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We consider regular variation for marked point processes with in-
dependent heavy-tailed marks and prove a single large point heuristic:
the limit measure is concentrated on the cone of point measures with
one single point. We then investigate successive hidden regular vari-
ation removing the cone of point measures with at most k points,
k > 1, and prove a multiple large point phenomenon: the limit mea-
sure is concentrated on the cone of point measures with £+ 1 points.
We show how these results imply hidden regular variation in Sko-
rokhod space of the associated risk process, in connection with the
single/multiple large point heuristic from Rhee et al. (2019). Finally,
we provide an application to risk theory in a reinsurance model where
the k largest claims are covered and we study the asymptotic behavior
of the residual risk.

1. Introduction. Regular variation is a fundamental concept in the analysis of rare event
probabilities for heavy-tailed models that was widely popularized by Resnick (2007, 2008) and
finds natural applications in risk theory (Embrechts et al., 1997; Asmussen and Albrecher,
2010; Mikosch, 2010; Hult and Lindskog, 2011).

Regular variation was first considered on the finite-dimensional space R? and formulated
in terms of vague convergence on the compactified space E = [—o0, —i—oo]d. In such a context,
a random element X € R? is said to be regularly varying if there exists a positive sequence
a, — 00 such that

nP(a,' X €-) -5 u(-), asn — oo,

where — stands for vague convergence on E \ {0}. If the limit measure x concentrates only
on the axes F' = UL, ({0}~! x R x {0}97), we say that X has asymptotically independent
components. One can then wonder if some dependence among the components appears in
a different regime. The concept of hidden regular variation was introduced for this purpose
by Resnick (2002) and formulated in terms of vague convergence on the space £\ F of the
form nP(a;' X € -) - i(-). We refer to Heffernan and Resnick (2005), Maulik and Resnick
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(2004), Mitra and Resnick (2011) for further developments on finite-dimensional hidden regular
variation.

To go beyond finite-dimensional spaces, My-convergence on a general metric space was
introduced by Hult and Lindskog (2006); see also Hult and Samorodnitsky (2010) for the
seminal treatment of My-convergence on spaces of point measures. This notion avoids the
compactification procedure and replaces the compactly supported continuous test functions
from vague convergence by bounded continuous functions with support bounded away from
the origin. This results in an elegant theory that provides a convenient framework for regular
variation in infinite dimensional spaces. Infinite dimensional regular variation theory includes
the analysis of heavy-tailed stochastic processes (Hult and Lindskog, 2005, 2007; Hult et al.,
2005) or times series (Basrak and Segers, 2009; Dombry et al., 2018); see also the seminal
contributions on regular variation on infinite dimensional spaces in Araujo and Giné (1980),
Giné et al. (1990) and de Haan et al. (2001).

In order to consider hidden regular variation in a function space, the theory of M-convergence
was further extended in Lindskog et al. (2014) removing cones larger than the origin. The main
example provided there is the infinite dimensional space RS with application to hidden reg-
ular variation of Lévy processes in Skorokhod space D([0, 1], R). Rhee et al. (2019) provide
further ingight into the hidden regular variation for regularly varying Lévy processes and ran-
dom walks in connection with sample path large deviations. They propose a single/multiple
large jump heuristic where the limit measure in (hidden) regular variation is supported by the
cone of functions with one single (multiple) large jumps; see also Pinelis (1981) for a seminal
contribution on path-wise large deviations for heavy-tailed stochastic processes.

In this paper, we provide the first detailed analysis of (hidden) regular variation prop-
erties for point processes. Point processes are an important tool in applied probability and
stochastic modelling and are widely used in risk theory. The Lévy processes mentioned above
can be seen as functionals of Poisson point processes, so that one can expect to deduce the
regular variation of the former from those of the latter via a continuous mapping theorem.
For these reasons, we believe regular variation at the level of point process is an important
and fundamental conceptual tool. A first result stating the regular variation of Poisson point
processes with regularly varying intensity measure appears in Dombry et al. (2018) with a
single large point heuristic. We propose here an analysis beyond the Poisson case and consider
independently marked point processes (with regularly varying mark distribution) and succes-
sive hidden regular variation with different orders. We derive a general criterion for (hidden)
regular variation in terms of pointwise Laplace functional and apply it to several models of
increasing complexity: marked Poisson point processes, independently marked point processes
and triangular arrays of independently marked point processes. For all these models, a simi-
lar structure for successive hidden regular variation is discovered and a single/multiple jump
heuristic is proved.

The structure of the paper is the following. In Section 2, we set the necessary background
on measure spaces and regular variation following the lines of Lindskog et al. (2014). We
also settle the point process framework and provide in Theorem 2.5 a characterization of
hidden regular variation of point processes in terms of convergence of their Laplace functionals.
Section 3 states the main results of this paper on the successive hidden regular variation for
independently marked point processes. In Section 4, we use the continuous mapping theorem
to derive the hidden regular variation properties in Skorokhod space of the risk processes
associated to a marked point process. An application to a reinsurance problem is also discussed
with the asymptotic analysis of the residual risk after reinsurance of the largest claims. All
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 3
the proofs are gathered in Sections 5, 6 and 7.

Notation and shortcuts: In the following, [a] denotes the integer part of a, (a)y =
max(a,0) the positive part of a and a A b the minimum between a and b, for a,b € R. The
indicator function of the set A is denoted by 1 4. For a set A, intA, clA and A are respectively
the interior, closure and boundary of A. The equivalence of two real sequences u, ~ v, means
that u, /v, — 1 as n — o0; the notation wu, = o(v,) and u, = O(v,) mean respectively that
Un /vy, — 0 as n — oo and that u, /v, remains bounded as n — oco. We denote by e,(-) the
Dirac measure at  and by ® the tensor product of measures.

2. Background on measure spaces, regular variation and point processes. We
set up in this section the mathematical background necessary for this paper. We start by
defining the framework and notation for measure spaces and then turn to regular variation
and hidden regular variation, following the lines of Lindskog et al. (2014), Sections 2 and 3.
We finally present some background on point processes.

2.1. Background on measure spaces. We denote by (E,dg) a complete separable metric
space endowed with its Borel o-algebra B(F) generated by the open balls BET ={2 € E:
dp(z,2’) < r}, x € E, r > 0. When there is no confusion, we omit the superscript E and
write simply Bj ,. The r-neighborhood of a subset A C E is the open set A" of points that
are at distance less than r from A, that is A" = Uzc 4B, . We say that a subset B is bounded
away from A if BN A" = () for some r > 0.

The space of bounded continuous real-valued functions on E is denoted by Cy(E). The set
of finite Borel measures on E is denoted by Mj(E). A sequence of measures (i, ),>1 is said

to converge weakly to pu in M, (E), denoted py, Mo (B) p, if [ fdpn, — [ fdp for all f € Cy(E).
The Prohorov distance on My (FE) defined by

duy(B) (11, p2) = Tnf {11 (A) < pp(A%) + € for all A € B(E)}

metrizes weak convergence and, equipped with this metric, M(FE) is a complete separable
metric space; see Kallenberg (2017).

For F C E a closed subset, we denote by M(E \ F) the set of Borel measures y on E \ F
that assign finite mass on sets bounded away from F', that is, such that u(E \ F") < oo for
all 7 > 0. In the following proposition, corresponding to Lindskog et al. (2014, Theorem 2.2),
we provide equivalent characterizations of convergence in M(E \ F).

PROPOSITION 2.1 (Convergence in M(E \ F)). Let pn,p € M(E \ F). The convergence
tn — pin M(E \ F), denoted py, M(ﬂF) , is defined by the following equivalent properties:

i) for all f € Cy(E) with support bounded away from F,

/fd,un—>/fdu as n — oo;
E E

ii) for all A € B(E) bounded away from F,

p(intA) < liminf g, (A) < limsup i, (A) < p(clA);

n—oo
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4 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

iii) there exists a sequence r; | 0 such that pi — p" in Mp(E \ F") as n — oo, for each
i > 1, where p)i (resp. p't) denotes the restriction of py (resp. p) to E'\ F".

This notion of convergence is metrized by the distance

(2.1) plun, i2) = /0 Lo () A 1Y e

where p" denotes the restriction of p to E\ F" and p, the Prohorov metric on M(E \ F").
Furthermore, M(E \ F) endowed with the distance p is a complete separable metric space
(Lindskog et al., 2014, Theorem 2.3).

2.2. Background on regular variation. Regular variation intrinsically involves the notion
of scaling and cones. A scaling on a complete and separable metric space is a multiplication
by positive reals, that is a continuous mapping (0,00) X E — E satisfying

lz =z,
up(ugw) = (uqug)x, for all uy,ug > 0.
Equivalently, a scaling is a continuous group action of (0,00) on FE.

A cone is a Borel set F' C E that is stable under the group action, that is x € F implies
uzx € F for all u > 0. In the following, we assume that F' is a closed cone such that

d(z,F) < d(uz,F), forallu>1,x€ E\F,
where d(x, F') = inf{d(x,y) : y € F'} denotes the distance to the cone F.

DEFINITION 2.2 (Regular variation).

e A measure v € M(F\ F) is said to be regularly varying if there exists a positive sequence
a, — oo and a non-null measure p € M(E \ F') such that

nv(an,) — p(-) in M(E\ F).

When such a convergence holds, we write v € RV(E \ F, {a,}, ).

e An F-valued random element X defined on a probability space (€2,.4,P) is said to be
regularly varying on E \ F' if there exists a positive sequence a,, — oo and a non-null
measure 4 € M(E \ F') such that

nP(a,' X €-) — pu() in M(E\ F).
When such a convergence holds, we write X € RV(E \ F,{a,}, ).

Here, by abuse of notation, nP(a,, X € -) is seen as the restriction to E \ F of the rescaled
distribution of X; similarly we say that a measure v € My(FE) is regularly varying on E \ F if
its restriction to E \ F' is regularly varying.

There are many equivalent formulations of regular variation, another important one being
the convergence of

bov(n) — pu(-) or b,P(n™'X €-) — pu(-) in M(E\ F)
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 5

for some other positive sequence by, related to a, by ap,,| ~ bjg,) ~ n. Also the convergence
along integers m — oo can be reinforced into convergence along a real variable x — co. We
refer to Lindskog et al. (2014), Definition 3.2 and Theorem 3.1 for exhaustive statements.

An important consequence of regular variation is the existence of a regular variation index
« > 0 such that p is homogeneous of order —a < 0, that is

p(u-) =u %u(-) for all u > 0.

Then, (a,) and (by,) are regularly varying sequences at infinity with index 1/« and « respec-
tively, that is

a’TL’Lt bTL’LL
im =™ — /e and lim " — 4 for all w > 0.

n—00  (p n—oo O

Importantly, regular variation not only gives a rate of convergence for rare events probabil-
ities of the type P(X € xA) for large = > 0 but also provides the typical behavior of X given
the rare event X € xA. This is formulated in terms of a conditional limit theorem, as in the
following proposition.

PROPOSITION 2.3. Let X € RV(E \ F,{an}, 1) and A € B(E) be bounded away from F
such that p(A) > 0 and u(0A) = 0. Then, as © — oo,

n(AN-)

Plz'X € | X € 2A) — pa(-) == (A

in My(E).

The next proposition will be crucial in our proof of Theorems 4.1 and 4.3. It states a
regular variation criterion similar to the well known second converging together theorem for
weak convergence (see Billingsley (1968) Theorem 4.2 or Resnick (2007) Theorem 3.5) and is
especially useful when combined with truncation arguments.

PROPOSITION 2.4. Let E be a complete separable metric space and constder E-valued
random variables X and Xy, ,m, n,m > 1. Let ' C E be a closed cone. Assume that there is a
positive sequence (a,) and k > 1 such that:

i) for each m > 1, nFP(a; ' Xpm € ) — pm(?) in M(E\ F) as n — oo;
i) pm —> win M(E\ F) as m — oo;
iii) for alle >0, r >0

lim limsup n*P(d(ay, Xpm, a; ' X) > €, d(ay Xy, F) > 1) = 0

n
m—00 n—o00

lim limsupnkIP)(d(a_anym,ang) >e,d(a;'X,F)>r)=0.

m—o0 noo "
Then, n*P(a,* X, € -) — p(-) in M(E\ F) as n — oo.

Remark that Proposition 2.4 holds replacing the normalizing sequence n* by any increasing
function of n say (I,). The proof of Proposition 2.4 in Section 7.1 generalises effortless to this
more general case.

We finally provide some intuition on successive hidden regular variation. Most often, regular
variation is used when F' = Fy = {0} is reduced to a single point 0, called the origin of E and
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6 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

satisfying w0 = 0 for all w > 0. Then, for an E-valued random variable X, X/n converges in
distribution to 0 as n — co. This limit theorem is quite uninformative since it simply states
that P(X/n € A) — 0 for all Borel sets A bounded away from 0. It is hence sensible to rescale
these probabilities and consider the convergence b,P(X/n € -) — puo(-) in M(E \ Fp). This
implies roughly P(X/n € A) ~ up(A)/b, and is much more informative, provided po(A) > 0.
When p0(A) = 0, it is natural to look for a higher order scaling b'") such that bg)/bn — 00.
The support of the homogeneous measure pg is a closed cone Fy such that pg(A) = 0 for all
A bounded away from Fj. This leads us to consider the convergence bg)P(X /ne )= ()
in M(E \ F1). This procedure can be repeated and we may obtain successive hidden regular
variation of the form

(2.2) VOP(n X €-) = up(-) in M(E\ F}), k>0,

n

where (F})x>1 are increasing cones, p, € M(E \ F}) are measures with disjoint supports and
bgk) > 0 are rate functions such that lim,, b,(lk) / b%kil) = 00

These successive regular variation results can also be formulated in terms of large deviations
as in Rhee et al. (2019), Theorem 3.2. For a Borel set A C E \ {0}, define

K(A) =max{k >0: ANF, =0} and Z(A) = pxa(4).
The successive regular variation from Equation (2.2) is equivalent to the large deviations

Z(intA) < liminf bAP(n=1X € A) < limsup bXP(n~1X € A) < Z(clA),
n—o0 n—oo

for all Borel set A C E'\ {0} such that K(A) is finite with A bounded away from Fj(4). In
the following, we use mostly the terminology of regular variation instead of large deviations.

