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Abstract: We consider online computation of expectations of additive
state functionals under general path probability measures proportional to
products of unnormalised transition densities. These transition densities are
assumed to be intractable but possible to estimate, with or without bias.
Using pseudo-marginalisation techniques we are able to extend the particle-
based, rapid incremental smoother (PaRIS) algorithm proposed in [J. Ols-
son and J. Westerborn. Efficient particle-based online smoothing in general
hidden Markov models: The PaRIS algorithm. Bernoulli, 23(3):1951-1996,
2017] to this setting. The resulting algorithm, which has a linear complex-
ity in the number of particles and constant memory requirements, applies
to a wide range of challenging path-space Monte Carlo problems, includ-
ing smoothing in partially observed diffusion processes and models with
intractable likelihood. The algorithm is furnished with several theoretical
results, including a central limit theorem, establishing its convergence and
numerical stability. Moreover, under strong mixing assumptions we estab-
lish a novel O(ne) bound on the asymptotic bias of the algorithm, where n
is the path length and € controls the bias of the density estimators.

Keywords and phrases: central limit theorem, exponential concentra-
tion, partially observed diffusions, particle smoothing, pseudo-marginal meth-
ods, sequential Monte Carlo methods.

1. Introduction

Let (X, X, )nen be a sequence of general state spaces and let, for alln € N, L, :
Xn X Xpy1 — R>o be bounded kernels in the sense that sup,cx Ln (2, Xpt1) <
00. We will assume a dominated model where each kernel L;, has a kernel density
¢, with respect to some o-finite reference measure pin41 on X, ;1. Finally, let
x be some bounded measure on Xy. In the following, we denote state-space
product sets and o-fields by X := Xg x --- x X, and X" = Ay ® --- @ Xy,
respectively, and consider probability measures

n—1

¢0:n(dx0:n) X X(de) H Lm(xmu dwm-i—l)a n e Nu (11)

m=0

on these product spaces.! Given a sequence (ﬁn)neN of measurable functions
hy @ Xy X Xp41 — R, the aim of the present paper is the online approximation

1We will always use the standard convention [1z = 1, implying that ¢o o x.
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of expectations of additive functionals

n—1

hp : X" 3 20. — Z ﬁm(xm,me) (1.2)

m=0

under the distribution flow (¢g., )nen using sequential Monte Carlo (SMC) meth-
ods.

The generality of the model (1.1) is striking. In the special case where each Ly,
can be decomposed as Ly, (2, dxn1+1) = gn(2n) Qn(zn, dxy11) for some Markov
kernel Q,, and some nonnegative potential function gy, (1.1) yields the Feynman-
Kac path models [9], which are applied in a large variety of scientific and engi-
neering disciplines, including statistics, physics, biology, and signal processing.
In a hidden Markov model (HMM) (see, e.g., [7]), a Markov chain (X,,)nen with
kernels (Q,)nen and initial distribution y is only partially observed through
a sequence (Y, ),en of observations being conditionally independent given the
Markov states. In that case, g, plays the role of the likelihood of the state X,
given the corresponding observation Y,,, and ¢q.,, describes the joint-smoothing
distribution, i.e., the joint posterior of the hidden states Xo, ..., X, given cor-
responding observations (see Example 1 for details). We will adopt this termi-
nology throughout the present paper and refer to the distributions defined in
(1.1) as ‘smoothing distributions’; the problem of computing expectations of
functionals of type (1.2) under these distributions will be referred to as ‘ad-
ditive smoothing’. General state-space HMMs are prevalent in time-series and
sequential-data analysis and are used extensively in, e.g., movement ecology
[26], energy-consumption modeling [5], genomics [37], target tracking [35], en-
hancement and segmentation of speech and audio signals [32]; see also [34, 39]
and the numerous references therein. Operating on models of this sort, online
additive smoothing is instrumental for, e.g.,

— path reconstruction, i.e., the estimation of hidden states given observa-
tions. Especially in fized-point smoothing, where interest is in computing
the expectations of h(X,,) conditionally to Yp,...,Y,, for some given m
and test function h as n tends to infinity, a problem that can be cast into
our framework by letting, in (1.2), fun (@m, Zmi1) = h(zm) and he = 0 for
all £ # m.

— parameter inference, where additive smoothing is a key ingredient in the
computation of log-likelihood gradients (score functions) via Fisher’s iden-
tity or the intermediate quantity of the expectation-mazimisation (EM)
algorithm; see, e.g., [7, Chapter 10]. On-the-fly computation becomes es-
pecially important in online implementations via, e.g., the online EM or
recursive mazimum likelihood approaches [6, 21].

As closed-form solutions to this smoothing problem can be obtained only
for linear Gaussian models or models with finite state spaces (X, )nen, loads of
papers have been written over the years with the aim of developing SMC-based
approximative solutions. Most of these works assume that each density ¢, (or, in
the HMM case, the transition density of Q,, and the likelihood g,,) is available in
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a closed form; however, this is not the case for a large number of interesting mod-
els, including most state-space HMMs governed by stochastic differential equa-
tions. Still, there are a few exceptions in the literature. In [17] (see also [18]), the
authors showed that asymptotically consistent online state estimation in par-
tially observed diffusion processes can be achieved by means of a random-weight
particle filter, in which unavailable importance weights are replaced by unbiased
estimates (produced using so-called generalized Poisson estimators [4]). This ap-
proach is closely related to pseudo-marginal methods [1], since the unbiasedness
allows the true, intractable target to be embedded into an extended distribu-
tion having the target as a marginal; as a consequence, the consistency of the
algorithm follows straightforwardly from standard SMC convergence results. A
similar pseudo-marginal SMC approach was developed in [25] for random effects
models with non-analytic likelihood. In [27], this technology was cast into the
framework of fixed-lag particle smoothing of additive state functionals, where
the well-known particle-path degeneracy of naive particle smoothers is avoided
at the price of a lag-induced bias. Recently, [38] designed a random-weight ver-
sion of the forward-only particle smoother proposed in [10], whose computa-
tional complexity is quadratic in the number N of particles, yielding a strongly
consistent—though computationally demanding—algorithm. Moreover, [19] ex-
tended the random-weight particle filtering approach to the particle-based, rapid
incremental smoother (PaRIS), proposed in [28] as a means for additive smooth-
ing in HMMs, yielding an algorithm with just linear complexity. The complex-
ity of the latter algorithm is appealing; however, the schedule was not furnished
with any theoretical results concerning the asymptotic properties and long-term
stability of the estimator or the effect of the weight randomisation on the accu-
racy. In addition, the algorithm is restricted to partially observed diffusions and
unbiased weight estimation, calling for strong assumptions on the unobserved
process.

In the present paper we further develop the approach in [19] and extend the
PaRIS to online additive smoothing in general models in the form (1.1) and
the scenario where the transition densities (¢,,)nen are intractable but can be
estimated by means of simulation. These estimates may be unbiased or biased.
In its original form, the PaRIS avoids particle-path degeneracy by alternat-
ing two sampling operations, one that propagates a sample of forward-filtering
particles and another that resamples a set of backward-smoothing statistics,
and the proposed method replaces the sampling distributions associated with
these operations by suitable pseudo-marginals. This leads to an O(N) algorithm
that can be applied to a wide range of smoothing problems, including additive
smoothing in partially observed diffusion processes and additive approzximate
Bayesian computation smoothing [24]. As illustrated by our examples, it covers
the random-weight algorithms proposed in [17] and [19] as special cases and
provides, as another special case, an extension of the original PaRIS proposed
in [28] to general path models (1.1) and auxiliary particle filters. In addition, the
proposed method is furnished with a rigorous theoretical analysis, the results of
which can be summarised as follows.
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e We establish exponential concentration and asymptotic normality of the
estimators produced by the algorithm. These results extend analogous
results established in [28] for the original PaRIS (operating on fully dom-
inated HMMs using the bootstrap particle filter), and the additional ran-
domness of the pseudo-marginals can be shown to effect the asymptotic
variance through an additional positive term. The fact that our smooth-
ing algorithm, as explained above, involves two separate levels of pseudo-
marginalisation makes this extension highly non-trivial.

e Under strong mixing assumptions we establish the long-term stochastic
stability of our algorithm by showing that its asymptotic variance grows
at most linearly in n. As explained in [28, Section 1], this is optimal for
a path-space Monte Carlo estimator. As a by-product of this analysis, we
obtain a time-uniform bound on the asymptotic variance of the random-
weight particle filter.

e As mentioned above, we do not require the estimators of (Lj,),en to be
unbiased. The bias is assumed to be regulated by some precision parameter
¢ (see (H4)), and under additional strong mixing assumptions we establish
an O(ne) bound on the asymptotic bias of the final estimator. In addition,
we obtain, as a by-product, an O(g) bound for the random-weight particle
filter. These results are the first of its kind.

The paper is structured as follows. In Section 2 we cast, under the temporary
assumption that each ¢, is tractable, the PaRIS into the general model (1.1) and
auxiliary particle filters and define carefully the two forward and backward sam-
pling operations constituting the algorithm. Since this extension is of indepen-
dent interest, we provide the details. In Section 3 we show how pseudo-marginal
forward and backward sampling allow the temporary tractability assumption to
be abandoned. Section 4 presents all theoretical results and although an exten-
sive numerical study of the proposed scheme is beyond the scope of our paper,
we present a minor numerical illustration of the O(ne) bias bound in Section 5.
Sections A—E contain all proofs.

2. Preliminaries

We first introduce some general notation. For any (m,n) € Z such that n < m,
we let [m,n] denote the set {m,...,n}. For arbitrary elements ag, ¢ € [m,n],
we denote vectors by am:n = (am,-..,an). The sets of measures, probability
measures, and real-valued bounded measurable functions on some given state-
space (X, X) are denoted by M(X), M1(X), and F(X), respectively. For any
measure y and measurable function h we let ph = [ h(z)pu(dz) denote the
Lebesgue integral of h with respect to u whenever this is well defined. We will
write p2f = (uf)? (whereas uf? = u(f?)). For any finite set S, P(S) denotes
the power set of S. The following kernel notation will be used repeatedly in
the paper. Let (X, X) and (Y,)) be general state spaces and K : X x ) — R>g
some transition kernel. Then K induces two operators, one acting on measurable
functions and the other on measures. More precisely, for any h € F(X ® ) and
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€ M(X), let
Kh:XBxH/h(x,y)K(:C,dy), uK:yaAH/u(dx)K(x,A)

Moreover, let (Z,Z) be a third state space and K’ : Y x Z — Rx>( another
kernel; then the product of K and K’ is the kernel defined by

KKH@W@9XXZFi/K@dwK@¢U

2.1. Model and atm

With notations as in Section 1, define, for each n € N and m € [0, n], the kernel

n

Lm,n(x6;m7 dwO:n-{-l) = 516:7” (de:m) H Lf(xfa d(Eé+1) (21)

l=m

on X" x X"+ In addition, let L, »—1 = id. Note that L,, ,, is different from
L,, in the sense that the former is defined on X" x X"*! whereas the latter is
defined on X,, x X, +1. We will always assume that for all n € N, Lo n—11x» =
XxLo - -Lp_11x, > 0. Since each mapping L, ,1x~» depends only on the last
coordinate z,,, a version of this mapping with domain X,, is well defined; we will
denote the latter by the same symbol and write Ly, nLxn (1), Tm € Xy, when
needed. Using the previous notations, the path measures (1.1) can be expressed

as
XLO n—1 (de:n)
G0:n (dxo:1,) Lon_1lxn

For each n € N, let ¢, : A3 X, = ¢o.,(X" "1 x A) denote the marginal of ¢g.,
with respect to the last component. Note that the path- and marginal-measure
flows can be expressed recursively as

(bO:nLn,n (de:nJrl) o ¢O:nLn,n (de:nJrl )

n € N. (2.2)

e _ . meN, (23

¢0 +1( 0 +1) (ZSO:nLn,n]lX"+l ¢nLn]an+1 ( )
and ¢ L (d )
nLin (AL n41

Grgr (diy ) = =2y e N, (2.4)
+ + ¢nLn]an+1

respectively. Given some sequence (ﬁn)neN of functions h,, : X, x Xnt1 = R,
our aim is, as declared in Section 1, the online approximation of (¢g..hn)nen,
where h,, defined by (1.2).

Remark 2.1. Note that our framework is equivalent with the Feynman-Kac mod-
els considered in [9, Section 1.3], where it is assumed that each kernel L,, can
be decomposed into a Markov transition kernel M,, on X,, x X,,;+1 and a poten-
tial function g, € F(X,) according to Ly, (2n,dxni1) = gn(@n) M(2h, d2ni1).
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Indeed, as soon as L, is bounded, such a decomposition is always possible by let-
ting M(zn, dvpi1) = L (20, dvpi1) /L (20, Xny1) and gn(2n) = Lin (25, Xnt1)-
However, in our case this potential function is, on the contrary to what is as-
sumed in [9], generally intractable, since Ly, (2, X, 4+1) is typically unknown for
the models that we will consider. Moreover, as noted in [9, Section 1.3], the path
model (¢g.n )nen and the marginal model (¢, )nen have the same mathematical
structure in the sense that the path model can be formulated as a marginal
model evolving on the spaces (X!, X!)nen, where X! = X" and X = &A™,
according to the initial distribution y := x’ and the transition kernels (L, ),en,
where L, := Ly, ,,. Still, the kernels (L, ),en involve transitions according Dirac
measures, which makes the model formed by x’ and (L}, )nen ill-suited for naive
particle approximation; see Section 2.2.1 for further discussion.

Ezample 1 (state-space models). Let (X, X) and (Y,)) be general state spaces
and (Q,,)nen and (G, )nen sequences of Markov kernels on X x X and X2 x Y,
respectively. In addition, let x be some probability measure on X. Consider a
fully dominated model where all G,, and Q,, have transition densities g, and
qn With respect to some reference measures v and p on ) and X, respectively.
Let {Xo,(Xn,Yn) : n € Nyg} be the canonical Markov chain induced by the
initial distribution x and the Markov kernel Q,, (2, dzn+1) Grn(Zn, Tnt1, dYnt1)
(which has no dependence on the y,, variable; the same dynamics hence applies
to the first transition Xo ~» (X1, Y7)) and denote by P, its law with correspond-
ing expectation E,. In this model, we assume that the state process (X )nen is
latent and only partially observed thought the observation process (Y )nens,-
It can be shown that (i) the state process is itself a Markov chain with initial
distribution x and transition kernels (Q,)nen and (ii) conditionally to the state
process, the observations are independent and such that the marginal distribu-
tion of Y, is given by G,,—1(X,,—1, Xp, -) for all n. In the case where G,,_1 does
not depend on z,,_1, the model is a fully adapted general state-space HMM; see
[7, Section 2.2]. In this setting, the joint-smoothing distribution at time n € N is,
for a given record yi1., € Y™ of observations, defined as the probability measure

n—1
¢O:n<y1:n>(d$0:n) = Lgl(yln)X(d:EO) H Qm(xma dwm-{-l) gm(xmaxm—i-laym-i-l)a
m=0
(2.5)
on X", where
n—1
Ln(yl:n) = / : /X(d$0) H Qm(xmadwm-{-l)gm(xmaxm—i-l;ym-i-l) (26)
m=0

is the observed data likelihood. Along the lines of [7, Proposition 3.1.4] one may
show that ¢o., (Y1.n) is, Py-a.s., the conditional distribution of Xo., given Yi.,.
The marginal ¢y, (y1.,) of the joint smoothing distribution with respect to its last
component x,, is referred to as the filtering distribution at time n. Consequently,
by defining kernel densities £, (Zn, Znt1) = gn(Tn, Tnt1, Ynt+1)qn(Tn, Tny1) for
all n € N (while keeping dependence on observations implicit) and letting L,



/A pseudo-marginal SMC' online smoothing algorithm 7

be the induced transition kernels, the joint-smoothing distributions may be ex-
pressed in the form (2.2).

