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ON THE DYNAMICS OF 3D ELECTRIFIED FALLING FILMS

JIAO HE AND RAFAEL GRANERO-BELINCHON

ABSTRACT. In this article, we consider a non-local variant of the Kuramoto-Sivashinsky
equation in three dimensions (2D interface). Besides showing the global wellposedness of
this equation we also obtain some qualitative properties of the solutions. In particular,
we prove that the solutions become analytic in the spatial variable for positive time, the
existence of a compact global attractor and an upper bound on the number of spatial
oscillations of the solutions. We observe that such a bound is particularly interesting
due to the chaotic behavior of the solutions.

1. INTRODUCTION

The present work is concerned with the full 3D dynamics of a thin fluid film falling
along with a flat inclined plate. Besides gravitational effects, we consider the action of
an electric field acting normal to the plate. In particular, for the case where the fluid
lies on top of the plate (overlying films), the following equation was derived by Tomlin,
Papageorgiou & Pavliotis [29]:

(1) N+ 1z + (B — Vg — nyy — YA+ A% =0

where 8 > 0 is the Reynolds number, 0 < v < 2 measures the electric field strength and
A is a non-local operator corresponding to the electric field effect given on the Fourier
variables as
Au = [€la(€) = (& + &)™ a(e).

We observe that the term corresponding to the electric field, —yA3(n), always has a desta-
bilizing effect, while the term (8 — 1)n,, can be stabilizing or destabilizing depending on
the value of the Reynolds number. Namely, for subcritical Reynolds numbers 0 < 8 < 1,
(8 — 1)1y is a stabilizing term, while for supercritical Reynolds numbers 1 < (3, it has a
destabilizing effect.

Since falling films have received much attention from many authors, a wide variety
of results about their nonlinear stability can be found. In particular, the 2D case (1D
interface) was first studied by Gonzélez & Castellanos [11]. These authors identified a
critical electric field strength for sub-critical Reynolds number flows above which instability
was found. Later on, Tseluiko & Papageorgiou also considered the 2D case (1D interface).
In particular, Tseluiko & Papageorgiou performed a numerical study of the 1D analog of
(1) and found attractors for the dynamics for certain values of the physical parameters
[32]. The same authors provided analytical bounds on the energy of the solutions and the
dimension of the attractor [33] (see also [31] for the case of vertical film flow). Compared
with the case of 1D interface, equation (1) generalizes previous works by taking transverse
dynamics into consideration.

Equation (1) is similar to the well-known Kuramoto-Sivashinsky equation in one dimen-
sion,

(KS) N+ My = —Nazz — Nrzxx
1
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which is a model appearing in several applications. For instance, LaQuey, Mahajan,
Rutherford & Tang [20] obtained (KS) as a model of collisional trapped-ion mode in
tokamak geometry (see also Cohen, Krommes, Tang & Rosenbluth [3]), Kuramoto &
Tsuzuki [19] considered the possible instabilities of a two components reaction-diffusion
system and also recovered (KS). Furthermore, Sivashinsky [20] (see also the companion
paper by Michelson & Sivashinsky [22]) derived (KS) as a model of the evolution of a
disturbed plane flame front. Later on, Sivashinsky & Michelson [27] linked (KS) to the
evolution of a film of viscous liquid flowing down a vertical plane. Several equations sharing
some similarities where obtained by Topper & Kawahara [30], Lee & Chen [21], Coward
& Hall [6], Frenkel & Indireshkumar [9] and by James & Wilczek [17] when considering
falling fluid films, plasma turbulence and cellular suspensions.

Equation (KS) has rich dynamics. Indeed, applying the Fourier transformation to the
linear part of (KS),

(€)= (6% = €M0(9),

it results in the stability of high frequencies (|{| > 1) and instability of low frequencies
(0 < |€] < 1). Specifically, the term 7, leads to instability at large scales; the dissipative
term 7)yzze iS responsible for damping at small scales. Then we see that for general
initial data, the linear problem is unstable and leads to an exponential growth of certain
frequencies. When the nonlinear term 7n, is added, stabilization occurs as this term
transfers energy from the long wavelengths to the short wavelengths and balances the
exponential growth due to the linear parts. This interaction between the unstable linear
parts and a nonlinearity who carries energy between frequencies makes the solution of
(KS) to develop chaotic dynamics for certain values of the parameters.

This nonlinear stabilization of the Kuramoto-Sivashinsky equation with L-periodic
boundary conditions,

n(z + L,t) = n(z,t), for all z and ¢,
was considered mathematically by Nicolaenko, Scheurer & Temam in [23] under the hy-
pothesis that the initial data has odd symmetry: ng(z) = —no(—z). After that, Ilyashenko
[15], Collet, Eckmann, Epstein & Stubbe [5] and Goodman [12] found new bounds for the
L?-norm of the solution of the KS equation without oddness condition for the initial data.
The fact that the solutions are uniformly bounded leads us to the question of the optimal
bound for the radius of the absorbing set in L? for arbitrarily large periods L. In that
regards, the known bounds are
0.5

L
lim sup (/ u2dx> < O(LP)
t—o00 0

where the original p = 5/2 [23] was later improved to p = 8/5 [5] and finally to p = 3/2
[1]. The global bound has been upgraded recently by Giacomelli & Otto [10], where they

proved the bound
0.5

L
lim sup (/ u2dx> < o(L*?).
t—o0 0

We observe that the conjectured bound is O(L%?).

