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Abstract

This paper investigates the construction of an estimator for switching linear systems with unknown inputs (UI) and Gaussian noises, in
the case of unknown switching sequence. First, a maximum-likelihood switching sequence estimator is constructed. Then, both state and
UI estimators are proposed. An example illustrates the theoretical contributions.
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1 Introduction

A switching system is a dynamical system with both contin-
uous and discrete states. Several approaches exist in order to
estimate the discrete-state of such a system. If the switching
sequence is known, different observers have been proposed
for systems without [4] or with Unknown Inputs (UI) [6].
If the switching sequence is unknown but its dynamic fol-
lows a known pattern (as a particular Markov model), then
several estimators have also been proposed [7][5]. With-
out any assumption made on the discrete state dynamic,
[1] and [2] have proposed state estimation for discrete-
time linear switching systems affected by bounded noises.
For continuous-time systems with bounded perturbations, a
sliding-mode based observer is giving in [9]; in particular,
this observer also deals with UL In [3], a linear switching
system affected by Gaussian noises in both state and mea-
surement equations has been considered, but without the
presence of UL

The present paper focuses on discrete-time linear switching
systems affected by both Gaussian noises and Ul in both
state and measurement equations. Its main contribution is
to provide both state and UI estimators for such systems.
It is the first paper dealing with linear switching systems
affected by UI in the case in which the matrix associated
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with the UI is not assumed to be constant. One of the main
difficulty is to decouple the UI from the state estimation
error despite of that fact. Another difficulty is to estimate
the UI in such a case. The paper is organized as follows.
In section 2, the problem is stated. In section 3, a method
used for a maximum likelihood estimation of the switching
parameter is presented. In section 4, a practical algorithm for
estimating both the continuous state and the Ul and based
on the switching parameter estimation is given. Finally, in
section 5, an example illustrating the approach is given.

The following notations are used in the paper. For any matrix
A € My »(R), AT denotes its transpose, and AT its pseudo-
inverse. For any square matrix A € .4, ,(R), tr(A) denotes
its trace, det(A) denotes its determinant, A(A) denotes the
vector of its eigenvalues, and A, (A) (resp. Amax(A)) de-
notes its minimum (resp. maximum) singular value. For any
vector v, ||v|| denotes its euclidean norm. For any symmet-
ric positive matrix M, let set the norm ||.||ss such that, for
any vector v of appropriate dimension, ||v||yy = VvI Mv. If
x is a stochastic vector, its expectancy is denoted by E|[x].
For any vector sequence (vg)i—; .. and any integers o > 0

T
and @ > 0, let set Vi _gx10 = V], vziaﬂ V/Qrw} .

2 Problem Statement

Let consider the following switching system:

{Xk+1 = Ay Xk+ Dy, di + Fy wi 0

Ve o =Cpx+Eydi+ vk
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where x; € R™ is the continuous state, y; € R™ is the output,
di € R™ is the Unknown Input (UD), A € A:={1,2,...,np}
is the unknown switching parameter (also called discrete
mode or discrete state). Matrices Ay, Dy, , Fy,, Cy, and E,
are switching matrices with appropriate dimensions. The
perturbations wy and vy are independent Gaussian noises
with zero mean and covariance matrices denoted by W,
and Vj, respectively. The unknown initial state follows a
Gaussian distribution (independent of wy and v;) with known
mean Xy and known covariance matrix Py. Let assume that
for any A € A, the matrix V), is non singular, i.e. det(V) #0
(it is a widely used assumption for Kalman filtering).

In the whole paper, let us consider two integers ¢ > 0
and @ > 0, used as time indexes: for any time step k >
a, the measures obtained between time steps k — o« and
k+ o are used for the estimation of the unknown switching
parameterA;. For any k > «, let Ax_ .11 be the switching
sequence from time step k — & to time step k+ @. Then, the
observation sequence Yi_g:k+e gives:

Yk—ok+o = ”Q{Ak—a:l\drka*a + Qlk—a:lwwdk*a:l“rw
+ y)tk,a:k+mwk—a:k+a) +Vi—ak+o 2
. . o> . .
with matrices ,;z.%;kamk o @%kfaihw and 7, .. given in
(3). The following assumption 1s needed for removing the
UI from equation (2).

