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Abstract

A novel theory of time discounting is proposed in which future consumption

is less valuable than present consumption due to waiting costs. Waiting is inter-

mittent as consumer’s attention can be distracted away from future gratifications.

The model satisfies and reinterprets several properties of intertemporal preference

like present bias, decreasing impatience or sub-additive discounting. A quantitative

puzzle is presented, supported by preliminary experimental evidence, which shows

how impatience over short delays may translate into excessive impatience over long

delays. The wait-based model offers a solution to the puzzle, contrary to usual

models of discounting.
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1 Introduction

Impatience is a key feature of intertemporal decisions, yet is still a versatile property.

People do not like waiting two minutes at a stoplight, but are willing to save for their

retirement occurring in several decades. Those contrasting attitudes suggest that the

horizon of choice interacts non-linearly with individuals’ propensity to discount future

outcomes. This paper explores this possibility and proposes a novel theory of time dis-

counting which starts from the observation that waiting for a reward requires a mental

effort as people have to resist temptation and cope with some amount of frustration.

The more delayed the gratification, the longer the waiting period and the less valuable

future utility. In addition, introspection and casual observations indicate that people

do not spend all their time in waiting states. Human time alternates between periods

of absorption in daily activities and periods of conscious reminding of delayed gratifi-

cations during which waiting costs are truly incurred. Those may be triggered by an

exogenous or external event or a cue, like discussing a new model of cell-phone with a

colleague, watching a tv advertisement or contemplating a piece of chocolate fudge cake

at a friend’s birthday. The frequency of reminders may be reinforced by biased attention

toward temptation cues.1 Reminding may also spontaneously occur when the image of a

gratification springs to mind, or when a need is felt, out of boredom, discomfort, stress,

hunger, thirst or craving.

When individuals experience intermittent reminding, preferences for early vs. late

gratifications depend on both the disutility costs of waiting and the frequency of wait-

ing periods. Both dimensions raise expected waiting costs and undermine consumer’s

willingness to delay consumption. For example, a typical question asked to people who

suffer from addiction is “how many times a day do you think about ...”. In less extreme

situations, repeated exposure to temptation goods may lead consumers to indulge, which

is routinely exploited by the advertising industry.

The goal of this paper is to investigate the implications of intermittent waiting for
1For example, smokers have been found to display selective attention for smoking-related cues (Mogg,

Field, and De Houwer, 2003), and heavy drinkers toward alcohol-related cues (e.g. Townshend and Duka,
2001). See Bernheim and Rangel (2004) for a theoretical analysis.
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time preferences. To do so I pose a general multi-period setting in which an agent derives

utility from a good which may be consumed now or later. A disutility of waiting is felt in

reminding states, or “hot states” (Loewenstein, 1996), which happen in an intermittent

and random fashion. The wait-based model of discounting replicates three important

and robust features of intertemporal preferences: (i) present bias, the propensity to

prefer immediate gratification to future ones, (ii) decreasing impatience (or hyperbolic

discounting) according to which the rate at which an outcome is discounted over time

decreases as the time horizon gets longer, (iii) non-additive discounting, when a sequence

of trade-offs in a sub-divided interval leads to more overall discounting than a single

trade-off over the whole interval. Present bias appears because when the present date

is a planning period, it is also a waiting period. Contrary to future dates in which

reminding is only a possibility, the agent feels the cost of waiting in the present when

the decision to postpone a consumption is made. Intermittency of waiting means that

future utility is progressively but not regularly discounted with delay. The discounting

process is slowed down as a result, which makes the consumer decreasingly impatient.

Discounting is sub-additive if expected waiting costs by time units are higher the shorter

the time interval.

Intermittent discounting helps to solve a paradox that other models of time preference

cannot. A simple formula is first presented, which determines a lower bound on long-

term discounting. If an individual prefers one unit of good at date t instead of x > 1

units at date t + 1 every period between the present and date T , she is also willing to

forego xT units in T periods in exchange for one unit now. The determination of the lower

bound is non-parametric and applies to any discount function which decreases with delay.

It may imply an excessive degree of long-term impatience as the foregone consumption

xT is potentially quite large. I present a classroom experiment where a majority of

students prefer the early option despite absurd level of long-term impatience derived

from the calibrated lower bound. This apparent paradox is solved when individuals incur

intermittent waiting costs. Small departure from perfect patience over short delays does

not necessarily translate into strong impatience over longer delays if people are distracted

most of the time by activities unrelated to the reward.
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The remainder of the paper is organized as follows. Section 2 reviews the related liter-

ature. Section 3 lays out a general model of consumption with intermittent waiting, poses

a set of axioms and studies its consequences for time preferences. Section 4 investigates

the link between intermittent discounting and decreasing impatience. Section 5 shows

that intermittent waiting costs imply non-additive time discounting. Section 6 presents a

simple experiment whose results cannot be explained by usual theories of discounting. It

then shows how the waiting cost model solves the apparent puzzle. Section 7 concludes.