The analyticity of solutions is of great interest not only for KS equation, but also
for other nonlinear partial differential equations. For instance, we refer the reader to
the seminar paper by Foias & Temam [3] where they show that solutions of the Navier-
Stokes equations are analytic in time with values in a Gevrey class of functions (in space).
This technique has been extended largely to other nonlinear parabolic equations and, in
particular, Collet, Eckmann, Epstein & Stubbe [1] addressed the spatial analyticity of



3

solutions of one-dimensional Kuramoto-Sivashinsky equation. They showed that at large
time the solutions are analytic in a strip around the real axis and also gave a rigorous
lower bound for its width, i.e. the radius of analyticity is proportional to L~16/25 Gruji¢
[11] used a Gevrey class technique to obtain a neighborhood in the global attractor of
the set of all stationary solutions in which the radius of analyticity is independent of
L. This latter result shed some light on a conjecture in [1] that asks whether there is
a a > 0, independent of L, such that the solutions of the KS equation are analytic in
space in the complex strip {x +is, s < a} for sufficiently large time. In higher dimensions,
the literature on estimating the radius of analyticity for the Kuramoto-Sivashinsky-type
equations is more scarce. For example, we refer to the works by Pinto [24, 25] where,
among other properties, the author studied the time analyticity of a variant of the two-
dimensional KS equation. More recently, Ioakim & Smyrlis [16] also studied the analyticity
properties of solutions of Kuramoto-Sivashinsky type equations and some related systems.

The goal of the present work is to mathematically study the initial value problem for
nonlocal two-dimensional Kuramoto-Sivashinsky-type equation with periodic boundary
conditions and initial data with zero mean

L L
/ / no(z,y)dzdy = 0.
0 0

Of course, the zero average condition is propagated by the PDE. We organize this paper as
follows. In section 2, we give some notations, definitions and classical results. In section 3,
we show the global existence of solutions to initial value problem (1) and in section 4, we
prove the existence of an absorbing set in L? and in higher Sobolev norms. In section 5, we
prove that these solutions are analytic in a strip based on a priori estimates in a Gevrey
class. Finally, in section 6, we establish a bound for the number of spatial oscillations
which are a manifestation of the spatial chaos that this PDE evidences.

1.1. Notation. We will use C to denote a universal constant that can change from one
line to another. We will make frequent use of the usual homogeneous Sobolev spaces H*®:

H(T?) = {n e LA(T%) : Y _ &) < oo}
£ez?
where 7(€) is the Fourier series of 7 :

= 2m) /T e TRz, y)ddy, & = (€,&) € 27

(&) =
2. RESCALING OF THE EQUATION
We assume that 7 is L-periodic,
n(x+ Ly) = n(z,y), n(z,y+L)=n(z,y),
and define T2 = [0, 27]? and \ = 2% We rescale our variables according to

=\, =y, 7= \"1n, =\t

<

which gives
N+ Niile + (8 — DA la — Ny — YA A (7) + N A% = 0.
Then we obtain

(2) M+ 7ife + (B — D)flss — flyy — YAA3(7) + A2A%5 = 0.
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Denoting § = v\ and € = A2, we can equivalently consider the following initial-value
problem
(3) N+ 1z + (B — Vg — nyy — A3 () + A% = 0, (z,y) € T%t >0
with initial data
n(z.y,0) = no(z,y), (z,y) € T>.
In what follows, we will drop the tilde notation.

3. GLOBAL EXISTENCE OF STRONG SOLUTIONS

In this section, we will state the global well-posedness result of the initial-value problem
(3):

Theorem 1. Ifny € H?(T?), then for every 0 < T < oo the initial value problem (3) has
a unique solution

n € C([0,T); H*(T*)) N L*(0, T; H(T?)).
Proof. Step 1 : L? estimate. We multiply (3) by 1 and integrate by parts to obtain

1d 3
5%||n|!%2 = (B=DlnallZe = lInyll72 + ollA2n[|72 — €| Anll72
< CB.8)nl’ 5 — ellnlie
3/2 1/2
< C(8,0) il Inll % = ellnll%
By Young’s inequality, we find that
d
aHnH%Q < —€||Anlf7z + C(e, B, 0)|Inl7

where C(e, 3,9) is a constant depending on ¢, 3,6 and may change line by line. An appli-
cation of Gronwall’s inequality leads us to

t
2 + ¢ / exp (C(e, 3,0) (¢ — )) || An|2ads < C(c, B, 8) o] 2.
Hence,
t
2 + e / InPyads < C(e, 8,8) ol ae

Step 2 : H! estimate. Now we multiply (3) by —An and integrate by parts to obtain
that

1d 3
5 gl = (8 = Dlnallzs = Inylz + SllA2nllZ = ell Anllzr + lInllzeeInll | Anllze.
Using the same method as in step 1, we get
5 g Il < =19l + Cle, 8,0l + - lnllzee Il + S 1Anlz

A

€ 1
< —Shal + (e .8) + il ) ol

which implies

d € 1
Sl < =S1aul + (C(6.6.9)+ il ) Il



Using Gronwall’s inequality, we find that

e [t t1
il + 5 [ e (Clesde=o+ [ Znl ) 1anlas

!
< Il exo (Cte.p.0e+ [ Ll ).

From step 1, we already have that

t
: /0 Inl%ds < Cle, 8,8)|mo2ae.

Using the Sobolev embedding, we get that

t
¢ /0 Inl2eds < C(e, B, 8) ol 2ac.