2.3. Background on point processes. We refer to Daley and Vere-Jones (2003, 2008) and
Snyder and Miller (1991) for a complete review of point process theory.

Given a complete separable metric space E and a closed subset F' C E, we have seen that
the measure space M(E \ F') endowed with the metric p is a complete and separable metric
space. The subset N (E\ F) of N-valued measures is the subset of point measures of the form
T = icrEx;, Where the x;’s are in E'\ F and I is a countable index set. The condition that
7 is finite on subsets that are bounded away from F' implies that the family (x;);cs is at most
countable and any accumulation point must belong to F. The mapping x — €, defines an
isometric embedding E\ F — N(E \ F).

Kallenberg (2017) shows that N (E'\ F') is a closed subset of M(E'\ F') and hence a complete
separable metric space. A point process in E'\ F is a random variable with values in N (E\ F),
that is a measurable application from some probability space (Q, F,P) into N (E\ F) endowed
with its o-algebra. When E is equipped with a scaling function, a natural scaling induced on
N(E\F) is

ur = sti, u>0, = ZEM eN(E\F).
il iel
That is, the multiplication acts on each point of the point measure. Using this structure, one
can define regularly varying point processes. It has been shown in Theorem 3.3 in Dombry
et al. (2018) that if IT is a Poisson point process on E \ {0} with regularly varying intensity
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 7

measure v € RV(E \ {0}, {an}, p), then II is regularly varying in N'(E \ {0}) with sequence
(an) and limit measure p* defined as the image of p under x — £,, that is

1 (B) = /E L empl(de), BeBW(E\ {0}).

In this paper, we extend this result in several ways: we obtain successive hidden regular
variation not only for Poisson point processes with F' = {0}, but for general independently
marked point process with regularly varying mark distribution.

Our results are based on a criterion for regular variation in N (E \ F)) extending Theorem
A.1 in Dombry et al. (2018). For brevity, we note here N' = N (E '\ F). For k > 0, we consider
the closed cone N C N of point measures with at most k points that is

p

=1

When k = 0, Ny = {0} is reduced to the null measure. For u* a Borel measure on N, we
denote by B, the class of Borel sets A € B(FE) that are bounded away from F' and such that
p*(w(0A) > 0) = 0. The following theorem provides a criterion for convergence in M(N \ Ny)
in terms of finite-dimensional distributions and Laplace functional.

THEOREM 2.5 (Convergence in M(N \ NVy)).
Let k > 0 and p*, puf, 13, ... € M(N \ Ni). The following statements are equivalent, where
convergences are meant as n — oQ:

(i) py —> 1" in MN\ Ny);
(i1) for allp > 1, Ay,..., Ay € By and (mq,...,my) € NP such that > 8_ m; > k+1,

ph (m(A) =my, 1<i<p)—p*(m(A) =mi, 1<i<p);

(113) there exists a decreasing sequence r; | 0 such that

/A[e7T(f)]]_{W(E\Fri)>k+1}u:<dﬂ')—)/\[eW(.f)]l{ﬁ(E\FTi)>k+l},U/*(dﬂ')a

for all bounded Lipschitz functions f : E — [0,00) vanishing on F"i and where w(f) =

fE f(x)m(dx).

As a consequence of a standard approximation argument, when (ii7i) holds for bounded
Lipschitz test functions f : E — [0,00) vanishing on F"%, it holds also for all f € Cp(E)
vanishing on F". Furthermore, when & = 0, we retrieve exactly Theorem A.l in Dombry
et al. (2018) since (7i7) is then equivalent to

(2.3) /N (l—e_”(f)>,u;(d7r) — /N <1—e_”(f)) p*(dr),

because the contribution of the event {7m(E \ F") = 0} in the integral vanishes since f is
supported by E \ F".
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8 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

3. Regular variation for marked point processes. The simplest example from risk
theory we want to consider is the Poisson point process Il on E = [0,T] x [0,00) with fixed
T > 0 and intensity A(dt)v(dz), where A is a finite measure on [0,7] and v a probability
measure on (0,00). Then II has finitely many points almost surely and can be represented as

N
0= em.x,)
=1

Each point (T}, X;) represents a claim occuring at time 7; with size X; > 0. The random
variable N defined as N := #{i > 1:T; < T} denotes the total number of claims up to time
T which is here Poisson distributed with mean A([0, 7). The arrival times 77 < --- < Ty form
a Poisson point process with intensity A on [0,7]. The claim sizes Xi,..., Xy distributed as
v are independent of the claim number and arrival times. We consider regular variation of the
Poisson point process II when the claim size distribution v is regularly varying.

For the purpose of generality, we consider the more abstract and general framework where
E =T x X is the cartesian product of two complete and separable metric spaces (7, d7) and
(X,dx). We think of 7 as the time component and X as the space component. We equip E
with the distance

dp(z,2') = dr(t,t') + dx(z,2")

for z = (t,x),2 = (t',2') € E = T xX. The induced scaling on F is defined by u-(¢, ) = (¢, ux)
foru > 0,t €T,z e X. That is the scaling operates on the space component only. We also
assume that X possesses an origin noted Oy, or simply 0 when no confusion is possible. The
subset F' =T x {0} C E is a cone representing the time axis. Note that the r-neighborhood
of Fis simply F" =T x B[j‘jr.

We develop a regular variation theory in N' = N(E \ F) for independently marked point
processes of the form

N
(31) II = Zg(Tini)
i=1
where
N
(3.2) U=> e
i=1

is a finite point process on T representing the claim arrivals and, independently, X, Xo, ...
are i.i.d. random variables on X"\ {0} with regularly varying distribution v. We consider three
particular situations, namely, marked Poisson point processes, independently marked point
processes, and triangular arrays of independently marked point processes.

3.1. Regular vartation for marked Poisson point processes. We first focus on the simple
situation of a marked Poisson point process, that is the base point process ¥ in Equation (3.2)
is a Poisson point process on 7 with finite intensity measure A € M(7). Then II is a Poisson
point process with product intensity measure A®v. Recall the notation F = T x X, F = T x{0}
and N = N (E \ F) the space of point measures on E \ F. For k > 0, N}, C N denotes the
closed cone of point measures with at most k points.
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 9

THEOREM 3.1 (RV for marked Poisson point processes). Consider II a Poisson point
process on E\ F with intensity \(dt)v(dz) where A € My(T) and v € RV (X \ {0}, (an), ).
Then, for k >0,

(3.3) nfF Pl e ) — i1 (5) an M(N \ Ng),

where the limit measure py,_ , is non-null and given by

. 1

Equivalently, Equation (3.3) can be rephrased in terms of regular variation as
IT € RV(N \ Ay, {a[nl/(kﬂ)}}a MZ-H)
or
(3.5) BEIP(n M TL € ) — i () in MOA\ AG)

where by, is such that by,v(n-) — p(-) in M(X \ {0}). If @ denotes the regular variation index
of v, then II is regularly varying in '\ N} with index (k + 1)a.. The limit measure pj ; is
the image of (A ® p)®**! under the mapping

k+1
(2’1,. . .,Z]ﬁq) e M — Zﬁzi eN
i=1

and is concentrated on the cone of point measures with exactly k + 1 points.

Theorem 3.1 provides successive hidden regular variation as discussed in Section 2.2 and
can be interpreted as a single/multiple large point heuristic, see Rhee et al. (2019). For k = 0,
the regular variation writes b,P(II/n € -) — pj(+) in M(N '\ {0}). This is a single large jump
heuristic since the limit measure is supported by the cone N7 of point measures with at most
one point. Removing this cone, we obtain hidden regular variation with index 2« in M(N\N7)
and the convergence b2P(I1/n € -) — u3(+). This is a multiple large jump heuristic with two
large points and p3 is supported by the cone Na. Removing the cone N2, we obtain hidden
regular variation with index 3« in M(AN \ N2) and so forth.

3.2. Independently marked point processes. The results on regular variation for marked
Poisson point processes are extended to general independently marked point processes as
defined in Equation (3.1). For k > 1, the k-th factorial moment measure of the base point
process U = Zf\il e, is defined by

My(A) =E [\I/(k) (A)} . AeBXh),

where

k) _
pk) — Z E(Tyy 5Ty,
1<iy# i <N

is the k-th factorial power of W. The k-th factorial moment measure M is finite if and only

if N has a finite moment of order k, see Daley and Vere-Jones (2003) Chapter 5.2 for more
details on these notions.
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10 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

THEOREM 3.2 (RV for independently marked point processes). Consider the independently
marked point process 11 defined by Equation (3.1) with v € RV (X \ {0}, (an), p). Assume that,
for k > 0, the base point process VU has a finite and non-null (k + 1)-th factorial moment
measure My1. Then,

(3.6) nFHP(a, T E ) — g () in MON \ NG,
with non-null limit measure defined, for B € BN\ Ny), by

" 1
(37) /~Lk+1(B) = — /E'k+1 ]].{Zk+1 E(ti,xi)eB}Mk+1(dt1’ - ,dtk+1) ®i‘€i11 /,L(dx,)

(k+1)! i=1
Theorem 3.2 is indeed a generalization of Theorem 3.1: for a Poisson point process ¥ with
finite intensity measure A, the k-th factorial moment measure is finite for all £ > 1 and equal
to My, = A®* so that Equations (3.4) and (3.7) agree.

ExamprLE 3.3. We provide an application of Theorem 3.2 and consider a stationary re-
newal point process on R observed on a finite time window 7 = [0, 7] and regularly varying
marks on X. The distribution of the point process is completely determined by the inter-arrival
distribution G on (0,00) assumed to have a finite first moment 7 > 0. The construction is
as follows, see e.g. Daley and Vere-Jones (2003, Chapter 4.2) for more details. Let (73);>1 be
a sequence of positive random variables (arrival times) such that T; follows the equilibrium
distribution Gey(dt) = 771tG(dt) and the inter-arrival times Tj41 — T, i > 1, are i.i.d. with
distribution G and independent of 7. The number of arrivals up to time ¢ is given by the
counting process N(t) = > ;5 Li1,<4), t > 0, and the renewal point process observed on the

finite window [0, 7] is the finite point process ¥ = Zz]i(lT ) er,. The existence of a first moment
7 > 0 for G and the choice of the initial distribution 71 ~ G¢, ensure that ¥ has intensity
measure M (dt) = 771dt. For the sake of simplicity, we assume that G has density ¢ so that
the renewal measure U = > .., G* has Radon-Nikodym derivative u = > 22, ¢*. Renewal
theory yields the following expression for higher order factorial moment measures:

Mk(dtl, ce ,dtk) = T_lu(t(g) — t(l)) ce u(t(k) — t(k_l))dtl ce dtk k > 2,

with £(1) < ... < () the order statistics pertaining to (t1,...,%x); see Daley and Vere-Jones
(2003, Example 5.4.b p 139). Then Equations (3.6) and (3.7) provide formulas for the successive
hidden regular variation of the marked point process II = szi(lT ) E(T,,X;)-

A completely explicit example is given by the inter-renewal distribution G(dt) = g(t)dt with
Gamma density g(t) = te*t]l[oyoo) (t) and first moment 7 = 2. The convolution property of the
Gamma family entails g*/(t) = t*~le=!/(2i — DM,y (t). We deduce the renewal density
u(t) =(1— e*Qt)/2]1[0,oo) (t) by recognizing the hyperbolic sine in the power series. For k = 2,
the factorial moment is given by

1
MQ (dtl, dtg) = Z (1 — 6_2(t(2)_t(1))> dtldtg.

Observe that the factorial density vanishes on the diagonal t; = to which corresponds to a
repulsive effect compared to the Poisson case; see also Example 4.11, where further calcula-
tions for higher factorial moment measures are given. This simple explicit example could be
generalized to the class of matrix-exponential distributions for which the renewal density is
available in analytic form, see Asmussen and Bladt (1997) Theorem 3.1 for more details.
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 11

3.3. Marked point processes based on triangular arrays. 'This section is motivated by the
following simple situation. When E = [0,7] x [0,00), consider i.i.d. claim sizes X; and a
finite deterministic number of claims m arising at discrete times 7; = Ti/m, i = 1,...,m.
We are interested in the asymptotic regime when m = m, — oo and the regular varia-
tions in this regime. A singular feature of the arrival times is that the empirical distribution
my ST €41/, converges weakly as n — oo to the uniform distribution on [0, 7.

The general abstract setting is the following: on £ = T x X, we consider a sequence of
independently marked point processes

Nn
(38) Hn = ZE(TZ'”yXi)’ n > ].,
=1

where the number of points N,, is random with finite expectation E[N,] = m,, and m,, — oo
as n — oo, the arrival times are given by a triangular array of 7-valued random variables
{T7*,n > 1,1 < i < N,} and, independently, the marks X; are i.i.d. with distribution v
on X\ {0}. We assume no independence in the triangular array, but we suppose the weak
convergence in probability of the empirical distribution to a probability measure A, that is

Nn
M
(3.9) my, W, = m, ZET{L 2\ i probability as n — oo.

i=1

The main difference from the previous Sections 3.1 and 3.2 is that the mean number of points
m, = E[N,] tends to infinity as n — oo whereas it was previously fixed. We prove in the
following theorem that similar regular variation results still hold, but with different rates.

THEOREM 3.4 (RV for sequences of marked point processes based on triangular arrays).
Consider the sequence of independently marked point processes Il,,, n > 1, defined by Equation
(3.8). Assume that v € RV (X \ {0}, (an), p) and that Equation (3.9) holds. For k > 0, assume
that (N, /my,)F*Y, n > 1, is uniformly integrable. Then,

(3.10) nkHIP’(a;T}MHn € ) — ppyq(-)  in MN \ Ny),

with non-null limit measure py as in Theorem 3.1 Equation (3.4) and anm, = Qjpm,,]-

In the following examples, we apply Theorem 3.4 interchanging the roles of the sequences
(my,) and (n) in order to compare the result with classical large deviation principles.