2 Related Literature

Several models of temporal discounting have been used in the literature. The constant

discounting model (Samuelson, 1937) in which date t utility is discounted by β−t with

β ∈ (0, 1), is by far the most used in microeconomic or macroeconomic models. It

is parsimonious and normatively appealing, yet has a limited descriptive validity (see

Frederick et al. (2002) and Cohen et al. (2016) for surveys). One of the most popular

model that deviates from constant discounting is quasi-hyperbolic discounting (Phelps

and Pollak, 1968, Laibson, 1997), in which the discount factor is δβ−t in future periods

with 0 < δ, β < 1. The parameter 1/β > 1 can be interpreted as an extra weight on

present utility. Loewenstein and Prelec (1992) propose a generalized model of hyperbolic

discounting, in which future utility is discounted by (1 + ht)−r/h with h ≥ 0 and r > 0.

Two special cases are proportional discounting (Mazur, 1987) when h = r and power

discounting (Harvey, 1986) when h = 1.2 In this class of models, decreasing impatience

holds at all dates. The present model contributes to this literature by investigating

a single behavioral mechanism which explains why consumers are present biased and

decreasingly impatience for remote dates.

Benhabib and Bisin (2004) introduce a separate cost of delaying consumption inter-

preted as “the psychological restraint from the impulse of choosing the immediate reward.”
2Bleichrodt, Rohde and Wakker (2009) and Ebert and Prelec (2007) introduce discount functions

which are the intertemporal analogues of constant absolute risk aversion and constant relative risk
aversion utility and can also account for decreasing impatience.
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Contrary to the model with waiting, the cost of delay is a fixed cost independent of the

size of the reward and of the length of the delay. Laibson (2001) and Bernheim and

Rangel (2004) propose models of addiction in which temptation effects endogenously de-

pend on past associations between cues (e.g. the sight of a lighter) and rewards (smoking

a cigarette). The wait-based model takes as given the existence of cues, their frequency

and effectiveness in triggering a behavioral response, and focuses on consequences for

time preferences.

The assumption of intermittent waiting opens up the possibility of sub-additive dis-

counting, according to which a sequence of trade-offs in a sub-divided interval leads to

more overall discounting than a single trade-off over the whole interval. This pattern has

been reported in several experiments3 and in German representative samples (Dohmen

et al., 2012; Dohmen et al. 2017). The evidence is inconsistent with all delay-dependent

discounting models, in which additivity holds regardless of the shape of the discount

function. The intermittent discounting model proposes a theory of sub-additivity based

on the premise that individuals expect more waiting in a series of short-delay trade-offs

than in a long-delay trade-off. The explanation is consistent with the interpretation of

Read (2001) according to whom sub-dividing a delay undermines people propensity to

endure waiting by making them pay more attention to every part of it.

The paper is also related to the vast literature in psychology on waiting, distractions,

and time perception. A body of consistent evidence shows that the perception of duration

is affected by attention. The father of American psychology William James already noted

in 1890: “The tracts of time (...) shorten in passing whenever we are so fully occupied

with their content as not to note the actual time itself. (...) On the contrary, a day

full of waiting, of unsatisfied desire for change, will seem a small eternity”. Closer to

us, experimental evidence shows that the ratio of judged to real duration increases when

attention is stimulated.4 People who are paying attention to time itself, e.g. when they

are waiting in a queue, or when they have been told in advance to estimate a period of
3Read (2001), Read and Roelofsma (2003), Scholten and Read (2006) and Kinari et al. (2009).
4See Fraisse, (1963) and Thomas and Brown (1974) for evidence. Hicks, Miller and Kinsbourne (1976)

and Thomas and Weaver (1975) provide an attention-based theory of this phenomenon.
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time, feel the time passing more slowly. On the contrary, the ratio of judged to real time

decreases when subjects are kept busy by a cognitively demanding task (Zakay and Block,

1997). If attention is distracted by non-temporal information, less capacity is available

for processing temporal information (Kahneman, 1973). Katz, Larson and Larson (1991)

find that distractions like watching a news board or television while waiting made the

wait more acceptable for customers. In the wait-based model of discounting, people pay

more attention to time in waiting states. The process of waiting causes a lengthening of

the perceived temporal distance, which deepens the discount on delayed rewards.