Inserting this into the inequality above, we obtain

e [t t]
0|30+ = | exp (Cle,8,0)(t—s)+ [ =lnll3e ) [|AN|2ds
2 0 s €

1
< Il exp ( Cles 8,000+ lmlE exp (C (e, 8.0)0)

< |lnoll 72 exp (exp (C(e, B, 8 lmoll 1)t)) -

Hence, we conclude that

€

t
5 [ exp (exp (Cle . 8lmlin ) ¢ = 5)) | AnlFsds

< |lnoll 72 exp (exp (C(e, B, 6llmol 1 )t)) -

Il +

In particular,

t
€
Iz + 2/0 1AD 1 Fads < [0l exp (exp (C(e, B, dllnoll1)1)) -

Step 3 : H? estimate. We multiply (3) by A%n and integrate by parts to obtain that
1d
2 dt

Using the same method as in step 1 and step 2, we can obtain

3
Inllzr2 = (8 = Dllnallr2 — llngllz + SIAZ 02 — el AnliFre + lnllze Il [ A%l 2

d € 1
s < 51801 + (Cle.8.0) + Ll ) Il

€ 1
< S8l + (06 5.9)+ Ll ) e

Using Gronwall’s inequality again, we obtain that
2 e [* 10 2
171772 + 5 | P Cle,5,0)t =s)+ [ —lnllzee ) [Anllz2ds
S

b1
< Il exp (e 8.0+ [ Ll ).
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Then, the Sobolev embedding implies that

t
€
1772 + 2/0 exp (exp (C(e, 8,9, [moll a2 ) (t — ) | An]|F2ds

< |lmoll 72 exp (exp (C(e, 8,4, lmollr2)t))

Finally, we have

t
€
7= + 2/0 1A 2ds < [|noll 7= exp (exp (Cle, 8,3, llmolls2)t)) -

Step 4 : Existence of solution We consider a positive, symmetric mollifier J.» (such
as the periodic heat kernel), to approximate the initial value problem (3) by the regularized
problem

ax ((Je’ * 776’)2>
2
= J * ((1 - B)axx(Jel * 776/) + ayy(Je’ * 776/) + 5A3(J€/ * 776/) — €A2(J€/ * 776/)) ,

with initial data

8t7]€/ —{— Je/ ES

776’(0) = Je’ *170-

By the Picard’s theorem, these sequence of regularized problems have a unique solution
ne = CY([0,T.], H?>(T?)). Moreover, these problems verify the same energy estimates as
in steps 1-3 and, as a consequence, we can take T' = T'(19) independent of €. Passing to
the limit we conclude the existence of at least one solution in

ne L®(0,T; H*) N L*(0,T; HY)

and since we have a priori estimates, these solutions exist for arbitrary long time T'.
Step 5 : Uniqueness. We can prove the uniqueness of the solutions by contradiction,

i.e. assuming that there exists two solutions of the problem (3), n; and 72, corresponding

to the same initial data 79. We denote their difference by 1. Then we have

— 6A%(n) + €A’ = 0.

(4) n,+ % (nf —m3), +(B—"1)n,

As the proof of L? estimate in step 1, we multiply (4) by 7 and integrate by parts:

&4 ﬂyy

ld 2 2 2 3 2 Lo 9 2
sz = (8 =Dl llz2 =l 72 +0llAZ ()]l 22 — ell Anllz2 — /TQ 5 (05 = 12)an)
€ 1
< Cle, 8,07z = 71007 + Sl + mall o< lnll s [1n]l 2
€ € 1
< C(e8,0)lInllze — A0l + ZllnllEn + - llm + mallZe<InllZe
<(C 5 i 2 2
< (Ce.8,0) + llm +mlz | lInliz2
1
< (0B D+ 3 (i + i) ) Il

Using Gronwall’s inequality, we have that

1 t
Il < b o (e, .00+ 2 [l + el ).



From step 1, we already have that

[ Il < Il exp (€ .00,
and .

e [ InalBreds < 2 exp (C(e,5.0)0).
Thus, the uniqueness of SOl(l)ltiOIl follows from the inequality

171172 < lInylI72 exp (exp (C (8, €, B, |[mol| 22)t)) -

Step 6 : Endpoint continuity in time. To conclude the endpoint continuity, we can
perform a standard argument using the parabolic gain of regularity L2(0,T; H*). Indeed,
we can take 0 < 0 < 1 as small as desired and there exists a 0 < ¢’ < ¢ such that
u(c’) € H*. Repeating the same argument as before, we find a solution

e € L®(o", T; HY) N C([o", T), H?).
Because of the uniqueness of solution we obtain the continuity of the original solution
n € C((0,T], H?).
Finally, the continuity at the origin is a consequence of the energy estimates. O
4. LARGE TIME DYNAMICS

The goal of this section is to prove uniform boundedness of solutions n € L°°([0, co); L2(T?)).
In other words, we establish the existence of an absorbing ball in L? by collecting global
bounds showing the dissipative character of the equation. We start by proving the follow-
ing two Gagliardo-Nirenberg inequalities

Lemma 1. For smooth enough periodic functions with zero mean, we have that the fol-
lowing two inequalities hold true

IVl Zs(r2y < Clinllpoe 2 14N 222y,
1A% || z2(r2) < Clinll oo o2y | ANl £2(72)-
proof. We start proving the first inequality:

IVl sr2) = / (V- Vn)?
’ﬂ‘Q
= —/ vV - (V| Vn|?)
TZ

= - /m nAn|Vn> +nVn - V|Vy?

< ClInll o2y 1A L2002 1 V0Pl 22 (r2)
< Cllnll oo x2) | Al L2¢r2) [ V| F 1 2y -
Therefore, we conclude our result by noticing that
1A7* | L2 (12 < CllnAn + V(| 2272
< ClnAnlrzezy + 11V0? [l 22(r2)
< Clnll poe ) 1AM 22y + V01 22
< ClInll oo (r2) [ ANl L2 (72)-
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Remark 1. We observe that the previous constants C' can be computed explicitly.