Assumption 1 For any switching sequence ® € A%TO+1
the rank rg(z) of s satisfies ry(%) < (@ + &+ Dy

For all T € A%+ +1 there exists a full row rank matrix Hy €
Moo+ V)ny—rg (atot+ 1), (R) (With rank equal to ry(7) =
(¢ + @+ 1)ny —ry(m)) such that Hy P = 0. Assumption 1
ensures that r;(7) > 0. Then, if T = A¢_ g+, Wwhen left-
multiplying equation (2) by Hy, .. ., it comes:

HjyqpsoVh—ockso = Ha_ oo @ g™
a
+Hlk—a:k+wJlk—a:kerwk_a:k*'w +Hlk—a:k+ka_a:k+w

equation in which the unknown input does not appear any-
more.

3 Maximum-likelihood switching sequence estimation

This section deals with the switching sequence estimation
problem. Let us start by introducing a definition of observ-
ability adapted to the considered switching system.

Definition 1 7 € AT?*! and ' € A*T°*! are saying to
be jointly observable if:

rank ( [H,[/Mﬂ/ Hy oy, H,[/@,,D =2+ (a+ o+ 1)ny
(®)

Definition 1 does not depend on the matrix H,s chosen under
Assumption 1, as this matrix is uniquely defined modulo a
left-multiplication by a non singular square matrix.

Let us consider a time step k > «, and let consider the
following maximization problem in the presence of a Ul:

M-kt € argmaxyc po+o+l maxxeR"Xl(x7 E‘Hn)’kfa:k+w):|

)
where I(x, T|HzYi—ahto) = P(HzYi—aktolX, T) is the like-
lihood function to maximize.

Due to the left-multiplication of y;_g:k+e by Hz in (9),
if T =M _qiie IS the true switching sequence, then the
likelihood I(x, Ak—oc:kﬂu|H7Lk,a:k+a,)’k—oc:1_<+w) is not a func-
tion of the unknown input (see equation (8)). Moreover,
the vector Hnyr— o4+ is normally distributed with mean
Hﬂdxk—a:lwrmxk_a and covarialnce matrix Hﬂzlk—a:k+mH;
(where for any @' € A*TOH! £ = Z Wy FL + V).

Then, following the same line as in [3], the maximum like-
lihood estimate can be obtained as:

Mkt € argming yaros [log Xz |+ O (HaYk—ckt s ﬂ)}

) (10)
where X, = H,TE,TH;, and for any vector v € R7#(7)
(v, 1) = ||(I — Az)v||>_,, with A the projection matrix on
the linear span of Hy <.

Given that the true continuous state is x;_, at time step k — @
and the true switching sequence is A;_ ¢k between time
steps k — ¢ and k+ @, the probability that A;_ .41 is more
likely to be chosen by (10) than a discrete sequence @’ €
A®+@F1 s denoted by P(Ak—akto = T [X—a, M—akro)-
The following theorem gives a lower bound of such a prob-
ability.

Theorem 1 Let assumption I hold. Let be k > «. Let m' €
AT be q switching-sequence. Then, the following in-
equality holds:

kAt oyt T
P(A—ak+o = T |Xk—as M—akto) = %(WM X

(bl + di-atsol) + gy 08 =

11)
where ,(.) is the cumulative distribution function of a x*
random variable with r = (a4 @+ 1)n, degrees of freedom.
Moreover for any switching sequences T, € AXTOFTL e
coefficients h(r, ') and k(7, ') are given by equations (4),
where £, = FaWn FL +Vy. Besides, if T and 7' are jointly
observable, k(m,x") > 0.

PROOF. In order to simplify the notations, A;_ g1 is de-
noted by 7 in the following proof, but the reader has to keep
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h(”7 75/) = max{H;(I - AE)TZEI (1_ Aﬂ)Hﬂ +H7{' (1_ An’)TZ;/l (1_ Aﬁ’)Hn’}lmax{iﬂ}
s 1. _ kzw Sy
P(m— ko0 > ”/|xk—a7 T—aqkto) > P (ZTZ Iz < h(n,z/g (‘ |xk7(xH2 + Hdkfoc:kﬂo”z) + W log “Zﬂ“> ) (5)

P s = [Ars - Are Ary Ao Dica - A Day Da | Wi = [AnAr o Feoa - A By Ba)] ©

Xk—a
[(A/lk _Aik) — Kt (CMHAM - Cik+1A5Lk)}xk - [(A/Xk _Aik) — Kt (ClkHAlk - CikHAﬁ,k)]q)kk—a:k—l |:d :|