It is also consistent with the famous “marshmallow” experiment by Mischel and Ebbe-

sen (1970) and Mischel, Ebbesen and Raskoff Zeiss (1972), in which pre-school children

were given the choice between one treat immediately or two if they waited for a short pe-

riod. They found that children waited much longer for a preferred reward when they were

distracted from it than when they attended to them directly (. When the rewards were

out of sight, 75% of children were able to wait the full time (15 minutes). When it was

exposed, the mean delay time was only about 1 minute. Successful children developed

strategies of diversion like singing songs or thinking aloud. Mischel, Ebbesen and Raskoff

Zeiss (1972) conclude that “attentional and cognitive mechanisms which enhanced the

salience of the rewards shortened the length of voluntary delay, while distractions from

the rewards, overtly or cognitively, facilitated delay.”

The result that keeping in mind the reward hinders, not facilitates, the ability to

control one-self, has been confirmed by multiple follow-up studies (Metcalf and Mischel,

1999). More recently, Hofmann et al. (2012) investigate with an experience sampling

method how often desires in everyday life (like eating, sleeping or drinking) are felt and

how often they are enacted or inhibited. They find that people who were the best at

self-control reported fewer episodes of temptation rather than better ability to resist

temptations. Ent et al. (2015) also show that self-control is linked to avoiding, rather

than merely resisting temptation. Traditional theories of intertemporal choice have dif-

ficulties in accounting for those observations as pure time preferences are not properly

distinguished from the frequency of temptations.
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Relatedly, some researchers argue that decreasing impatience reflects nonlinear per-

ception of time. Ebert and Prelec (2007) report that making people pay more attention

to the time dimension of the choice (e.g. by letting people focus on the arrival date of an

item) has the effect of increasing discounting of the far future. Zauberman et al. (2009)

find that making duration more salient to participants lead them to be more sensitive to

time horizon, resulting in less similar preference between short and long time horizons.5

3 Wait based preferences

3.1 Axioms

A consumer decides at which date t ∈ {0, ..., T} a good is consumed. Waiting occurs

when the decision maker (DM) reminds delayed consumption in period s = 0, 1, ..., T with

probability ps ∈ [0, 1]. Waiting may occur before, but not during or after consumption:

ps = 0, s = t, ..., T . It follows that, whatever the consumption date, the last date cannot

be a waiting period: pT = 0. Preferences are defined over dated consumptions given

a sequence of waiting (x, t; p0, p1, ..., pT−1) where x is the quantity consumed and t the

consumption date. Let � be a shorthand for strict preference relations expressed at time

0. Inverse relations ≺ and indifference relations ∼ are defined the usual way. All relations

are complete and transitive. They satisfy three axioms:

Axiom 1 (Monotonicity) ∀x, x′ ∈ X, x′ > x, and ∀t = 0, 1, ..., T , (x′, t; p0, ..., pT−1) �

(x, t; p0, ..., pT−1), ∀ps ∈ [0, 1], s = 0, 1, ..., T .

Axiom 2 (Waiting aversion) ∀x ∈ X and ∀t = 0, 1, ..., T , (x, t; p0, ..., pj, ..., pT−1) �

(x, t; p0, ..., p
′
j, ..., pT−1), ∀ps ∈ [0, 1], s = 0, 1, ..., T and pj < p′j.

Axiom 3 (Temporal indifference) ∀x ∈ X and ∀t = 0, 1, ..., T , (x, t; p0, ..., pT−1) ∼

(x, t+ 1; p0, ..., pT−1) if pt = 0, ∀ps ∈ [0, 1], s 6= t .
5See also Radu et al. (2011).

7



Axiom 1 ensures that the good is valuable to the DM for any sequence of probabilities.

Axiom 2 states that the DM dislikes waiting.6 She prefers waiting to be less likely all else

equal. Axiom 3 states that if date t is not possibly a reminding period (pt = 0), the DM

is indifferent between consuming at this period or next period. It formalizes the intuition

that consumption may be delayed effortlessly if individuals are distracted away. Axioms

2 and 3 define a weak form of impatience (see Proof in Appendix A):

Proposition 1 (Weak impatience) Under Axioms 2 and 3, ∀x ∈ X and ∀t = 0, 1, ..., T ,

(x, t; p0, ..., pT−1) � (x, t+ 1; p0, ..., pT−1) if pt > 0, ∀ps ∈ [0, 1], s 6= t.

As in classic models of time discounting, an impatient DM prefers consuming the

earliest period. Impatience is weak in the sense that it only happens if there is a strictly

positive probability that the good is recalled to mind the period just before it is consumed.

