effectively also large deformation pro-
cesses, even if quasistatic simulations can require the solution of remarkable numerical challenges as they may present
instabilities and bifurcation phenomena. We have chosen to use a stepwise procedure based on Newton's method as pre-
dictor and Riks' arc-length idea as corrector. In this way, we could effectively and systematically reconstruct completely
the equilibrium path when a specific parameter is increased. In this way, we overcome the critical points which may be
encountered in the evaluation process, see Section 3. We present the results of performed numerical simulations, and we
conclude that they indicate that the model is promising, although it needs to be improved and generalised, see Section 4.
We also describe shortly some of the future challenges, which we believe deserve particular attention, see Section 5.

2 INTERACTION BETWEEN GRAINS

We consider a package of grains buried in an elastic matrix such as that shown in Figure 1A. We can represent schemat-
ically the package as reported in Figure 1B. Here, the grains i and j are sketched using a circular shape only for the sake
of simplified visualization. Their barycentres (in the reference configuration) and radii are Gi, ri, Gj, and rj, respectively.
Furthermore, for describing the grains rotations, we consider, see again Figure 1, two unit vectors Di and Dj. In order to
limit the data necessary to completely describe the considered packages of grains, we choose Di = Dj = D1 (being D1 the
unit vector characteristic of 1-direction, in this case, the horizontal direction) but this hypothesis can be easily removed.

We can describe the motion of the considered pair of grains by means of the following kinematic parameters: the current
positions of the barycentres gi and gj and the rotations of each one grain by considering the unit vectors di and dj or,
alternatively, by the angles 𝛼i and 𝛼j. Figure 2 reports reference and current configuration of the pair of grains.
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FIGURE 2 Reference (dashed line) and current (continuous line) configuration of a pair of grains: strain measures Δ𝓁, Δ𝛽, and Δ𝛾

Limiting ourselves to elastic interactions, the strain energy Eij associated to the pair of grains i and j reported in Figure 2
can be postulated as the simple diagonal quadratic form†:

Ei𝑗 =
1
2
(

aΔ𝓁2 + bΔ𝛽2 + cΔ𝛾2) , (1)

having introduced the constitutive parameters a, b, and c‡ related to strain measures Δ𝓁, stretching, Δ𝛽, bending, and Δ𝛾
shearing, respectively, see again Figure 2. We remark here that in large deformations, dissipation could be important as
would be tension-compression asymmetry to prevent certain grain inter-penetrations. These aspects will be considered
in the future.

The strain measures are worth§:

Δ𝓁 = ||g𝑗 − gi|| + ri(1 − cos 𝛽i) + r𝑗(1 − cos 𝛽𝑗) − (ri + r𝑗) , (2)

Δ𝛽 = 𝛽𝑗 − 𝛽i , (3)

Δ𝛾 = ri sin 𝛽i + r𝑗 sin 𝛽𝑗 , (4)

where, beyond the geometric parameters already defined, we used the relationships

gk = Gk + vk ,

𝛽k = 𝛼k + 𝛼0 − �̄� ,
(5)

†An immediate generalisation could be obtained introducing a nondiagonal quadratic form taking into account, in this case, the interactions among
the considered stretching, bending, and shearing energies.
‡They should be determined by means of some suitably chosen experimental tests.
§The Authors are aware that Equation 2 could be simplified. However, they prefer to use this form slightly redundant in order to make the formula
closer to kinematic parameters shown in Figure 2 and therefore more readable.
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FIGURE 3 Forces acting on a single grain

with k = i or j and vk collects the two Lagrangian parameters, which express the displacement of the grain k. We notice
that in Equation 5, the auxiliary angles 𝛼0 and �̄�, or their sinuses and cosines, can be evaluated from the knowledge of
the geometry and the current position of the grains barycentres, respectively.

We highlight the strong geometrical nonlinearities of the assumed strain energy where, for example, the second and
third terms of Equation 2 represent the elongation due to the rotations of the grains. In addition, we also pick out the
unusual bending energy term which in the geotechnicians' language is frequently named rocking effect.

It is useful to remark that each grain of the assembly is subjected to a force and a couple usually named structural
reaction, or reaction in brief, in the jargon of finite element. In Figure 3, this reaction is represented by the horizontal f1
and the vertical f2 forces plus a couple force f3 whose arm is the diameter of the grain.

3 HOW TO RECOVER THE EQUILIBRIUM PATH

The completely discrete model described in the previous section was the base to build an in-house built MatLab code
able to get back the whole equilibrium path, ie, a series of pairs, which defines the external loads, forces, or given dis-
placements, and the Lagrangian parameters used to describe the system. The equilibrium path is reconstructed in the
framework of a stepwise strategy, in other words, the basic problem is finding an unknown equilibrium point on the basis
of the knowledge of the previous one.

If we collect the Lagrangian parameters, which describe the current configuration, eg, the displacement from the refer-
ence configuration), in the vector q then the total strain energy, using Equation 1, becomes E = E(q) and can be obtained
just summing the strain energy associated with each pair of interacting grains.

For cases without applied forces, as considered in the numerical simulation presented below, the external load derive
from the given displacements. Therefore, the nonlinear system of equilibrium equations, obtained by imposing the
stationarity of the global strain energy, reads

s(q) = 0 , (6)

being s(q) the gradient of the global strain energy, generally named reaction, obtained by assembling the elementary
contributions deriving from the interaction of each pair of grains.