@)

k—ouk—1

+(Axn —A43) =K1 (G Ak = Gy A )Y A g Wh-ack-1

in mind that it is the actual discrete sequence. The follow-
ing steps are similar to [3] in the structure, however, the
technical difficulties raised by the presence of the UI makes
the proof very different. Using equation (10), the probabil-
ity P(7 = 7| X, Ac—a:kr ) 18 €qual to the probability that
the following inequality holds:

log [Zr|+ 8 (Hryk—ak+w, ) <10g|Zp |+ 8 (HuYi—akra T )

12)
Let set z = FaWi akto + Vk-akto- Then z is normally
distributed with zero mean and covariance matrix equal to
2. On one hand, we have:

S(Hn’)’kﬂx:kera 717/) = 5(H7r’=d7rxk7a +Hn’@ﬂdk7a:k+w +Hn’Z7 71'/)-

(13)
Besides:

5(H7r’%ﬂxk—a +Hy Drdi—giit 0, 77:/)
= 6(Hn-/,!277-;xk,a +Hy Dndy—qiboro0 + Hyz—Hpz, 715/)
< 25(H7c’yk—a:k+wa ﬂ:/) + 26(H71?’Z’ ﬂ/)v
(14)

the last inequality coming from one of the property of the
function 8(.,m): 6(u—v,w) < 8(u,w)+ 6(v, ). Thus:

O(HyYk-ak+o: T')
> %S(Hn’%ﬂxkfa +Hy Dndy— kv, ') — S(Hpz,7')

> k(ﬂv ﬂ,)(| \xk—aHz + ||dk—a:k+a)||2) - 5(H7L'/Z7 77",)7
(15)

where k(m,7') is given by equation (4). Note, that un-
der the joint observability of @ and @', it comes that

(I—Ap)Hy [g{n @n} is full column rank. Then, it follows
that k(7, ') > 0. On the other hand, we have:

5(Hnr)’k7a:k+wa T)= 5(H7rdﬂxk—a +Hy Dndi—qeir0 + Hr2, T0)

as HyDrdi—qhre = 0, and (I — Ag)Hp oy = 0. Then it
comes that:
8(Haz, 1)+ 8(Hyz, o) = (I~ Ax)Hazl 2.

: , (7
- g Hgl 2, <)<

2
27!

where £, = 7, Wy ZI +Vy and h(x,7’) is given by equa-
tion (4) Finally, by combining (15), (16) and (17) it comes
that

5(H7ryk—(x:k+wv 775) - S(Hn’)’k—oc:k+wa 77-',)
< h(m, ')z |§_;1 — k(7,7 ) (|0 * + || it ol 1*)

(13)
and thus a sufficient condition for equation (12) to hold is:

Yo
Bl K (ol P+ ol ) < o 1
T T

19)

which leads to equation (5), and recalling that z is nor-

mally distributed with zero mean and covariance matrix



¥, it comes that z7¥ 'z is a x> random variable with
dim(z) = (a+ @ + 1)n, degrees of freedom.

4 A maximum-likelihood estimator

The aim of this section is to construct a linear estimator based
on the maximum likelihood switching sequence estimation
developed in section 3. In order to do it, it is necessary (and
also sufficient as it will be seen in Theorem 2) to decouple
the Ul from the state estimation error (otherwise the behavior
of this error would depend on the UI behavior), whether the
estimated switching parameter is the true one or not.

Assumption 2 The following rank condition holds:

rank < > — rank ( {c ED , (20)

where I = {I } (na times the matrix I, ), D =

CE
DI 0

I

nang -+ tnjpng

[Dl DHA}, C= [CID c,,AD} and E = [El EnA].

Note that this assumption differs from Assumption 1, as the
former one is used in order to make the information of the
output not affected by the Ul and thus to estimate at best the
switching sequence, whereas assumption 2 is used in order
to decouple the UI from the state estimation error for any
choice of ik in A. Under assumption 2, there exists a matrix
K such that:

K|CE|= D10, @1

with K given by:
K=G+XH, (22)

with G = DI 0] [C E| and H =1,,,, — [C E] [C ]
and X € Ay, ,,(R) is any matrix (this means that for any
matrix X of appropriate dimensions, equation (21) holds
with K given by (22)). In fact, X is chosen differently at each
time step k > «. Thus, from now, it will be denoted by X;
and K will be denoted by K} = G+ X;H. It is worth noting
that, under Assumption 2, and according to what precedes
the following equation holds for any A,A’ € A, and any
choice of X:

T
s

Kk-@l,l’ = [D)L 0} , 23)

where 7 31 = {CA,D;L E/l'] The following assumption is
needed for the Ul estimation.