The measures (2.2) are generally intractable in two ways. First, in many
applications the transition densities (£, )nen cannot be evaluated pointwise. Re-
turning to Example 1 and the context of smoothing in state-space models, this
is typically the case when the dynamics of the latent process is governed by a
stochastic differential equation (see Example 2 below). Second, even in the case
where these transition densities are evaluable, the normalising constant in (2.2)
is generally intractable. Thus, in order to solve the smoothing problem in full
generality, one needs to be able to handle this double intractability, which is the
goal of the algorithm that we will develop next. We will proceed in two steps.
In the next section, Section 2.2, we will solve the additive smoothing problem
under the temporary assumption that the densities (¢,,),en are tractable; the
resulting extension of the PaRIS proposed in [28] to general models in the form
(1.1) and auxiliary particle filters is of independent interest. Then, in Section 3,
we abandon the temporary assumption of tractability and assume that the user
has only possibly biased proxies of these densities at hand.

2.2. The PaRIS
2.2.1. Auziliary particle filters

Assume for a moment that each transition density ¢, is available in a closed
form. Then standard SMC methods (see [8] for a recent introduction) can be
used to approximate the distribution flows (¢g.,)nen and (¢, )nen using Monte
Carlo samples generated recursively by means of sequential importance sampling
and resampling operations. In order to set notations, let us recall the most
general class of such algorithms, the so-called auxiliary particle filters [31]. In
the light of Remark 2.1 it is enough to consider particle approximation of the
marginals (¢, )nen. We proceed recursively and assume that we, at time n € N,
have at hand a sample (&, w? )N, of X,,-valued particles (the £!) and associated
nonnegative importance weights (the w? ) such that the self-normalised estimator
dNh = Q1 Zfil Wi h(€D), with Q,, = Zfil w! | approximates ¢,h for every
¢n-integrable function h. Then plugging ¢2 into the recursion (2.4) yields the
approximation sz\il (i, dx) of ¢py1, where

7 (i, dz) oc W Ly, (€L, dx) (2.7)
is a mixture distribution on P([1, N]) ® &, 1. In order to form new par-
ticles approximating ¢,4+1, we may draw, using importance sampling, pairs

(If,1,€ 1), of indices and particles from 7, and discard the former. For
this purpose, we introduce some instrumental mixture distribution

pn (i, dz) o< wh 9, (68 P, (€, dx) (2.8)

on the same space, where 1, is a real-valued positive adjustment-weight function
on X,, and P, is a proposal kernel on X,, x X,,41 such that L, (z, ) < Py(z,-)
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for all z € X,,. We will always assume that P, has a transition density p,
with respect to pp41. A draw (Iflﬂ,ﬁflﬂ) from p, is easily generated by first
drawing I}, from the categorical distribution induced by the adjusted impor-
tance weights and then drawing §;,,; by moving randomly the selected ancestor

&I{‘“ according to the proposal kernel. These steps are often referred to as
selection and mutation, respectively. Finally, each draw § ,; is assigned the
updated importance weight proportional to dm,/dp, (I}, 1, 1), and the esti-

mator ¢ h = Q1 SN Wi h(€h, ) approximates ¢ni1h for every ¢pii-
integrable h. The full update, which we will refer to as forward sampling and
express in a short form as,

(571-7,+17w1iz+1)7]l\;1 ~ FS(( fzawriz)i]\il)v (2-9)

is summarised in Algorithm 1.2

n
Result: (5;+1,w;+1)§i1
1 fori=1— N do

Data: (¢}, w? )f\rzl

2 draw Ifb+1 ~ Cat({ﬁﬁ(gfl)wfl}é\r:ﬂ?
) It
3 draw €;+1 ~ Pn( nn+17')§

It )
+1 i
; Ln (gnn v§n+1)
a set wy 1 o o ;
In (En" T )Pn (€0 »5;+1)

Algorithm 1: Forward sampling, FS

With this terminology, the auxiliary particle filter consists of iterated for-
ward sampling operations, and we will assume that the process is initialised by
sampling independent particles (£5)Y.; from some proposal v on (Xg, Xp) such
that y < v and letting w} = dx/dv(&}) for all i.

Note that we may, in the light of Remark 2.1, obtain particle approximations
(8., wi)N ., n € N, of the smoothing distribution flow (@g.,)nen by applying
the previous sampling scheme to the model formed by x’ and (L!,)nen. From
an algorithmic point of view, it is easy to see that the only change needed is to
insert, just after Line 3, the command &, | (55;””“, I 1) storing the particle
paths (in particular, the weight-updating step on Line 4 remains the same). Still,
it is well known that repeated selection operations lead to coalescing paths
(€6.,)N ,, and as a consequence the variance of this naive smoothing estimator
increases rapidly with n; indeed, in the case of additive state functionals, the
growth in variance is typically quadratic in n (see [28] for a discussion), which
is unreasonable from a computational point of view. We will thus rely on more
advanced, stochastically stable smoothing technology avoiding the particle-path
degeneracy problem by taking advantage of the time-uniform convergence of the
marginal samples (£/)Y ;. This will be discussed in the next section.

2Mathematically, the forward sampling operation defines a Markov transition kernel, which
motivates the use of the symbol ~ in (2.9).
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Finally, we note that the re-weighting operation on Line 4 in Algorithm 1
requires the transition density £, to be tractable, which is not the case in general.
We will return to the general case in Section 3.

2.2.2. Backward sampling

The following quantities will play a key role in the following. For each m € N,
define the backward Markov kernel

d)m (dxm) gm (xm ) Ierl)

Bm Tm 7dxm = 2.10
(ot dom) = 2 (e (210)
on Xp4+1 X X, In addition, for each n € Ny g, let the Markov kernel
n—1
Ty (2, dzon-1) = || Bm(@mi1,dzm) (2.11)
m=0

on X, x X"~ ! denote the joint law of the backward Markov chain induced by
the kernels (2.10) when initialised at z, € X,,. An important class of sequential
Monte Carlo joint-smoothing methods [15, 20] is based on the following result.

Lemma 2.2.

(i) For allm € N and h € F(X,, @ Xp41),

/ () L (s A1) By 21
:/ OnLn(drni1) Bu(znt1, den) h(zn, Tni1).  (2.12)

(i) For alln € Nsg and h € F(X™), ¢o.nh = ¢ Trh.

In the case of state-space models, the identity (ii) above is a well-known
result typically referred to as the backward decomposition of the joint-smoothing
distribution; still, as far as known to the authors, it has never been established
in the general setting considered in the present paper, and a proof of Lemma 2.2
is hence given in Section A for completeness. Importantly, as noted in [6], the
functions (Tl )nen., can be expressed recursively through

Tn-l—lhn-i-l(xn—i-l) = /(Tnhn(xn) + Bn(xnaxn—i-l)) Bn(xn—i-la d(En), n e N7

(2.13)
with, by convention, Tohg = 0. Here the backward kernel B,, depends on the
marginal ¢,,; thus, the recursion is driven by the marginal flow (¢, )nen, which
may again be expressed recursively through (2.4). However, as these marginals
are, as already mentioned, generally intractable, exact computations need typi-
cally to be replaced by approximations. The authors of [10] propose to approxi-
mate the values of each statistic T, h,, at a random, discrete support formed by
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particles. More precisely, assume again that the transition density ¢, is tractable
and, by induction, that we at time step n have at hand a given particle sample
(&, wi)N | and a set of statistics (72); such that 7} is an approximation of
T, hn(€L). Then, in order to propagate the statistics (7)., forward, one up-
dates, in a first substep, the particle sample (£%,w!)N | recursively by forward
sampling (Algorithm 1). After forward sampling, one replaces, in the defini-
tion (2.10) of B,,, ¢, by the corresponding particle approximation, yielding the

updates
N

7—szrl = Znn(lvj)(TrJL+ﬁn(§¥w§:z+l))v S [[17N]]7 (2'14)
j=1
where we have defined the transition kernel

Hn(%]) = N 7 T
Zj’:l wh &z({% ) ’7;7,+1)

on [1, N] x P([1, N]). Since computing each 7 according to (2.14) has a linear
computational complexity in the number N of particles, the overall complexity
this approach is quadratic in N. In order to deal with this significant compu-
tational burden, the authors of [28] suggest replacing summation by additional
Monte Carlo simulation. More precisely, by sampling, for each i, M € Nyg
independent indices (J(9))}, from II,(i,-) and replacing (2.14) by

(2.15)

i 1 JT(L%J) - J7(lw) i )
7-nJrl = M Z <Tn i + hn(gn + a€n+1)> ) S [[17N]]7 (216)

j=1

the computational complexity can, as we shall soon see, be reduced significantly.
At each iteration, the self-normalised estimator ;1 SN w7l serves as an
estimator of the quantity ¢, T,h, = ¢o.nhy of interest. This second operation,
which we will refer to as backward sampling,

(Tfinrl)iJ\;l ~ BS(( fwTrin:L)ijila( ZL+1)£\L1)7

is summarised in Algorithm 2.

Data: (52177_;17“’2;1)21\;17 (£;+1)i1\;1
Result: (T:L+1),‘L-Z\;1

1 fori=1— N do

2 for j=1— M do

3 L draw J,Sile) ~ I1, (3, -);

»

) 1 o J(iyjl) - J(iyjl) )
set T»}z+1<_ﬁzj‘:1 "t +hn(€nn+ 7f;+1) >

Algorithm 2: Backward sampling, BS

Let us examine closer the sampling step on Line 3 in Algorithm 2. In order
to keep the algorithmic complexity at a reasonable level, the computation of the
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normalising constant of IT,, (4, -), which consists of N terms, should be avoided;
otherwise, the overall complexity remains quadratic in N. This is possible using,

e.g.,

— rejection sampling. This approach relies on the mild assumption that there
exists some measurable function ¢ on X,11 such that £, (z,,xn41) <
c(xpt1) for all xpp1 € X, X Xpg1. Then, following [13], IL,(i,-) can
be sampled from by generating a candidate J* from cat({w’}Y ;) and
accepting the same with probability

R, Inl& &)
0(521-1-1)

The procedure is repeated until acceptance, conditionally to which J*
is distributed according to II,(i,-). Since the cat({w’}} ) distribution
is independent of 4, this circumvents the need to compute a normalising
sum for every i. The approach may reduce significantly the computational
complexity; indeed, as shown in [13, Proposition 2], the expected overall
complexity of the algorithm is linear in N under certain assumptions.

— MCMC methods. Another possibility is to generate the variables (Jff_ﬁl) )i
using the Metropolis-Hastings algorithm. For this purpose, let p be some

proposal transition density on [1, N]2. Then proceeding recursively, given
Jfﬂrjl) = J, a candidate J* for Jr(fjr]frl) is sampled from the density p(J,-)

and accepted with probability

MH — 1 A wv‘{*gn(g;{*a 7zz+l)p(']*7‘])
wv‘{én( 1{5 rZLJrl)p(']v J*)

(2.17)

(0%

If rejection, then Jr(fjrjfrl) = J. It is close at hand is to let p take the form
of an independent proposal given by the cat({w? }¥ ) distribution; in that

case aMH simplifies to

J* ¢
O[MH —1A é’n«(gn 7§n+1)

B En (57{7 :LJrl) '
With this approach, the variables (J,(:ﬁl) ) jj\il are conditionally dependent;
this can be counteracted by including only an m-skeleton of this sequence
in the update (2.16). An important advantage of this approach over rejec-
tion sampling is that it does not require ¢,, to be dominated.

(2.18)

Finally, combining the forward and backward sampling operations in accor-
dance with Algorithm 3 yields a generalisation of the PaRIS proposed in [28]
to a general framework comprising Feynman-Kac models and auxiliary particle
filters.

Algorithm 3 is initialised by drawing (£2)Y., ~ v®Y and letting wi = dx/dv(&})
and 75 = 0.

In this scheme, the sample size M of the backward sampling operation is an
algorithmic parameter that has to be set by the user. As shown in Section 4, the
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Data: (ﬁj”.q_”i” wiy)il .
Result: (£;+177’,§+17‘U;+1)§i1
1 run (£%+17W:L+1)7IZ\LI ~ FS((&, wn)ily);

2 run (T:L+1)1N:1 ~ BS((fiuTriuwib)iIip (§3L+1)ili1)3

Algorithm 3: Full PaRIS update.

produced estimators are, for all n € N, consistent and asymptotically normal
for any fixed M larger than or equal to one. In addition, for any fixed M > 2
the algorithm is stochastically stable with an O(n) variance, which is optimal;
see [28, Section 1] for a discussion. These results form a nontrivial extension of
similar results obtained by [28] in the simpler setting of state-space models and
bootstrap particle filters.

Finally, we remind the reader that we have here considered the idealised
situation where the unnormalised transition densities (¢, ),en can be evaluated
pointwise, which will generally not be the case for the applications we will
consider. Thus, in the next section we will approach the more general case where
these transition densities are intractable but may be estimated, and we will show
how consistent, asymptotically normal, and stochastically stable estimators can
be produced also in such a scenario by pseudo-marginalising separately the
forward and backward sampling operations.