In the case of given displacements, the Lagrangian parameters used to describe the current configuration, grouped in
q, can be split in two parts:

q =
[

u
𝜆ū

]
, (7)

where the vector u is the collection of the free Lagrangian parameters, and 𝜆ū of those prescribed using the nondimen-
sional displacement parameter 𝜆 and the prescribed vector ū. In other words, the given displacements are all ruled by
the nondimensional parameter 𝜆. We remark that in the framework of an arc-length strategy, it is not possible to limit
in advance 𝜆 as can be done in the framework of a Newton strategy (in this case, 0 < 𝜆 < 𝜆max, where 𝜆max is fixed in
advance). Conversely, in an arc-length strategy only the total length, or, equivalently the number of steps to perform, of
the equilibrium path, which we want to reconstruct can be fixed in advance.
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As a consequence, the equilibrium path is a set of pairs (𝜆i,ui) close enough to accurately describe the equilibrium path.
The solution of the nonlinear system of equilibrium Equation 6 can be obtained, in the framework of a stepwise strategy,

for example by using the Newton's scheme. If the pair (𝜆1,u1) satisfies the equilibrium equations, in other words if the
associated rest measure is zero (or, equivalently, if its norm is less than a fixed threshold), the next, and not so far from
the previous, equilibrium point (𝜆1 + Δ𝜆,u1 + Δu) can be computed by means of the iterative scheme, based on the
first-order approximation of the rest s (u1, (𝜆1 + Δ𝜆)ū) (Δ𝜆 andΔu are the increments of 𝜆 and u, respectively), in formula

Δu = −K−1s (u1, (𝜆1 + Δ𝜆)ū) , (8)

where we used the slim notation

s (u1, (𝜆1 + Δ𝜆)ū) = s
([

u1
(𝜆1 + Δ𝜆)ū

])
, (9)

specifying that the reaction s, even if we use the same symbol, collects only the terms correlated, in the sense of virtual
work, with the unknown displacements collected in u. The stiffness matrix K, that is the Hessian of the total strain energy,
is the part of the tangent stiffness matrix related to the unknown displacements, ie, that collected in u, computed in
(𝜆1,u1). As for the reaction s, also the stiffness matrix can be assembled building the elementary contributions related to
a pair of interacting grains.

It is well-known that the main drawback of Newton's scheme, see Equation 8, is related to the equilibrium points
corresponding to quasi-singularity of the tangent stiffness matrix. Indeed, for these points, the convergence cannot be
reached or becomes very slow. A brilliant idea to overcome this problem is due to Riks, which in 1979 introduced an
arc-length strategy, see Riks.24 In other words, Riks suggested the idea that the equilibrium path can be described by using
as parameter the arc-length of the curve instead of the nondimensional parameter 𝜆 used to describe the external load.

A detailed description of arc-lenght method and its several variations can be found in Wriggers,25 while an efficient
implementation of the arc-length iterative scheme is described in Turco and Caracciolo18 for plasticity problems and
in Turco16 and Turco et al26 for elasticity problems considering large displacements. The interested readers can find a
detailed description and some technicalities in the foregoing references. In the following, we only describe on the fly some
computational details used in the in-house built code.

An elementary way for introducing the method is to impose that the linear extrapolation of the rest is zero:

r
(
u1 + Δu + .u, (𝜆1 + Δ𝜆 +

.
𝜆)ū

)
≈ s (u1 + Δu, (𝜆1 + Δ𝜆)ū) + Kuu

.u + Kuū
.
𝜆ū = 0 , (10)

where
.
𝜆 and .u define the correction corresponding to the extrapolation 𝜆1 + Δ𝜆 and u1 + Δu and Kuu and Kuū are the

blocks of the stiffness matrix K related to the free u and given ū displacements computed in (𝜆1 + Δ𝜆,u1 + Δu).
We underline that the nondimensional load parameter 𝜆 has to be considered as an unknown, and therefore an addi-

tional equation has to be added. This additional equation is a constraint equation between the extrapolation (Δ𝜆,Δu) and
correction (

.
𝜆,

.u). Many choices are possible, here, we consider a rather general constraint of the form[
Δu
Δ𝜆ū

]T

C
[ .u.
𝜆ū

]
= 0 , (11)

being C a matrix that can be chosen, eg, to improve the convergence ratio or to make simpler the necessary calculations.¶
Starting from Equation 10, the correction .u can be obtained from

.u = −K−1
uus

(
u1 + Δu, (𝜆1 + Δ𝜆 +

.
𝜆)ū

)
. (12)

Successively, by using Equation 11 in the case C = K, the correction
.
𝜆 is worth

.
𝜆 = −ΔuTKuu

.u + Δ𝜆ūTKūu
.u

ΔuTKuūū + Δ𝜆ūTKūūū
. (13)

¶Equation 11 is a general form of the constraint equation, which is equivalent to imposing the arc-length (which is the parameter used in the Riks'
description of the equilibrium path). In particular, it imposes a type of orthogonality between extrapolation (Δ𝜆,Δu) and correction (

.
𝜆,

.u), which can
generate different algorithms on the basis of the particular choice of C. The original version proposed by Riks, for example, considers the case C = I
where I is the identity matrix. Here, we used a slightly different and effective form which is, in our opinion, more convenient from the computational
point of view.
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Equations 12 and 13 can be particularised choosing as C the matrix K in such a way that a very simple expression for
the correction