Assumption 3 The following rank condition holds:

rank cE = rank ( [C E} ) 24)

n%,nd

where Inf\,nd = [Ind

I, d} ( nlz\ times the matrix I,).

Following the same lines as previously, there exists a matrix
Ly, such that for any A, A’ € A: L [CWD;L E;V] = [I,,d Ond} ,

T

where Ly = J+ZH with J = [Ind Ond} {CA/DA E;L/} , and

Zy is any matrix (Z; will be chosen later). Saying that, the
proposed state and UI estimator is the following for any
k> a:

ik—oc:k+co = argmingepa+o [log 2|+ 6 (HrYi—akto 75)}
X = (I, — GCik)PkC{k
T p T gT T1—-1
+GVik~]H [HcikPkCikH~ +HVikH ]
Zy =J(Cy, A CY )HT [(H(Cy AC)HT] ™!
K. =G+ XH, Ly =J+ZH
X :ik+Kk(yk_C§Lkik)7 di_q ZLk(yk—C)kak)
Pe = (I, — KiCy, ) Pelly, — KiCy )" + KiVy K[
>) a2 AL T A T
Pe1=7 AlkPkAik + FMWMFLC
(25

K1 = Az K,

Remark 1 The global structure of algorithm (25) comes
from the structure of the Kalman filter in the presence of a
Ul [8]. It is adapted using what precedes in order to take
into account the case of an unknown switching sequence.
Moreover, the case of the Ul estimation is also added here.
The matrix X (resp. Zy) is constructed in order to minimize
the trace of the covariance matrix Py (resp. Pj, = E [egkedk] )

under the constraint of the unknown switching sequence.

In equations (25), 7 is a scale factor chosen strictly greater
than 1. The aim of such a factor is to enforce a certain
convergence rate (more on this in the stability analysis given
in [3]).

Assumption 4 For any switching sequences T,T' €
AT such that wjo+ 1] # #'[a + 1), the switching
sequences T and T’ are assumed to be jointly observable.

Theorem 2 Let assumptions 1, 2, 3 and 4 hold. Then, equa-
tions (25) define both state and Ul estimators for system (1)
with estimation errors e, = x; — X and eg, = Ldj — cfk hav-
ing the following dynamics: ey = (I_K’H'ICZH] )Aikek +
&k and eg, = LGy,
bounded in mean square, i.e. there exist positive constants Pg

and p¢ such that for all k > 0, &I < pe and &7 < pe-

A)lkek+ Gk, where & and §; are

PROOF. Due to space limitation, only the proof on the state
estimation error e; = x; — X; convergence is established,
the one of the Ul estimation error ¢4, follows the same
line. Using equations (25) and (23) the dynamics of the
state estimation error is: egy; = (I — KkHCim )A; ex + &,
where ék = [(A)Lk _Aik) — Kk+1(clk+1A/1k — CikHAik)]xk +
(I— Kk+1C5Lk+.)Flka — Ky 1vey1. Let prove the bound-
edness in mean-square of &. Its second and third terms



are clearly bounded. Let be A;_q_; the true discrete
state sequence between k — o and k — 1. It comes:

Xk—a

+ \Plkfa:k—lwk*a:kfla where

X = Poy g Li
k—otk—1

Dy o, and ¥, . are given by equation (6). Thus,
the first term of & can be written as in equation (7). Here
again, the second term is clearly bounded in mean square.
Following the same lines as in [3], let prove the bounded-

Xk—a

ness in mean-square of ®; . [ . Given the state

di—a:k
Xr—q and the unknown input sequence di_ g+, the mean

Xk—a

square error of @, l 1 is given by:

Ar—a:k—1

Xk—a

E ||(I))Lk—a:k—1 [ ‘| Hz‘xkfocadk—a:kan’ﬂ
dr—ak—1

=Yrear 3 P (lk = M |xk— g dk— k0 ﬂ) [[PA, pry X
Xk—o ||2
dr—ok—1
Xk—a

On one hand, it comes: ||<I>;Lka,k1[ 1”2 <
T ka1

(26)

6(‘ |xk7a”2 + Hdkfoc:k+w| ‘2),

where ® = maxz,ens Amax{®L, Pr, }. On the other hand, it
comes:

P (ik = A«/|xk7(x7dk7(x:k+wa ”)

j\kaoc:kjtco
= Zn[xeA“,ng,eA“’ P P f
=My QA @ g |Xk—a, dk— k10, T
1~ Y, (<(] |xka|2]