ExamPLE 3.5. Consider a probability measure A € M,(7) and the binomial point process
M, = >3i" €1y, x,), with the (T3, X;), 1 < < n iid. with distribution A ® v. By the law
of large numbers, Equation (3.9) holds interchanging the roles of the sequences (m,,) and (n)
and with T)' = T;. If v € RV (X \ {0}, (an), i), Theorem 3.4 provides the convergence
(3.11) mEHP(a,) M, € ) — piyg () in MWV \N), k>0,

for any sequence m,, — oo as n — oo, with uj_ ; as in Equation (3.4).

ExAMPLE 3.6. A typical situation where Theorem 3.4 applies is when 7 = [0,7] and
T!" =iT/n, 1 <i < n interchanging the roles of the sequences (my,) and (n) as above. Then
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12 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

Equation (3.9) holds with A the uniform distribution on [0,7]. If v € RV(X \ {0}, (an), i),
it is well-known that II, = >, E(iT/n,X;) Suitably rescaled converges in distribution to a

Poisson point process (Resnick, 2007, Theorem 6.3). More precisely, a,, 'II,, 4 Min N, with
IT a Poisson point process with intensity A ® p. Theorem 3.4 considers the large deviation
regime and states the regular variation properties of II,, as in Equation (3.11). In particular
when « > 1 and using the notation of Equation (3.5) we obtain

(/)M P(n I, € ) — ph () in MV \NE), k>0,

To be even more specific, assume that the marks (X;);>1 are i.i.d. with Pareto distribution v,
ie. v((z,00)) =P(X; > ) =27 x> 1, a > 1. Then byv(n-) — p(-) in M(X \ {0}) with
sequence b, = n® and we obtain the large deviations of II,, with successive rates pkt1)(a=1)

EXAMPLE 3.7. A slightly more complex situation is based on a stationary renewal sequence
(T3)i>10on T = [0,00). As in Example 3.3, we assume the inter-arrival times T;—T;_; to be i.i.d.
with finite mean 7 > 0. We observe the process on a growing window [0,nT], T > 0, n > 1.
Let N,, = N(nT) be the number of arrivals up to time nT and T)* = T;/n, 1 < i < N,. By

stationarity, m,, = E[N,] = nT /7. Renewal theory ensures that m_ ¥, = m, ! ZN(HT €T, /n
converges to the uniform distribution A on [0, 7] so that assumption (3.9) holds Furthermore,
E[(N,/m»)*] — 1 for all & > 0 which implies the uniform integrability assumptions, see
Exercise 4.1.2 in Daley and Vere-Jones (2003). Theorem 3.4 states the successive regular

variations of II,, = Zf\;(lnT) g1y /m,x;): if v € RV(X \ {0}, (an), ), then

WP (g, T € ) — pig () in MOV \ NG
4. Applications.

4.1. Regular variation of risk processes in Skorokhod space. We focus on risk processes
that are based on marked point processes on 7 x X = [0,T] x [0, 00). Recall that the marked
point process

N
E €(T;,X5)

represents the situation where N claims arise on [0,7] at times 0 <77 < --- < Tx < T and
with sizes X1,..., Xy > 0. In other words, N is an integer-valued random variable defined
as N = #{i > 1:T; < T} that is finite almost surely. We focus here on the associated risk
process defined as

(4.1) R(t)=> X<y, te[0,T).
i=1

For an insurance company, it models the evolution over time of the total claim amount. When
the claim arrival times 77 < --- < T form an homogeneous Poisson point process and the
claim sizes are i.i.d., (R(t))o<t<7 is a compound Poisson process. More generally, we consider
the case when II is an independently marked point process as in Section 3.2. The risk process
R is a pure jump process and can be seen as a random element of the Skorokhod space
D = D([0,T],R) of cad-lag functions. Recall that endowed with the Skorokhod metric, D is
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 13

a complete separable metric space, see Billingsley (1968, Chapter 3). We define Dy, C D the
closed cone of cad-lag functions with at most k discontinuity points (or jumps) on [0, 7.

In the next theorem, we derive the (hidden) regular variation properties of the risk process
R on D from the regular variation properties of II on N. The statement is very similar to
Theorem 3.2 and is in fact derived from it using a continuous mapping theorem together with
technical truncation arguments relying on Proposition 2.4.

THEOREM 4.1.  Let T xX = [0,T]x[0,00) and II be an independently marked point process
on T x X as defined in (3.1). Assume v € RV([0,00) \ {0}, {an}, ) with p(dz) = az=*"ldx
for some a > 0. Let k > 0 and assume ¥ has a finite and non-null (k+1)-th factorial moment
measure noted My1. Then

(4.2) nfP(a, 'R e ) — pf, () in M(D\ Dy),
with non-null limit measure defined, for B € B(D \ D), by

43) i = [ V), en M@t di) 91 dn)

The limit measure “k#+1 is the image measure of i, defined in Equation (3.7) under the

mapping

™= Zé(ti,mi) eEN— (Z xi]l{tigu}> eD

il i€l 0<u<T

with I a countable index set. In the case k = 0, DDy is the space of continuous functions on
[0,7] and Theorem 4.1 provides hidden regular variation in I \ Dy with a single large jump
heuristic: in this regime, the rescaled distribution of the risk process R converges in M(ID\ Dy)
to /ﬁf which is concentrated on the cone of cad-lag functions with exactly one jump. For k > 1,
we obtain successive hidden regular variation and multiple large jump heuristics: removing the
cone D, we obtain a limit measure :“k#+1 concentrated on the cone of cad-lag functions with
k + 1 jumps. This is closely related to the results by Rhee et al. (2019).

REMARK 4.2. The cone Dy, is in fact larger than the exact support of uk#. Indeed, in view
of Equation (4.3), the support of uk# is the cone of pure jump process with exactly k£ jumps.
Let us denote by Ji, k£ > 0, the cone consisting of pure jump functions with at most k jumps.
In comparison, Dy, is the cone of cad-lag functions with at most k jumps and is strictly larger
than Ji. When considering successive hidden regular variations as discussed in the end of
Section 2.2, we should rather consider the increasing sequence of cones Ji, & > 0, instead of
the sequence Dy, k > 0. Such results are stronger but harder to establish. In Corollary 4.8
below, we cover the triangular array case in connection with an application to reinsurance.

The next theorem considers risk processes built on triangular arrays. Let II,, n > 1, be
the sequence of marked point processes defined by Equation (3.8), where for simplicity N,, =
E[N,] = m,, is deterministic. When a > 1, it is as usual necessary to center the risk process

and we consider
Mn

Rn(t) = Z(XZ - C)]l{Ti"St}v te [OaT]an > 1,
i=1
where ¢ = E[X] if X has a finite expectation and ¢ = 0 otherwise.
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14 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

THEOREM 4.3. Let T x X = [0,T] x [0,00) and II,,, n > 1, be the sequence of marked
point processes defined by Equation (3.8). Assume V,, satisfies assumption (3.9) and the reqular
variation condition v € RV([0,00) \ {0}, {an}, n) with u(dz) = az="dx for some a > 0.
Depending on the value of o > 0, we assume furthermore:

-EXy <o ifa=1;
-EXE <0 ifa=2;
- a2y, [Ty — 00 as n — 00 if a > 2.

Then, for k>0,
(4.4) nFP(aph Ry € ) — (1) in M(D\ Dy),
with ,uz:l given by Equation (4.3).

ExampLE 4.4. We consider the setting of Rhee et al. (2019). Let (X,,(t))o<t<1 be a Lévy
process with Lévy measure v and jump part

Tn(t) = />1 N ([0, nt] % dz)

where N is the Poisson random measure with measure Leb ® v on [0,n] x (0,00) and Leb
denotes the Lebesgue measure. Then J,(t) is a compound Poisson process and its centered
version J,, is tail equivalent to the centered version of the Lévy process X,,; see Proposition 6.1
of Rhee et al. (2019). The process J,, is close to R, when approximating the number of jumps
N([0,n] x [1,00)) by its expectation n, interchanging the roles of m,, and n and considering
T as in Example 3.7 for ' = 7 = 1. Theorem 4.3 yields

nMmn

mEP(a,) R, €-) — uk#ﬂ(-) in M(D\ Dy,) .

This is the one-sided large deviation principles for centered Lévy processes of Rhee et al.
(2019) considering (m;,) so that aum,, ~ n, i.e. my, ~ (nv(n,00))™! — oo as n — oco. It shows
that X,,, J, and R, satisfies the same one-sided large deviation principles.

REMARK 4.5. Some remarks on the conditions of Theorem 4.1 are in order.
The integrability conditions for « = 1 or o = 2 could be dropped thanks to extra classical but
technical arguments. For the sake of simplicity, we focus on the integrable cases only.
Because the sequence (a,,) is regularly varying with index 1/c, the condition a2, /m, — oo
is satisfied as soon as @ > 2 and m,, = o(n?) for some p < 2/(av — 2). This ensures that the
growth m, — oo is not too fast.

REMARK 4.6. When o > 1, the centering is not necessary under the extra assumption
Anm,, /My — 00. That is the risk process Ry (t) = > i Xiln<yy satisfies

nF I P(aph Ro € 2) — pjf, (1) in M(D )\ Dy).
This is immediately derived from Equation (4.4) because the magnitude of the centering term

is bounded by my,/anm, — 0. Note that the condition ayy,, /m, — oo holds as soon as a > 1
and m,, = o(n?) for some p < 1/(a — 1).
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 15

4.2. Reinsurance of the largest claims. We provide in this section an application of the
preceding results to risk theory with the study of a reinsurance model. The reader may find
an exhaustive review of risk theory and the mathematical issues that it raises in Asmussen and
Albrecher (2010) and Mikosch (2010). We focus on a reinsurance treaty of extreme value type
called the largest claims reinsurance. Assume that at the time the contract is underwritten,
say t = 0, the reinsurance company guarantees that it will cover the k largest claims over the
period [0, T]. For a risk process of the form (4.1), the contract covers the risk

k
Rf =) Xnipi-in,
i=1
where Xq1.ny < -+ < Xpn.n denote the order statistics of Xq,..., Xn. The value RZF is known

only at time T and, during the contract life, the covered risk evolves as
k
Rf(t) = ZXN(t)Jrlfi:N(tﬁ t€[0,T],
i=1

where N (t) = Zfil 1{7,<4y is the number of claims up to time ¢ and Xy.x) < - < Xy():nv()
the order statistics of X1,..., X;). We use here the convention X ;) 41—i.n@) = 0ifi > N(2).
The subscriber of the contract needs to assess its residual risk

N—k
R, = Z Xi:N
i=1

that is not covered by the reinsurance treaty and its evolution over time is

N(t)—k
Rl;(t) = Z Xi:N(t)v te [07T]
=1

Our results state the regular variation properties of the residual risk R, . The following
proposition is crucial in our approach. When k = 0, it states that the sum of independent reg-
ularly varying random variables has the same tail behavior as their maximum. For non-ordered
random variables, the result has been shown in Tillier and Wintenberger (2018) Proposition
7 under similar moment conditions. To our best knowledge, the more general statement with
random number of terms N and arbitrary order statistic £ > 0 is new.

PROPOSITION 4.7. Let (X;)i>1 be i.i.d. non-negative random variables with cumulative
distribution function F', assumed to be regqularly varying with index o > 0. Independently,
let N be random wvariable with values in N. Assume E[Nk“] < 00, and, if a > 1, assume
furthermore that E[NP] < oo for some p > (k+ 1)a. Then,

3 E[N+1) -
P ;Xi;]\/>m NP(XN—k:N>$)NW(1—F($)) ,  as T — 00,

with B[N = E[N1/(N — k — 1)!] the (k + 1)-th factorial moment of N.
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16 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

Interestingly, we have the relationships

N—k
(4.5) Xy_py =2d(R,Dy) and > Xy =d(R,Ip),
=1

where d is the Skorokhod metric, Dy, is the cone of cad-lag functions with at most k jumps (see
Lemma 6.1 below) and Ji is the cone of piecewise constant cad-lag functions with at most k
jumps. Proposition 4.7 states that, for large x, the events {d(R,Dy) > z/2} and {d(R,J;) > x}
are asymptotically equivalent (note that one inclusion always holds). As a consequence, we
obtain the following corollary.

COROLLARY 4.8. Assume that the assumptions of Theorem 4.1 are satisfied. When o >
1, assume furthermore that E[NP] < oo for some p > (k + 1)a. Then, the conclusion of
Theorem 4.1 holds with D\ Dy, replaced by D\ J.

In terms of successive hidden regular variations, it is sensible to work with Ji instead of
Dy because the support of uk# is exactly Ji. From a technical point of view, the results are
stronger and more difficult to establish in D\ J; because the distance d(R, J) involves a sum
of order statistics so that extra integrability conditions are required to control the sum.

Going back to our original problem of largest claims in reinsurance, we deduce from Corol-
lary 4.8 the following results.

PROPOSITION 4.9. Assume that the assumptions of Theorem 4.1 are satisfied and note
F(z) = v(lz,00)), © > 0. When o > 1, assume furthermore that E[NP] < oo for some
> (k+ 1)a. Then:

i) (regular variation) The residual risk satisfies

EUv%+H]

]P’(R,;>x)~m

(1—F(z)*, asz — oo

i) (conditional limit theorem) The typical behavior of the risk process given a large residual
risk 1s given by

k+1
IP’(x_lRE | R, >x —>]P’ (ZZ]I{S<t}> €|, asx— 00,
t€[0,T]
where —% stands for weak convergence in Skorokhod space D, Zy,...,Zy1 are i.i.d.
with standard o-Pareto distribution and, independently, (S1,...,Sk+1) has distribution

A4k+1(d81,...,d5k+1)/ﬂ4k+1q0,jqk+1)
i11) (residual risk monitoring) Assume that My o is finite and non-null and that both My,
and Mo are continuous measures. If o > 1, assume furthermore that E[NP] < oo for
some p > (k+2)a. Then, for all0 <ty <t; <T and u > 1,
lim lim (1 — F(2))'P (R}, (t1) > uz | x < R}, (ty) < (1 +¢)x)

e—0x—00
M4 ([0, to]* x (to, t1])

(46) = ((u — 1) e (g — 1) — 1)+) .
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HIDDEN REGULAR VARIATION FOR POINT PROCESSES 17

The third item allows to monitor the residual risk during the contract lifetime and assesses
the risk of a larger loss at time t; > tg given that the loss is approximately x at time tg. The
regular variation of the conditional probability with respect to the null event R, (t9) = x does
not follow from Corollary 4.8 explaining why we introduce the approximate conditioning with
e —=0.