.
𝜆 is:

.
𝜆 =

ΔuTs + Δ𝜆ūTKūuK−1
uus

Δ𝜆ūT
(
Kūū − KūuK−1

uuKuū
)

ū
. (14)

The algorithm briefly outlined in the foregoing requires the first extrapolation in each step. The simpler one consists in
its evaluation from the results of the previous steps. In formulae, using already defined quantities, we can use

Δ𝜆 = m(𝜆1 − 𝜆0) ,

Δu = m(u1 − u0) ,
(15)

being the adaptive coefficient m used to modify the arc-length during the stepwise procedure and (𝜆1,u1) and (𝜆0,u0)
the last and the second last computed point of the equilibrium path, respectively. In practice, the adaptive coefficient m
increases the step-length in the parts of the equilibrium path that are quasi-linear and decreases the step-length in the
parts of the equilibrium path that are highly nonlinear. A simple formula for computing the adaptive coefficient m, which
increases the efficiency of the algorithm, see, Wriggers25 and Clarke and Hancock 27# is

m = 1 − rl − nl

rl + nl
, (16)

which uses for modifying the arc-length the number of required loops rl, computed by the code as the number of loops
necessary to reach the convergence in the current step and the needed loops nl (nl = 5 is the usual choice). For the first
step, we can assume m = 1, whereas the value of Δ𝜆 is suitably estimated, fixing implicitly in this way the arc-length
when the corresponding value of Δu is computed.

4 NUMERICAL SIMULATIONS AND THEIR INTERPRETATION

The code developed following the guidelines presented in the foregoing section was applied to perform a series of numeri-
cal simulations. As a first step, we have chosen three different assemblies of grains, which can be regarded simultaneously
as representative of two different modeling situations and options. Indeed, the number of involved grains is large enough
that it is conceivable to introduce a continuum model for the whole assembly in which a material point models the
behaviour of few grains, say a group of between 4 and 7.

In a series of papers (see previous studies17,28-33), it has been proven that, rather unexpectedly, even in presence of
relatively few degrees of freedom, discrete systems show a very similar behaviour to their continuous homogenised coun-
terparts. However, we wanted to include a rather numerous set of grains (about 900) to make the continuous identification
of the whole assembly more credible. On the other hand, we are aware of the fact that it is still very difficult (if not impossi-
ble) to consider large assemblies of grains including billions of grains.‖ Therefore, it is useful to consider the set of grains,
which we have introduced as a representative elementary volume (REV), which, after homogenisation, may become a
material point of a generalised continuum. It is clear that we do not know how to get a homogenised continuum model
from our discrete granular system by using standard procedures. The results show that we will simply have a series of
paradoxes if we impose ad hoc that such a homogenised model be of the kind given by Cauchy. For example, the results
show the existence of boundary layers. We know by experience that the order of magnitude of the thickness of boundary
layers is related to the internal length scales arising from stiffnesses. So, we expect to have at least two kinds of boundary
layers eventually overlapping: those given by the length scales Lba and Lbc. However, a rigorous proof of this statement
needs further investigations.

The criteria with which we have chosen the two loading tests and the three assemblies of grains is the following:

1. We want to show that one cannot introduce a standard Cauchy continuum to describe the behaviour of both the REV
as a material particle and the considered assembly of grain as a continuous system.

2. We want to show that a small imperfection in the assembly may have remarkable effects on its global behaviour.

# Although, formula (16) is not stated explicitly in25 and Clarke and Hancock27, in Clarke and Hancock27 (page 1374, equation (44) and following),
there are suggestions, which used exactly the same quantities, that is the required rl and needed nl loops for the convergence; also in Wriggers25 (page
167), there is a suggestion without stating an explicit formula.
‖However, we believe that up to millions of grains the principles of coding, which we have used may lead, with suitable modifications, to successful
simulations. In any case, we are still very far from the number of grains imagined by Archimedes in his Sand Reckoner 𝜓𝛼𝜇𝜇𝜄𝜏𝜂𝜁 , Psammites).
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The preliminary results, which we present here, are suggestive. Indeed:

1. We prove that contact interactions to be introduced in the homogenised continuum model cannot be reduced to
forces per unit area but must include contact couples.

2. We remark that to the microscopic kinematical descriptor of rotation of the single grain, a relevant defor-
mation energy is associated and, as a consequence, to this descriptor, one cannot unequivocally associate the
macro-descriptor of displacement; therefore, a corresponding extra-kinematical descriptor must be introduced, so
excluding the possibility to use the Cauchy continuum model; instead at least a Cosserat continuum model has to
be considered. Moreover, the following remarks are noteworthy: (i) it is clear from the proposed model that the rota-

FIGURE 4 Regular packages of grains A, without defects; B, with one small defect; and C, with one large defect; on the red grains there
are the assigned displacements [Colour figure can be viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com
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tions are independent variables with respect to placement in the discrete model for grains; (ii) in Cauchy's continua,
the only possibility is to link rotations to the gradient of placement, and therefore these two kinematical quantities
are not independent; (iii) there is no possibility to apply rotations of grains to the Cauchy's continuum model on the
boundary, as in Cauchy's model, only placements (never gradients of placements) can be assigned on the bound-
ary; (iv) there is no possibility in Cauchy's materials to have highly concentrated placement gradients close to the
boundary in finite thickness layers.