The rest of this section is devoted to prove that the solutions of problem (3) remain
uniformly bounded in L?. The following background flow method was first used by Nico-
laenko, Scheurer, & Temam [23] and then improved by Collet, Eckmann, Epstein & Stubbe
[5], Goodman [12] and Bronski & Gambill [1]. Before stating the main result of this section,
let us first define the following subspace of H?(T?) :

Hoy(T%) = {n € H*(T?) : =n(—=,y) = n(z,y),Y(z,y) € T*}
In terms of the rigorous results, a global bound on the solution is given by the following
theorem :

Theorem 2. Let ng € H2,(T?). Then the solution n of the initial-value problem (3)
satisfies

(5) tim sup[n(t)||z2(r2) < Reop-
where R, 53 depends on €,0, 3.

proof. The proof is based on the construction of a Lyapunov functional, F(t), such that

d
SF(@) <0,
if

F(t) > Re,&,,@a
i.e. implying the existence of an absorbing set in L?. We first let ¢ be a smooth, 27-
periodic function, which we will choose later. Then, we multiply equation (3) by n — ¢,
and integrate by parts:

/ / (7= )0 + 1 + (B — Vg — 1y — 5A3(1) + €A%0) (5 — 6) = 0,
thus,

1d

1
s pln =6l 5 [ 6 = (8= Dllnalla + lln I3 + ell A3
T2

- [ =m0+ [ nyo=d [ Antn—0)= [ canso=o

For the term corresponding to the nonlocal self-adjoint operator A, we have that

/T2An¢=/T2nA¢-

Hence, by the Young’s inequality and the Holder inequality, we have that,

1d o
gl = ol == [P 5= Dl — Il — el 43 [ A%

2 dt
+(1—6)/an¢x+/wny¢y—6/TQA3n¢+/TQeAnA¢

¢ 1 € 3
<= [ 0P 4218~ linel — gl — gl + 510l

1 1 € 52
ylnllge + 18 = 1lgal72 + 50yl 72 + 514072 + 5 1617



Now, we define the following function

FllEh = f(2) = 5 +2B+2)2 465~ St 220

Observe that f(z) has at most three zeros. Since € > 0, we find that f(z) is bounded and
has global maximum 1 + (8(8 + 2)e + 462)62 /€3 at point z; = 2§/e. Then we have the
following inequality

5 28— Uaf — Sleal? +51eP — SIel* < Fler) = 5+ (8(5 + e + 46282/

= C(B,4,¢).
Inserting this relation into (6), we obtain that

1d € (bac
D I o = 18l — il + [ (A= %)+ (o)

where
=C(B,0,e) +1
and 52
F(¢) = |8 = 1ll¢all72 + 5 ||¢yHL2 +35 IIA¢HL2 + 5 ||¢H§13-

Now, we choose ¢(z,y) such that

¢I —iz€

S=A YL e

0<[&1|<A/e

which is possible since the right-hand side has zero horizontal mean value. Here, A is a
constant independent of e, which will be determined later.
Then, we claim that

" €
®) /. (A—";) Pl < SIAn2s 0,

Indeed, with the choice of ¢, we have that

/TQ <A - ¢2x> = /TQ A+ D ey

0<|é1]<A /e

Y —ix€y,.2
) /We .

€1 \<A/6
=A Z 517
[§1]<A/e

Since the odd symmetry in the z-direction is preserved by the equation and ng € H, Ozd(']IQ),
we have the fact that 72(0,y,t) = 0 for any y € T and ¢ > 0, so that

> n(€1,0) =0,
§1€EZ
which implies

Yo oRE0)=— Y n26.0).

|€1]<A/e €1]>A/e



10 J. HE AND R. GRANERO-BELINCHON

Then, by Cauchy-Schwartz, we bound

> R0 < X lalReo) gy

l€1]<A/e |€1\>A/E

—A > ’§1|2‘ (&, )"§1|

|€1|>A/€

< (T wrreo) (T o)

l&1|>A/e &1>A/e

(Z > (P + 1&P) ‘77 51,52‘ )é

§2€Z &1 EL
Ce Ce
< ZHA(UQ)HLQ(T?) < IHAUH%%W),

where we have used Lemma 1 in the last step as well as the Sobolev embedding H?(T?)
into L>°(T?). Hence,
¢g; 2 Cﬁ 2
L (=) Gl
The choice A > 8C\ justifes the claim (8).

We consider the functional
F(t) = In = ¢l 2¢p2)-
Inserting this into (7), we obtain

1d €
5 2ol = O3z < —SNADIZa sy — 22 + F(&)
Hence
1d 9 ) )
(9) 371 = Olaerey < =ln = OllL2 ey + 0Nz + F(9),
or, equivalently,
1d
sgt < T F ol + F(9),

which allows us to conclude the uniform boundedness of F. Indeed, using Gronwall in-
equality, we immediately obtain

17— 6l2ame) < (0 — Blacesy — 612 — F(8))e + [6]2 + F (o).
where
2 1 2 € 2 5 2
F(8) = 18— 16l + 5164132 + SIAGIZ + S 1.
Thus, if 1 < ||[n(t)]| 2, we conclude that
Inl2(r2y < l1m = @l L2¢r2) + 1|9l L2(T2)

< (1m0 = @l2aqrey + 16132 + F(6))* €7 + 2062 + F(6)?
< (mollz2 + 201 @llz + B+ 2) Sl + Vellgll + Slllls) e

+2[¢llz2 + (B + 2@l ar + Vellpllgz + 61l g
= Res .
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This completes the proof of Theorem 2. O

Similarly as we have obtained that there exists an absorbing set in L?, we can conclude
the existence of an absorbing set in higher Sobolev norms.

Theorem 3. Let ng € H2,(T?). Then the solution n of the initial-value problem (3)
satisfies
lim sup||n(t) | g2(r2) < R 5 5-
t—00

where Ré,&ﬁ is a constant depending on €,9, (3.

proof. Recalling the existence of an absorbing set in the L?-norm and the regularity results
in Theorem 1, so the proof is straightforword by using a bootstrap argument.