< card(N)*T® R
Hldk-akroll?) + V)

27
the last inequality coming from theorem 1, where x =
n,')

. K(r, . 1
Mil g 7/e pocto+1 iz 77y and vV =ming pcpatos e log P

Note that thanks to assumption 4 and theorem 1, the con-
stant k is positive. Then, using both previous items, it
comes that the quantity

Xk—a

E

‘ |¢A’k7u:k71 ld ‘| | |2 |xk—067 dk—a:k—Fﬂ)a TC‘| (28)

k—ok—1
is smaller than:

card (K)**®(|lxe—a|* + |ldi-azk+al*)

X |1~ iny (Kbl + liasroll) +v)|
(29)

Then, recalling that ¥, (s) (with any positive integer n) con-
verges exponentially to 1 as s tends to infinity, we can con-
clude that (29) converges to 0 as ||x;_q||> +||dk_a||* tends
to infinity (x being positive). Finally, noting that (29) de-
pends continuously on ||x;_ ¢ ||? + ||dk_o:k+w||* on the inter-
val [0;0), it comes that (29) can be upper bounded by some
constant independent from ||x; || + ||dk— ok 0] |*-

Remark 2 Note that in order to apply equations (25), a
delay equal to @ is needed. In order to avoid such a delay, it
is possible to use the following equations fori=k+1...k+ ®
(so that Xy is estimated using Yi_gk+o):

X;=[(I-GCy )P + GVk]ij_HT [HC;L_EC;HT +HVHT]~
Zi =J(C\,PC; )H" [(H(Cy, PCL)H"] ™!

Ki=G+XH, Li=J+ZH

X ZJZi-l-Ki(yi—C}Lifi), di—1 = Li(yi — Cy,%;)

P, =(I-KC; )B(I-KCy )" + KiViK]

Py = VA3 PAS + L WiF]

Xiv1 = Ay X,
(30)

Remark 3 The stability results stated in [3] remain true by
considering X;. instead of K. (as in [3]) for the gain matrix,
and (I — GGy, kaHCik+1 )A?lk instead of(I—KkCik+l )Aik
(as in [3]) for the transition matrix of the state error vector,
as well as some minor adaptations. They are not detailed
here for a lack of space.

5 TIllustrative Example

Let consider the following academic example (adapted
from [3]) of the form (1) where A € A = {1;2}, A=0.1,

cos(wjA) —msin(@A) .
A = L , with o = 0.5,
o7 sin(@14)  cos(wA)
cos(mA) —ansin(mmA 0
Azll .(wz ) —@nsin(e )],Withcozl,Dl ]
2, Sin(@A)  cos(arA) 1
0 01 0
D, = ,Fi=FK=5LC=|(21|,E=|1]|,w; and v

10 0

are Gaussian noises with covariance matrices W = 0.01/,,,
and V = 0.011,, respectively, the unknown input is set to
di = 3sin(m/100k) for k > 0, the simulation is launched for
400 time steps, with y=1.1. By setting & =3 and ® =2, we
can check that assumptions 1, 2 and 4 are satisfied. The De-
layed Maximum Likelihood Estimator with Ul (DMLEUI)
of equations (25) is compared with its Undelayed version
presented in remark 2 CUMLEUT’), and with the Switching
Kalman Filter with Perfect Information ('SKFPI’), i.e. the
same filter applied with the true switching parameter at each
time step. Table 1 gives the performance of each estimator in
terms of the Root Mean Square Error (RMSE), defined for
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the ith component by RMSE (x[i]) = 1 [ 55 ¥ (xi[i] — %[i]).

It is clear that the SKFPI is only slightly better to the DM-
LEUL This is due to the possible error made by estimating
the switching sequence in the MLEUI estimator. Besides,
this error increases when there are less measurements avail-
able as in the case of the UMLEUI, which explains the
slightly worse performance of this former.

Table 1
RMSE (average on 100 simulations)

RMSE on... | SKFPI | DMLEUI | UMLEUI
x[1] 0.1000 0.1000 0.7011
x[2] 5.1225 5.1689 5.2434

6 Conclusions

The main contribution of this paper is the development of
an observer for switching systems affected by Gaussian
noises and Unknown Inputs (UI) with unknown switching
sequence. The main contribution holds in the way of dealing
with the Ul in order to decouple it from the state estimation
error. First, a method that estimates the switching parameter
with maximum likelihood is proposed despite the presence
of a Ul Then, this method is used in both state and Ul es-
timators.
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