3. Pseudo-marginal PaRIS algorithms
3.1. Pseudo marginalisation in Monte Carlo methods

Pseudo-marginalisation was originally proposed in [3] in the framework of MCMC
methods, and in [1] the method was developed further and provided with a solid
theoretical basis. In the following we recapitulate briefly the main idea behind
this approach. Consider the problem of sampling from some target distribution
7 defined on some measurable space (X, X') and having a density with respect to
some reference measure p. This density is assumed to be proportional to some
intractable nonnegative measurable function £ on X, i.e., w(dz) = A(dz)/Ax,
where A(dz) = £(z) p(dz) is finite. While the target density is intractable we
assume that there exist some additional state space (Z, £), a Markov kernel R
on X x Z, and some nonnegative measurable function X x Z 5 (z, z) — £(z)(x)
known up to a constant of proportionality and such that for all x € X,

/€<z>(:17) R(z,dz) = {(z). (3.1)

Thus, a pointwise estimate of £(z) can be obtained by generating ¢ from R(z, dz)
and computing the statistic £(()(x), the pseudo marginal. In Monte Carlo meth-
ods, the measure to replace, when necessary, the true marginal ¢ by its pseudo
marginal is referred to as pseudo marginalisation. Interestingly, even though
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pseudo marginalisation is based on the plug-in principle, it preserves typically
the consistency of an algorithm. In order to see the this, let X := X x Z and
X = X ® Z; then one may define an extended target distribution 7(dz) =
AdZ) /Mg = A(dz)/Mx on (X, X), where

Mdz) = 0{z)(z) R(z, dz) p(dz) (3.2)

(with T = (2, 2)). By (3.1), 7 is the marginal of 7 with respect to the 2 compo-
nent. This means that we may produce a random sample (£)Y, in X targeting
7 by generating a sample (£¢,¢")Y | targeting 7 and simply discarding the Z-
valued variables (¢*)Y ;. Let p be a Markov transition density on X with respect
to the reference measure p. Then following [1], a Markov chain (&, (m)men
targeting 7 can be produced on the basis of the Metropolis-Hastings algorithm
as follows. Given a state (£, (), a candidate (£*,¢*) for the next state is gen-
erated by drawing £* ~ p(x) pu(dz) and ¢* ~ R(£*,dz) and accepting the same

with probability
* * *
w1 HENEDAE" )
E(Gm) (Em)p(&m, §F)
which is tractable. Note that « is indeed a pseudo-marginal version of the ex-
act acceptance probability 1A L(E*)p(£%, &m)/€(Em)p(Em, &) obtained if ¢ would
be known. Note that the auxiliary variable { enters a only through the esti-
mates £(C*)(£*) and £((n ) (&m), and since the latter has already been computed
at the previous iteration there is no need of recomputing this quantity. In the
Monte-Carlo-within-Metropolis algorithm (see again [1]) £(z)(x) is a pointwise
importance sampling estimate of ¢(x) based on a Monte Carlo sample ¢ gen-
erated from R(x,-). Alternatively, the extended distribution 7 can be sampled
using rejection sampling or importance sampling, leading to consistent pseudo-
marginal formulations of these algorithms as well.
In the present paper we will generalise the pseudo-marginal approach towards
biased estimation by allowing the function

(@) = / 0(2)(2) Rz, d2) (3.3)

on X to be different from ¢. Here £ > 0 is some accuracy parameter describing
the distance between £* and ¢. Such biased estimates appear naturally when the
law 7 is, e.g., governed by a diffusion process and the density ¢ is approximated
on the basis of different discretisation schemes; see the next section. In that
case, € plays the role of the discretisation step size. In (3.3), also the estimator
£(z)(x) and the kernel R(z, dz) may depend on ¢, even though this is suppressed
in the notation. By introducing the possibly unnormalised measure A*(dx) :=
02 (dz) p(dz) on X we may define the skew target probability measure

e (dz)

e (dz) = Ny

on X. In the biased case, generating a sample (£%, (%, w")Y | targeting (3.2) will,
by (3.3), provide a sample (£',w®)¥ | targeting 7° as a by-product. Thus, of
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outmost importance is to obtain control over the bias between m and 7€, which
is possible under the assumption that there exists a constant ¢ > 0 such that
for all h € F(X) and ¢,

[A*h — Ah| < ce||h]|co- (3.4)

For instance, in the diffusion process case mentioned above, a condition of type
(3.4) holds, as we will see in Section 4, typically true in the case where the
density is approximated using the Durham-Gallant estimator [16]. Using that
for all h € F(X),

2e1 Ah — Ah
7°h —wh = n°h (1 x)—i— ,

)My My

we straightforwardly obtain the bound
2
[nh = wh| < e

on the systematic error induced by the skew model. Note that the unbiased case
(3.1) corresponds to letting € = 0 in assumption (3.4). In the next section we
will present a solution to the main problem addressed in Section 2.1 exploring
a pseudo-marginalised version of the PaRIS discussed in Section 2.2.

3.2. Pseudo-marginal PaRIS

The algorithm that we will propose relies on the following assumption.

(H1) Let (Z,, Zn)nen., be a sequence of general state spaces. For each n € N
there exist a Markov kernel R,, on X, X X,+1 X Z,41 and a positive
measurable function £, (z)(2n, Tnt1) on X, X Xp41 X Zy41 such that for
every Tpmnt+1 € Xn X Xpt1, drawing ¢ ~ Ry, (n.nt1,d2) and computing
Lo {C) (2, Tpy1) yields an estimate of £, (zy,, Tpi1).

Under (H1), we denote, for every n € N and @1 € X5, X Xpp41, by

O (T, Tpg1) = /Rn(xn:n+17dz) o2 (T, Tryr) (3.5)

the expectation of the statistic £, () (@, znt1). Here € is an accuracy param-
eter belonging to some parameter space &€ C R and controlling the bias of the
estimated model with respect to the true model; this will be discussed in depth
in Section 4.3. For each n € N we define the unnormalised kernel

L, (@n, depi1) = 6, (T, Tng1) tins1 (dTng1) (3.6)

on Xn X XnJrl.
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3.2.1. Pseudo-marginal forward sampling

In the case where each £, is intractable, so is the mixture distribution 7,, defined

n (2.7). Under (H1), we may, as in Section 3.1, aim at consistent pseudo-
marginalisation of the forward-sampling operation by applying self-normalised
importance sampling to the extended mixture

T (i, d, dz) o W £, (2) (€8, ) g1 (dx) Ry, (€1, 2, d2)
on X,i1:=P([1,N]) ® X1 ® Z,.1 using the instrumental distribution
pn (i, dx, dz) o< Wi, (E) P (€L, da) Ry (€8, x, d2)

on the same space. Note that the marginal of 7,, with respect to (i, x) is the
distribution proportional to w?Lé (£l dz), whose distance to the target m, of
interest is controlled by the precision parameter €. Here the adjustment multi-
plier ¥,, and the proposal kernel P,, of the instrumental distribution are as in
Section 2.2.1. Each draw from p,, is assigned an importance weight given by the
(tractable) Radon—Nikodym derivative of 7, to p,. It is easily seen that this
sampling operation, which is detailed in Algorithm 4, corresponds to replacing
the intractable transition density ¢, on Line 4 in Algorithm 1 by an estimate
provided by (H1); we will hence refer to Algorithm 4 as pseudo-marginal forward

sampling and express it concisely as

(griLJrlvwfinrl)g\Ll ~ meS(({fl, W%)fil)

Data: (¢}, w8)N
Result: (€%+17W:L+1)£V:1
1 fori=1— N do

2 draw I;+1 ~ cat({ﬁﬁ(ffl)wﬁ}é\;l);

) i,
3 draw E:L+1 NPn( nnJr 7')?
) iy
4 draw C;ib+1 ~ Rn( nn+ 7§;+17 ')?

CnlCh ) ETT €0 40)

It I )
19n(€n”+1 )pn (gnnJrl s €;+1)

Algorithm 4: Pseudo-marginal forward sampling, pmFS.

i
5 set wy, 11 < ;

Iterating recursively, after initialisation as in Section 2.2.1, pseudo-marginal
forward sampling yields a generalisation of the random-weight particle filter
proposed in [17] in the context of partially observed diffusion processes.

3.2.2. Pseudo-marginal backward sampling

Let us turn our focus to backward sampling. As intractability of ¢, implies
intractability of the kernel II, (defined in (2.15)), we aim at further pseudo
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marginalisation by embedding IT,, into the extended kernel

IL, (i, j, dz) oc W) ln(2) (&) € pr) Rn(€) 6510 d2)

on [1, N] x P([1, N]) ® Z,41. For every i, the marginal of IL, (4, -) with respect
to the j component is, by (3.5), proportional to wi (5 (&2, L ), a distribution
that we expect to be close to IT,, (i, -) for small . The intractable sampling step
on Line 3 in Algorithm 2 can therefore be replaced by sampling from IT,, (i, -),
after which the auxiliary variables are discarded. The latter sampling operation
will be examined in detail in the next section. This approach, which we express

concisely as

(T’;L.L-i-l)?]iil ~ meS(( naTnvw )ivl’( ’ri7,+l)7]iil)7

is summarised in Algorithm 5.

Data: (gnv / wi )71;\117 (§;+1)71:il
Result: (77, +1)f\r 1

1 fori=1— N do

2 for j=1— M do

s | draw (37, ¢Sy ~ T i, )
(4,5) g9

J
M 1 £1
set T4 4 M J=1 < 70" 4 B (0™ ,§n+1)>

»

Algorithm 5: Pseudo-marginal backward sampling, pmBS.

It remains to discuss how to sample from the extended distribution IT,,(i, ).
In the following we propose two possible approaches, which can be viewed as
pseudo-marginal versions of the techniques discussed in Section 2.2.2.

Rejection sampling from II,,

Assume that there exists some measurable nonnegative function ¢ on X,,4+1 such
that for all (Zp.nt1,2) € Xi X Xpg1 X Znt1, €n{2)(@n, Tnt1) < ¢(Tpt1). Since
this condition allows the Radon-Nikodym derivative of IT,, (i, -) with respect to
the probability measure

Pn(d, dz) o Wi R(E], &, 41, d2) 3.7)

on P([1,N]) ® Z,41 to be bounded uniformly as

dl:-[n iu' . c :z Qn
%(‘7’2) = (z t-l) i i)
Pn ZZ/ 1%Wn g (nv n+1)

we may sample from the target IL,(i,-) using rejection sampling. Thus, the
following procedure is iterated until acceptance: simulate a candidate (J*,(*)
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from pi, by drawing J* ~ cat({w5}Y.,) and ¢* ~ R(&], €1, dz); then accept
the same with (tractable) probability

BN E)
“ C(§jz+1) '

Then conditionally to acceptance, the candidate has distribution II, (i, ). No-
tably, the probability aR is obtained by simply plugging a transition density
estimate provided by (H1) into the probability aR (see (2.17)) corresponding
to the case where /¢,, is known. Moreover, since the proposal density is inde-
pendent of ¢, the expected complexity of this sampling schedule is linear in the
number of particles (we refer again to [13]).

MCMC sampling from II,,

In some cases, bounding the estimator £n7<z>(:1cn, Zp41) uniformly in z and z,
is not possible. Still, we may sample from IL, (7, -) using the Metropolis-Hastings
algorithm with p,, (in (3.7)) as independent proposal. In this case, (J, n+J1) : <n+]1) )y
is a Markov chain generated recursively by the following mechanism. Given a
state J(l 31) = J and C,(:Jrjl = (, a candidate (J*, (*) for the next state is drawn

from p,, (as described above) and accepted with probability

W G{CNE )
o=t axo<g,z;3'

In the case of rejection, the next state is assigned the previous state. The re-
sulting Markov chain has TI,,(i,-) as stationary distribution and similar to the
case of rejection sampling, the acceptance probability aMH can be viewed as a
plug-in estimate of the corresponding probability aMH (see (2.18)).

8.2.3. Pseudo-marginal PaRIS: full update

Combining the pseudo-marginal forward and backward sampling operations
yields a pseudo-marginal PaRIS update described in the following algorithm,
which is the main contribution of this section.

Data: (ﬁ;,ﬁ;,w%)i]\;
Result: (1,4, 78 4, wi )N,
1 run (5n+1’ 7L+1)Z 1 NmeS((Env n)f\r 1)
2 run (7, +1)1 1~ PmBS((&h, 7, wi )L 1’(§n+1)£vl)

Algorithm 6: Full pseudo-marginal PaRIS update.
Algorithm 6 is initialised by drawing (¢).; ~ x®V and letting w§ = dx/dv(£})

and 78 = 0.
We now illustrate (H1) by a few examples.



/A pseudo-marginal SMC' online smoothing algorithm 18

Ezample 2 (Durham-Gallant estimator). As an illustration, we return to the
state-space model framework discussed in Example 1. Let X := R% and Y := R%
be equipped with their respective Borel o-fields X and Y, and let (X¢);~0 be
some diffusion process on X driven by the homogeneous stochastic differential
equation

dXt = ‘LL(Xt) dt + O'(Xt) th, t > O, (38)

where Xo = 0, (W})¢>0 is d -dimensional Brownian motion, b : X — X and o :
X — X2 are twice differentiable with bounded first and second order derivatives.
In addition, the matrix ooT is uniformly non-degenerate. Let (F;)i~o be the
natural filtration generated by the process (X¢)i>0. The state sequence (X¢)¢so
is latent but partially observed at discrete time points (t,)nen., which are
assumed to be equally spaced for simplicity, i.e., t, = t; + d(n — 1) for all n
and some 6 > 0. Abusing notations, we denote X,, = X, and let g5 be the
transition density of (X,)nen.,. Denote by Qs the transition kernel induced
by ¢s. In general, gs is intractable, which makes the problem of computing
online, for a given data stream (yn)nen., in Y, the sequence of joint-smoothing
distributions (2.5) in models of this sort very challenging. Still, using the Euler
scheme, one may, for small §, approximate gs by

(jé (:Enu :En-i-l) = (b(xn-l-l y T, + 5M(xn)7 502 (xn))u

where ¢(+;m, s?) is the density of the Gaussian distribution with mean m and
variance s2. Let Qs be the transition kernel induced by ;. Since the approxi-
mation gs is poor for ¢ not small enough, we may instead, as suggested in [16],
pick some finer step size ¢ € & = {d/n:n € N>0} and estimate the density
q5(@n, Tny1) by ¢5(C)(zn, Tpy1), where ¢ = (CZ) -, are independent draws from
some proposal (2, Tpy1,2) dz on X2 x X%/~ and

Z Hi/i G215 21)

xn7xn+l7 )

5(2)(@n, Tnt1)

with 2t = (21, ..., Zé/a—l) and, by convention, z{ = z,, and zg/a = Zp41. In [16],
7(Zn, Tnt1, 2) dz is the distribution of a discretised (possibly modified) Brownian
bridge, i.e., Brownian motion started at x, and conditioned to terminate at

Tn+1-
Let Y,, denote the Y-valued observation at time ¢,,. We will consider two
different models for the observation process (Y, )nen-

Case 1
First, assume that for all n € Ny,
Y, | ]:tn ~ gn—l(Xn—laXnu yn) dyn,

where g,_1 is some tractable transition density with respect to Lebesgue mea-
sure. In this case, (H1) holds with the estimator

€n<2>($nu :En-i-l) =45 <Z>($n7 $n+1)9n($m Tn+1, yn-i-l)
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and the instrumental kernel

L

R, (2, Tpi1,dz) = H 7(Tn, Ty, 2°) d2".
i=1

Finally, we note that

Li(xnv dInJrl) = Qg/s (Ina d$n+1) gn (Ina Tn+1, yn+1)7 (3-9)

which is generally intractable.