3. We suggest that inside the assembly of grains, it is possible to distinguish the onset of boundary layers, when a
suitable length scale, determined by the mechanical characteristic of the inter granular interactions, is sufficiently
large compared with the grains dimensions; this length scale does not depend on the grain dimension and therefore
will arise at macro-level after homogenisation.

Figure 4 shows the three regular assemblies, which we have considered. The first assembly is completely regular with
the shift between one horizontal row and the closest one of half the diameter of a grain. The second assembly is like the
first with a single grain vacancy in exactly the centre of the central row. The third assembly has a central hole constituted
by removing three grains from the centre of the central row and two grains from each of the contiguous rows. The rows
in red are those on which there is an imposed displacement. The row at the bottom has grains whose displacements and
rotations are fixed. To the row at the top three, possible kinematical conditions are imposed:

1. Zero displacements and progressively increasing uniform rotations, until 0.4 rad (that is approximatively 23◦) are
assigned;

2. Imposed horizontal uniform displacement, until 2.5Dg being Dg the diameter of each one grain, is assigned with free
rotations;

3. Imposed linear vertical displacement, from 1.5Dg (on the top-left) to 3Dg (on the top-right), is assigned with free
rotations.

We combine the triplets of stiffness a, b, and c, see (1), into two length scales

Lba =
√

b
a
,

Lbc =
√

b
c
.

(17)

These length scales are useful for comparing the values of the resultant R1 of the forces f1, see Figure 3, and the resultant
R2 of the forces f2 applied to all grains at the bottom. For the total couple of these grains, we have used the auxiliary
resultant force R3. We calculate for each grain the intensity f3 and then obtain R3 as a sum of these intensities over all the
bottom grains.

(A) (B)

FIGURE 5 Regular packages of grains without defects under given rotations: reactions on the bottom side varying 𝜆 when A, L = 10 and
B, L = 100 [Colour figure can be viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com
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(A) (B)

FIGURE 6 Regular packages of grains without defects under given rotations: strain energies (stretching Ea, bending Eb, and shearing Ec)
varying 𝜆 when A, L = 10 and B, L = 100 [Colour figure can be viewed at wileyonlinelibrary.com]

4.1 Package without defects under given rotations on the top
In Figures 5 and 6, we show the behaviour of the assembly of grains without defects regarded as a REV when the length
scales are equal, that is, Lba = Lbc = L and have the values, respectively, 10 and 100, in a unit of measure where the
grain has diameter equals 4. The reactions at the bottom side are plotted in Figure 5 as functions of the imposed rotation
represented by the nondimensional parameter 𝜆. We denote R1 the horizontal total reaction at the bottom of the assembly,
R2 the total vertical reaction, and R3 the total resultant due to the couple on each grain. Further, in Figure 6, we report
the strain energy evolution distinctly for stretching Ea, bending Eb and shearing Ec as the nondimensional parameter 𝜆
increases for the two length scales L = 10 and L = 100.

The deformation patterns for the package without defects under imposed rotations of the uppermost row of grains and
different length scales are rather interesting.** The pattern of deformation, including rotation, elongation/compression,
and shear, are given, for the two considered different values of L in Figures 7 and 8. It is immediately evident, with the
common scales for deformation energy, that the boundary layer, which is formed at the top of the assembly propagates at
a longer distance when L = 100 and it is definitively small when L = 10. However, while checking the dependence of
R3 on L and imposed rotation, it is clear that shown pictures were not detailed enough to give a complete understanding
of calculated deformation pattern. Therefore, we zoomed in to get a more detailed description of the deformation state in
the last 10 rows at the bottom of the assembly. This is done in Figure 9. In Figure 10, we plot the distribution of reaction
forces on each grain of the bottom row. Rather obviously, in the case L = 100, as the boundary layer established by
imposed rotations reaches this bottom, the calculated rotations of all grains in the assembly are all counterclockwise, and
the interaction between the closest grains was an extension on the right side of the specimen and a compression on the left
side. The calculated f2, ie, the vertical reactive force applied on each grain is positive on the left and becomes negative on
the right of the specimen. Again rather obviously, the applied couple to block the rotation of the grains of the last row must
be clockwise. In contrast, when L = 10, the boundary layer is smaller than the specimen. This means that the calculated
rotations of the grains are clockwise. On the left of the specimen, we observe extension, on the right compression and the
applied couple counterclockwise.

We remark that in both cases, L = 10 and L = 100, the boundary layers related to the imposed rotation on the upper
boundary arrive at their maximum extension at the value 𝜆 = 1, and that when 𝜆 = 0.5, the deformation energy seems
concentrated in a layer of few grains, even if the subsequent analysis (Figure 9) shows that a more careful energy rescaling
is needed to carefully determine the deformation pattern. This means, in particular, that the presented numerical evidence
shows that nonlinear phenomena are crucial in initiating the behaviour, which is characteristic of Cosserat continua.