We first show that there exists an absorbing set in the H'-norm. Inequality (5) implies
that for a T' > 0 large enough, we have

In()|[L2(r2) < Reps+ 1, VE>T.
Combining this inequality with the L? energy estimate in the proof of Theorem 1, we
obtain that
17117 fo.77:22) < 0l Z2 exp (Cle, 8,6)T)

which results in that there exists a constant depending on initial data,  and € such that

01%%2}({)()”?’]@)”%2(?2) < C(HHOHL% €, ﬂa 5)

We multiply (3) by —An and integrate by parts to obtain that
1d

3
gaHanm < (B = Dlnallzn — lnyllz + SIAZn00Z0 — el AnllZn + 0l 7l Anel 2

€ 3
<cellnllza = 5lnlEs +18 = Hlnellz — lnyllz + Sl A2nllz

€ 3
< Ceamolnlli = 5nllzs +18 = Ulnellzr = lIny I + ollA2nlFn,

€
< Cepomlnllin = Jlnllzs + Cesllnllz:

IN

€ 2
5 lnls + Cepam

€ 2 € 2
< —Znli3n = Ml + Copim
where we used the Plancherel Theorem, the Poincaré inequality and the Sobolev inequality

1/2 1/2
1nllzs < Cllnll gz < ClnllyS nllE-

It follows that

d €
Sl + Slalldn < Cllmlze,e,8,5).
Using the Gronwall inequality, we immediately obtain the uniform bound
In(®)71 < Cllnollz €, 8, 6).

Recall that the H? energy estimate is

d € 1
il + Sl < (Cle8,0) + Ll ) Il

so we can mimic the previous proof to obtain that there exists an absorbing set in H?.
The proof is completed.
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Remark 2. [t is worth to point out that in the two theorems above, we show the large
time dynamic of the equation for initial data belonging to Hgd(’]l‘2), which requires an odd
symmetry condition in x-direction. Since the odd symmetry in x-direction is preserved
by equation (3), working in HZ2,(T?) is reasonable. To remove this condition, we require
more regqularity on the test function ¢ and this causes the case to become more delicate to
handle. This case will be shown in our upcoming work.

5. ANALYTICITY

The aim of this section is to show instant analyticity for the solutions of (3). We shall
prove that the solutions of (3) are analytic in a strip. In order to do this, we use the
method developed by Collet, Eckmann, Epstein & Stubbe in [1] (see also [3]). Roughly
speaking, our proof is based on a priori estimates for functions in certain Gevrey class.

Given a function o(t) positive (see its formula explicit below), we consider the weighted
exponential operators

e?OAy = Z AE)e? Dl gie-
€eT?

for functions in the space

G = {ne 13T Y @Ol < ool
£ez?

We observe that the functions in G are analytic. We also define the inner product and
norm on this Hilbert space by

P — —

oty = / 2 O e @Ry = an® 3 27O DD,
T LeZ?
o(t)A
12 ) = lle”®@ 175
With these previous definitions, we can state the main result of this section.

Theorem 4. Let 1y be given in Hgd(Tz). Then, there exists Ty depending on ng, €, 3,6
such that the solution of (3) satisfies

le?OAn@)]|2, <1+ 2C2 5 50 V>0

where o(t) = min{tanh(¢t), tanh (£2)}. In particular, it becomes analytic for t > 0.
Before proving theorem 4, we first state some auxiliary lemmas:

Lemma 2. For every b > a > 0,

a b 2 2—2a
IA%0l2 ) < NN Il 2
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proof.
1AZ )30 = e A2n)7a
= > 2 Ollga)

£ez?

2 A e’ —2a —2a
= 3 eI gy ¥ erIeC- ) %

cez?
b—a

(Z (e”“)'f‘%“m\“m(&)%) ) (Z( <>€<2>A<£>“b“)bba) b
£ez? £€z2

b—a
b
> 27Ol g) > ekl
£ez? £ez?

b o 2a 9_2a
< A5l Il

Qo

IN

IN

And an auxiliary lemma estimating the nonlinear term:
Lemma 3. |(1102, 0o < c|[AnlloIA2n]12,
proof. We first denote n* = ey, then
7 () = ee®l(4).
By the definition of Fourier series, we have

n= Z ﬁ(j)eij'x, ea(t)An _ Z ﬁ(])em @ o (t)]j]

JEZ? jez?
In fact,
(e, m) %Y ST @GR — §)jn0)ee O
eZ? jeZ?
KDY ( )) i (0)ee U=l
CeZ? jeZ?

Since || < |7] + |¢ — j| leads to || — |j| — |¢ — j] < 0, we have that
o OUE=lil=1e=31) < 1,

Moreover,

i30S (PO 3)) g (@er @I

| <77n1‘7 77>o(t) ’ S (27T

LeZ? je7?

2 S S IR € - DIFITF©)
LEZ2 jEZ2
)2 Y DI (k) (6)]
k+5=¢

= | o(2)0(z))(w)dz
T2
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where

=D 7 (@)lljle”", =Y Pt @) =Y ).

jEeZ? kez? Le7?
Notice that |$(7)| = |j]|7*(4)| and |6(k)| = |7*(k)|. We now bound the last integral by the
Holder inequality,

. ¢(@)0(x)i(x)dz < [|¢(@)] L2 [10(2) || a | (2)] s

< cllé@) = 10()I° 4

1

~c (Z qzw) > (o))

2
(2 A 1A 2
—c[ SR OR | > (k)
JEZ? JEZ?
1
= cl|An*| 2 A2 7
1
< cl|A2 )3 1Anlloq
where we used the Sobolev embedding H %(']TQ) < L*(T?) and the Plancherel theorem in
the computation above. O
We begin now the proof of theorem 4:
Proof of Theorem /J. We first take inner product of (3) with 7n(¢) in Gevrey class G,

(10) e M o) + My Moy + (B = Dlaa — nyy — A (1) + A0, 1) 5y = 0
Note that 14
37\ Moy = o' (A Mo + (1Mo
then we have L d
<77t7 77>J( t) — 5%07 77> (t) — /(t)A<77777>0(t)'
Substituting this into (10),