ExAMPLE 4.10. In the simple case of a compound Poisson process when the claims occurs
according an homogeneous Poisson point process with intensity 7=! > 0, the results from
Proposition 4.9 simplify as follows. The residual risk is regularly varying such that

(k1) k41

IP’(R,;>:E)NW

(1—F(z)"! asz — .

The limiting conditional risk process in item i) corresponds to k+1 independent claim arrivals
with occurence times S, ..., Sk11 uniform on [0, 7] and independent magnitudes Z1, ..., Zxi1
with standard a-Pareto distribution. Finally, the limit in Equation (4.6) equals

(t1 —to) (k41 -
B (w0 (1))
More details on the calculations of the factorial moment measures are given in the following

example.

EXAMPLE 4.11. Continuation of Example 3.3. In the case of a renewal /reward process on
[0, T] when the claims occur according to a stationary renewal point process with mean inter-
arrival time 7 > 0, Proposition 4.9 entails the following results. The residual risk is regularly
varying such that

P (R, > ) ~mya(1 — F(x))*1  asz — oo,

with my the factorial moment of N(T') of order k + 1 given by
M1 = / T_lu(t(g) — t(l)) e u(t(k+1) — t(k))dtldtQ s ditggr.
[0,T]k+1

Then the limit distribution of the conditional risk process arising in point %) is the distribution
of Zfill Zilys,<py, t €[0,T], where (S1,...,Sky1) has density
My T ul(s(@) = 5w) - uSwen) = s L,y (5)

and, independently, Z1,..., Z;+1 are ii.d. with standard a-Pareto distribution. Finally, the
residual risk monitoring Equation (4.6) holds with

k+1Y) _ -1 — - —
Mk+1 <[0, to] ) = /[‘07to]k+1 T u(s(g) 8(1)) u(s(k-+1) s(k))dsl ces d8k+1,
Mk+2 ([0, to]kJrl X (t(), tﬂ) = / Tﬁlu<8(2) — 8(1)) ce u(s(k-JrQ) — S(k+1))d81 e .d8k+2.
[0,t0]*F1 X (to,t1]

In the explicit case g(t) = te™ "1}y +(t) mentioned in Example 3.3, u(t) = (1—e™2") /21y o) (t)
and we compute

1 1
=72 - (2T — 1+ %),
my = 7 8( +e )
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Furthermore, for k = 1, Equation (4.6) holds with

1 1
M ([0, 1)) = 1§ = £ (€70 =1+ 2t),
1 1 _
Ms ({O,t0]2 X (to,tl]) = gt(%(tl — to) — E(tl — to)(e 2o _q + 2t0)
1
35 (€77 — 1) (toe ™0 e 4 g — 1),

Letting to — 07 in the limit of Equation (4.6) we obtain the expression

(e—2t1 12t — 1) ((u _ 1)—(k+1)a + ((u —1)7* - 1)+> , t1 > 0.

=

It should be compared with the expression obtained in Example 4.10 for the Poisson process
with mean inter-arrival 7 = 2, letting to — 07,

%1 ((u — 1)~y (g —1)7 — 1)+) , t1 > 0.

The lower residual risk monitoring for the Gamma distributed inter-arrivals renewal process
may be seen as a consequence of the repulsive effect.

5. Proofs related to Section 3.

5.1. Proof of Theorem 3.1. For the proof of Theorem 3.1, we need the following lemma
that characterizes the convergence of the tensor product of measures in M(E \ F'). We recall
that E =T x X and F =T x {0}.

LEMMA 5.1.  Assume v, — pu in M(X \ {0}) and A € My(T). Then for k > 1, we have
A@v)® = W@ in MER\ UL, (B! < F x BF)).

Proor oF LEMMA 5.1 . Let f : E — R be a continuous bounded function vanishing on
F" =T x By, for some r > 0. Possibly replacing r» > 0 by a smaller value, we can assume
vn(B§,.) — p(B§,) (see Theorem 2.2 (i) in Hult and Lindskog (2006) that asserts that this
convergence holds for all but countably many r > 0). By Fubini-Tonelli theorem,

[ ) = /T ( /X » f(t,x)un(dx)> A(d).

For all t € T, the function  — f(¢,x) is bounded continuous and vanishes on By, so that
the convergence v, — p in M(X"\ {0}) implies from Proposition 2.1 that

/ f(t, z)vp(dz) — flt,x)u(dx) asn — oc.
X\{0} x\{0}

Furthermore, since f is bounded, say by M > 0, and since vy, (B ,.) — p(Bg ) is also bounded,
say by L > 0, we have

/ ft, x)vp(do)
x\{0}
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Lebesgue convergence theorem finally entails

[t z)Mdt)vn(dz) — [t z)A(dt)p(dz),
E\F E\F

proving the convergence A®v, - A@pu in M((E\ F'). A direct application of Rhee et al. (2019,
Lemma 2.2) ensures that, for k > 1,

(5.1) MA@ — Ao inM (Ek \UE (B x F x E’H> .
O

We are now ready to prove Theorem 3.1. For the sake of clarity, we begin with the proof
of regular variation in the case k = 0, before considering hidden regular variation in the case
k> 1.

PROOF OF THEOREM 3.1, CASE k = 0. The proof uses similar arguments as in Theorem
3.3 in Dombry et al. (2018). We have to show that

nP(a '€ -) — pi(-) in M(NV\ {0}).

According to Theorem 2.5 Equation (2.3), the convergence holds if and only if

(5.2) lim nE [1 —e—WHXf)} - /N (1-¢) pi(am)

n—o0

for all f: F — [0,00) bounded continuous with support bounded away from F. By definition

of p7,
/N (1 — e’“(f)> wi(dm) = /TXX (1 _ e*f(t,x)) Adt)u(dz).

Besides, since II is a Poisson point process,

nE [1— =@ W] —p (1 [e~ e/l )
=n (1 — exp [ /T » (e—ﬂtvaﬁ o) _ 1) A(dt)u(dx)])
=n (1 —exp [—711 /TXX (1 — e*f(t»y)) A(dt)un(dy)D

with vy, = nv(a,-). As the function 1—e~7 is bounded continuous with support bounded away
from Frand as A\®@ v, > A®@ p in M(E \ F) as n — oo (see Lemma 5.1), we have

/ (1 - e_f(t’y)> Adt) vy (dy) — (1 - e_f(t’y)> Adt)u(dy), asn — oo,
TxX

TxX
and hence
_ — 1
nE {1 _ o Jmr f(anlz)H(dz)} —n <1 — exp |:_/ (1 _ e—f(t,y)) A(dt)yn(dy)}>
nJrxx
— (1 - e_f(t’z)) A(dt)p(dz).
TxX
This proves Equation (5.2) and concludes the proof of Theorem 3.1, case k = 0. O
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20 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

PROOF OF THEOREM 3.1, CASE k > 1. Let r > 0 be fixed such that u(9Bf,) = 0 and let
f:T x X~ [0,00) be a bounded continuous function vanishing on F" =T x By,. For k > 1,
we will prove that

kg [ o= SN A(Thant Xs)
n"E [e ! ]I{Z?;l 6a;1Xi(B8’T)Zk+1}
1

AT

(5.3) = /N e’”(f)]l{n(Bs,r)zml}uZH(dﬂ) .

Skt e g
e~ 2im1 J(tiwi) ®f:11 ]l{xieBCT})‘(dti)lu'(dxi)
Ek+1 o

In view of Theorem 2.5 (iii), this implies the convergence (3.3).
Since Zf\i 1 €x, 1s a Poisson random measure with intensity A(7)v(dz), we have

N
nk+1[p>< Z Eartx, (Bor) = k+ 1)
i=1

c < (MT)v(anB§,))
nktla=ATv(anBg ) Z MT)v(a 0, )

4!
=kt 1

(n)\(T)V(ant?T))k+1 Tyv(an BE = (k4 1) N
(5.4) = S bur ]Z s N anB5,)
and

N c k+1
ket ¢\ _ _ ATM)w(anBE )™ _\(TyuianBs.)

(55 n P(Zga;lxi(Boyr) —k+ 1) - D) 5).

i=1
Regular variation v € RV(X \ {0}, {an}, p) implies nv(anB§,) — w(B§,) > 0 as n — oo.
Then, combining Equations (5.4) and (5.5), we deduce

N ) ck+1
nkHIP’(;aaani(Bo,r) > k+ 1) kHP(ZE BOT =kt 1> (k +1)!

with ¢ = AN(T)u(B§ ). As a consequence, the left-hand side of Equation (5.3) satisfies
nF*HE|e” PO f(Ti,aleXi)]l
{Elie, 1y (B )2k+1)

k+1 N f(ThantX;)
n"TE [e 1 ]l{zévzl 8a;1Xi(BS”“):k+1}}

ki [ = SN f(Tian ' X;) }
R [e 1 ]l{zzN:I o, (Bo)2k+2}

N
_ 1
o SN0 | Y e (5 =+ 114 o) +0 ()

i=1

CkJrl

T (k+1)!

(5.6)

1y Y'n
in 7 x a,Bf,. The independence property of Poisson point processes ensures that, given II

has k + 1 points in T X an B ., those points are independent and uniformly distributed with

Because f vanishes on T x By, the sum Zf\il f(ti,a; ' X;) depends only on the points of IT
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distribution c;lll{meanBS’r})\(dt)V(da:) for ¢, = A(T)v(anBg,.) (see Kingman (1993), Chapter
2.4). We deduce

N
Blem BRI Tt X0 | S L (BS,) = k+ 1]
=1

kL g, —1
= /EkH e Sty ftian x;) ®f+11 ¢, ]l{xiEanB&T})‘(dti>V(dxi)'

Introduce vy, (+) = nv(ay-). Since, ¢, ~ en™!, from Lemma 5.1, we deduce

N
E[em 2 SearX0 | N0 L (BS,) = k1]
i=1
1 R S UES RPYPR
= 7nk+1ck+l /Ek+l e Zz:l f(tixs) ®£€i11 ]l{mzeBS)r})\(dtz)Vn(dxz)
n

1 kL g
— ck+1 /E,k+1 e 27,:1 (tzyitz) ®i€i‘11 ]l{xleBé"T}A(dt,L)lLL(dwl)

This together with Equation (5.6) implies Equation (5.3), completing the proof of Theorem 3.1
in the case k£ > 1. O

5.2. Proof of Theorem 3.2. We begin with three preliminary lemmas that will be useful
for the proof of Theorem 3.2.

LEMMA 5.2. Forn>1andp >0, let S be a random variable with binomial distribution
with parameter (n,p). Then, fork=1,...,n

P(S > k) < <Z>pk.

PRrROOF. Let X1,...,X, be independent Bernoulli random variables with parameter p and
for j > 1, denote by Pr(n) the set of subsets I C {1,...,n} with exactly k elements. The
sum S = > | X; has a binomial distribution with parameter (n,p). Furthermore, S > k if
and only if there exists I € Px(n) such that X; = 1 whenever ¢ € I. Using sub-additivity and
independence, for any 1 < k <n and n > 1 we obtain

PS>k =P |J ({X=11]< > J[ex: (Z)pk'

I€eP(n)iel IePy(n) i€l

O

LEMMA 5.3. Assume v € RV(X \ {0},{an},p) and let f: T x X — [0,00) be a bounded
continuous function with support bounded away from the axis T x {0}. Then, as n — oo,

(5.7) (Lnf)(t) = nE[l — e~ft-Xe/an)] %/ (109 (de) = (LA forallte T

and furthermore the functions L, f, n > 1, are uniformly bounded on T .
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PROOF. For all fixed t € T, the function z € X — 1 — e~ /(t?) is bounded continuous and
vanishes on a neighborhood of 0 so that the convergence nv(a,:) — u(-) in M(X'\ {0}) implies
Equation (5.7). Furthermore, since f is nonnegative bounded and with support bounded away
from T x {0}, we have

0< f(t,z) < Mgy, 02)>r forsome M >0 andr >0,

whence
(Laf)(t) < (1 = e M)nw(anB,) — (1 — e M)u(B,)

is uniformly bounded on 7. O

LEMMA 5.4. Assume U = YN e has a finite intensity measure X € My(T) and define
its Laplace functional as

N
Ly(g) = E[e“l’(g)] =FE [H e_g(Ti)] , forg:T —[0,00) measurable.
i=1

Let (gn)n>1 and g be nonnegative bounded functions on T such that

li_>m gn(t) =g(t), foralteT,

and assume (gn)n>1 s uniformly bounded on T. Then, as n — oo,

n(l- Lq,(n_lgn)} — / g(t)A(de).
T
PRrOOF. By definition of the Laplace functional Ly, we have

n [1 — L\p(n_lgn)] ) [n (1 _ e—nflxy(gn))}

where X
n (1 —e ‘I’(Q")> — U(g), almost surely as n — oo.

Furthermore, the inequality 1 —e™® < z, x > 0, together with the uniform bound g, (t) < M,
n > 1, imply the domination condition

n (1 _ e*"”“/@n)) < W(gn) < MU(1),

where U(1) = N satisfies E[N] = A\(T) < oco. We deduce, thanks to Lebesgue convergence
Theorem,

n[1—Ly(n""gn)] — E[¥(g)].
Campbell’s Theorem (see Chapter 3.2 in Kingman (1993)) states the equality E[¥(g)] =
J7 g(t)A(dt) which concludes the proof. O

PROOF OF THEOREM 3.2, CASE k = 0. Similarly as in the proof of Theorem 3.1, we need
to prove that

(5.8) nE|1—e /e f(aglz)n(dz)] — / (1 - e_f(t’m)> AMdt)p(dx), asn — oo,

E
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for all bounded continuous functions f : E — [0,00) with support bounded away from F.
Conditioning with respect to the base point process ¥, the left-hand side of Equation (5.8) is
rewritten as

nE [1 ~exp <—[Ef(a;1z)n(dz)>] = nE |E |1 - exp ( g;f TZ,Xl-)> ‘\II

{ fi-mope
:n{lE ﬁl<1( (T )> }

i=1
In the last equality, we use the conditional independence of the X; given ¥ and the definition
of L,f in Equation (5.7). The Laplace functional of the base point process ¥ defined in
Lemma 5.4 satisfies, for h : T — (0, 1] measurable,

(RNt

E

E ﬂh(n) exp (-i—mh > = Ly(—Inh).
This gives - -
O O ) B T ) |
We define

ga(t) = —nlog (1—( nf)()> and (1) = (LF)(1).