**In order to make this kind of figures immediately readable, we represent the current configuration of the grains, rotation included (by means of a
small segment, which shows the rotation of each one grain, this rotation is amplified to make it visible); furthermore, we use the colours to highlight
the distribution of the strain energy (stretching, bending, shearing, and their sum) in the package.
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FIGURE 7 Regular packages of grains without defects under rotations on the upside: deformations for 𝜆 = 0.5 (on the left) and 𝜆 = 1 (on
the right) for L = 10; colours show the density of the strain energy (stretching on the first row, bending on the second row, shearing on the
third row, and their sum on the fourth row) [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 8 Regular packages of grains without defects under rotations on the upside: deformations for 𝜆 = 0.5 (on the left) and 𝜆 = 1 (on
the right) for L = 100; colours show the density of the strain energy (stretching on the first row, bending on the second row, shearing on the
third row, and their sum on the fourth row) [Colour figure can be viewed at wileyonlinelibrary.com]
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(A) (B)

FIGURE 9 Regular packages of grains without defects under rotations on the upside: deformations for 𝜆 = 1 for L = 10 (on the left) and
L = 100 (on the right) for the 10 rows of grains near the bottom of the package; colours show the density of the global strain energy
(deformations and energies are scaled to improve the readability) [Colour figure can be viewed at wileyonlinelibrary.com]

(A) (B)

FIGURE 10 Regular packages of grains without defects under given rotations: distribution of the reaction (tangent f1 and normal f2) and
of the couple f3 on the bottom side at the last loading step when L = 10 (on the left) and L = 100 (on the right) [Colour figure can be viewed
at wileyonlinelibrary.com]

It is important to remark that (see again Figure 3) each grain of the row at the bottom of the assembly of grains is
subjected to a reactive interaction, which is blocking its displacement and its rotation. When the uppermost row of grain
is rotated counterclockwise, then the state of stress inside the assembly results to be very complex, because of the strong
nonlinearity of the interactions between the grains and the effects of large deformation phenomena.

We were surprised, see again Figure 5, to discover that for L = 10, this quantity is positive and increasing when the
imposed counterclockwise rotation increases, while for L = 100, it is negative and decreasing. To understand the mechan-
ical reason of this circumstance, we needed to understand the deformation pattern induced by the imposed rotations. We
have presented our considerations in this regard when commenting on Figures 9 and 10. Remark that both R1 and R2 are
always negative, which is easily explained while imagining that the rotation applied at the uppermost row propagates in
all the specimen and that consequently the bottom row must be pulled down and towards the left. This simple mechanical
intuition, however, fails to describe the calculated behaviour of R3.

The reader probably has remarked the sharp variation of reaction forces on the last grain on the right of the distribution
of reactions plotted in Figure 10. This is not a numerical effect and can be perfectly understood. In fact, the aforementioned
last grain is interacting, because of the geometrical nature of the used assembly, only with one grain of the subsequent
row. Therefore, it obviously is subjected to a smaller reaction.

In Figure 8, it is evident that the role of the kinematical descriptor of rotation must play a relevant role in an eventual
description of the assembly of grains by means of a continuum model. The boundary layer of deformation energy when

http://wileyonlinelibrary.com
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L = 10 seems concentrated in the first few rows of grains at the top of the assembly. This boundary layer induces, however,
a deformation pattern outside the layer itself. This pattern is better understood when zooming on the bottom last 10 row
of grains. In Figure 8A, a clockwise pattern of rotation is shown to be typical of the deformation outside the boundary
layer. Instead, when the boundary layer occupies the whole specimen, then the counterclockwise pattern is present in all
the specimen.

4.2 Package with a small defect under given rotations and shear on the top row
When we consider the package of grains with the small defect described in Figure 4B in both cases of imposed rotation
and imposed shear displacement on the top row, we have recognised only a very localised and very small differences with
the case of perfect assembly shown in Figure 4A. This circumstance indicates that, at least in the set of deformations
states, which we have considered, the homogenised model to be introduced is a Cosserat continuum.

In these continua, applicable external actions include, together with surface forces, also contact couples. However,
contact and volume forces concentrated on points are not possible. The existence of the imperfection has to be regarded
as an internal boundary of the body (a kind of internal cut). In considered instance, this cut cannot be regarded as an
internal surface of line cut but has to be modeled as a point. The effect of disconnected internal surface or line can be
detected in Cosserat continua, while, on the contrary, the existence of an internal disconnection concentrated on a point
does not affect the global deformation state.

(A) (B)

FIGURE 11 Regular packages of grains with one large defect under given rotations on the upside: reaction on the bottom side varying 𝜆
when A, L = 10 and B, L = 100 [Colour figure can be viewed at wileyonlinelibrary.com]

(A) (B)

FIGURE 12 Regular packages of grains with one large defect under given rotations: strain energies (stretching Ea, bending Eb, and
shearing Ec) varying 𝜆 when A, L = 10 and B, L = 100 [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 13 Regular packages of grains with a large defect under rotations on the upside: deformations for 𝜆 = 0.5 (on the left) and 𝜆 = 1
(on the right) for L = 10; colours show the density of the strain energy (stretching on the first row, bending on the second row, shearing on
the third row, and their sum on the fourth row) [Colour figure can be viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com


1066 TURCO ET AL.

FIGURE 14 Regular packages of grains with a large defect under rotations on the upside: deformations for 𝜆 = 0.5 (on the left) and 𝜆 = 1
(on the right) for L = 100; colours show the density of the strain energy (stretching on the first row, bending on the second row, shearing on
the third row, and their sum on the fourth row) [Colour figure can be viewed at wileyonlinelibrary.com]
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For saving space in the present paper, we do not reproduce the careful numerical simulation, which we have performed
to substantiate the aforementioned statement. Actually, the reader can precisely refer to all the figures presented for the
perfect assembly of grains. For more details about the performances, which one should expect from higher gradient and
microstructures continua the reader is referred, eg, to previous studies.34-37