Case 2

Alternatively, we may assume that (Y;,)nen., are discrete observations of the
solution to the stochastic differential equation

dY, = (X, Vi) dt +6(Xy, Y,) dWy, >0,

where Y = 0, (Wt)t>0 is dy-dimensional Brownian motion independent of
(Wi)iso and i : X XY — Y and 6 : X x Y — Y? are known functions which
are twice differentiable with bounded first and second order derivatives. In ad-
dition, the matrix 667 is uniformly non-degenerate. Denote by ps the transition
density of (X3, Y:)t>o. In this case, the joint-smoothing distributions can, for
a given data stream (Yn)nen.,, be expressed as path measures (2.2) induced
by ln(Tn, Tnt1) = Ps(Tn, Yns Tnt1,Ynt+1), 7 € N. Since also ps is generally in-
tractable we subject the bivariate process to Euler discretisation, yielding the
approximation

]56(11717 Yny Tn+1, yn-i-l)

= d) ('rnJrlv Yn+1; (In + 5H(In), Yn + 6[1(17715 yn))Tv 5diag(02(xn), &2($n; yn())) )
3.10

of ps. Denote by Ps the Markov kernel induced by ps. In the case of sparse
observations we may improve the approximation ps by picking again some
finer step size € € & and computing (by swapping, in (3.9), g5 for ps and
letting (@, Yn, Tnt1, Yn+1, 2) dz be the distribution of a discretised, Rdatdy_
valued Brownian bridge started in (z,,y,) and conditioned to terminate in
(Zn+1,Yn+1)) the Durham—Gallant estimator ps(z). In this case, £, (2) (2, Tpt1) =
0s{z)(Tn, Yn, Tnt1, Yn+1), which yields

Li($n, dwn—i—l) = ﬁg/g(xna Yns Tn+1, yn-i-l) dxn-i—lu (311)

where pY/¢ denotes the transition density of (the &/e-skeleton) pY/e

Ezample 3 (the exact algorithm). We consider again the partially observed
diffusion process model in Example 2. In the special case where the diffusion
process governed by (3.8) can be transformed into one with a constant diffusion
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term through the Lamperti transformation, it was shown in [4, 17] how unbiased
estimation of ¢s can be achieved using generalised Poisson estimators. In our
setup, this simply yields ¢;, = ¢,, for all n. We refer to the mentioned papers for
details.

Ezample 4 (approximate Bayesian computation smoothing). Consider smooth-
ing in a fully dominated general state-space HMM for which the state likelihood
functions (g (-, ¥n))nen are intractable (or expensive to evaluate) for any given
sequence (Y, )nen of observations in R%. In the case where it is possible (or
faster) to sample observation emissions according to the kernels (G, )nen one
may then take an approzimate-Bayesian-computation (ABC) approach (see e.g.
[23]), and replace any value g,(xn,yn) by a point estimate kz((, — yn), Where
Cn ~ Gp(zp,-) and k. is a dy-dimensional kernel density scaled by some band-
width € > 0. In [24], the authors apply the forward-only smoothing approach
of [10] to this approximate model, yielding a particle-based ABC smoothing al-
gorithm. Also this framework is covered by (H1), by letting £,,(2)(zn, Tnt1) =
(T, Ty 1) Ke (2 — Ynt1) and Ry (2n, Tnt1, dz) = Gy (2n41,dz). In this case,

L (2, dzni1) = Qu(an, danrl)/ns(z — Yn+1) Gn(pt1,dz). (3.12)

4. Theoretical results
4.1. Convergence of pseudo-marginal PaRIS estimates
4.1.1. Convergence of Algorithm 6

In [28], the authors established strong consistency and asymptotic normality
of the PaRIS in the framework of fully dominated general state-space HMMs
and the bootstrap particle filter, i.e., in the simple case where ¢, = 1 and
Pn = qn for all n. In the following we will extend these results to the consid-
erably more general setting comprising models (1.1) and the pseudo-marginal
PaRIS in Algorithm 6. More precisely, we will show that each weighted sample
(&, 78 wi)N n €N, produced by Algorithm 6 satisfies exponential concen-
tration (Theorem 4.1) and asymptotic normality (Theorem 4.2) with respect to
the expected additive functional h,, under the skew path model

n—1

(bgzn(dxom) X X(dIO) H Lfn(xma d'rerl)v n € N.

m=0

Even though these results are established along the lines of the corresponding
proofs in [28], it is the matter of non-trivial adaptations. As explained in Sec-
tion 1, a random-weight particle filter (iterated pseudo-marginal forward sam-
pling) can be viewed as a standard particle filter evolving on an extended state
space comprising also the states of the auxiliary variables, and hence its con-
vergence follows from standard SMC convergence results [17]. On the contrary,
since Algorithm 6 involves two levels of pseudo marginalisation (with respect to
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both the forward-sampling and the backward-sampling operations), it cannot
be described equivalently as a special instance of the original PaRIS (even in
its general form given by Algorithm 3) operating on an extended space. Thus,
there is no free lunch when it concerns the theoretical analysis of this scheme.
Furthermore, in the case of fully dominated HMMs and when forward sampling
is guided by the bootstrap filter, which was the setting in [28], the conditional
distribution of the particles given their ancestors (i.e., the marginal of p,, in
(2.8) with respect to ) coincides, at any time point n, with the denominator of
the backward kernel. Mathematically, this enables a cancellation that facilitates
the analysis significantly. However, this simplification is not possible once the
particle dynamics is guided by general proposal kernels, which is necessarily the
case in Algorithm 6. This complicates the analysis; see Remark C.4 for further
details.

To be able to describe our results in full detail, we also need to introduce, for
every n € N, the skew backward Markov kernels

€ — @5, (dwp ) 5, (2, Tny1)
Br@men, don) = 2 e o)

on X,41 X &, as well as the joint law

n—1

Ti(xnvdIO:nfl) = H Bfn(Ierl;d-rm) (41)
m=0
on X, x X"1
The analysis will be carried through under the following assumption.

(H2) For all n € N, the functions ¥,, and

€n(2)(@n, Tny1)
In(2)Pn (Tns Tpt1)
(@, Tny1)
I (Tn)Pn(Tns Tnt1)

Wyt Xy X X1 X Zpg1 D (T, Tnt1, 2) —

Wi Xy X Xpg1 D (Tpy Tpg1)

are bounded. So is also w_1 : Xo 3 g — dx/dv(xo).

Hoeffding inequality

Our first theoretical result is the following Hoeffding-type concentration inequal-
ity, which also plays a critical role for the derivation of the central limit theorem
(CLT) in Theorem 4.2. For every n € N, let A(X™) denote the set of additive
functionals (1.2) such that h,, € F(X,, ® Xpmy1) for all m € [0,n — 1].

Theorem 4.1. Assume (H1-2). Then for everyn € N, ¢ € £, hy, € A(X™),
and M € Nsg there exists (¢p,dy) € ]R2>0 such that for all N € Nsg and € > 0,

N w

7 (5
E : Tn — ¢O:nhn
=1

p(_ n

|§ .

2

> e) < ¢, exp (—anEQ) .
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The proof of Proposition 4.1, which is an adaptation of the proof of [28,
Theorem 1], is presented in Section B. Since we proceed by induction and the
objective functions (h,)nen are additive, it is, following [28], necessary to estab-
lish the result for estimators in the form SN | w? { £, (€4)7% + f(£1)} /Q, where
(fns fn) € F(X,)2. This is done in Proposition B.1, and Theorem 4.1 follows as
a corollary of that result.

The previous bound describes the pointwise convergence of the estimator
delivered by Algorithm 6 as N grows for n fixed, and here no attempt has
been made to obtain a bound that is uniform in n. As we shall see shortly, in
Theorem 4.6, the numerical stability of the algorithm can instead be established
by bounding the asymptotic variance of the estimator. Finally, note that the
previous bound implies that the estimator Zi\;l Wit /Q, tends P-a.s. to ¢f., by,
as N tends to infinity.

Central limit theorem

We now focus on the asymptotic properties of Algorithm 6 and furnish, in
Theorem 4.2 below, this scheme with a CLT. On the basis of this result, the
stochastic stability of the algorithm is expressed by establishing, in Theorem 4.6,
an O(n) bound on the asymptotic variances. In order to be able to state these
results accurately, we need some additional notation. First, let for (z,,z,+1) €
Xn X XnJrl,

§721 (:Enu :En-i-l)

= 7/{1071 xnaxn-i-lu ) ($n,$n+1)}2 Rn($n,$n+1,dz) (42)

we .In, {EnJrl

denote the conditional relative variance of the (random) weight w?_ , given

&If‘ =y, and &, | = Ty41. In addition, for each n € N and m € [0, n], define
the kernel

n—1
Ry (@0, drom) = 0pr (dzy,) T, (Tm, dTo.m—1) H Lj(xe,dzesq)  (4.3)
l=m
on X,, x X™ as well as the centered version

on the same space.
The following is the main result of this section.

Theorem 4.2. Assume (H1-2). Then for alln € N, e € £, M € Nsg, and

hn € A(X™),
(Zgi — Ginh ) =5 0 (hn)Z,
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where Z is standard normally distributed and

wfl’fz'8 nhn 2 9 _ 27/ 2\n—
02 (hy) = H 2 ()i ) + oD () (45)

and

S OIS Ls, (om [ Ron 1 nhnl?
0’721<((pg)21:_01>(hn) = Z ¢m ¢E e La((p [ﬂX"—;; ] )

m=0 m-—m,n—1

s I $TL{BE (Tihe + he = Tiyher1) L 1 (Brom[Li 111 1x0])}

+
2% VTG T, Lot

(4.6)

for any sequence (pe)een of measurable functions g : Xg X Xep1 — R>g.

Remark 4.3. The first term of (4.5) corresponds to the contribution of the
initialisation step to the asymptotic variance. This term is incorrectly missing
in the asymptotic-variance expressions given in [29, Theorem 3 and Corollary 5].
The last term corresponds to the additional variance induced by the estimation
of (€y)nen regulated by (H1). Finally, as we shall see in Section 4.1.2, the first
two terms correspond jointly to the variance of the ideal PaRIS in Algorithm 3,
for which (£, )nen are assumed to be known and tractable.

Theorem 4.2 is established in Section C. The structure of the proof is adopted
from [29] (however, we remark again that it is, as explained above, the matter
of a non-trivial extension), and the CLT in Theorem 4.2 is obtained directly as
a corollary of a more general CLT for estimators of form Zfil Wi { fn(E0)TE +
F(€)} /0, where (fo, fn) € F(X,)?; see Theorem C.1.

4.1.2. Convergence of Algorithm 4

Our analysis provides, as a by-product, also a CLT for the random-weight par-
ticle filter obtained by iterating the forward-sampling operation in Algorithm 4;
indeed, this result, which is similar to [17, Theorem 3], follows immediately by
letting f, = 0 in Theorem C.1, and we state it below for completeness.

n

Algorithm 4. Then for alln € N, e € £, and h € F(X,),

Proposition 4.4. Assume (H1-2) and let (&), w!)N |, n € N, be generated by

N o
w ; D .
N —2h(E) — o5 h n(h)Z,
where Z is standard normally distributed and

_ g Loy (B ORI enty () 4 62 (2ol ()

o) = T e L ) Z
(@7)

n




/A pseudo-marginal SMC' online smoothing algorithm 24

and

SR S T

m=0

(4.8)
for any sequence (p¢)een of measurable functions g : Xg X Xep1 — Rxg.

4.1.8. Convergence of Algorithm 3

Importantly, Theorem 4.2 provides, as another by-product, also a CLT for the
ideal PaRIS in Algorithm 3. Indeed, in the case where every ¢, is tractable, we
may set

Un(2)(@n, Tng1) = Ln(Tn, Tnt1) (4.9)
for all z and define R, arbitrarily. This implies that the relative variance (4.2)
is identically zero, which eliminates the last term of (4.5). Thus, in this case the
asymptotic variance is given by the first two terms of (4.5), but now induced by
the original dynamics (L )nen (as (4.9) implies that also £5 = £,,). This result
is formulated in the following corollary, where we have defined, for each n € N
and m € [0,n], the kernel

n—1

L"m,n(x;na dwO:n) = 514,1 (dxm) Tn (:I:ma dwO:m—l) H LZ (:’Eé, dwé-ﬁ-l) (410)

l=m

on X,, x X™ as well as the centered version
Lo nh(z) = Lon(h — donh)(Tm)
on the same space.
Corollary 4.5. For each n € N, assume that the functions ¥,, and
ln (T, Tnt1)
V0 (2)pn (20, Tnt1)
are bounded and let (£, 75, wi)N | n € N, be generated by Algorithm 3. Then

n ‘n’

forallmeN, ee€ &, M € Nsg, and h, € A(X™),
N o
VN (Z; S—ZT; - ¢Omhn> L Gn(hn)Z,

where Z is standard normally distributed and

Wy, Xy, X Xpg1 D (Tpy Tpg1)

_ Z' n n d)m m¢m ( m[Z'erl nhn]2)
205 ) = x(w-1Lo, :
7 ( ) (XL 1]1X” Z (bm m,n—l]lxn)2

Zm: G Im e Le{Be(Tehe + he — Te1he 1) Logtm (B W Lo 1.0-11x0]2)}
Mm_g-i_l(¢€L€,m—1]le)((mem,n—l]an)z '

n—1
1>

m=0 £=0

(4.11)

Corollary 4.5 extends [29, Corollary 5] to general models (1.1) and auxiliary-
particle-filter-guided forward sampling.
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4.2. Long-term stochastic stability

In this section we establish the long-term stochastic stability of Algorithm 6
by providing an O(n) bound on the sequence (02 (hy))nen for M > 2. Using
M > 2 is critical, since, as noted in [28], using M = 1 in the PaRIS leads to
a path-degeneracy phenomenon similar to that of the naive smoother described
in Section 2.2.1; we refer to [28, Section 3.1] for a detailed discussion. Still,
the variance bounds that we will present are of order n(1 + 1/(M — 1)), which
means that large M do not serve to reduce the variance significantly. This is in
good agreement with simulations, where M = 2 leads generally to good results.
In addition, we shall see that our analysis, which is carried through in detail
in Section E, yields, as by-products, a similar bound for the ideal PaRIS in
Algorithm 3 as well as a time-uniform bound on the sequence (5%(h))nen of
asymptotic variances of the random-weight-particle-filter estimators generated
by Algorithm 4. As far as we know, the latter result is the first of its kind. The
analysis will be carried through under the following strong-mixing assumption,
which is now classical (see, e.g., [9, Chapter 4] and [7, Section 4.3]) and typically
requires the state spaces (X, )nen to be compact sets.

(H3) There exist constants 0 < o_ < o4 < oo such that for all m € N and
(xmymerl) S Xm X Xm+17

o_ < gm(xmaxm—i-l) <oy

and
o <inf & (T, Tm+1), suple,(Tm,Tmi1) < 0.
ee& =y

Note that under (H3), each reference measure p,, is finite; we may hence,
without loss of generality, assume that each p,, is a probability measure. Under
(H3), define the mixing rate

p=1-22 (4.12)

0+

as well as the constants

1 1 1 \?
o) = Ga— e W08 = T e (2+ 1—p> ’

and

é(ox) = = ;)307 (pz(ll_pQ) + 1) .

Having introduced these quantities, we are ready to present the main result
of this section.