Lemma 5.3 implies that g,(t) — ¢g(t), as n — oo, and is uniformly bounded on 7. Lemma 5.4
then entails

nE [1 — exp < / fla (dz))} =n [1 — L\p(n_lgn)]
— /T g(B)A(dE) = /E (1= e 02) Adt)u(d).

This proves Equation (5.8) and Theorem 3.2 in the case k = 0. O
PROOF OF THEOREM 3.2, CASE k > 1. The proof is an adaptation of the proof of Theo-

rem 3.1, case k > 1. We fix » > 0. Conditioning upon the events {N = j}, 7 > 1, and using
the independence of the marks, we have

j
k—i—HP’(ZE (B, 2+ 1) _ phtl Z j)P(Zea#Xi(B&r) > k4 1)

j=k+1 i=1
o0
(5.10) = ) P(N=j)n""P(Sjn = k+1)
Jj=k+1
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24 C. DOMBRY, C. TILLIER AND O. WINTENBERGER

with Sj a random variable with binomial distribution with parameter (j,v(a,B,)). Reg-
ular variation implies v(a,B§,) ~ n~'u(B§,), as n — oo, so that the binomial probability
distribution has asymptotic

(5.11) RS, > k+ 1) ~ nfTP(S;, = k4 1) ~ <k i 1) (B,

In order to apply dominated convergence and plug-in the equivalent (5.11) in Equation (5.10),
we use the upper bound from Lemma 5.2 yielding

RS2 k) < (e

The convergence nv(a,Bj,) — wu(B§,) implies the bound nv(a,B§,) < H for some H > 0.
We deduce the uniform bound

Hk+1

k+1
&+

J

FP(G. > k4 1) < gFtH J <
n (Sjn>k+1) < pae1) S

Since ¥ has a finite factorial moment measure of order k + 1, N has a finite moment of order
k+ 1 and

= l{k+1 k+1 }{k+1 k+1
P(N =3 j < EN .
]Zk;l W=D = gV e

Equations (5.10) and (5.11) together with dominated convergence imply
N N
”kHP( Z antx,(Bos) 2k + 1) ~ ”kHP( Z €rix; (Bor) =k + 1)
i=1 =1

e S (1 )Ee =)

j>k+1 k+1

The limit ¢ is positive as soon as P(N > k + 1) > 0 which is ensured by the condition My
non-null. We deduce as in the proof of Theorem 3.1

k1 [ o= N, F(Than ' Xi)
n E[e 1 ]I{Z?f:lsa;lxi(Bgﬂ')Zk—l_l}}

~ nk+l =N F(Tsan ' Xi)
n E{e 1 ]l{zzzvzlgaglxi(Bgm):kﬂ}].

Next, we condition on {N = j} and introduce the symmetric probability 7; on 77 giving the
position of the points of ¥ conditionally on {N = j}, see (Daley and Vere-Jones, 2003, Section
5.3). Denoting p; = P(N = j), we get

=N F(Tyan ' Xs)
E[e ' ‘ ]l{sz\;l EGT—LlXi(BS,T)Zk'i‘l}

-5 an e .
-y /'e Bl e o0 e it de)u(dan) - v(dag).
j>kt1 7 B - "

Consider the j-th term for fixed j > k + 1. The event 25:1 €x;(anB§,) = k + 1 can be

J,) disjoint events indexed by a subset I C {1,...,}

decomposed into a disjoint union of (k+1
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of size k + 1 such that z; € ant,r ifi € I and x; € ap By, if i ¢ 1. By symmetry, each event
yields an equal contribution and we consider I = {1,...,k + 1}. Then f(t;,a, z;) = 0 for
i > k+ 1 and we can integrate out the corresponding x;’s, yielding the contribution

. k+1
v(anBo, )’ * 1 / - X ftan’ JI”)p i (dty, ... dt)v(dey) .. v(degyr).

zj(anBS,T)lﬁLl

We then multiply by (k:il)’ introduce the jth Janossy measure J; = jlp;jm; of U (see Daley
and Vere-Jones (2003) Chapter 5.3) and sum over j > k 4+ 1 to get

— 3N f(Tiant X))
. [e 1 Ly, €.y, (B6,)=k+1}

oy @By
_j;kil (k+ DI — k- 1)

k+1
[r - )Hl e T ftan e 1ty dtw(dey) . v(dzes).
X (anBS

Note that v(a,Bo,) — 1 and nv(a,-) — u(-) as n — oo. Then, multiplying by nf*1, from
Lemma 5.1, we have as n — oo

ki | =N f(ThantXs)
n E[e 1 ]I{ny:ﬁ *1x-(35,r):k+1}]

k1 e oy Ji(dEn, ..., dE;
Z e 2=t Jtr) J<. lk 1 |J>M(dx1)...,u,(d$k+1)

k41 TIx(B§,) k+1 (] — k- )
—# em T S pyy L (de dtprn)p(dar) . .. p(dapgs)
(kD! e (B§ . )k+1 k1 (A8 - Al 1) AL ) - - AT k41

Z/Neﬂ(f)]l{n(FTc)>k+1}/~LZ+1(dﬂ)-

In view of Theorem 2.5, the convergence (3.6) in M(N \ N}) follows. Note that in the third
line above, we use Fubini-Tonelli Theorem to exchange summation and integration as well as

the following identity linking Janossy measures and factorial moment measures (Daley and
Vere-Jones (2003) Theorem 5.4.11)

My (B) = Y DertemBXT) g o iy,

m!
m>0

This concludes the proof. O

5.3. Proof of Theorem 3.4. The next two lemmas are variants of Lemmas 5.3 and 5.4 that
will be useful for the proof of Theorem 3.4.

LeEMMA 5.5.  Under the same notation and assumptions as in Lemma 5.3, assume further-

more that f : T x X — [0,00) is Lipschitz continuous and T is locally compact. Then Lf is
continuous and the convergence Ly, f — Lf in Equation (5.7) is uniform on T.
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PRrROOF. Lemma 5.3 states the pointwise convergence (L, f)(t) — (Lf)(t) for all ¢t € T.
Under the assumption that f is K-Lipschitz, the family of functions {L, f,n > 1} is equicon-
tinuous, since for ¢,¢' € T, we have

[(Lnf)(t) = (Laf)(E)] < n/B eI efan) — = IWwlan) |y (da)

c
0,r

< nv(anBf,) max(2, Kdr(t,t')),

where nv(a,Bj,.) — p(B§,) is bounded. Pointwise convergence together with equicontinuity
implies uniform convergence to a continuous limit thanks to Arzela-Ascoli theorem applied on
T locally compact. O

LEMMA 5.6. Assume ¥, = m,! ZZN;1 err satisfies Equation (3.9) and Nn/my, is uni-
formly integrable. Define the Laplace functional

Nn
Ly,(9) = E[e_q’"(g)] =E [H e—mnlg(Ti)] , forg:T —[0,00) measurable.
i=1

If g is a nonnegative bounded continuous function and (gn)n>1 are nonnegative functions such
that g, — g uniformly on T, then

n(l- Ly, (n_lgn)] — / g(t)A(dt), asn — oc.
T
Proor. By definition of the Laplace functional Ly,,,

n[1= Ly, (7 g)] — En(ga)] = E [ (1 - e "0 — 071w, (g,))]

Since the functions g, are uniformly bounded by some constant M, ¥, (g,) is bounded by
MN,,/m,, and we deduce

(5.12) n[1— Ly, (n " gn)] = E[Wn(gn)] + o(1).

Let € > 0. The uniform convergence g, — g implies that for sufficiently large n, |g,(x)—g(z)| <
¢ for all z € X so that

(5.13) E[Wn(g)] — e < E[Wn(gn)] < E[¥n(g)] +e.

We have used here the property that E[¥,(1)] = E[N,,/m,] = 1. The function g being con-
tinuous and bounded, Equation (3.9) implies the convergence ¥,(g) — [ gdA in probability.
Using the upper bound ¥,,(g) < M N,,/m,, and the uniform integrability of V,,/m,,, we deduce
E[V,,(g)] = [ gdX. Thanks to the inequalities (5.13), we deduce E[¥,,(g,)] = [ gdA. Together
with Equation (5.12), this concludes the proof of the Lemma. O

PROOF OF THEOREM 3.4, CASE k = 0. The proof uses arguments and notation from the
proof of Theorem 3.2. We need to prove that for all bounded Lipschitz continuous function
f:T xX —[0,00) with support bounded away from the axis 7 x {0},

(5.14) nE[1—e" fEsznZ)Hn(dZ)} = / (1 - e*f@vw)) Adt)u(dz), asn — oo.

TxX
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On the one hand, similarly as in Equation (5.9), we have

I E [ﬁ (1= o om0

— 1 Lu, (')

nE 1 —e Je f(aﬁyln,,LZ)W(dZ)} —n

with

gn(t) = —Nnmpy log <1 - n; (annf)(t)> , te T.

By Lemma 5.5, g, converges to g = Lf uniformly on 7 and g is continuous. Lemma 5.6 then
implies

n

n([l— Ly, (—nilgn)] — / (Lf)()A(dt) = / (1 - eff(t’m)) A(dt)p(dz).
T TxX
This shows Equation (5.14) and concludes the proof. O

The next two lemmas are used in the proof of Theorem 3.4 for the case k > 1. We recall
that v, (+) = nv(ay:).

LEMMA 5.7.  Assume T locally compact and let k > 0. For f: T x X — [0,00) Lipschitz
continuous vanishing on T x By, the sequence of functions Ly, f defined on THHL by

(Lk'-i-lmf)(tlv s 7tk+1) = / elegigk-u f(ti,mi)yn(dxl) T Vn(dxk’-i-l)a n=>1,

(Bf, )k

converges uniformly to Lyy1 f defined by

(L1 f)(tr, -y tegr) = / e Zsisknt [Ty (day) - pu(dasn)

(B§ )kt
Furthermore the sequence Ly, f is uniformly bounded.

PrOOF. When k = 0, Lemma 5.7 reduces to Lemma 5.5. The proof of the case £ > 1
follows the same lines and is omitted for the sake of brevity. O

LEMMA 5.8.  Assume that condition (3.9) holds. Then, for k > 1, the k-th factorial power

of U, defined by
k) _
‘1’1(1) = E &y, 1)
1§117£7£Zk§Nn

satisfies

k
(5.15) m; k) MTO) ek g, probability as n — 0.

Furthermore, if (N, /my)¥ is uniformly integrable, then the normalized factorial moment mea-
sure of order k of U,, denoted by M,:I}" satisfies

(5.16) m,;kM,;II” — X% i M (T*) as n — oo.
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Proor. Note that
k) ®k _
U = URE =Y e

where the sum runs over k-tuples 1 < i1,...,4 < N, that are not pairwise distinct. There
are at most (S)N,’ffl such indices and this is thus a bound for the total mass of the sum.
Normalizing by m,* we deduce

(5.17) m Fe®) = (m 1w, )®F — remainder.

The remainder is a measure with total variation bounded by (g)Nﬁ_l/me which tends to
zero in probability because m,, — oo and Equation (3.9) implies N,,/m,, — 1 in probabil-
ity. On the other hand, by continuity of the tensor k-th power of measures, Equation (3.9)
implies (m;, 1 ¥, )%k 25 M (7.
tion (5.17).

Next we prove the convergence (5.16). Let f : 7% — R be bounded continuous. By definition
of the k-th factorial moment measure, Mg" [f] = ]E[\Ifglk)(f)] and Equation (5.15) implies that
mFWE(f) — A2k(f) in probability. Furthermore, if f is bounded by M in absolute value, then
m,, k\If%k)( f) is bounded by M (N,,/m,)* and is hence uniformly integrable. The convergence
of expectations

A®* in probability. The convergence (5.15) then follows from Equa-

my MY f] = Elm FOE ()] = AR (f)

follows, proving the weak convergence (5.16). O

PROOF OF THEOREM 3.4, CASE k > 1. Wefixr > 0such that 4(95§,) = 0 and a bounded
continuous function f : 7 x X — [0, 00) vanishing on F" =T X By,. For k > 1, we need to
prove that

k1R [ o= S0 f(tisamm, Xi) ]
" E[e 1 {Zl Mz x, (BS)Zk+1)

1 k1
(k+1)! /E ¢ = D21 Lwen; pA(dt)p(das)

(5.18) = /N eiﬂ—(f)H{W(B&T)ZkJrl}Mz-‘rl(dﬂ-) -
The proof follows the lines of the proof of Theorem 3.2. We also use the fact that Equation (3.9)
implies the convergence N,,/m,, — 1 in probability and hence the convergence N,,/m,, — 1 in

L**+1 because of uniform integrability.
Due to independent marking, we have

nktip (Z Cat x,(BGs) 2k + 1) nFHP (Sy, >k +1)

where, conditionally on Ny, S, has a binomial distribution with parameter (Ny, v/(anm,, B ,.))-
We have the basic decomposition

nFHP(Sy, > k4 1) = nfF M P(Sy, = k4 1) + n*TP(Sy, >k + 2).
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The second term is controlled by Lemma 5.2 and the uniform integrability of (N, /m,,)**! as
follows:

. N N
DRSS k4 2) < nFHIE [mm (V(anmnt’T)k—i-l <l<: +"1> , V(@nm,, B )P (k +n2)>:|
1

SN CES]
=o(1).