1d
5\ Ma) = o' (A, M) o) — (B = D)Nea — 1y — SA* (1) + A0, M)ty — (MM Moe)

o/ (O A27]2) + BllAnIIZ ) + S A2m]2) — el A2 + el Anlloe [AZ0]2
3 1
/( )||A277H2 )Hﬁ”ﬁ(t) + BHAZT}HO’(t)HnHU(t) + 5”1\277”;@)“77“;@)
A% + el A%l Il
By the Young inequality, we have
d
(1) SlnliZe < (D1 (/)T + Dz + Ds) [l + Dallallt

where Dy = (2 )1/3 Dy = 28% D3 = (30)36%, Dy = L2

4e

By the deﬁmt10n of o(t) = min{tanh(t), tanh (£2)}, we have
a(t) <1.
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Inserting this into (11), we obtain

d 2
= (1 mlz) < & (1+ Il
with
K = D1+ Dy + D3+ Dy.
Define y1(t) = 1+ ”77”(27(1&)7 it turns out to deal with the following ordinary differential
inequality
Yi(t) < Kyi(1)?
y1(0) = 1+ [|noll7=.
After solving this ODI, we obtain
Hn(ﬂ”g(t) <1+ 2””0”%2 for t € (0, To],

where
1

2K (L lnoll3,)
Moreover, according to theorem 1 and theorem 2, we know that the solution is unique,

global in time and stays in a ball of Radius R, g s once it has entered it, that is to say,
IIn(t)]| 2 remains bounded for all time,

To

lim sup||n(t) || L2(12) < Rep,s-
t—o0

So up to now, we already prove local analyticity of 7(t)

(12) (120 <1+ 2C255,, for t € (0,Tp).

In order to obtain global analyticity, we follow the previous idea and repeat the argument
above starting at 2. We consider time ¢ € [£2, 210] and let yo(t) = 1 + ||77(t)H2(t 7y )5 SO
olt—=%"

Yo (%) =1+|n (%) ||%2 Thus, solving the following ordinary differential inequality
ya(t) < Kya(t)?

Ty To) ?
D) =14 - ,
- ( 2 ) HT/ ( 2 L2
we have that,
o\ |
2 < — < 2
Oy <1420 ()] <1420,

for time ¢ € [12, 210].

By the definition of o(t) and observe that tanh(¢) is strictly increasing, we know that
o(t) remains being a constant after time %, and this constant is o (%) = tanh (%), S0
we choose t = T} in the inequality above, then

3T,
||77(t)||(27(%> <1+ 205275’57770 fort € [T07 7]
We mimic this argument by adding % cach time, so we obtain that 7(t) is analytic in the

time invervals [%, 2To], [2T0, %] Recalling local analyticity (12), we finally obtain

Hn(t)Hi(t) <1+ 202,3,5,770 for any t > 0.

€,

This completes our proof. ]
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Remark 3. It is of interest to point out that the global analyticity of the solution which
we show here is better than the result in [13], where the argument given by the authors
can be extended to prove the global analyticity of solutions of the Kuramoto-Sivashinsky
equation, outside a set of time instants with zero measure.

6. EXISTENCE OF ATTRACTOR AND THE NUMBER OF PEAKS

In this section, we are interested in the existence of the attractor and its properties. By
applying the Theorem 1.1 in [28], we can prove that the initial value problem (3) possesses
a compact global attractor in H?(T?). First, we denote by S(¢) the solution operator,
where S(t)ny = n(z,y,t).

Definition 1. The solution operator S(t)ny = n(x,y,t) defines a compact semiflow in H?,
if for every initial data ng € H?, the following four statements holds:
(i) S(0)no = 1o;
(i1) S(t + s)no = S(t)S(s)no, for allt,s;
(iii) For every t > 0,
S(t)(-) : H* — H?
18 continuous;

(iv) There exists T* > 0 such that S(T™) is a compact operator, i.e. for every bounded set
B C H?, S(T*)B C H? is a compact set.

Definition 2. An attractor A C H? is a set that satisfies the following properties:

(i) A is an invariant set, i.e., S(t)A = AVt > 0;

(ii) there is an open mneighborhood B C H? of A such that, for every mo in B, S(t)no
converges to A ast — oo :

dist (S(t)no, A) = 0 as t — oo.
We shall need the following lemma:

Lemma 4. Let ng € H2,(T?) be the initial data. Then S(-)no € C([0,T); H2,(T?)) defines
a compact semiflow in H2,(T?).

proof. In order to show that S(¢t)ny = n(-,-,t) defines a compact semiflow, we must verify
(i)-(iv) in definition 1. If we fix a to, the continuity of S(to)(-) from HZ; to H2, is
strightforward by energy estimates. Then, as in Theorem 3, we have the existence of an
absorbing set in H gd—norm, so there exists T such that

Since (i) and (ii) are obvious, we conclude our proof by invoking the analyticity of solutions.
O

Theorem 5. The system (3) has a mazimal, connected, compact attractor in the space
H2 (T?).
od

proof. By applying Theorem 1.1 in [28] and Lemma 4. O

The rest of this section is devoted to studying a particular feature of the chaotic behavior
of (3), namely, the number of spatial oscillations. We shall need the lemma proved by
Gruji¢ in [14], which gives us an effective method to study the number of peaks (see also
[13, 2]). We cannot use directly the method in [14], mainly because Lemma 8.1 in [11] is
quite suitable to bound the number of peaks in one space dimension, but not appropriate
for our two-dimensional model.
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We first let n(z,y) = f,(z), where f,(x) depends on both z and y. Then our original
problem (3) deduces to

(13) 8tfy+fyaxfy+(ﬁ_1)8§fy+Fy($) =0,

where Fy(x) = —nyy(2,y) — 6A3(n)(z,y) + eA?n(z,y) can be seen as a forcing term.
In the previous section, we have shown that n(x,y,t) is analytic in a growing complex
strip

So(r) = {(z.y) +i(2,9) : (z,y) € T [(2,9)] < o(t)}.