Theorem 4.6. Assume (H1-3). Then for everye € £, M > 2, h,, € A(X™),
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and sequence (pg)een of bounded measurable functions g : X¢ X Xe41 — R,

) 1 n—
limsup —o7 ()} =9 ) (hn)

n—oo N

1 ~
< (cwi) " d(ai>> sup [[ell% sup [ 9elloc 51p e
M—-1 reN 2eN reN

Using Theorem 4.6, O(n) bounds on the asymptotic variances of Algorithm 6
and Algorithm 3 are readily obtained.

Corollary 4.7. Assume (H1-8). Then for everye € £, M > 2, and h, €
A(X™),

1
limsup —o2 (hy,)

n—oo N
1
< (C(Ui) + i

-1

d(ai>> sup [elZ sup [9eloo (sup 5 loe + sup |<§|oo>
/eN /eN leN eN

1 -
+ sup ||hell%. (413
p*(1 = p)*(xlx,)? EGNH oo (4.13)

Corollary 4.8. Assume (H1-3). Then for every M > 2 and h,, € A(X™),

. 1_ 1
limsup —&2 (hy,) < (c(ai) + i

d(ﬂ:)) sup || 7|2 sup |9 oo sUP || ¢ | o
n—oo N -1 €N 2N teN

1 -
+ sup || |2,
P*(1 = p)*(x1x,)? ¢en

where (52)nen is given by (4.11).

Finally, we provide, for completeness, a time-uniform bound on the asymp-
totic variances of the random-weight particle filter corresponding to repeated
forward sampling (Algorithm 4). This bound is obtained more or less for free
while establishing Theorem 4.6 (see Section E for details).

Proposition 4.9. Assume (H1-2) and (H3). Then for every e € € and
h € F(Xy,),
G (h) < o) h)1Z% sup [Vl (Sup [[wi]loo + sup |<42|oo>

¢eN ¢eN teN

p2n

(1= p)?(xdx)?’

+ [|7]I2,
e
where (62 )nen are given by (4.7).

4.3. Bounds on asymptotic bias

In the previous section we saw that asymptotically, as N tends to infinity, the
estimator produced by n iterations of Algorithm 6 converges to the ‘skew’ ex-
pectation ¢g.,,hy,. In this part we will study the discrepancy between ¢g.,, hy, and
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¢o.nhn and establish an O(ne) bound on the same. The analysis will be per-
formed under the assumption that the precision parameter & controls, uniformly
in n, the bias of the estimators provided by (H1) in the following sense.

(H4) There exists a constant ¢ > 0 such that for allmn € N, e € €, h € F(&,, ®
Xnt1), and x € X,

[Lnh(z) = Lnh(z)] < cel|hf|co-

Ezample 5 (Durham—Gallant estimator, cont.). We check (H4) for the Durham—
Gallant estimator in Example 2.

Case 1

Assume that the emission densities of the model are uniformly bounded, i.e.,
there exists o1 € Rsg such that ||gn|lcc < o+ for all n € N. In the case of
the Euler scheme and under the given assumptions on equation (3.8), it can
be shown that there exist ¢s > 0 and ds > 0 such that for all ¢ € & and
(T, Tpa1) € X2,

o _ €
Q6(In; In+l) - /‘Qg/8 I(In; d‘r) q5($,$n+1) S 065 eXp (_d(;”InJrl - IHH2) )
(4.14)
see [2] (see also [11] for an application to SMC methods). Thus, using (3.9), for
all z,, and h € F(X®?),

|L;€zh($n) - th(xn”

g
< G55 /h(xn,$n+1)9(In,In+1vyn+1)€XP (—dsl|@n1 — zull?) danga

efm de/2
<ol (7)ol

Case 2

The second case can be treated straightforwardly by combining the bound
(4.14), applied to the bivariate process (Xy, Y;)i~0, with (3.11). This provides
the existence of constants ¢s > 0 and CZ(; > 0 such that for all ¢ € & and
(Zny Yns Ynt1) € X x Y2 and h € F(X®?),

|szh(33n) - th(zn”

£ ~ ~
= exp (= dllgns = al) [ B zsr)exp (~dsllonss — 2ul?) donin

o\ 4o/
<és= | = h||so-
<as(Z)

< ¢és

(9]

)
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Ezample 6 (the exact algorithm, cont.). In this case, the estimator is unbiased;
thus, (H4) holds true for e = 0.

Ezample 7 (ABC smoothing, cont.). In [24], the authors carry through their
theoretical analysis under the assumption that each emission density g, is Lip-
schitz in the sense that there exists some constant L € Ry such that

Sug |9n (T, Yn) — gn(xnvy;” < Lllyn — y;z”l (4.15)
Ty €EXn

for all ,, and 4/, in R%. For the purpose of illustration, assume that s, is a zero-
mean multivariate normal distribution with covariance matrix EQIdy for e > 0.
It is then easily shown that the condition (4.15) implies (H4); indeed, in this
case, for all z,, € X, and h € F(X,, ® X,,11), using (3.12),

|L7€zh($n) —Lyh(za)| < LHhHOO/HE(Z = Yn+1)|l2 = Yns1ll1dz < EdyLHhHoo-

Under (H3) and (H4) we may establish the next theorem, whose proof is
postponed to Section D.

Theorem 4.10. Assume (H1) and (H3—4). Then for alln € N, ¢ € £, and

h, € A(X™),
o n—1 n—1
B, hey — Gonhn| < 20— R oo [k=ml=1 4 1
e D5in Poinhn| < ) kz::H kll mz::lp +
1 2 ~
< 2cn— (1 + -+ —) sup ||kl oo
o 1—=p) keon—1]

where c is the constant in (H4).

In the case where SUPkeN ||h;C loo < 00, the bound prov1ded by Theorem 4.10 is
O(n). Moreover, by letting hy, = 0, for k € [0,n—2] and hy,_1 (01, 2,) = h(z,)
for some given objective function h € F(X},), Theorem 4.10 provides, as a by-
product, the following uniform error bound for the marginals (a result referred
to as the filter sensitivity in the case of parametric state-space models).

Corollary 4.11. Assume (H1) and (H3—4). Then for alln € N, e € £, and
h e A(X™),

1
e~ ¢eh — dnh| < 2¢7E |h|oo <1+7).
| | <2z IIM p(1=p)

Remark 4.12. Consider now a parameterised version of the model, where the
transition densities (€n.0)ken are indexed by some parameter 6 belonging to
some parameter space © being a subset of R%. Assume further that all (£,,.0)nen
are differentiable with respect to # and such that for all n € N, z,, € X, and
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h € F(XnJrl)a

VG /gn;H(In;InJrl)h(anrl),unJrl(dInJrl)

= /VGEn;G(xnaxn-i-l)h(xn-i-l)Mn-i—l(dxn—i-l)

and

SUP/IVefn;e(wmwnH)l Pt (dany1) < ¢ < 00
6cO

for some positive constant ¢, implying (H4) in the sense that for all n € N,
h € F(Xn41), and z,, € X,

|Lnsoh(wn) — Lo h(wn)| < |6 = 6'[[[| Al oo

(i.e., e = || — &'|| in this case). Finally, assume also that family satisfies (H3)
uniformly over the parameter space in the sense that for alln € N, (z,,, z,41) €
X2 and 6 € O, 0_ < ln:0(Tn, Tnt1) < o4. Then Theorem 4.10 provides a
positive constant d such that for all n € N,

|¢0:n;0hn - ¢O:n;9’hn‘ < dnHe - 9/” sup ”Ek”OO
keN

This extends previous results on the uniform continuity of the filter distribution
(see, e.g., [30, 22]) to smoothing of additive state functionals.

5. A numerical example

An exhaustive numerical analysis of the methods and results presented above
is beyond the scope of the present paper, and is left as future research. Some
numerical illustrations of Algorithm 6 in the special case of unbiased pseudo-
marginalisation (¢ = 0) via the exact algorithm (see Example 3 and Example 6)
are provided in [19]. In this section, we focus on biased estimation (¢ > 0) and
illustrate the Lipschitz continuity established by Theorem 4.10 on the basis of
a simple model that allows, as a comparison, a fully analytical solution to the
additive smoothing problem.

In the following we will consider an instance of Example 2, Case 1, where
the latent diffusion (X¢)>0 is an Ornstein—Uhlenbeck process [36] on R param-
eterised by

wa)=—(x-0), ox)=1,
where 6 € R is a parameter. This process is assumed to be initialised accord-
ing to the standard normal distribution. Furthermore, conditionally to (X;)¢>o,
observations (Y, )nen are generated as

Yn = (1 - E)SO(X’H,) + Mn,y n e N>07

where ¢, = dn for some given observation interval § > 0, X,, = X¢,, (n)nen-o
are mutually independent and standard normally distributed noise variables,
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e € £ :=10,1] is a parameter, and ¢ is a bounded measurable function on R.
We let Qs denote the (Gaussian) Markov transition kernel of the time-discrete
chain (X,,)nen.

In this toy example, our aim is to illustrate Theorem 4.10 by viewing models
with € > 0 as ‘skew’ versions of a ‘true’ model with € = 0. Given simulated data
(Yn)nens, from the true model, smoothed additive expectations under skew
models with different € > 0 will be compared to the same expectations under
the true model. Note that the model specified above satisfies condition (H4)
; indeed, denote by ¢*(x,,y,) the emission density of Y,, given X, which is
Gaussian with mean (1 — €)p(x,,) and unit variance, and by g(xn, y,) the same
density for the true model. Then by the mean-value theorem, for all ¢ € £ and
(Tn,yn) € R?,

9 €
%g (Ina yn)

19° (2, Yn) — (@0, yn)| < esup
eec€
<e (|(p(xn)yn - 902(5571)' + (pz(xn)) )

implying immediately that for all bounded measurable real-valued functions h,

[Loh(2n) = Lnh(zn)] < ec(yni) [P,

where Li(.’l]n, dwn-{-l) = Qﬁ(xnu dwn-ﬁ-l)gf5 (:En-l-l ) yn-i-l) and C(yn—i-l) = H(pHoolyn-i-l |+
2||¢0||2,- Thus, (H4) holds true under the mild assumption that sup,ey_, |yn| <
0.

In this context, we conducted numerical experiments with § =5 and ¢(z) =
min(max(x, —10°),10%). With this parametrisation, the model is, in practice,
linear and Gaussian; thus, for linear additive state functionals in the form
B (Z0:n) = Yo Zk, a very good approximation of the exact solution (¢§.,, i )nen
to the optimal smoothing problem can, for the skewed models (¢ > 0) as
well as the true model (¢ = 0), be obtained using Kalman recursions [33].
Figure la displays the discrepancy between ¢g.,h, and ¢o.,hy, for varying
e € {0,0.05,0.1,...,0.5} and a fixed n = 50 (the red line). Clearly, the bias
increases—in perfect agreement with Theorem 4.10—at a rate that is at most
linear in . In addition, Figure la shows similar biases (turquoise markers) ob-
tained using the ideal PaRIS in Algorithm 3 with N = 200 particles and M = 2
backward samples. In this algorithm, the particles were propagated using the
optimal importance function [15], which can be computed explicitly in the linear
Gaussian case. Here the PaRIS was re-run 60 times for each value of €. Note
that the variance of the PaRIS estimates increases somewhat with e, reflecting
the fact that the proposal becomes less and less compatible with the data as
the model gets increasingly skew.

In order to illustrate further the O(ne) bound provided by Theorem 4.10
as well as the stochastic stability of Algorithm 3 established in Corollary 4.8,
Kalman smoothing was conducted for n € [1,50] on the basis of a skew model
with fixed € = 0.1. Figure 1b shows, as expected, a linear increase of the bias
with n (red line). In addition, displaying also the errors (green lines) of 60
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Smoother

Kalman, e=0.1
— PaRIS, e=0.1

PaRIS, e=0

o
[
40 i I
% E
| Smoother
I + Kalman
-+ PaRIS

20 ’

[ 9.0 n = G0in D |

Fig 1: (a) The red line is the deviation of ¢§., h, from ¢g.nh, for varying
e € {0,0.05,0.1,...,0.5} and fixed n = 50, computed by means of Kalman
smoothing. Turquoise markers are similar errors obtained on the basis of 60 repli-
cates of the ideal PaRIS in Algorithm 3 with N = 200 particles and M = 2 back-
ward samples. (b) The red line is the same deviation for increasing n € [1, 50]
and fixed ¢ = 0.1. Then green and blue lines correspond to errors of 60 in-
dependent ideal PaRIS replicates obtained under the skew and true models,
respectively, for N = 200 and M = 2.

independent ideal PaRIS replicates (obtained under the skew model with the
same algorithmic parametrisation as previously), the same plot confirms the
stochastic stability of the ideal PaRIS algorithm, as the variance does not grow
faster than linearly with n. Finally, for completeness Figure 1b reports similar
errors (blue lines) when the ideal PaRIS evolves under the dynamics of the true
model, and in this case the bias is negligible as expected (whereas the variance
is still increasing linearly).
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Appendix A: Proof of Lemma 2.2

To show (i), write, using the definition (2.10), the right-hand side as

/ (ann (dxn-i-l) Bn (xn-l-l ) dwn) h((En, :En-i-l)

= [[ enltatesminl iy ) S5 )

_ // G (dn) L (0, A s1) (i, s 1),

h(Ina In+1)

which was to be established.

The statement (ii) is shown by induction. Thus, assume that the claim holds
true for n, pick arbitrarily h € F(X"1), and write, using the induction hypoth-
esis,

(bO:nLO,nh = / an (dxn) T, (Ina d:EO:nfl) L, (In; denJrl) h(330:n+1)

_ / () Lo (s dnn) i),

where

B(xnaxn—i-l) = /Tn(xnudwO:n—l)h(xO:n—i-l)-
Now, since Bph(2n11) = Thi1h(znay1), (i) yields
SunLoah = [ [ 0L (dred) B, o) B, i)
:/(ann(dxn-l-l)Tn-i-lh(xn-‘rl)'

Thus, we obtain, by applying (2.3) and (2.4),

¢O:nLO,nh _ ¢nLn (danrl)
¢O:nL0,n]lX" ¢nLn]an+1

Pont+1h = Tni1h(zn+1) = dnp1 Trgahe

Finally, we note that the base case n = 1 follows straightforwardly by combining
(i) and (2.4).

Appendix B: Proof of Theorem 4.1

As explained in Section 4.1.1, Theorem 4.1 follows as an immediate corollary of
the following more general result, to whose proof we devote this section.
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Proposition B.1. Assume (H1-2). Then for alln € N, hy, € A(X™), (fn, fn) €
F(X,)?%, and M € N+ there exist (cp,dy) € R2>0 such that for all N € Nsqg and

e> 0,
26)

(i) P (
< ¢, exp (—anEQ) ,

N
(i1) ]P( - e)

S 20tk Ful€h) + Fal€h)} — 03(Tohafu t )| >
< cnexp (~duN ).

e Le_ (TShafn + fn)
(bi_l'l?n—l

Z%{h§+mm}

Note that letting f,, =1 and f,, = 0 in (ii) yields immediately Theorem 4.1.