The first term has a non vanishing limit: using v(anm, B§,) ~ (nmy,) "' u(B§,), the conver-

kL k+1 prk+1 k+1 k42 prk+2
]E[mm (n V(anm, BG )" Ny T n" v (anm, Bg ) TN, )}

gence N,/m, — 1 in L*! the convergence y(anmnt,r)N"_k_l — 1 in probability with
uniform bound 1, we deduce

o N,
nkJrl]P’(SNn =k+ 1) = nk+1y(anmnBS7T)k+lE [V(anmnBom)Nn . <k‘ _:1>}
u(Bg, )

W as n — oQ.

We deduce that the left hand side of Equation (5.18) satisfies
nktlE [e_ S (T Xi) g N }
(Eiie, o1y, (BG )2k +1)

— FHIE o= i AT amm, Xi)
=n E[e 1 a ]l{ZfV:’ﬁe » XZ.(BS,r-)ZkH}} +o(1).

Anmn

The event {Zfi"l €a-1 x,(B§,) =k+1 can be decomposed into an union of (,ﬁﬁl) disjoints

events indexed by a subset I C {1,..., N,} of size k + 1 such that x; € anm, BG, if i € I and
xi € Apm, Bo, if i ¢ 1. We obtain

ki [ = SNn p(Trank, Xi)
n Ele i=1 i n 1 - .
[ {Nn Cazl x, (B§ ) =k+1}
_ o k+l Np—k—1 Z —Sier FT amm, X
=N E [V(anmnBOJ.) n e ZZEI f( i sanm Z)]l{XieanmnB&raiEI}} .
Ic{1,...,Nn}

Conditionally on N,, and (1)")1<i<n,,, we have
na-l X,
nk-i—lE [e— >ier F(T] 7anmnXt)]l{XiG(lnmnB&T,iEI} | Nn’ (Tin)lﬁ’iSNn’ IcC {1’ e Nn}}

n o1 .
g nk;+1 / e_ ZiEI f(Tz Va’”””nxl)y(dl'il) P y(dxik+1)
(anmnB(C),'r)k+1

= m;(k+1) /(YBC )k+1 e_ ZiEI f(TZn7xL)V7Lmn (dle) . Vnmn (dwik+l)
0,r

=m0y "D (L1, ) (T

117"

1)
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with Lg11 nm, f defined in Lemma 5.7 and the notation I = {iy,...,7;}. We obtain

k1 [ o= SN F(T anm, Xi) ny
nE|e Lo g o=k | N (T h<ic,
nmny, <24 ?

V(anm, Bor)Vn k1
_ Y(anm, Bor) Z (Lit1,0m, (LG5 - -, T5y)

E+1
(k+ 1)!'mg, 1<i1#...#ip1<Npn

. Bo.r Nn—k—1
(5.19) - gkif), [ @t O 0D ).

We have already seen that v(aum, Bo) %=1 — 1 in probability and . On the other hand,

(L M k+1
Lemma 5.8 states that m,, (kH)\If%kH) b(g ) A&(K+D) probability and Lemma 5.7 states

that Lri1nm,f — Lg41f uniformly on TH*+1 with Ly, f continuous. We deduce that the
right hand side of Equation (5.19) converges in probability to m [ (L1 /) (OAEEFD ().
The uniformly integrable upper bound of order (N, /my,)*T! implies the convergence of the
expectations, that is

ktim [ o= SN (TP ammy, Xi)

" E[e ' ]l{ziv"lea,—l;nnXng,»:kH}]
1

- (k+1)! /(Lk+1f)(t)>\®(k+l)(dt)
1

— =R f(ts i) okt 4 4
B (k+1)!/Ek+16 e F0m) @I s, e yMdti) ().

This proves Equation (5.18) and concludes the proof. O]
6. Proofs related to Section 4.

6.1. Proofs related to Section 4.1. The following lemma gives an explicit expression for the
distance in the Skorokhod space D = D([0,T],R) to the cone Dy of functions with at most
k discontinuity points. We first introduce some notation. A cad-lag function x € D has at
most countably many discontinuity points (t;);cr with size |z(t;) —z(¢; )| and for every € > 0,
the number of jumps with size larger than ¢ is finite - for a discontinuity point ¢;, ¢ € I,
the notation x(t;) stands for the left limit of x at t;. Reordering the sequence of jump sizes
|z(t;) — x(t; )|, i € I, we define the non-negative sequence

Ay(x) = Ag(x) > Ag(x) = -+

That is Aj(x) is the largest jump (in absolute value), Ag(z) the second largest jump, etc. If
x has finitely many jumps, say k > 0, we set A,,(z) = 0 for m > k4 1. It follows that = € Dy
if and only if Agyi(x) =0.

LEMMA 6.1. For allk >0 and x € D, d(z,Dy) = 1 Ap41(2).

PrROOF. We first consider the case k = 0 when Dy is the space of continuous functions. For
z € D and y € Dy, we prove that d(z,y) > LA;(x). We observe that

d(z,Dp) = Jnf d(z,y) = nf |z = ylloo
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with || - ||eo the uniform norm for bounded functions on [0, 7). To see this, we recall that the
Skorokhod distance is defined by

d(z,y) = inf max(||A —Idfleo, [lz — 3 0 Alleo)

where A denotes the set of increasing bi-continuous bijections A : [0,7] — [0,7] and Id the
identity function on [0, 7. Since y — y o A is a bijection on Dy, we have
d(z,Dg) = inf inf max(||\ — Id||co, ||z — ¥ 0 \||o)
y€Dp A€A
= inf inf A—1Id - = inf ||z — .
Jnf Inf max(| loo: 12 = ylloo) = inf Iz = ylloo

For t; € [0,T] such that Ay(z) = |z(t1) — z(t] )| and y € Dy, we have

2 = ylloo = max(|a(ty) —y(t2)], [x(t) —y(t)]) = %Al(x)-

Taking the infimum over y € Dy, we deduce d(z, Do) > 2A;(z).
For the reverse inequality, it is enough to exhibit a sequence of continuous functions y, such
that

(61) (e, yn) = o~ ynlloo = 3Aa(a).

A simple construction is via convolution: define y,, = x* f,, where * is the convolution operator
and f, is the density of the uniform distribution on [—1/n, 1/n], first extending the definition
of x by letting x(t) = x(0) for ¢ < 0 and z(t) = =(T") for ¢ > T. Then, Equation (6.1) is
satisfied, proving d(z, Do) < $A1 ().

We next consider the case k£ > 1. Since the mapping y € Dy, — y o A € Dy, is bijective, we
have

d(z,D;) = inf d(x,y) = inf ||z —
(2, D) = inf d(w,y) = inf o=yl

Any function y € Dy can be decomposed as y = j + ¢ where j is a pure jump function with at
most k jumps and c is a continuous function. It follows

. 1 .
1z = Ylloo = llz = = cllo = 5A1(x — ),

where the last equality relies on the case k£ = 0. Since j has at most k£ jumps, the functions
x and x — j share the same discontinuity points except at most k of them. This implies
Aq(z — j) > Agy1(z) with equality if j kills the k largest jumps of z. Hence

1 N
|2 = yllos = §A1(l’ —Jj) = §Ak+1($)-

Taking the infimum for y € Dy, we get d(z,Dy) > %Ak+1(x). The reverse inequality is proven
taking y = ¢+ j with j killing exactly the k largest jumps of x so that

1 _ 1
A, 1) < 17— ylloo = 5010 = ) = 5 Ak ()

O
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Proor orF THEOREM 4.1. Consider the rescaled risk process

N
ROt =) a,'Xilr<y, te€0,T],
=1

and, for d > 0, the truncated rescaled risk process

N

(6.2) Ry (t) =Y ay' Xilg, iy s i<y, t€[0,T].
=1

The proof involves the following three steps, corresponding to conditions i) — iii) of Proposi-
tion 2.4:

1) Using the continuous mapping theorem (Lindskog et al., 2014, Theorem 2.3), we show
that n*H'P(RS € -) — ,&iﬂ() in M(D \ D), with limit measure

0
Mk#+1(B) B /Ek+1 ]I{Zf:f Z(tiywi)EB}Mk+1(dt1’ o 7dtk+1) ®§i11 ]l{mi>5}ﬂ(d$i),

where 2(; ;) = ($1{t§u})0§u§T eD.
2) We prove that Mk#£1 — Mk#+1 in M(D\ D) as 6 — 0.
3) We prove that Rfl and R?L satisfy, for any €,r > 0,
(6.3) lim lim sup n*+'P(d(R%, R%) > e, d(R%,Dy) > ) = 0

=0 n—oo

where d denotes the Skorokhod metric on D.

Both conditions iii) of Proposition 2.4 hold under the only condition(6.3) because d(R?,Dy) <
d(RY,Dy). Then the result n**'P(a; 'R € -) — :“k#+1(') in M(D\ D) follows from Proposi-
tion 2.4 with E =D, F =Dy, X = R = a,R%, Xp;m = an RS and m = [1/4].

Step 1. For 6 > 0, we have R’ = Tj(a, 'II) with T5 : N' — D the measurable mapping
defined by
T5 I Ze(tiﬂ%) — Z]l{$i>6}z(tia$i)'
i€l i€l
Note that I is countable and that there are only finitely many points x; > d. Theorem 3.2
together with the continuous mapping theorem (Lindskog et al., 2014, Theorem 2.3) imply

nkHP(RfL €)= nkHIP’(Tg(a,_LlH) €) MPAR:)

i o T () = L ).
It remains to check that the conditions for the continuous mapping theorem are satisfied.
First, note that T; '(Dy) C N, and that T; '(B) is bounded away from N}, for all B € B(D)
bounded away from Dy. Besides, T is continuous at every point 7 such that 7([0,7]x {d}) = 0,
which can be proved with similar arguments as in the proof of Lemma 3.2 in Eyi-Minko and
Dombry (2016). It is easily seen that p;_ ; has no mass on {7 ([0,T] x {J}) # 0} so that the
discontinuity set of T has vanishing uy , \-measure.

Step 2. It is a straightforward application of the monotone convergence Theorem since the
indicator function 1y,,~sy converges monotonically to 1y, -0y as d | 0.
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Step 3. The Skorokhod distance between the risk process RY and its truncated version RfL
is upper bounded by

N
d(Rp, Ry) < |R) = Ry lle = D@y Xil g1y 5y < ON.
=1
On the other hand, Lemma 6.1 implies
{d(R}, D) >} = {Apa(Ry) > 2ry = {(a;; 'T)([0,T] x (2r,00)) > k +1}.
We deduce
P(d(R;i, R%) > &,d(R°, D) > 7“) < ]P’(éN > e, (¢ 0)([0,T] % (2r,00)) > k + 1) .

Denote S, a random variable with binomial distribution with parameter (j,v(2ay,r, 00)).
Conditioning on N = j and applying Lemma 5.2, we get the upper bound, for § > 0 small
enough so that /6 > k+ 1,

- o - J k+1 _
T =9)< =7).
| E /;P’(SML >k+ 1PN =j) < | E/é (k L 1) v(2a,r,00)" " P(N = j)
J=€ J=€

The convergence v, (2r,00) — u(2r,00) implies the bound v, (2r,00) < H for some H > 0,
whence the uniform bound

n’““IP’(d(Ri,R?L) > e,d(R%,Dy) >r) <>y ( J )jk“yn(%,oo)k“P(N:j)

AU
OO Fk+1
< Y PN =) P
!
= (& + 1)
Hk+1 b1
< (k+1)!E[N Lin>e/5y]-

The assumption that ¥ has a finite factorial measure M1 implies E[N**!] < 0o so that the
right-hand side converges to 0 as 6 — 0, proving Equation (6.3). O

PROOF OF THEOREM 4.3. The proof is very similar to the proof of Theorem 4.1 with R
and Ri replaced respectively by

R’?L(t) = Zaggln (Xl - C)]I{Tingtb le [07T]7
i=1

and

ze
=1

Steps 1) and 2) are proved exactly in the same way but the proof of Step 3) is more involved
in the case of a triangular array. We now prove

(6.4) lim lim sup n**'P(d(R°, RS) > ¢,d(R%,D;,) > r) = 0.

0—0 p—oo
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Recall that d(RY,Dy) = 1A;11(R) and note that Aji1(R%) < Agy1(RY) V ¢). More-
over, the Skorokhod distance between the risk process R?l and RZ is upper bounded by

(nm

1<t<mn

t
d(R®,R%) < ||RS — R%||oo = max ‘Za;ﬂnn(Xi]l{a;% Xi<6} c)l .
i=1
We deduce
n’““]P(d(RfL, R%) > ¢, d(R%, ;) > r)

< nkH]P’( max
1<t<mn,

it xicsy — ©)| > & At (Bn) V (apm, €) > 27“)

= nkHIP’( max
1<t<mn

t
D o, (X
=1
t
Z nmL(X ]l{a;}nanS(s} — C)’ > E,A].H_l(Rg) > 27“) .
=1

where the last equality holds for n large enough so that a;ﬁlnc < 2r. Hence, Equation (6.4) is
equivalent to

(6.5) lim lim sup n*+1p° = 0
0—=0 p—oo
with .
5 _ -1 } 0
Dn = IP( | nax Z anmn(XZ]l{a;%mXigé} — )| > e, Apya1(R,) > 2r>.
Note that Ayy1(RS) = app, X, —k:m,, . Introduce independent random variables Uy, ..., Upn,
with uniform distribution on [0,1] and their order statistics Ui, < ... < Umn,:m, and

denote F'<~ the quantile function of X;. By the inversion method, (X7, ..., X,,,) has the same
distribution as (F< (Uy), ..., F<(Up,,)) . Possibly changing the underlying probability space,
we assume without loss of generality that X; = F* (U;) and similarly X;.,,, = F< (Uim, ),
1 <i < my,. The conditioning event Ay, 1(RY) > 2r is then equal to Uy, —k.m, > F(2ranm,)
and we have

t
Z nmn )]I{F“(U,)<anm 5y — C) > &, Umn—k!mn > F(2ranmn))