4.3 Package with a large defect under given rotations on the top
In the considered case, the internal hole, which introduces the assembly defect described by Figure 4C, is unloaded. This
means that there are neither imposed rotations nor imposed displacements. We remark at first that the overall behaviour
of the assembly, as a Cosserat continuum, does not change because of the introduction of the defect. Indeed (compare
Figures 5 and 6 with Figures 11 and 12), the global response of the grains assembly seems not to be affected by the
presence of the hole: All reactions R1, R2, and R3, for both L = 10 and L = 100, and all values of deformation energies
are qualitatively and quantitatively identical in presence and absence of holes. However, the internal cut is large enough
to have an effect on the overall deformation patterns when L = 100.

We start referring to Figure 13, which describes the case L = 10. The boundary layer induced by the imposed rotations
is limited to the first five rows and does not include the added hole. In fact, this boundary layer is very similar to the one
presented in Figure 7. Therefore, as expected by heuristic considerations based on the study of boundary layers in phase
transition problems (see, eg, dell'Isola et al38), in the case L = 10, considering that the grains have length equal to four
units, Cosserat type deformation cannot reach the depth of the hole, which is, in the considered units, appear in row 14,15,

(A) (B)

FIGURE 15 Regular packages of grains without defects under shear on the upside: reaction on the bottom side varying 𝜆 when A, L = 10
and B, L = 100 [Colour figure can be viewed at wileyonlinelibrary.com]

(A) (B)

FIGURE 16 Regular packages of grains without defects under shear: strain energies (stretching, bending, and shearing) varying 𝜆 when A,
L = 10 and B, L = 100 [Colour figure can be viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com


1068 TURCO ET AL.

and 16 from the bottom. We now compare Figure 8 and Figure 14. It has to be remarked that the presence of the hole is
producing, when 𝜆 = 1, a kind of reflection and transmission pattern, which is rather suggestive. Instead, when 𝜆 = 0.5
only barely perceptible (at the considered energy scale) differences between the case with and the case without hole can
be observed. We remark the phenomenon of inversion of reaction couples, that is, the change of the sign of R3, which
was observe in the absence of holes is preserved (see Figure 11). Also, the bulge observed on the right of the deformation
pattern, which is one of its peculiar features imposing a Cosserat description, is not influenced by the presence of the
hole, see previous studies.39-41

4.4 Packages under a shear displacement on the top
As clearly shown by Figure 15, in the case of imposed shear displacement at the top, the rotation inversion phenomenon
observed in the case of imposed rotations at the top is not occurring. Also, in the case of imposed shear displacement, as
in the case of imposed rotations, the reactions at the bottom, and the deformation energies (see Figure 16) as functions
of 𝜆, are not affected by the presence of the hole (compare Figures 15 and 16 with Figures 17 and 18). Concerning
Figure 19, which considers the case L = 10, we remark that the typical deformation pattern of shear deformed rectangular
specimens is reproduced for the extensional energy in Figure 19B and for the shear energy in Figure 19F. On the contrary,
bending energy has a space pattern with localised deformation energy at the bottom with the formation of a boundary
layer, see Figure 19D.

(A) (B)

FIGURE 17 Regular packages of grains with large defect under shear on the upside: reaction on the bottom side varying 𝜆 when A,
L = 10 and B, L = 100 [Colour figure can be viewed at wileyonlinelibrary.com]

(A) (B)

FIGURE 18 Regular packages of grains with large defect under shear on the upside: strain energies (stretching, bending, and shearing)
varying 𝜆 when A, L = 10 and B, L = 100 [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 19 Regular packages of grains without defects under shear on the upside: deformations for 𝜆 = 0.5 (on the left) and 𝜆 = 1 (on
the right) for L = 10; colours show the density of the strain energy (stretching on the first row, bending on the second row, shearing on the
third row, and their sum on the fourth row) [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 20 Regular packages of grains without defects under shear on the upside: deformations for 𝜆 = 0.5 (on the left) and 𝜆 = 1 (on
the right) for L = 100; colours show the density of the strain energy (stretching on the first row, bending on the second row, shearing on the
third row, and their sum on the fourth row) [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 21 Regular packages of grains without (on the left) and with one large defect (on the right) under shear on the upside:
deformations for 𝜆 = 1 for L = 10; colours show the density of the strain energy (stretching on the first row, bending on the second row,
shearing on the third row, and their sum on the fourth row) [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 22 Regular packages of grains without (on the left) and with one large defect (on the right) under shear on the upside:
deformations for 𝜆 = 1 for L = 100; colours show the density of the strain energy (stretching on the first row, bending on the second row,
shearing on the third row, and their sum on the fourth row) [Colour figure can be viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com


TURCO ET AL. 1073

The energy content of bending elastic elements is less relevant than the other two forms of energy, so that in Figure 19H,
we have that aforementioned cross deformation pattern typical of shear is reproduced for total energy. It has to be inves-
tigated, by means of a parametric analysis, if the pattern shown in Figure 19D can become dominant: we conjecture that
this is the case and that, in this way, a suitable granular metamaterial could be eventually designed. This conjecture is
confirmed by Figure 20 where the case L = 100 is considered. This means that the boundary layer observed in Figure 19D
starts from the bottom, invades the whole specimen when 𝜆 increases, and there is no evidence of the cross type defor-
mation pattern typical of shear. We remark also that in Figure 19, on the left column, which considers the case 𝜆 = 0.5,
the cross type pattern is perceptible, while on the contrary in Figure 20, on the left column, the layer-like pattern can be
observed, especially in the bending energy part.