We preface the proof of Proposition B.1 by a technical lemma, generalising
[28, Lemma 12] and [19, Lemma 2], which will be instrumental in the following.
For all n € N, define the following o-fields:

FN = o{( fn,wi i) :i € [1,N],m € [0,n]},

m’'m

Go'rr = o{(Egas Lng) i € [LNT}V FY.

Lemma B.2. Assume (H1-2). For alln € N, (fpi1, fas1) € F(Xn41)?,

and (N, M) € N2, the random variables w!, {7} 1 frt1(Eh 1) + far1(Ehi1)}
i € [1,N], are independent and identically distributed (i.i.d.) conditionally to
FN. In addition, for all i,

Ewaﬁﬂﬂnﬂaan+ﬁﬂaaauf{

— (6N V)" E:Jﬁmﬁmﬁﬂ+vmﬁm+ﬁHM”}

Proof. Independence and equal distribution is immediate by construction of
Algorithm 6. Moreover, note that

E [w'r17,+1 | g7]lv+l] = / (5 n+17§n+17 ) (5 n+17§n+17 ) (5 n+l7§n+l)

(B.1)
where w,, and w¢ are defined in (H2)(ii), and

w5 (&, 711+1)

i’ pe z’
= lo‘)[( n+1

N
E[Thi1 | Goa] = Z SN ) (sz + hn (€D, ’}7.4’1)) :
i1
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Then, since 7,1, ; and w} ; are conditionally independent given G, ,,
E[ Wit far1(Enn) + fas(Enin)} | Fo }
=E [E [wnJrl | gnJrl] E [TnJrl | gnJrl} fn+1(§n+l) | ‘/—_'7]7’\7]

+E |:E [W71H_1 | g7]l\f+1] fnJrl( 7lz+1) | ]:7JLV:|
N

. Iy wi e ( fwfrlwrl) i 7 (et el 1 N
_El ( 7§n+1);§:9’:1w${€2( }l, 1 ) (Tn+hn( n7§n+1)> fn+1(§n+1) |]:n

»Sn+1
5 ITIL 1 P
+E [wn@n e ) e (€hy) | fﬂ |

Now, we may complete the proof by noting that, by (2.8),

N i e (gl gl o
E l e 6 Y B (4 R €h)) Foa €l | fff]
=1 /=1 n+1

) / ) S D) (46 0)) furae)
j=1 n i:lZ/ Wi U5 (& )
N Z ~ )

=1

and, similarly,

2

E[wi(éﬁ“,§i+1)fn+1(£i+1)|fﬂ (6 9n)” Z "Lsfnﬂ (&h)-

O

Proof of Proposition B.1. We establish (i) by induction over n. Write, using
Lemma B.2,

1 L . o S LT i1 for + fora}
Nan+1{7'n+1fn+1(§n+1)+fn+1(§n+1)} = ¢a+ - :

an-i-l{ T far1 (Egn) + Fas1(€41)}

—E |:wn+1{7-n+1fn+l(€711+1> + fn+1(§711+1)} | ‘/——';LV
3119” % J ° J e oy J
P Z;Yojl w%fin)(ﬁﬁl) {7 P (W, frop1)(E)) + P (Wi b frop1 + W fro1)(ED) }

N
+

=

,1LZ,1{TZL$Lfn+1 + Li(ﬁnfn—i-l + fn-{-l)} (B 2)
(> 1Le 19 : :

n—1

n—1
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Since for all 7,

|wn+1{ +1fn+1(§n+1)+fn+l( 711+1)}| < ||wn||00(||hn+1H00||fn+1||oo"’||fn+1H00)a

the Hoeffding inequality for conditional expectations provides constants (d, d) €
R?, such that for all € > 0,

{C

-E [ n+1{ +1fn+1(€n+1) + fn+1( n+1)} | ]: ]

~ an+l{ T far1(€gy) + fn+1(§n+1)}

> 6) < dexp (—dNe2> .

In addition, since ¥y, 9, Py, (WS frni1), and 9, P (w3 hyy frop1 +05 frs1) all belong
to F(X,), there exist, by the induction hypothesis and [13, Lemma 4], (d',d’) €
R?, such that for all € > 0,

N

P le Z ,Wlin(g )(5731/) {7 P (w;, fas1)(E)) + Pn(wiﬁnfmrl + wifmrl)(gl)}

05 1L {TLE fur1 + L (Ao fuga + frr1)}
a e 1 O

n—1"-n—1

> e) < d exp (—CZ'N62> .

Combining the previous two inequalities completes the proof of (i) at time step
n + 1. The base case n = 1 is established using again the decomposition (B.2),
the standard Hoeffding inequality for independent and identically distributed
variables, [13, Lemma 4], and the fact that hg = 0.

Final, (ii) follows immediately from (i) and [13, Lemma 4]. O

Appendix C: Proof of Theorem 4.2

We now turn our focus to the proof of Theorem 4.2, which, just like Theorem 4.1,
will be established via the following more general result.

Theorem C.1. Assume (H1-2). Then for alln € N, M € Nxg, and (fn, fn) €
F(Xn)?,

N

V(3 6+ )~ Tt ) 2

i=1""
where Z is standard normally distributed and
X{wflrkg,n(hnfn + fn)}2
(XLS,n—l]lxn)2
+ 0721<(w§)21:_01>(hm fns fn) + o <(§e )0 >(hn7 fns fn) (C.1)

U’I%,(””n) fna fn) =
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and

Tl 9 LS {om R 1 (B S + [)]?
PP (o fo ) = 3 2 <{ng +;1,X()2f )}

m=0 m-—m,n—1

n—1

o5 §0 GO Teh + bt — T Ui Binol s 1)
m=0 (=0 Mm=t(GFLG I, ) (65,15, 1 1x,,)?

(C.2)
for any sequence (pe)een of measurable functions oy @ Xy X Xpt1 — Rxg.

As previously, applying Theorem C.1 with f, = 1 and fn = 0 yields immedi-
ately Theorem 4.1. Before proving Theorem C.1 we establish some preparatory
lemmas, where the first is easily obtained by combining Lemma 2.2(i) (applied
to the skew modeled formed by x and (L),en) and (2.13).

Lemma C.2. Assume (H1). Then for alln € N and (fay1, fas1) € F(Xng1)2,
L (T 1 far + farn) = S TRLE frn + L (o frg + frin)}-
Lemma C.3. Assume (H1-2). Then for alln € N, f € F(X,,), and M € N5,

Wi P

Z AN (CARS A (A W RS

where the measures (N )men., are defined recursively as

VL, f 4 05, L5, {BE (TS b + By — T, hing1 )2}
L Ix

Nmir1f =M~ , meN,

m+41
with ng = 0.

Following [29, Lemma 13], the measures (1, )men., may be expressed non-
recursively as

Z g O B {BL (Lo hon + hon = 5y hon 1)L 1,01 £

S =
" fann,n—l]lxn

(C.3)

Proof of Lemma C.3. We proceed by induction over n. The base case n = 0 is
a trivial consequence of the fact that Toho = 0 and 75 = 0 for all i € [1, N].
Thus, we assume that the result holds true for some n € N and write

N 3

Z Wndl i 2 prei an
— (T = —,

L Qn+1 ( nJrl) f( nJrl) bN

where

=N ZW;+1(T£+1)2f( ni1)s b= N an-',-l
i=1
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We first establish the convergence in probability of (an)nen.,. Using again
Hoeffding’s inequality for conditional expectations and the fact that the vari-
ables Wi, 1 (741)* fat1(&h41), @ € [1, N, are bounded by [Jwy || oo | 111261 frt1lloo
and conditionally i.i.d. given F2¥ for all 4, we obtain for all ¢ > 0,

2N¢e?
P (lay — Elan | FY]| > ¢ Sexp(— )
( 2] [[wn ool Pnt 1136 [ frtalloo
It is hence enough to consider the limit in probability of Elay | FY] as N tends
to infinity. For this purpose, write, using (B.1),

Elay | }—r]LV] =E [w711+1(7—$+1)2fn+1(§711+1) | }—r]LV]
— B i B [(rh)? | 2] funa () | 77
= dy +ay,
where

ay =M1

e el g1 . N g N
x E |wy, (& 7§n+1)fn+l(§n+1)E + hn(én 7§n+1) | gn+1 | Fo | s
afy =M —-1)M™*

(1,1) -

r 2
£ I’}L 1 J’n 1 TL 1
X E wn(g’ﬂ * 76711+1)f7l+1 (5711+1)E * + h (5 + 7§n+1) | g7]lv+1:| | ]:7le‘| .

Here the first term is given by

N

=M1 M e /ei :
h i=1 i'—lwf{ﬁn(ﬂ{)/w"( no @) frt1(2)
N N
" wj[ ( x) (Tgl—"_ﬁ"( gux))2pn( ;,,’E)M(d,f),

j=1 Z —1Wn v (§n= )
~ . 2 .
MoNd,)- Z /fn+1 (7 + Pl ) Li(odo).  (CA)

Thus, by the induction hypothesis and Proposition B.1, ay; tends in probability
to

(M50, ™" (1L Foer + 65 (Toha)*Li fr}
FOLLE(friah) + 200 (T AL (fua )}

= (M5 0,) ™" (ML For + G AT + Ba) i} )
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We turn to the second term. Along the lines of (C.4) we may write

1 ¢1J¥(LZ<PN)

ay =M —-1)M~ SN0

with
@N(I) = fnJrl(I) {i wi b (51 I) (T;_Filn( ;,I)) }2a T e XnJrl'
i=1 Ez’ Wi 65, (85, @)

Now, Proposition B.1 implies pointwise convergence of ¢ in the sense that for
all x € X,41, P-a.s.,

i oy (@) = fota ()

¢ [Tzw( 2) + () (o))
( PO )
= fai1(2)(B5)2(T5hn + ha ) (2)
= ot ()T 1P 1),
Therefore, since || [|oo < || frt1lloollfint1]|% for all N, we may apply Lemma F.1
in order to obtain the limit

cLE - TE th
oy (M = 1)M FnLin {fnr1(Trgr) hogr}
¢70n
Finally, by Proposition B.1(i), P-a.s.,
. oL X,
N by = = (C.5)

and using (2.4) yields the limit

a
ﬁ o { (TS )R 1}

L fo + L {(Tohn + o) fuen} = 4 Lg {fue1 (Thi0)*hin )

M-
- o5 L, Ix

n+1

(C.6)
Thus, we may complete the proof by noting, using Lemma 2.2(i), that
L (T + o) Fasn} = G215 {fna (T3 40) i}
= ¢ Lo {BL(T5 i + by = Tt hisr)® fuaa ).

O

Proof of Theorem C.1. We proceed by induction over n and assume that the re-
sult holds for some n € N. In addition, we first assume that ¢5, | (T3 1 hni1 froy1+
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frt1) = 0 (this assumption will be removed in the end of the proof). Write

N i ~ )
VY G s (€nan) + Frn (€a)} = (i /N) (Al + A%)/N
i=1 "
(C.7)

where

\/—ZE[ Wi b a1 €) + Fana (€)1 7]

i=1

N
A% = VNS (whpd i St (€) + Fasa (€}
=1

-E [ Whi {1 Fa1 (€gn) + Fara (6h10)} | }—ND '

In the following we establish the weak limit of (A’ + A%;)/N, from which the
weak limit of (C.7) follows by Slutsky’s lemma. In order to treat the first term
A’y /N of the decomposition (C.7), write, using Lemma B.2,

A/N/N \/_ ¢N19 ZQn {T LsfnJrl(fl)"'L (hnfn+l+fn+1)(§:z)}-
In the previous expression, limy oo N, = ¢509, > 0, P-a.s., by proposi-
tion B.1. In addition, by Lemma 2.2(i),

O ATrhn L, far + L5y (B for + fagn)}

// @2 L (dxpg1) B (2n41, dy)

X {T hn (In)fnJrl(anrl) + ﬁn(xnv‘rnJrl)fnJrl(anrl) + fnJrl(InJrl)}
= ¢ Lo, X Oni1 (T5 i hngi far + fog1) =0,

where the last equality holds by assumption. Thus, applying the induction hy-
pothesis and Slutsky’s lemma yields

J\;E)HOOE [exp (1uA§V/N)] = exp ( 20, < fn+17 (hnfn-i-l + fn+1)>> ]

2(¢5,9n)?
(C.8)
We turn to the second term of (C.7). By Lemma B.2, A% /N = SN v,
where

U}V: M\/_ ZUN n+1> 'r(y,jfjl)v n+15<717,+1)5
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with

O (i,4,,2) = wa(€h, 7, 2) ({7 + hu(§s2) o (@) + Fona ()

N

S

— (o) 0n) " {TELE frg1 (€5) + L5 (M g1 + Frs1) (€)1},

2y

i,5,2,2) € [1,N]? X Xpy1 X Zns1.
+ +

Remark C.4. In the framework of a fully dominated HMM and a PaRIS driven
by the standard bootstrap particle filter, which was the setting considered in
[28], the function Uy does not, on the contrary to the general case considered
here, depend on i. As we will see in the next derivations, this dependence calls
for a non-trivial refinement of the proof of [28, Theorem 3].