0

oh=F( e,
For 0 <2r, F< (Up, —kim,,) > 27Gnm,, implies F* (Up,, +1—i:m,,) > Gnm,, 0 for i = 1 k41
and the terms corresponding to the k + 1 largest order statistics are equal to ca,,, . Since
there are at most k+ 1 of them, their contribution is at most (k+1)ca,,L, — 0 and is smaller
than /2 for large n so that the contributions of the terms corresponding to the m, —k — 1
smallest order statistics must be larger than /2. Denote by o (i) the rank of observation i,
i.e. Us(i)m, = Ui, 1 < i < my,. There is a unique permutation o of {1,...,m, —k — 1}
such that the m, — k — 1 smallest order statistics appear in the same order in the sequences
(Ui1<i<mn = Us(i):my )1<i<m, and (Ugs(3)m,, )1<i<m, —k—1- We obtain that p® is bounded from
above by

t

-1 —

P( 1<t<r7rrlzixk 1 ’ z; Anm, (F (UU’(i):mn)]I{F‘—(UU/(i):mn)ganmné} - C) > 5/27 Umnfk:mn > Un)
1=
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with u, = F(2ranm, ). Conditionally on Up,, —k:m, = u, the vector (Ui, )i<i<m,—k—1 has
the same distribution as the order statistic on an independent uniform sample on [0, u] with
size my, — k — 1. By exchangeability of (Ui,...,Up,,), the distribution of ¢ is independent
of the order statistics (Ui:m,, )1<i<m, and uniform on the set of permutations of {1,...,my}.
It follows that the permutation o’ over {1,...,m, — k — 1} is uniform and independent of
(Uizmn )1<i<mn—k—1 and hence that (Vi)i<i<m, k-1 = (Us'(i):mp—k—1/1)1<i<m, —k—1 has inde-
pendent components uniform on [0, 1]. We deduce

P<1<t<mn k—1 ‘ Z nmn 0’ (i):mn)]I{F‘—(ng(i):mn)ganmné} - C)’ > 6/2’Umn*kimn = u)
- P(1<t<%n—k 1 ‘ Za (F( uv)]l{F“(uVKanmnfs} - C)‘ = 6/2>
< 31552% . (‘ Za TV L pe Vi) <anm, s} — C)’ > 5/6>

where the last line follows from Etemadi’s inequality (Etemadi, 1985). Integrating with respect
t0 Unm,, —k:m,, > F(2ranm,, ), we obtain the upper bound
Py < 3E [ (U —koma ) (U, o> FGrammn)} |
with
7 (u) = max <‘ Za TV L {pe (Vi) <anm, 8} — )‘ > 8/6).

1<t<m,—k

In the following, we provide upper bounds for 7% (u) and prove that

(6.6) lim lim sup n*tE [w,‘i (Umn—k’:mn)]I{Umn_k:mn>F(27”amm)}] =0

=0 n—oo

which implies Equation (6.5). We classically have to distinguish four different cases. In each
case, we will use the following Lemma.

LEMMA 6.2. Let X be a non-negative regularly varying random variable with index a > 0
and survival function F =1 — F. Then, for any p > «, we have

E{(%)pﬂ{xgx}]w a F(z), T — 00.

p—«

PROOF. The proof follows from Karamata’s theorem; see for instance (Bingham et al., 1989,
Theorem 1.6.4), Equation (1.6.3). O

Proof of Equation (6.6) in the case a < 1.
Using Markov inequality, we provide an upper bound for 7 (u) as follows: for any 1 < t <
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my, —k and € > 0, we have

P(

t
< 6e! Z E [afml% F%(u‘/’i)]l{Fe(UVi)ganMné}}
=1

t

>t (F (Vi) (e (uv)<anm, 5} — ©)
=1

>5/6>

nMp,

< 6€*1mnE [ail F%(uvl)]l{ph(uvl)ganmwg}] .

We use the fact that there are at most m,, summands as well as the fact that the V;’s are iid.
Using the change of variable z = F'~(uv), we have

F(anmy0)/u Anmn®
E[F<—(uvl)]l{F‘_(uvl)Sanmn5}:| = /0 F (uv)dv = u™! /0 xF(dz).

We recognize the expression uflE[Xl]lxlganmng] on which we apply Lemma 6.2 with p =1 >
o. We deduce that

X1
e

Anm,

6 o =
5
T (u) < u H{Xlganmné}} ~ ;mn‘SiaF(anmnd) =o(1),

as mpF(apm,s) ~ 0 “/n—0asn— oco.

Proof of Equation (6.6) in the case E[X;]| < cc.

When the variable X; is integrable, there is a common previous step consisting in centering
the partial sums in Equation (6.6). Let us denote ¢, s(u) = E[F (uV1)1{pe(uvy)<anm, s3] the
centering term. Using ¢ = E[X;]| and u > F(2rann,,, ), we obtain

F(anmy,0) 1
cns(u) —c=u"t / F<(v)dv — / F<(v)dv
0 0

=u! /1 F(v)do + (u™t — 1) /1 F<(v)dv.

F(anmy0) 0

Using that for n large enough we have u=! < F(2rapm,. )~ < 2 so that
g g g n

’Cn,d(u) —c| < 2(E[X1]]‘X1>anmn5} + F(anmn‘s)E[XO]) = O(anm, F'(anm,)) ; n — 0o,

by an application of Karamata’s theorem. Thus mpa,, [cns — ¢/ = O(n™!) uniformly over
u > F(2rapm,) as n — oo and Equation (6.5) is implied by

(6.7) %LI)% hgl—ilcl)p n*HE [ﬁi (Umn—k’lmn)]l{Umn—k:mn >F(27"anmn)}] =0

with

)= _max  P(| Yt (F@VLre @i <anm,s) — ens(w)] > /7).

1<t<m,—k
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Proof of Equation (6.7) in the case 1 < a < 2 with E[X;] < occ.
Applying Markov inequality of order p = 2, we obtain for any 1 <t <m, — k

b ( . 5/7)

t 2
< 495_2617;3%11@ (Z(Fﬁ(u%)ﬂ{Fe(uVi)<anmn5} - Cn,&(“’)))

i=1

t

Z a:w’lnn (F% (uv’i)]l{F‘_(uVi)ganmné} - Cn,5(u))
=1

< 4957202 o Var (F (V)L e ) <anm, o} )

Using the change of variable z = F* (uv) and Lemma 6.2 with p = 2 > «a, we have

an7”rL6)/u
Var( (u‘/l)]l{pw—(uvl <anmn5} S / ( U)Qd’() = U_I]E[X%]]-{X1§anmn§}]
= (anmn))

We finally get

70 (u) = O(mnF (anm,)) = O(n™') =o0(1), asn— .

Proof of Equation (6.7) in the case a > 2 with Var(X;) < oc.
From the Fuk-Nagaev inequality, see (Petrov, 1995) Equation (2.79) page 78, for any p > «,
we have

P(Za’r_Lrlan(F%(u‘/;)]]-{F“(u\/i)Sanmné}) —c> 5/7>
=1

eyl
< » "
+ exp ( — 2 a )
eP (p+ 2)% 49m, Var(anm, F (V)L pe (Vi) <anmy, s})

2.2
1 _— — 2 € anmn
< A B[P ] o0 (- i)

= A+ A

for some constants c]l,, CIQ) > (0 depending only of the order p. Lemma 6.2 again implies for some
p>a>2

A~ c}, 5—P5PanF(anmn5) =o(1)
-«
since 8Pmy, F(apm,s) ~ 6P~%/n — 0 as n — oo for p > a. It remains to deal with the second
term Aj. Since a > 2, under the condition a2,, /my — oo then Ay — 0, which ends the proof
of the case @ > 2 with Var(X;) < oco. This proves Equations (6.7) and (6.5) and concludes
the proof of Theorem 4.3. O
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6.2. Proofs related to Section 4.2.

PrOOF OF PROPOSITION 4.7. The proof involves three steps. We start by proving regular
variation of X y_g.n and then we show that the tail distribution of Zf»\:lkfl X;.n is negligeable
regarding the tail of Xy _.n. In Step 3, we finally show

N—k
(6.8) P (Z Xy > ac) o~ P(Xy-pn >2).

. —00
=1

Recall the notation: F'~ denotes the quantile function and Uy ,, < --- < U, ,, the order statis-
tics of a iid sample Uy, ..., U, uniformly distributed on [0, 1].

Step 1. For z > 0, we have
o (o]
P(Xy_py >2) =Y P(Xnogn >2)P(N=n) =) P(Spa>k)P(N =n)
n=0 n=0

where S, ~ B(n,1 — F(x)) is a Binomial random variable. Since P(S,, > k+1) ~
T—r00
P(Spe =k+1) and

_ [k+1]
]P’(Sn@—k+1)< n _n e 0
(1—F(z))k+1 — \k+1 (k+1)!

Lebesgue’s theorem yields

= P(Spa > ) 2. plkt] 1
—\One 7 ) BN = — _P(N=n)= E[NFH,
7;)(1—1?(3;))%1 (N=n) =2 2o (k+1)! (N =n) (k+1)! | ]
Then,
(6.9) lim DNy > @) 1 E[NFH]] < 0o

under the assumption E[N**!] < oo. Since X is regularly varying with index o, Equation
(6.9) proves that X n_.n is regularly varying with index (k + 1)a.

Step 2. For = > 0, we have

N—k—1 ) n—k—1
P ( > Xin > x) =Y E !]P’ ( > FT(Uin) 2w |Un_,m>] P(N = n).
i=1 n==k

i=1

By independence and Markov inequality to the order p, we obtain

1

n—k— p
( Z F%(Ul”)> | Unfk:n - U]
i=1

)

n—k—1
P ( > F(Uin) 2 @ [Up gen = u) <z PE

=1

k—1

( Z F“(uUﬂ)

1
Sx_pnp/ F (uv)Pdv.
0

=g PE
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We have for © >0

/1 F™(uwv)Pdv < MF< (u)P(1 — u).
0

Integrating with respect to wu, it follows that

n—k—1 n—k—1

=1

as F(F(u)) <wuforall w> 0. From Step 1, X,,_., is regularly varying with index (k+1)a.
Since X is regularly varying with index «, then E [X? , (1 — F(Xp_jy))] = ¢ < oo for
p < ka. Integrating now with respect to n, for p > (k + 1)« we have

N—k—-1
( Z XN >x> < Zx PP ME [XP (1 — F(Xn—pn))] P(N = n)

<z PMec i nPP(N = n)
n=k-+2
= o((1— F(x))*)

under the assumption E[N?] < oo for p > (k + 1)a. This proves P (ZN = X > ZL') =
o(P(Xn_g.n > x)) and concludes Step 2.

Step 3. Obviously we have P (Zf\;k XN > x) > P(Xn_g:n > z) for £ > 0, it remains
to prove that

1 P (zﬁ;’“ Xin > x)
imsu <1.
xﬁoop P(XN—k:N > ZE) o
For any € > 0 and = > 0 it holds

N—k
]P’(ZXZ-:N>95>
N—k—-1 N—k—1
= (ZXZN>:E Z XZN>E$>+P<ZXZN>.%' Z XZN<€.T>

N—k—1
]P’( Z XZ‘;N>E$> +P(XN,]€;N>(1—€)$).
=1

IN

On the one hand, we have

6.10 P (va 1 Xiw > 55“) P (va 1 Xy > 55”) P (XN_k:n > €7)
. = . : — 0
( ) P(XN—k:N > .7}) P(XN—k:N > €$) P(XN—k:N > ZL‘) T—00
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since [P (Zf\;_lk_l X > x) =0(P(XN_k.n > x)) from Step 2 and since Xn_j.n is regularly
varying with index (k + 1)a from Step 1. On the other hand , regular variation of Xy _g.n
also yields

P(XN—i:n > (1 +¢)z)

(6.11) ]P’(XN_k;N > 835)

— (14 ) CFe,

Combining Equations (6.10) and (6.11), we obtain

| P <ZiN;1k Xiw > x) (k+1)a
i < (1 - — 1.
ey P(XN_p:n >2) — (1+e) e=0

This proves Equation (6.8) and concludes the proof of Proposition 4.7. O

PrROOF OF COROLLARY 4.8. Proposition 4.7 together with Equation 4.5 imply that, for all
e >0,

N—k+1
n*P(d(a, R, I1) > €) = n*TP(a, ! Z Xin > €)
1=1
~nFP(a Xy iy > €) = nFTIP(d(a, R, Dy) > £/2)

1
(k] —ak
— SE[NFeok,

Since {d(a,'R,Dy) > e/2} C {d(a,'R,Ji) > ¢}, we deduce
n* P (d(a, 'R, Jy) > €,d(a, 'R, D) < £/2)
(6.12) = pht! (]P’ (d(ay,'R,Jk) > €) — P (d(a, 'R, Dy) > £/2) ) — 0, asn — oo.

We need to prove that, as n — oo,

(6.13) WMHE [f(ag'R)] — /D F )l (dr)

for all continuous bounded functions f : D — R with support bounded away from J;. Let
€ > 0 such that f vanishes on an e-neighborhood of J;. We have

nkJrl]E [f(aglR)]
=n"tE [f (an 1R)1{d<a;1R,Dk)>s/2}} + ' E [f (" RO (a1 R 3, >e (e R <22}
= nk+1E [f(aT_LlR)]l{d(aglR,]D)k)>€/2}:| + 0(1)

The o(1) term is justified by Equation (6.12) and the boundedness of f. Theorem 4.1 Equa-
tion (4.2) provides the asymptotic

n*HE [f(a;lR)ll{d(a;leDk)%/Q}] - /]D)f(r)]l{d(r,]@k)>a/2},uk#+1(dr)

because the function r € D = f(r)1L{4(rp,)>e/2) is bounded and continuous u,il(dr)—a.e. with
support bounded away from Dy . Note that, by Lemma 6.1, the discontinuity set is included
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in {r eD: Agi1(r) = ¢/2} and that the Lebesgue measure involved in the definition of MZ:_I
has no atom. Finally, we have

/f@ﬂwwmxpwiﬁwﬁ=/fﬁmiﬁw)
D D

because f(r)1iq(rp,)<e/2y = 0 pirr1(dr)-a.e. This concludes the proof of Equation (6.13) and
Corollary 4.8. O

PROOF OF PROPOSITION 4.9. The regular variation result stated in point i) for R, =
Zf\;_lk X;.n follows from Proposition 4.7.