In Figure 21 (which report the case L = 10, 𝜆 = 1 for the absence, left column, and the presence, right column, of the
hole), we can observe the growth of the boundary layer front, the hole as well as its interference with the boundary layers
originating at the top and at the bottom of the specimen. We remark that:

1. For bending energy, the boundary layer originates mainly at the bottom of the specimen.
2. For extensional energy, the cross-like deformation pattern is clearly delineated and is slightly influenced by the

presence of the hole;
3. For shear energy, one can observe that the deformation pattern in the case of absence of hole is changed by the

presence of the hole, and that a perceptible boundary layer around the hole is generated; as L = 10 is not big enough
the classical cross-like pattern dominates for total energy; again, we expect that a careful parameters analysis may
render dominant the layer-like pattern of Figure 21D also for such a value of L.

More complex, but also more interesting, is the analysis which is allowed by Figure 22 (L = 100 and 𝜆 = 1). We
present, simply as a preliminary series of considerations to be more deeply developed, the following remarks:

1. The comparison of Figure 22G and 22H shows that the presence of the holes relaxes the deformation pattern, by
introducing a boundary counter-layer around the hole; however, the hole does not manage to establish any cross-like
deformation pattern.

2. The highest effect on deformation patterns is observed in the shear energy plots (ie, Figure 22E and 22F) where
the presence of holes determines a variation of about 50% of the average volume energy density; moreover, the
counter-layer around the hole reaches the bottom and the top grains rows.

3. In Figure 22C and 22D (case of bending energy), the presence of the hole does not change the layer-like structure of
deformation pattern; however, the boundary layer arising from the bottom is limited in thickness by the relaxation
introduce by the hole; this also indicates the relevance, for non-Cauchy type of behaviour, of the bending interaction
and energy.

4. In Figure 22A, one can distinguish a layer-like deformation pattern, while in Figure 22B, a cross-like deformation
pattern is perceptible.

5. Around the hole, in the direction of shear displacement, one can distinguish a dipole of deformation energy; this
indicates that if one wants to introduce a continuum model in which the material particle has the size of the con-
sidered hole, some generalisations of Cauchy scheme may be required; it is important to see that a relevant rotation
of grains is present around the hole; it will be interesting in future investigations to establish how the presence of
the holes change the rotation field of the grains.

Concerning Figure 21, we must remark that with L = 10, the imposed shear displacement initiates, some boundary
layers at the top, at the bottom of the assembly, and around the central imperfection. However, these boundary layers are
not coalescing and remain concentrated around the corners and the central hole. When L = 100, the boundary layers
coalesce, and the deformation pattern and the deformation energy distribution assume a characteristic cross structure.
There is a large difference between the deformation pattern in the case of presence of imperfection when compared with
case of absence of imperfection even if plot of the resultant forces dependence on the imposed shear displacement becomes
somehow different only when L = 100.

4.5 Package with a large defect under linear displacement on the top
As shown in Figure 23, which considers the package of grains with a large defect under imposed linear vertical displace-
ments varying from 1.5Dg (on the top-left) to 3Dg (on the top-right) being Dg, the diameter of the grains, the reaction R3
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(A) (B)

FIGURE 23 Package of grains with one large defect under imposed vertical displacements varying from 1.5Dg (on the top-left) to 3Dg (on
the top-right) being Dg the diameter of the grains: reaction on the bottom side varying 𝜆 for A, L = 10 and B, L = 100 [Colour figure can be
viewed at wileyonlinelibrary.com]

(A) (B)

FIGURE 24 Package of grains with one large defect under imposed vertical displacements varying from 1.5Dg (on the top-left) to 3Dg (on
the top-right) being Dg the diameter of the grains: deformations and strain energy (see the bar of colours) for 𝜆 = 1 for A, L = 10 and B,
L = 100 [Colour figure can be viewed at wileyonlinelibrary.com]

is comparable with the reactions R1 and R2 also in the case of compression and bending of the considered assembly of
grains. When L = 10, see Figure 23A, the vertical reaction R2 is nearly 10 times bigger than R3 (when 𝜆 = 1), and one
could possibly neglect Cosserat effects. However, when L = 100, Figure 23B, this is not anymore possible as R3 becomes
more than three times bigger. The comparative analysis of the total deformation patterns shown in Figure 24A and 24B
is very interesting. For the same imposed top grain row displacement:

1. When L = 10, the highest deformation energy is concentrated in the lower right part of the specimen.
2. When L = 100, the highest deformation energy is concentrated in the higher right higher part of the specimen.

A similar concentration of deformation energy is observed around the defect, with the typical dipole shape in both cases
L = 10 and L = 100. The reader should remark that the scales of energy when L = 10 and L = 100 are different, so that
our analysis is purely comparative for the deformation pattern. As Castigliano's theorem holds for all elastic linear and
nonlinear systems, the values of reactive forces shown in Figure 23A and 23B indicate that the total value of deformation
energy is higher from L = 100, as expected.