In the following we establish the weak limit of E _, Ul using [14, Theo-
rem A.3]. By construction, E[vy, | FY] = 0; thus, the condition (31) in the
mentioned theorem can be checked by establishing that

ZE W2 FN) = MR [B [0 (10, S50, € Ghin) 1G] | 2]
+ (M = )M 'E B2 [on (1311, I35 € Ghin) 1980 1 Y] (€9)
converges in probability as N — oo. The first term of (C.9) is given by

E | |05, i € ) | G| | 7Y

N jga j ¢l
=K Z W J(é-:?gn"rl) /62 (In_;’_l,] §n+17 )Rn( n+17§n+1,d2) | ]_—N 7
j=1 Z jr=1% n ( ns n+1)

N @hin(€)
i=1 25:1 wh 9n(€5)

N @il a) ) »
n :15:17 - n'/ o i/ 0 iv .;I;Z Rn ;,:zr,dz d.I
x/p (¢ );Zﬁ_lw%%%@/ 2 (i, ., 2) R (£, 2, d2) (d)

= (65 Un) " (an + by +cn)

N 2
— (o5 V)2 <Z Qn {maLi far1(60) + L, (An frir + fai) (€ )]’) :
(C.10)
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N ,
av =Y Gh @) [ GG Den@)f2 4 (@) n(do),

j=1
) wfl i al wff%( %,.’L‘) 7 j ¢ 2
" :;Q_ (6 2) 3 st B o (Bl ) (@) + (o)),

en =2 Zj g—iﬁ; / £ )on () fur1 (2) (B (€ ) i1 () + Fasa (@) u(d),

with N
Zz lwl (nax)
E/ 1”7166(5"7 )

being a random function and

on(T) = T € Xnt1,

ln(xna xn—i—l) = /€n<z>(xn7 xn—i—l)wn(xna Tn+1, Z) Rn(xna Tn+1, dZ),
($n7$n+1) S Xn X Xn+17
an unnormalised transition density. Define the deterministic function o(x) :

Onlln(c, )]/ In[l5 (-, )], © € Xp41; then by Proposition B.1, P-a.s., imy 00 on(2) =
@(x) for all x. Thus, since

o = G [ (€ et e

< Ihnll3 Z /55 ) frp1(@)on (@) — o(2)| pldr)  (C.11)

and f2_ 4 (z)|on(2)—@(x)| < 2||wy| ool frt1]|% for all z, Lemma F.1 implies that
the right-hand side of (C.11) tends to zero as N — oo. Thus, by Lemma C.3,

an — L5 (f2419) + 05 {(T5) 2Rl (f210) )

We compute the limit of by . For this purpose, define the mapping

wN(fE) e i wJ[E (gnv ) (il (53 .I)f 1(I) _|_f~ 1(I))2 reX 1
= 12, 1wnés(§n, ) n\Sn>» n+ n+ , -

which tends, for all z, by Proposition B.1, P-a.s. to

P(x) =B (A fat1 + fas1)?(2).
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Moreover, since Y () < (|Anllooll fatilloo + | fatillo)? for all z, Lemma F.1
implies that

LN / blln (- 2) ]t () p(d)
/ / B 1 )BE (i fu1 + Fas1)2(@n1) 65, (dn) (v 1)

= ELE{‘P(h fn+1+fn+1) }a

where the last equality is obtained using Lemma 2.2(i).
We turn to the last term, cy. Since

N
x =23 ord, [ 660 frs@p(@) (€ ) fis (0) + Foia(2) o)
< ||hn||00(||iln”00||fn+l||oo + ||fn+1||00)

N i _
x Z}s‘;—z/z;( 7.@) o1 (@)|on () — ()] p(dz),

where the right-hand side tends, by Lemma F.1, to zero in probability as N —
00, using again Proposition B.1 yields

en = 205 { T ha L [p fust (R fss + Far )]}
Finally, by Proposition B.1, P-a.s.,

N e
lim Z(S" {TELE fri1 (€5) + LE (o froin + fur1) (€9}

N—=o00 —
= ¢ {TEh, LS fry1 + LS (hnfns1 + fas1)} =0, (C.12)

where the last equality follows by Lemma C.2 and assumption, and since also
limy o0 N9, = ¢S50, P-a.s., the second term of (C.10) tends P-a.s. to zero.
To sum up, as N — oo, the first term of (C.9) satisfies the limit

M™'E {E |:512V(I’rl7,+17 Jf(l{i»ll)7§n+17<'r];,+1) | g’;zlv+1j| | ‘7_—7]7,V:|

> (M6500) 7 (ML (2 410) + S LA Tohn + F) fos + Fasa]})
(C.13)
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We turn to the second term of (C.9) and write

E [E2 |:’UN(II+17 J,(i,_i)a nH,C}LH) | ngLVJrl} | ]_—7]1\7}

_E Ki WAl (6 )

W (6 )

2
x/{)N(I711+17ja€717,+15Z) R, ( n+la€n+1ad2)) |‘FT]7,V‘|

2
N . .
w]ga( ]7x) /~ o . .
><‘/ e UN(z,],.’L',Z) Rn(gwxvdz) Pn( ;wd‘r)
(_7—21 Zj'\’rzl w% g%(ggl aI)
N

w? , X
—/wi‘;( i) (@) L (€ de)

wt

N
= 200N ) OV L) 3 GRS (€0) + Lo frsn + o) (€0))
=1

N 2
+ (0 0n) ! <Z gn {maLi far1(60) + L (An frir + fai) (€ )]’) :

=1""
where

N . .
W ()
'YN(I) = fnJrl(I) e

Since, by Proposition B.1, for all z € X, 41, imy_,0 7n (z) = v(x) P-a.s., where

(@) = fusr (@B (T ko 4 ) (@) + fas1 (2) = Fasr (@) T3y b (2) + faga (@),

Lemma F.1 implies that

Z [ o () L €

-, / / WE (s T 1)V (1) 65 () LS (2, dins1)  (C.14)

(7 + ha(§s2)) +Fara (@), @€ X,
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and ¢V Ly — ¢2 L. Thus, by (C.12-C.14),

N

STE[WR)? | FY] 5 62 fasts Fasr) ()

i=1
= (M50,) 7" (mLe(F209) + 5 La{l(Tahn + hu) fatr + Fusa]?)
+ (M = DGR Le (w0 (fatr o bt + Jas1)?})

which verifies condition (i) in [14, Theorem A.3]. Now, with the conditional
relative weight variance ¢2 defined as in (4.2) it holds that

ALACED]

Then, since, applying Lemma 2.2(i) (twice),

p(x) — Bywy, (x) = =Bl (2).

GELEAP(TE h + ) frtt + Fag1]?} — G5 LE{wE (fas1 T hngt + Fug1)?}
= ¢S LE {wf fﬁHBE(Tsh + hn = T hng1)?}
GG LEABEC (TS M + ) frgr + frra]?}

we may express the previous limit as

62 (fur1, fnm = (M00) " (L (/21 B5ws)
o Ly {wy, fﬁ_HBE (Thhn + B — Tn+1hn+1) }
+ M(ZSZLE {w (fn+1Tn+1hn+1 + fn—i—l) }
+ 77nL ( 721+1B ) o8 LE {Bn§n[(Tthn + Bn)fn-i-l + fn+l]2}) :
Condition (ii) in [14, Theorem A.3] is satisfied as an immediate consequence

of (H2); indeed, letting dy = 2]wp oo (11 locll ft1llo0 + | fos1]loo) it holds
that |vly| < d,/V/N for all i € [1, N], and consequently, for all € > 0, P-a.s.,

N
> E {(”E)Qﬂ{\vmze} |f7ﬂ <dplig, sevmy

i=1

where the right-hand side tends to zero as N — oo. Thus, [14, Theorem A.3|
provides the limit

E [exp (iule/N) | FN] -5 exp (=202 (fusr, Fas1)/2)

Now, since limy 00 Qpy1/N = @5 L5 1x,, ., /950, P-a.s. by Proposition B.1, we
may combine the previous limit with (C.8), [12, Lemma A.5], and Slutsky’s
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lemma in order to obtain the weak convergence

( /N + Al](f)/ﬂn-i-l

L Nlo Ug(hnvazfn-l-lefL(ﬁnfn-i-l +.fn+1)) (¢iﬁn)25721<fn+lufn+l>
7 (¢5 L5 1x '

n+1)

(C.15)

In order to treat the general case where ¢5, , | (T5,, 1 hny1fni1 —I—an) is non-zero,
define

Fotr = Fr1 = 65 1 (T hns 1 fagt + Fag).

Since the functions f,1 and foi1 satisfy ¢4 (TS 1 hnt1fot1 + fag1) = 0,
(C.15) provides

N

VN Z nH{ T fot1(Engr) + fasa( i)} = Ot (T g fo + fus1)
Qi1

i=1

= \/_ <Z Qn-i—l { +1fn+1( n+1) + f"+1(§n+1)}>

—> N (07 0721+1(hn+17 fn+17 fn-‘rl)) ;

where

0721+1(hn+1a Jntt, fut1)

_ 02 (M LS, frg1s L (Rt + Fas1)) + (8590)202 sty Fos1)

(¢5Lgdlx,,,, )?
02 (hn, LE frg1, L (hy fr1 + fas1)) | O50nmnL (f2,,Bows)
(¢€ L{ ]lxn+1) M(¢a Lg ]an+1)
i &5, 9005 L {wy, (fr1 T3 1 Aot + fat1)?}
(¢E LE ﬂxn+1)
GO [ 2, B (o 4 o — T 1))
M (g5 L 1x,,,)?

L L2 Bisd) | GG LABEC(Tahn + o + fasi]?)
M(¢E L, ﬂxn+l) (¢E L ]an+1) '

(C.16)

Since by Lemma 2.2(i),

WL {ws o 1B (T b + o — Ty hng)?)
= L LEABE (TS + by — TS hns1)* fr Bows ),
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and

S B (TS hn + hn) fasr + frt]?}
= ¢, L5 {<n(fn+1Tn+1hn+1 + fas1)?}
3 {BE (T5 +h Tn+1hn+1) fn+1Bn§n}

inserting the expression of 7, given in (C.3) into (C.16) yields,

0'727,+1(hn+17fn+17fn+1)
U?l(h’n?Lfon‘i’l? E(iL fn+1+f_n+1)) 50095 Ly, {w (fn+1Tn+1h"+1+fn+l) }

(¢€ LS ]lxn+1) (¢€ LS ]lxn+1)
n o5 Uy, Z ¢5, L ABG, (T5, hon + B Tfn+1hm+1) L, i1n( 727,+1sz“}7€1)}
(¢5 LE ]]‘Xn+1) m=0 Mn m+1¢s Lfn n— 1]]‘Xn
G5 0L e s (frr1 T 1 hngr + frt1)?}
(¢E Lg ﬂxn+l)

G0 S LB (Db + o T bt PR 1 (R B}
(L% )* 2 MG L, |

n+1

(C.17)

It remains to establish the non-recursive expression (C.1) of the asymptotic
variance. We proceed by induction and assume that (C 1) holds true at time
n. Recall the definitions of the kernels R;, , and ’R,mm n (4.3) and (4.4),
respectively. First, note that since by Lemma C.2,

Ohon (i e + L (i fa + fas1)} = 0,
it holds for all m € [0,n — 1],

R, L, gt + L (b frgn + fugn)}
=Ry, n{hnLy, fros1 + LS (hnfos1 + fas1)}
=Ry nt1{lnt1foir + For1 = &1 (T gt fasr + fai1)}
= an,n-ﬁ-l(thrlfnJrl + fn+1)- (C.18)
Further, by definition,

Frir T b + farr = Rt nst (Bng 1 s + fagn). (C.19)
Since by (C.18),

X(wW_1RG L fri1 + LS (hn fag1 + frs1)})?
(XLﬁ,nq]lX")Q(éf’s L ﬂxn+l)

. X{wflﬁan-i-l (hn+1fn+1 + fn+1)}2
(XLgﬁn]]'X"+1)2 ’
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using the induction hypothesis yields

aﬁ(hn, Ly foi1, Ly, (~nfn+1 + fn+1)) - X{w—lﬁg,nﬂ(hnﬂfnﬂ + fn+1)}2

(¢8 La ]lxn+1) B (XLS,n]lX"+1)2
I 2<(we)z 0>(hn,L Jnt1, L (;L frt1 =+ fas1))
(¢a LE]anJrl)
n o2 ((s3)7=g ) (P, L fri1, L £ (hn fn+1+fn+1))
(¢EL€1Xn+1)

Now, for every (¢¢)een, using (C.2), (C.18), and (C.19),

<((Pé)4 0>(hn7L8 fn+17 (h fn+1 +fn+1))
((bs L7 ﬂxn+l)
59005 Lo {on (fn1 5y 1 hnyr + frt1)?}
((bs L7 ﬂxn+1)
. Z 05, Le (B (o + o = Tl 1)P L 1 (241 Bipn)
(¢5 Ls ]lx 2 Mn— m+1¢s Le ﬂxn

n+1 m,n—1

+

¢fn m¢ Lm{s"m[ m+1 n+1( n-l—lfn-i-l +fn+l)]2}
= Z
( e Le 1x

m—m,n n+1)

n—1

B i e Om S5 LG {BE (Thy + hy — T§+1hz+1) L7, (B om L1 0 fni1]?)}
== M= G7Lg L 1x, ) (5,15, n Ix, )2
L PO Li{en Ry 1 (s fur + Fu)I)
((bé‘ LE ]]'Xn+1)
" GLE{BE(T5he + he — T hey) L5, (f2BSon)}
2 Mnr=tH1(¢7Lg ,, 1 1x, ) (95 L5 Ix

+ ¢n9n

)

=0 n+1)

which indeed equals 02 1 ((¢0)7—_0) (hnt1, fat1s fat1). Consequently, (C.17) can

be expressed as

XAW_1RG 1 (Mgt fgt + Fs) }?
(XL87HHX7L+1 )2

+ 0'721+1<(w§)7:0>(hn+1a frs1, fnJrl) + 0'721+1<(§Z2)7:0>(hn+17 far1, fnJrl)v

02 11 (hng1s frt1, frg1) =

which was to be established.
Finally, it remains to check the base case n = 1. Indeed, since the initial
particles are drawn independently from v (and hy =0, Toho =0, and 79 = 0),

a3 (ho, fo, fo) = x{w-1(fo — xf0)}?/(x1x,)? for all (f07f0) € F(XO)2 thus,
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(C.17) provides, since xL§(hof1 + f1) = 0 and L§(ho f1 + f1) = Ro 1 (b fi + 1),

o2 fo oy o MO ROA S+ FOP | Goiodo L (b (/i TEh + /1)%)

(xL§lx, )2 (poLlx, )?
LM PoPooL§{Bg(ho — Tih1)? [ Biw§} n PoYodoLg{ss (f1T5h1 + f1)*}
(poL§lx,)? (poLlx,)?
1 $0¥0oL§{B(ho — T5h1)? f7B§sd
+ M1 . (C.20
(poL§lx, )? ( )

and by noting that fiT$hy + f1 = ’Ril(hlfl + fl) we may conclude that the
previous quantity coincides with (C.1) for n = 1. This completes the proof. O

Appendix D: Proof of Theorem 4.10

We preface the proof of Theorem 4.10 by a few technical lemmas. For each n € N
and m € [0,n], define the kernel

n—1
L5 (T dT0:0) = Oy (AT) T, (€, dzoem—1) [ [ Le(@e, daeyr),  (D.1)
l=m
on Xy, X X" (where T%, is defined in (4.1)).
Lemma D.1. For all m € [0,n] and h € F(X™),
(bg;mLm,nflh = d’fnﬁfn,nh (D2)

Proof. The result is obtained easily by applying Lemma 2.2(ii) to the skew
model and using definition (D.1). O

The following probability measures play a key role in the following: for h €
F(Xn),

¢fn (h X E;7HHX71)

€
Pt = ;

- L nLxn

L (X LS L k)
(pm,n : fannEfnJrl,n]lX" )

Grn—1Lim—1(h x L, , Ixn)

Pr =
P 1 L1 0 Ixn
In addition, for each k € [0,n — 1], let
}_Lk\n : X" > To:n > ﬁk(xk, Ik+1). (D3)

denote the extension of ilk to X™.
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Lemma D.2. Let n € N and m € [1,n]. Then the following holds true for all
ke [0,n—1].