Recalling that n(x,y,t) = fy(x,t), then fy(x,t) is analytic in
Now we use the following Lemma (from [14]):

Lemma 5. Fizy in problem (13). Leto > 0, and let f,(x) be analytic in the neighbourhood
of {z = x+1i% : |Sz| < o} and be 2w-periodic in x-direction. Then, for any p > 0,
T =1,UR,, where I, is a union of at most [%’T] intervals open in T, and

i |axfy(m)| <, forall x € I,;

o card {x € R, : 0, fy(xz) =0} < 1022%” log (mw\gz|§;|8xfy(z)|>.

With the help of the lemma above, we have our main result.

Theorem 6. Let n be a solution of system (3) for initial data ng € H2,(T?) and define Ty

as i Theorem 4. Then, T = IUR, where I is a union of at most [t fl’(TTO)
an -5

| open intervals

i T and the following estimates hold for t > %,
|0en(z,y,t)] <1, forallzel,yeT

and

47 logC€7/3’57,70
0g2 tanh (L)

card{z € R : |Vn(z,y,t)| =0} < 1

where Ce g 5, s a constant depending on €, 3,9,mo.

proof. From the results of Theorem 4 and Theorem 5, we know that the system has an
attractor and the solution 7 is analytic at least in the strip of width o(t).
Now, we can apply Lemma 5 with ¢ = 1 and bound

card{z € R : |Vn(z,y,t)] =0} < card{z € R: 9,n = 0}

2 2r max|g.|<o [0:7(2, Y, t)]
< — log
log2 o 7

dm 1 o
< >~ tog (Cllem @12 )
log2 o
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In the last inequality above, we used the following estimate
10272, 5, D) 212 2) = 10an(@ + 82,5, | 212 2
< H Z \51!77(51 527 ) Zx&lﬂ/&) 7w£IHLoo(‘gz‘§%)

(&1752)622
<l Z 1E1[7(&1, &2, |elr|\§|HLw(‘ <2)
(&1,62)€22
o~ a(t)
< S e g ple T
(&1,82)€22
—~ a(t) 1
= Z €L, &t )\e shel L e
(&1,62)€22
< Y L&, b)e m@
(&1,82)€22
. 3
< ||eU(t)A77HL2 Z ’5‘4

(€1,62)€2?
< Clle” || 2
where we used the fact that
€5 < cer
Since 1 has global analyticity
le” @ n(t)] 22 < 1+ 2Cc gm0, V>0,
we can conclude that for ¢ > 70

4m log Ce 8.5,m0
0g2 tanh (L)

card{z € R : |Vn(z,y,t)| =0} < 1

where Cr depends on R, s and 7q. ]

€,3,8,n0

Theorem 6 gives us a bound of the number of wild spatial oscillations of the solution,
then the following corollary is a direct result of it.

Corollary 1. Let n be a solution corresponding to the initial data ng € sz(TQ), then for
t> %, the number of peaks for n can be bounded as

4m log Ce 8.5,n0
0g2 tanh (L)

card {peaks forn} < ]
where Ce g 5, depends on €, 3,0,m9 and Ty is defined as before.

7. NUMERICAL SIMULATIONS

In this section, we show some numerical solutions of the initial-value problem (3) with
the following initial condition

(14) no(z,y) = —sinz (siny +e ¥ cos y) .
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FIGURE 1. Initial data (14)

As the equation is periodic, we discretize the spatial part by means of a Fourier spectral
method. Namely, taking the Fourier transformation of equation (3), we get
~ &1 N
Bt (B = DEF+& =8l +elg) =0
where [£] = /€2 + €2. Once we discretize the spatial part of the PDE we get a system of
ODE :
(15) m=Ln+N7,
with
(L) (&1,&2) = ((B -1 — & +0[¢)° — )
and 'f
(ND)(En, &) = —5-F (F@)°)
We then compute the numerical solution by using a fourth-order exponential time differ-
encing (ETD-RK4) method that was first derived by Cox and Mathews in [7] and then
was improved by Kassam and Trefethen in [13].
In the following figures, we show a numerical solution of (15) with parameters f = 2,0 =
0.5,€ = 1 and initial condition (14). We can see that the equation (3) is very interesting
from a dynamical systems point of view, as it is a PDE that can exhibit chaotic solutions.
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t=40

FIGURE 2. Numerical solution of (15) for 5 =2, =0.5,e =1 at t = 40.

FIGURE 3. Numerical solution profile along z-direction for y = 0 of (15)
with 8 = 2,6 = 0.5, = 1 and the same initial data as in Figure 2 at
t = 0,20, 40.

REFERENCES

[1] J. C. Bronski and T. N. Gambill. Uncertainty estimates and L? bounds for the Kuramoto-Sivashinsky
equation. Nonlinearity, 19(9):2023, 2006.

[2] J. Burczak and R. Granero-Belinchén. On a generalized doubly parabolic Keller—Segel system in one
spatial dimension. Mathematical Models and Methods in Applied Sciences, 26(01):111-160, 2016.

[3] B. I. Cohen, J. Krommes, W. Tang, and M. Rosenbluth. Non-linear saturation of the dissipative
trapped-ion mode by mode coupling. Nuclear fusion, 16(6):971, 1976.

[4] P. Collet, J.-P. Eckmann, H. Epstein, and J. Stubbe. Analyticity for the Kuramoto-Sivashinsky equa-
tion. Physica D: Nonlinear Phenomena, 67(4):321-326, 1993.



[5]
(6]

[7]

21

FIGURE 4. Numerical solution profile along y-direction for x /2 of
(15) with 8 = 2,6 = 0.5,e¢ = 1 and the same initial data as in Figure 2 at
t = 0,20, 40.

P. Collet, J.-P. Eckmann, H. Epstein, and J. Stubbe. A global attracting set for the Kuramoto-
Sivashinsky equation. Communications in mathematical physics, 152(1):203-214, 1993.