We can conclude:

1. The considered REV, also when subject to compression and bending, as happened for shear, does not behave as a
standard first gradient material point.
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2. If, on the considered REV boundary, grain rotations or grain relative displacements are imposed, see Section 4, then
the induced deformation, in the case of large characteristic lengths L = 100, stores a large amount of energy, and
the identification with a material point of a Cosserat or second gradient continuum seems needed, see Pavlov et al42

or dell'Isola et al43; moreover, the internal contact actions considered in generalised continua, see dell'Isola et al,35

seems necessary to describe observed phenomena.

5 CLOSING REMARKS AND FUTURE CHALLENGES

The package of grains shown in Figure 4 can be regarded as a specific REV to be modeled as a material particle in a con-
tinuum model, if one is interested to phenomena whose characteristic length scale is much greater that its dimensions.
On the other hand, one could try to introduce a continuum model, following a procedure like the one presented in del-
l'Isola et al,43 for describing the deformation of the considered assembly of grains: In this case, the continuum model is
regarded as a description, which is alternative to the discrete one proposed for instance in this paper.

We remark that:

1. The distribution of deformation energy inside the considered assembly of grains may depend greatly on the presence
of voids; the presence of a relatively large void (compared with the length scale) may change the form and intensity
of boundary layers arising because of the presence of deformation energy related to rotational degree of freedom.
For what concerns this modeling issue, we consider very interesting the comparison of our discrete model with the
continuum generalised shell theories proposed, see previous studies.44-46

2. It does not seem possible to obtain an effective continuum modeling without resorting to micro-structured
continuum models, as those formulated in Germain.47

3. The presented results concerns uniquely the elastic deformation patterns; a careful comparison of the results, which
can be obtained with the damage models based on discrete Lagrangian description, see Turco et al,48 and those
obtained with the novel direct continuum modeling proposed in previous studies49-53 may be of interest.

4. The presented discrete micro-models can supply also a useful tool for helping in the determination of consti-
tutive equations for continuum generalised macro-models, following the strategies presented in the previous
studies.14,15,54,55

In this paper, we have used a discrete model for a granular assembly with inter-granular interactions including shear,
elongation, and bending. We have motivated with our numerical simulations qualitatively only the reasons for which a
homogenised continuum model of our assembly of grains cannot be a first gradient continuum. Actually, we expect that
in future developments of our investigations, the most suitable homogenised continuum model must be determined. In
such a careful investigations, we will not only be obviously guided by the qualitative considerations presented here but
also more complex theoretical considerations will be needed, see previous studies,34,37,56-59 in addition, see also dell'Isola
et al60 for an historical framework and Reiher et al61 for a computational point of view.

On the other hand, the rigorous considerations will need to be supported also with heuristic considerations. In this
aspect, the method of numerical homogenisation can be of use, see Giorgio54 and Khakalo et al.62 It has to be remarked
that the numerical study of higher gradient continuum models is not so easy and requires some nontrivial improvements
of the standard methods. We have found particularly interesting, in the context of the investigations presented here, the
results found in the previous studies.63-65

We remark that we have not observed any locking phenomenon in the presented codes. It could be interesting to com-
pare our physically based discretisation with that presented in Balobanov and Niiranen,66 which has the same interesting
property. Remarkable are the results presented in Yaghoubi et al.67 We will accept the challenge to produce simulations
based on Hencky-type discretisation, which can reproduce the dynamical effects which cited papers allows to treat in the
dynamical case. The paper Khakalo and Niiranen68 is also of great relevance for our investigations: The reasons are obvi-
ous. We will carefully investigate the problem of comparing the perturbations induce by the presence of a defect when
using our Hencky-type model and the discretisation of gradient model theory presented in the cited paper. In addition,
we need to investigate how assemblies of nano-grains may resemble or be different from the assemblies, which we have
considered here. In this context again, we have a ready algorithm and interesting results, ie, those presented in Khakalo
and Niiranen.69
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Finally, we list below some future challenges of this work:

1. Some technical applications require to considering inertia forces since the hypothesis of quasi-static application of
external loads or given displacements is not close enough to describe their behaviour; in these cases, we can follow
the guidelines reported in Giorgio et al70 and Engelbrecht and Berezovski.71

2. In this paper, we have chosen the stiffness parameters of the model with the only one goal to compare results deriv-
ing from different choices of the length scale; nevertheless, we are strongly interested to method capable to relate
experiments or measures for identifying the stiffnesses of the proposed model, see, eg, Placidi et al.72

3. Here, we used the simplest law for the interaction of grains, however, other interaction laws may be used that are
able to represent more complex behaviours of packages of grains, see, eg, previous studies.73-75

4. Since the considered package of grains can be regarded as a REV for continuum models, which surely have to be
discretised, it appears interesting the interpolations base on B-splines and NURBS, see previous studies.76-80

5. Piola–Hencky models such as that presented in this work are the fundamental brick for building continuum models
such as those presented, for example, in the previous studies43,81,82 or to extend this work towards three-dimensional
packages of grains using the tools depicted in Turco16 and Eugster et al83 or to study foams using the model presented
in the previous studies84-86;

6. Finally, it could be interesting to consider peridynamics formulation as an alternative approach for the analysis of
packages of grains, see, eg, Diyaroglu et al87 and De Meo et al.88
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