P Scs Bt
il ) Tnn k‘ for m € [1,n],

(i) mn ( e

(”) (;)»5 hk\n m+1Lm+1 nhk\n
m,n ]].Xn m+1 erl n]l)(n

h n E ‘C’m nh n
(i) wm< . ) e
Xn

form € [k+1,n], and

for all m € [1,k].
Txn

LE
mln

Proof. The identity (i) follows straightforwardly by the definition of ¢, ,,.
We hence turn to (11), which is established by first noting that for all m €
[k +1,n],
Efn,nhkln 5 € €7
Y =B, 1By (Bih).

m,n

Now, since, by applying Lemma 2.2(i) to the skew model,

/ b (dm) L, (X, dTpi1) Wz )Efn-i-l,n]lx" (Tm+1)
€ L Lerl n]an
// ¢5, L5, (dopg1) BE, (1, dom) h(xm)ﬁfnJrl,n]lX” (Tm+1)
fann‘c’fnﬁ-l nﬂxn

erl(B h X Lerl nﬂX71)
(bm-l—lcm-i-l,n]lxn

we may establish the identity by proceeding like
5t L Bk|n
m,n LE HX"
. ¢fn+1(d$m+l) B, (Zmqy1,dem) B, - Bi+1 (Biﬁk)(xm)ﬁfmrl,n]lx" (Tmy1)
B RV |
m+15~m+1,n X"

5 € A
_ ¢m+1£m+1,nhk\n
=— = .
¢m+1Lm+1,nﬂX"

Finally, to check (iii), note that for all m € [1, k],
melﬁfnynﬁk\n = £;717n71]€‘n.

Thus, in this case

e L5, hiein _ ¢fn L1 L5, g _ Ry g A
£;7n1X71 EE ]lxn © _ Ea

m—1n m—1,n

Txn

m—1
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Lemma D.3. Assume (H8). Then for alln € N, m € [0,n], k € [0,n — 1],
and (A, \') € M1(X,,)?,

)‘Lfnnﬁlﬂn A/‘Cfn,nﬁlﬂn

_ < }~L |k7m\71'
)\cfn’n]].)(n )\/Efn’n]].)(n - || k”OOp

Proof. First, assume that m < k; then note that for all z,, € X,,,

Lol (@m) Lo ki (Tm)

L2 e () L5, Ixn (2m) = Fonpn++ Frajn (Fijnle) (2m)

- Fm|n T kal\n(kaiLk)(‘rm)’ (D4)
where we have introduced the forward kernels

Ly (h x LfnJrl,nﬂX")(xm)

5w (o) y X € Xy h € F(Xmi1)-

Fm|nh(xm) =

Under (H3), each forward kernel satisfies a global Doeblin condition in the form
of the uniform lower bound

o_
Fm\nh(xm) > Zumynhv

where we have defined the probability measure

1 (h X ﬁfnJrl.n]lX")
,um.,nh = [ +1£s ) ]iX ’ h e F(Xerl)
m m+1,n X"

(where fi,+1 is the reference measure introduced in Section 2.1). Thus, by stan-
dard results for uniformly minorised Markov chains (see, e.g., [7, Lemma 4.3.13]),
the Dobrushin coefficient of each F,,,, is bounded by p = 1 — o_/o. Thus,
(D.4) implies that

AL, by NL5,
ACE, dxn  NLo, e

= | Oman = X P+ Fi 1 (P

<P TRk hilloo < 08| Bkl sos
where for h € F(X,,),

ACE, T

)\I h L )\I(h/ X E;7HHX71)

Am.nh =
' mn NLT, o Axn

Now, assume that m > k; then note that for all x,, € X,,,

)
=B, 2+1(Biﬁk)($m) B, i+1(Bin)($m)- (D.5)
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Under (H3), also each backward kernel satisfies a Doeblin condition, namely
o_
Bl h(2mi1) = —dp,h,
0+

with the marginal ¢;, playing the role as minorising measure. Thus, the back-
ward kernel Dobrushin coefficients are bounded by the same constant p, imply-
ing, via (D.5), that

AL by NL, g
ACS Ay VLS, e

= [ = N ) B+ B (B

< " o

This completes the proof. O
Lemma D.4. Assume (H3) and (H4). Then the following holds.
(i) For allm € N, m € [0,n], e € €, and h € F(X™),

|Gt = B | V |85 b = P nh] < 20575 (1]

(i) For alln € N, m € [0,n—1], and € € £,

£ € 1 c £ 1

m+l£m+1,nhm\n m m,nhm\n < 04

c LE ]l - B LE ﬂ — 208_2”}17””00
¢m+1 m-+1,n X" (bm m,n X" -

In both cases, c is the constant in (H4).

Proof. We start with (i). Combining the decomposition

050 Lo 1 £5, o — 66, LS, L5, Txe
£ h _ «— & h — £ h m m,n m m m,n
<Pm,n <Pm,n <Pm,n ( %71£;711nﬂx71
m—1L5,—1 (h X Lfn,n]lxn) — ¢p—1Lim—1(h x ﬁfn,n]lxn)
%,1L;,11nﬂxn

with (H4) provides the bound

15,0 1% [|oo [[ 2] 0o
N e ]].Xn

m—1~m—1,n

“an,nh - @;,nh| < 2ce
(where c¢ is the constant in (H4)). Now, since for all z,, € Xy,

‘E’fn,n]lxn (mm) = /em(xmv$m+1)£fn+1,n]lxn(xm+l)Nm-i—l(dxm-‘rl)

€
< O'JrIUJerl‘C’erl,nﬂX"
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and

MY 1,nlxn —//(;5 1(dZm—1) b —1 (X1, T )l (T, To1)
X L3511 Ixn (Tt 1) pm ® pm41(dTmem+1)
> 02 i1 Loy i1 e,
implying the bound
) (D.6)

1Lmnlxrlloe oy
(bfn_le_lcfn)n]].Xn - 2_

we may conclude that |¢f, ,h — @5, h| < 2ce0y||h]|oc/0? . Along similar lines,
the second difference can be bounded by the same quantity by writing

(/7 h— (,0 h—= (/7 h ¢8 L £m+1 n]lx” - ¢fann£fn+l nllxn
m,n m,n m,n ¢€ mefn-i—l,n]lxn
¢€ (h x L ‘C’erl n]lxn) - d’fn(h’ X LmLfnJrl,n]an)
¢mLm£fn+1,n]lxn

and reapplying (H4) and (D.6).
We turn to (ii). By definition (D.1),

‘Cfn-l—l,nﬁmm(Ierl) :/hm(xmvmerl)Bfn(merlvdxm)‘c’fn-i—l,n]lxn(merl);

thus, by applying Lemma 2.2(i) to the skew model,

e L P
m+1 m+1 n | (D?)
¢m+1 m+1 n]lxn
/ O Ly (A1) B (T T1) B, (Tng1, dem) Efn+1,n]l><" (Trmt1)
fann‘Cfn-l-l n]lxn

/ ¢E dwm LE ($m,d$m+1)h (xmaxm+l)£fn+1)n]]->("(xm+l)
E L ‘C’erl n]lX" '

We may thus decompose the quantity under consideration as

Grni1 Lo i1 limin _ L Pl
D1 Lo n Ixe 0 Lo Ixn
+1Lm+1n m|n <¢ L Lm+1 nlxn — é5, Ly, fn-l—ln]lX")
IRy A T fnﬁfn nlxn

/¢5 diZ?m {LE (h ‘C’m+1 n]lX")( ) (h Lm+1 n]lxn)(xm)}
e L Axn ’

m m,n

from which (ii) follows, as before, by a combination of (H4) and (D.6). O
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Proof of Theorem 4.10. Write

n—1

(bgnhn - ¢O:nhn - Z (¢(€Jnﬁk|n - ¢Onhk\n) )

k=0
where each term can be decomposed according to

((bg:mLm,n—lhkm _ ¢(€J:m—le—1,n—1 Bk|" )
(b%:mLm’"_l]lxn ¢8:m71Lm—l,n—1]lX"

m=1

(recall that ¢§ o< x). In order to bound each term of this decomposition, write,
using Lemma D.1,

_ _ e T R _
d)g;mLm,nflh’km ¢8:m71Lm*1,n*1hk\n - (bfnﬁm nhk\n (bfnflﬁmfl,nhkhl

- 5 € .
¢(€);mLm,n—1]1X" ¢(€J:m—le—17"—1]]'X" fnﬁm nllx" fn—lﬁm—l,n]lxn

Now, for all m € [1,n], pick an arbitrary element z}, € X,, and define the
kernel

€ . 5 _ 5 m n
L”m,nh(‘rm) o Lfn,n]lX" (xm) Lfn,nﬂxn (x;kn)7 T € Xom, € F(X )
(D.8)

Combining this definition with Lemma D.2, we may express the quantity of
interest as

k
¢8;nhk|n - ¢O:nhk|n = Z (gpm n‘c’m nhk|n <Pm n[:m nhk|n)
m=1
D1 Lit nﬁk‘" (bi‘c}gc nﬁk‘" = -
(bi-i-l i+1,nﬂx" ¢a ]an m:ZIH_l ( k\ k| )

Now, applying Lemmas D.3 and D.4 to the previous decomposition yields

[65nFikin = GoinFagn| < 20575 me(Zp’f mi- 1+1>

_kO

which was to be established.
The second inequality follows straightforwardly according to

n—1
1 -
Z 17k | oo (Z plk=—mi=1 4 1) < <n+; <n+22(n—z)pf>> sup || 7] oo
—1 ke

m=1 [0,n—1]
1

) -
_n(l—i——-i——) sup ||k o
p l—p ke[0,n—1]



/A pseudo-marginal SMC' online smoothing algorithm 56

Appendix E: Proofs of Theorem 4.6, Corollary 4.7, and
Proposition 4.9

Proof of Theorem 4.6. The following is a refinement of the proof of [29, Propo-
sition 7).

We start bounding the first term of (4.6). For this purpose, we first prove
that for all m € [0,n — 1],

n—1
IR nlinllos < L5y ot Bxe floo Y llAnfloop! ™71 (E.1)
k=0
In order to establish (E.1), first note that
¢ RS,
ol = R 52

Thus, using the extensions (D.3) we may write, for x,, € X,,,

Lfn n— 1]1Xn (Im) k=0 an,n]lxn (.Im) gbfn m,nﬂX" '

Thus, the bound (E.1) is obtained by applying Lemma D.3 (twice: first, with
e = 0, allowing L, n in Lemma D.3 to be replaced by L, ,; second, with the
skew model playing the role of the original model, allowing L,, ,, to be replaced
by R}, ), with A =4, and X' = ¢5,, to each term on the right-hand side of
the previous identity.

Now, using (E.1) and the bound (D.6),

nzl &5, 0m e, L fn(‘Pm[anJrl,nhn]z)
(¢fann,n—1]1X")2

m=0

g

3 n—1 /n—
g g —m—=1|—
< sup [|9e]| oo sup [l elloo - <§ [0 i 1) - (E3)
eN LeN —

m=0 =

Then, since

n—1 /n—1 2
in
|[k—m—1|—1 <
14 > )
Z (Z ) p2(1— p)?

m=0

we obtain the linear (in n) bound

"Zl 05, 0m &5, L, (0m [ R g1 nhin]?)
(¢$ann,n—1]1X")2

m=0
4n

1% sup (|9 0o sup || @2l 00 =

LeEN LeN (

< sup||h -
_865” ‘ p*(1 = p)Po_
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We turn to the second term of (4.6) and reusing (D.6) yields

HL§+1,m—1]le HOOHLfnJrl,nflllxn ||goH<Pm||ooU+
((bjLzm—l]lxm)((bfn]—"fn,nfl]lx")2

(E.5)

Lz—i-l,m (Bfn(pm [Lfn+1,n71]lxn]2)
(gbZL;,m—l]le)((bfann,nfl]lX”)2

<

1
< mﬂwmﬂm-

By (2.13) it holds that

T5he(ze) + he(ze, Ter1) — Ty hos1 (o)
= Tihe(we) — BiTihe(zes1) + he(ze, ve41) — Bihe(wesn)
¢
= (R hje(we) — B{RE hygje(we41)) + he(we, wey1) — Bihe(zesa),
0

I
-

E
Il

and by applying Lemma D.3 (with A = §,, and X' = Bj(z¢41,-)) to each term
in the sum yields the bound

- 1 -
[T7he + he — Tiihesilloe < | —— +2 ) sup|[|he oo (E.6)
1-p LeN

By combining (E.5) and (E.6) we obtain

S Zm: GO OFL (B (Tihe + hy — T§+1he+1)2L§+1,m(Banm[LfnJrl,n—l]lX"P)}
m=0 ¢=0 Mm_é—i_l( ZLmelﬂxm)(¢$ann,n—l]lX”)2
) . 2 3 n—1 m
+2 ) sup [|hel|3 sup [[9¢] oo sup [|0e| oo M,
i (105 +2) sup s 0 sup o] p3)3

(E.7)

Finally, since, for M > 2,

lim § M (m+1) —
m—0oQ
£=0

M-1’
taking the Cesaro mean provides

manp 1 5§ GO LEUBA(Tibe e Ty "L BonlLivs 1)
1m sup —
P Mm—f-i—l( ZLmel]lxm)((bfann,n—l]lX")2

n
n—roo m=0 £=0

1
= =1 = p)io?

1 2 -
(1 +2> sup || hel|, sup [[9¢]| oo sup [[0e]loo-  (E-8)
—p ¢eN ¢eN ¢eN

Finally, we complete the proof by combining (E.4) and (E.8). O
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Proof of Corollary 4.7. First, note that by (E.1),

Rl < L 2 T o 5D 1 o~
’ = L

Moreover, since for all xg € Xo,
U*,ulLi,n—l]lX" < L(EJ,n—l]lX" (.Io) < UJrIUJlLin—lllX"v (Eg)
it holds that

IRl 1%
(XG5 -1 Ixn)?

< sup ﬁg io . E.10
¢eN el p?*(1 = p)*(x1x,)? (5:10)
The desired bound is now completed by applying Theorem 4.6 and (E.10) to
the two first and the last terms of o2 (h,,), respectively. O

Proof of Proposition 4.9. The result follows straightforwardly from the bound
(E.3); indeed, as the mapping X" > zg., — f(z) belongs to A(X"), (E.3)
implies that

Z 05, 9m 05, L, (om (LS, - Ls 1 (f — ¢51)]%)
o (¢5,Ls, - L5 1x,)?

n—1

3
oL _ —m—
< sup [[9e]| oo sup ||t lloo | FI2 =072 Y p*" 72,
(eN LeN 2

m=0

where the sum on the right-hand side can be bounded by 1/(1 — p?) + p2. In
addition, by (E.1),

IL§ L5 (f = 7)o < LG - Li_y Dxn | [ flloop™ 2,
and reusing (E.9) yields

(LG Li_11x,)2 = et = p)2 (xdx,)?

The proof is completed by combining these bounds. O

Appendix F: A technical lemma

The following technical lemma is a straightforward adaption of [28, Lemma 14]
to the framework of Section 2.

Lemma F.1. Assume (H1-2) and let ¥ be some possibly unnormalised transi-
tion kernel on X,, X X,,+1 having transition density in F(X, ® X,,+1) with respect
to some reference measure on Xpi1. Moreover, let (pn)nen be a sequence of
functions in F(X,1) for which
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(i) there exists ¢ € F(X,41) such that for all x € X,q1, Imy 00 on(x) =
o(x) P-a.s. and
(i1) there exists ¢ € Rsg such that ||¢lle < ¢ for all N € N.

Then ¢N Wy N &P as N — oo.
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