A. V. Coward and P. Hall. On the nonlinear interfacial instability of rotating core-annual flow. Theo-
retical and Computational Fluid Dynamics, 5(6):269-289, 1993.

S. M. Cox and P. C. Matthews. Exponential time differencing for stiff systems. Journal of Computa-
tional Physics, 176(2):430-455,2002.

C. Foias and R. Temam. Gevrey class regularity for the solutions of the Navier-Stokes equations.
Journal of Functional Analysis, 87(2):359-369, 1989.

A. Frenkel and K. Indireshkumar. Wavy film flows down an inclined plane: perturbation theory and
general evolution equation for the film thickness. Physical Review E, 60(4):4143, 1999.

L. Giacomelli and F. Otto. New bounds for the Kuramoto-Sivashinsky equation. Communications on
pure and applied mathematics, 58(3):297-318, 2005.

A. Gonzalez and A. Castellanos. Nonlinear electrohydrodynamic waves on films falling down an in-
clined plane. Physical Review E, 53(4):3573, 1996.

J. Goodman. Stability of the Kuramoto-Sivashinsky and related systems. Communications on Pure
and Applied Mathematics, 47(3):293-306, 1994.

R. Granero-Belinchén and J. K. Hunter. On a nonlocal analog of the Kuramoto-Sivashinsky equation.
Nonlinearity, 28(4):1103, 2015.

Z. Gruji¢. Spatial analyticity on the global attractor for the Kuramoto-Sivashinsky equation. Journal
of Dynamics and Differential Equations, 12(1):217-228, 2000.

J. S. II’Yashenko. Global analysis of the phase portrait for the Kuramoto-Sivashinsky equation. Journal
of Dynamics and Differential Equations, 4(4):585-615, 1992.

X. Toakim and Y.-S. Smyrlis. Analyticity for Kuramoto-Sivashinsky type equations and related sys-
tems. Procedia IUTAM, 11:69-80, 2014.

M. James and M. Wilczek. Vortex dynamics and lagrangian statistics in a model for active turbulence.
The European Physical Journal E, 41(2):21, 2018.

A.-K. Kassam, and L.-N. Trefethen. Fourth-order time-stepping for stiff PDEs. SIAM Journal on
Scientific Computing, 26(4):1214-1233, 2005.

Y. Kuramoto and T. Tsuzuki. Persistent propagation of concentration waves in dissipative media far
from thermal equilibrium. Progress of theoretical physics, 55(2):356-369, 1976.



22
[20]
[21]
[22]

[23]

J. HE AND R. GRANERO-BELINCHON

R. E. LaQuey, S. Mahajan, P. Rutherford, and W. Tang. Nonlinear saturation of the trapped-ion
mode. Physical Review Letters, 34(7):391, 1975.

Y. Lee and H. Chen. Nonlinear dynamical models of plasma turbulence. Physica Scripta,
1982(T2A):41, 1982.

D. Michelson and G. Sivashinsky. Nonlinear analysis of hydrodynamic instability in laminar flames—II.
numerical experiments. Acta Astronautica, 4(11-12):1207-1221, 1977.

B. Nicolaenko, B. Scheurer, and R. Temam. Some global dynamical properties of the Kuramoto-
Sivashinsky equations: nonlinear stability and attractors. Physica D: Nonlinear Phenomena,
16(2):155-183, 1985.

F. C. Pinto. Nonlinear stability and dynamical properties for a Kuramoto-Sivashinsky equation in
space dimension two. Discrete & Continuous Dynamical Systems-A, 5(1):117-136, 1999.

F. C. Pinto. Analyticity and Gevrey class regularity for a Kuramoto-Sivashinsky equation in space
dimension two. Applied mathematics letters, 14(2):253-260, 2001.

G. Sivashinsky. Nonlinear analysis of hydrodynamic instability in laminar flames—I. derivation of
basic equations. Acta astronautica, 4(11-12):1177-1206, 1977.

G. Sivashinsky and D. Michelson. On irregular wavy flow of a liquid film down a vertical plane.
Progress of theoretical physics, 63(6):2112-2114, 1980.

R. Temam. Infinite-dimensional dynamical systems in mechanics and physics, volume 68. Applied
Mathematical Sciences. Springer-Verlag, 1997.

R. Tomlin, D. Papageorgiou, and G. Pavliotis. Three-dimensional wave evolution on electrified falling
films. Journal of Fluid Mechanics, 822:54-79, 2017.

J. Topper and T. Kawahara. Approximate equations for long nonlinear waves on a viscous fluid.
Journal of the Physical society of Japan, 44(2):663-666, 1978.

D. Tseluiko and D. Papageorgiou. Dynamics of an electrostatically modified Kuramoto-Sivashinsky—
Korteweg—de Vries equation arising in falling film flows. Physical Review E, 82(1):016322, 2010.

D. Tseluiko and D. T. Papageorgiou. A global attracting set for nonlocal Kuramoto-Sivashinsky
equations arising in interfacial electrohydrodynamics. Furopean Journal of Applied Mathematics,
17(6):677-703, 2006.

D. Tseluiko and D. T. Papageorgiou. Wave evolution on electrified falling films. Journal of Fluid
Mechanics, 556:361-386, 2006.

J. He: Université de Lyon, Université Lyon 1 — CNRS UMR 5208 Institut Camille
Jordan — 43 bd. du 11 Novembre 1918 — Villeurbanne Cedex F-69622, France.
Email: jiao.he@math.univ-lyonl.fr

R. Granero-Belinchon: Departamento de Matematicas, Estadistica y Computacién,
Universidad de Cantabria. Avda. Los Castros s/n, Santander, Spain.
Email: rafael.granero@unican.es



	1. Introduction
	1.1. Notation

	2. Rescaling of the equation
	3. Global existence of strong solutions
	4. Large time dynamics
	5. Analyticity
	6. Existence of attractor and the number of peaks
	7. Numerical simulations
	Acknowledgment
	References