The conditional limit theorem stated in point i) is a consequence of Corollary 4.8 together
with Proposition 2.3. Indeed, since R, = d(R, J), we have

Pz 'Re-|R, >x)=P(@ 'Re |2 'Rec A)
with A = {r € D:d(r,J;) > 1}. Then, Corollary 4.8 together with Proposition 2.3 imply

# (AN
Pz 'Re |z 'Re A)-L %
M1 (A)

because A is bounded away from J; and such that p,ﬁrl(A) = My41([0,00)F 1) > 0 and
uk#H(GA) = ulﬁrl({r € D : d(r,Jxy) = 1}) = 0. Using the definition (4.3) of Mk#+1’ the
expression of the limiting distribution u,il(A n-)/ u,il(A) is easily deduced as in statement
i1).

Proof of statement iii). The heuristic is that if the residual risk is large at to, then there are
at least k + 1 large claims between 0 and tg. If the residual risk is even larger at ¢1, then some
large claim must have occurred between ty and ¢1, leading to a total of at least k + 2 large
claims between 0 and ¢;. This is formalized as follows. Noting that R; (to) = d(Ri(- A to), Jx)
and similarly R, (t1) = d(Rp(- At1),Jx), we consider A, = {r € D : d(r(-Ato),Jx) € (1,14+¢)}
and B, ={r € D:d(r(- ANt1),Jr) > u}. With these notations, for € > 0 and u > 0, we have

P(z7 'R € A. N B,)
P(z—'R € A,)

P(R, (t1) > ux |z < R (to) < (1 +¢)x) =

Because A; and A N B,, are bounded away from Ji and Jxy1 respectively and because the
continuity of My1 and My,o ensures that A and B are continuity sets for ,u,il and Mk#+2
respectively, Corollary 4.8 implies

P(z 'R € A) ~ pff, | (A2)(1 — F(x))*H

and
P(z 'R € A: N By) ~ i 5(A- N B,)(1 — F(x))F+2,

As a consequence, the quotient satisfies

(6.14) i PO (1) > ur | @ < Ry (to) < (1+0)r) _ pif5(Ae 0 Bu)

£ L= F(z) i (A2)
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The quantity uk#+1(A5) is computed considering k + 1 claims ((s;, 2;))1<i<k+1 With occurrence
times s; < tp and magnitudes z; satisfying 1 < minj<;<x4+1 2 < 1 + ¢, yielding the integral
form

1
i (Ae) = (k+1)! /Ekﬂ Lt cming <y g <1 4es,<to1<i<ha 1} M1 (ds) p®F 1 (dz2)

1
N (k+ 1)!‘Mk+1 ([O’to]kH) / L{i<ming i<y Zi<1+€}“®(k+1)(dz)'

(1,00)+1

In the integral, the domain can be restricted to (1, 00)*+! because the minimum is larger than
1 in the indicator function. Since 1,~1u(dz) is the a-Pareto distribution, the integral is equal
to

IP( min  Z; < 1+5> =1—(14¢e) * Do L (k+1)ac ase—0,
1<i<k+1

where (Z;)1<i<k+1 are independent random variables with standard a-Pareto distribution. We
deduce

1
(6.15) pfa(A0) ~ =M ([0t ) ae.

The quantity Mk#+2(A€ N B,,) is computed considering k + 2 claims ((s;, 2i))1<i<k+2 with k+1
of those occurring before ¢y and one between ty and ¢;. The s; are not ordered and there are
k 4+ 2 cases according to which event occurs last. By symmetry, we consider only the case
when the last event corresponds to the index i = k 4+ 2. The magnitudes must then satisfy
1 < minj<j<py1 2 < 14¢€ so that A is satisfied and 21542 + 22:42 > u so that B, is satisfied.
This yields,

(6.16) (AN By) = (k+ 2>! Myso ([O,to]’““ X (to,tl]) 1(e)

(k+2)
with

— ®(k+2
1(6) - /(0700)“2 ]1{1<mini§i§k+1 Zi<1+5721:k+2+22:k+2>u}'u ( )(dz).

We claim that, as € — 0,
(6.17) I(e) ~ ((u — 1) e (g — 1) — 1)+) (k + 1)ae.

Then, Equation (4.6) follows from Equations (6.14-6.17).

It only remains to prove Equation (6.17). The integral I(e) can be decomposed into two
integrals I1(e) + I2(e), corresponding to zxio > 1 and zp4o < 1 respectively. In the case
Zk4+2 > 1, the z;’s are larger than 1 and

Li(e) =P (1 < igrir%iI?JrlZi <1+4e Zikto + Zogt2 > u) :

We decompose I1(g) as a sum of two terms according to Zjio < minj<j<pi1 Z; Or Zpyo >
min;<;<x+1 Z;. The first contribution is upper bounded by

P(l<Z in Z <1 = o(e?
( < k+2<1;§1%11?+1 i < +5> o(g%)
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and is negligible. The second contribution corresponds to

]P’<1< min Z; < 1+4+¢, 2142+ Zokt2 > U, Zpy2 > min Z)
1<i<k+1 1<i<k+1

=P(1 < Zypso <146, Zrpgo+ Zogyo > u, Rpgo # 1)

where Rjyyo denotes the rank of Zj o among Zi,...,Zky2 and (Zx42)1<i<k+2 the order
statistics. Since Ryyo is uniform on {1,...,k + 2} and independent of the order statistics, we
obtain

11(8) =

P(1 < Zigta < 1+&, Zigra + Zakya > U, Royo # 1) + o(e?)
k+1

r 2]P’(1 < Zigyo < 1+e, 2140+ Zogyo > U) + O(EQ).

The joint density of (Z1.x42, Z2.k+2) is given by (see for instance Ahsanullah et al. (2013)
Chapter 2)

—a-1_—(k+Da—1
(k+1)(k+2)a221a 1z2( +ha Liczy <z
so that, for u > 1,

P(1 < Zypso <1+e, Zipro + Zogia > u)

1+4¢
/ / (k+ 1) (k +2)a2z;* 12y B2 42 dzg
21 u z1 Vz1

1+e
= / (k+ 2)az7* H(u — 21) V z1) " FFadz
z1=1

= (k+2)a(u— 1)"®+Daz 4 o).

Gathering the previous estimates, we obtain

L(e) ~ (u—1)"® Dk 4 1)ae

We now consider the contribution I3(g) that corresponds to the case zxyo < 1. Then, 21549
Zk42 and zo.p42 = Minj<;<k41 2; SO that

_ ®(k+2)
Ir(e) = / / ]1{1<mini<i<k+1 z;<l4e,zp 2 >u—min;<j<py1 zi (dz)
(1,00)k+1 J 24 5=0 == ==

= E |:<('LL - lglglgil?-i-l Zi)ia - 1> N ]l{l<mini§¢§k+1 Z¢<1+E}

=((u—1)""- 1)+ (k+ 1)ae + o(e).
Note that the main term vanishes when u > 2 which reflect the fact the residual loss can-

not double if zp49 < minj<;<ky; 2. The asymptotic results for I(e) and Iz(e) imply Equa-
tion (6.17) and the proof is complete. O
7. Proofs related to Section 2.
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7.1. Proof of Propositon 2.4.

PRrROOF OF PROPOSITON 2.4. We proceed as in the proof of Theorem 4.2 in Billingsley
(1968). Consider » > 0 and a p-continuity set B € B(E \ F"). Possibly replacing r by a
smaller value, we can assume that £\ F" is a p-continuity set (Theorem 2.2 (i) in Hult and
Lindskog (2006) ensures that all but countably many r > 0 have this property). We have

n*P(a,' X € B) < n"P(a,' X, € BY) + n*P(d(ay,* Xy, a,' X) > €,a,' X € B).
For € < r/2, B € B(E\ F'/?) and Assumption i) implies
lim sup 7*P(a,, ' X € BF) < pim(clB?),

n—oo
so that
limsup P(a, ' X € B) < py(clB®) + limsup n*P(d(a, ' Xy m, a,  X) > €,a,' X € B).
n—o0 n—oo

Letting m — oo in the right-hand side and using assumptions ii) and iii), we deduce,

limsup n*P(a,' X € B) < u(clBF).

n—oo

Since B is a p-continuity set, letting € | 0, we obtain by monotone convergence

limsup n*P(a,; ' X € B) < u(clB) = u(B).

n—00

In order to obtain a lower bound, we use completion and write
n*P(a,'X € B) = n*P(a,;'X € E\ F") —n*P(a,,'X € E\ F" N B°).
Thanks to the previous bound on the limsup,

lim inf n*P(a,' X € B) > lirginf n*P(a,'X € E\ F") — lim sup n*P(a,'X € E\ F" N B°)
n—0oo

n—0o0 n—oo

> liminf n*P(a,'X € E\ F") — u(E \ F" N B°).

00
Moreover,
P(a, ' Xpm € B\ F')
=P(a,'X € F",a,' Xpyn € E\F™) + P(a,' X € E\ F",a,,' Xy;m € E\ F")
< P(d(ay,* Xpm,an ' X) > €,0, Xpn € E\ F™) 4+ P(a,' X € E\ F"),

whence

P(a,'X € E\F") > P(a,' Xy, € E\F")~P(d(a,

n

K, ay ' X) > €,0;, X € E\F™9).
Using assumptions i), ii) and iii) with the same reasoning as above, we get

liminfn*P(a,'X € E\ F") > p(intE \ F™¢).

n—oo

Letting € | 0, monotone convergence entails

liminf n*P(a,;'X € E\ F") > p(intE \ F") = u(E \ F")

n—oo

as E'\ F" is a p-continuity set. Finally, we have obtained

w(B) < liminfnkP(a:LlX € B) < lim sup nkP(a:LlX € B) = u(B),

n—o0 n—o0

proving the desired convergence nfP(a;1X € -) — u(-) in M(E \ F). O
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7.2. Proof of Theorem 2.5. The proof of Theorem 2.5 requires a good understanding of
the distance to the cone Ny in N. The following lemma generalizes inequalities (3.3) and
(3.4) in Dombry et al. (2018). It characterizes the distance of a point measure 7 € N to
the cone Ni. For m = Y .5, €(t,.2,), We define ||7[x11 the (k + 1)-th largest distance within
{dx(0,2;), i > 1}, with the convention ||7||x4+1 = 0 if 7 has less than k points.

LEMMA 7.1. Let p be the distance defined in (2.1) and let m € N'. Then, for all k >0,

1
5 Uk A1) < p(m, Ni) < 7l
PROOF OF LEMMA 7.1. For m € NV, let ro = ||7||x+1 and denote 7o the restriction of 7 to

{(t,xz) € E : dx(0,2) > ro}. By definition of rg, mp has at most k points, that is 7 € Nj. For
all r > rp, the restrictions 7" and 7 coincide so that p, (7", ;) = 0 and

00 To
p(m,m) = / {pr(7", ) N1} e "dr < / e "dr <ro = |||/ kt1-
0 0

Since mg € N, p(m, Ni) < ||7||k+1, proving the right-hand side of the inequality.

On the other hand, for r < rg, the restriction 7" has at least k& + 1 points. If 1) € N}, that
is 1 is a point measure on F \ F' with at most k points, then the restrictions 7" and ") do
not have the same number of points. Then, a straightforward application of Lemma B.1 in
Dombry et al., 2018 leads to

pr(a” ") > [w(E\ ) — $(E\ F7)| > 1.

We deduce v )
p(m ) > / edr =1—e It > o ([l A1)
0

and, ¢ € Ny being arbitrary,

1
p(m Ni) 2 5 (lllk+1 A L)
This proves the left-hand side of the inequality and concludes the proof. O

PROOF OF THEOREM 2.5. The proof of Theorem 2.5 is very similar to the proof of Theo-
rem A.l in Dombry et al. (2018), except that Equations (3.3) and (3.4) are replaced here by
Lemma 7.1. This implies, in the same way as Equation (A1) in Dombry et al. (2018, Theorem
A1),

(7.1) NA\N) C{r e N : ||y >} € WA\NP), r<i
We note also that
{meN: |kt >r}={reN :m(E\F")>k+1}.

According to the Portmanteau Theorem for M-convergence (Lindskog et al., 2014, Theorem
2.1), the convergence p — p* in M(N\N}) is equivalent to the convergence of the restrictions
pyt = T in My(N\ NV;7) for each i, for some sequence r; | 0. Using Equation (7.1), it is
more convenient to consider restrictions "¢, i*" to the subsets {w(E \ F") > k + 1} rather
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than restrictions p¢, 1™ to the subsets N"\ N,*. The convergence juf; — p* in M(N \ Ny) is
hence equivalent to the weak convergence of fi;"" — p*" for each ¢, for some sequence r; | 0.
We then appeal to the characterization of weak convergence in terms of finite-dimensional
distributions or Laplace functional (Zhao, 2016, Theorem 3.10 and Corollary 3.11).

In the remainder of the proof, we simply point out some differences with respect to the
proof of Theorem A.1l in Dombry et al. (2018).
Proof of (i) = (ii): For p > 1, let Ay,..., Ap € B;, and my,...,m, € N such that S mip >
k+1. Define the event A := {m(A;) = m;,1 < i < p}. For r small enough, Ay,..., 4, € E\F"
and we have

AcC{m:m(E\F") > k+1} CNA\N,

whence pf"(A) = uh(A) and p*"(A) = p*(A). The convergence p) — p* in M(N \ Ny)
implies the weak convergence p}" — p*" for small r, which implies according to Zhao (2016)
the finite-dimensional convergence

pin(A) = i (A) — 1" (A) = p*(A).

This proves (i7).

Proof of (ii) = (i7i): By Lemma 7.1, (ii) implies the finite-dimensional convergence fi.\" g "
for all » > 0 such that {m € N : @(E\ F") > k+ 1} € By+. Let 7; — 0 be a sequence of
such continuity points. From Zhao (2016), convergence of the finite-dimensional distribution

is equivalent to convergence of the Laplace functional

/ e ™D pEri(dr) — / e~ ¥ (drr).
N N

This proves (iii).
Proof of (ii1i) = (¢): Similar to Dombry et al. (2018) where the approximating functions can
be taken bounded Lipschitz. O
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