Axioms 1, 2 and 3 are model’s core axioms. Additional axioms will be necessary for a

few more results presented in subsequent sections. First, the DM prefers experiencing

waiting as late as possible:

Axiom 4 (Preference for late waiting) ∀x ∈ X, ∀t = 0, 1, ..., T , (x, t; p0, ..., pi, ..., pj, ...,

pT−1) � (x, t; p0, ..., pj, ..., pi, ..., pT−1), ∀ps ∈ [0, 1], s = 0, 1, ..., t− 1 and pi < pj.

For a given average probability of waiting, the DM prefers to wait lately than early.

The assumption is supported by the common observation that people tend to postpone

unpleasant feelings or tasks. Second, DM preferences over the timing of waiting evolves

smoothly with delay:

Axiom 5 (Preference smoothness) ∀x ∈ X, ∀t = 1, 2, ..., T , ∃β 6= 0 such that (x, t; p0, ...,

pj, pj+1, ..., pT−1) ∼ (x, t; p0, ..., pj + ∆, pj+1 −
∆

β
, ..., pT−1) , ∀ps ∈ [0, 1], s = 0, 1, ..., t− 1

and ∆ ≤ min(1− pj, βpj+1), j ∈ {0, 1, ..., t− 1}.
6 Loewenstein (1987) assimilates waiting with the pleasure of savoring future consumption. While

relevant in particular situations, we stick here to a more common interpretation according to which
people dislike waiting.
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An increase or decrease of the waiting probability at date j by the margin ∆ lets the

DM indifferent if one period later, the waiting probability is varied by the margin ∆/β

where β is a constant scalar common for all dates j = 0, 1, ..., t− 1.

3.2 Intermittent discounting

I consider a setting in which the DMmaximizes a time additive expected discounted utility

function which comprises two types of utility flows: a period utility u(x) from consuming

x, increasing and twice continuously differentiable, and a disutility from waiting. If

the DM delays consumption from present to date t, she may remind the reward with

probability ps every period s = 0, 1, ..., t − 1 before it is consumed. If the reward is

recalled to mind, she incurs the waiting costs δ(s, t)u(x), proportional to deferred utility,

assuming that the more desired the prospect, the more unpleasant the waiting. Date

0 expected intertemporal utility is the sum of expected waiting costs accumulated until

t− 1 and final discounted utility:

− p0δ(0, t)u(x)− p1δ(1, t)u(x)− ...− pt−1δ(t− 1, t)u(x) + γ(t)u(x) (1)

where psδ(s, t)u(x) is expected disutility incurred at date s of delaying consumption until

t > s. γ(t) is the discount applied to date t utility when the good is eventually consumed.7

How future utility is discounted depends on the whole expected sequence of waiting.

Time preferences must satisfy Axioms 1, 2 and 3. For convenience, the consequences

of Axiom 3, according to which the DM is indifferent between consuming now or later in

non reminding states, are first derived (see Proof in Appendix A):

Proposition 2 Under Axiom 3, temporal weights in (1) satisfy:

1. γ(t+ 1) = γ(t), ∀t = 0, ..., T − 1,

2. δ(s, t) = δ(s, t+ 1), ∀s = 0, ..., t− 1 and t = 1, ..., T − 1.
7 For the sake of generality, expected utility is valued just before the DM observes whether the period

0 is a reminding period or not.
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The first claim means equal valuation of present and future utility. The second claim

states that waiting costs depend on the date at which they are incurred, but not on the

length of the remaining delay until consumption. Both results are implications of Axiom

3 which states that waiting costs are the only reason why future utility is discounted.

For instance, the two sequences (p0, ..., pt−1;x) and (p0, ..., pt−1, 0, ..., 0;x) are identically

valued by the DM, despite different delays between the present and the consumption date

or between the date of the waiting costs and the consumption date.

The notations are simplified accordingly. From now on, all γ(t), t = 0, 1, ..., T , are

normalized to 1. With probability ps, the DM reminds consumption at date s = 0, 1, ..., t−

1 and incurs the cost δ(s, t) = δs. Let us define expected utility as the product of utility

and the discount factor: D(t)u(x). D(t) is the sum of weights attached to utility until

date t:

D(t) = 1− p0δ0 − p1δ1 − p2δ2 − ...− pt−1δt−1 (2)

and D(0) = 1. The constraints imposed on temporal weights by Axioms 1 and 2 are

derived in Proposition 3 (see Proof in Appendix A):

Proposition 3 Under Axioms 1, 2, and 3, temporal weights δs, s = 0, 1, ..., T−1, satisfy

1 > 1− δ0 > 1− δ0 − δ1 > ... > 1− δ0 − δ1 − ...− δT−1 > 0.

Axiom 1 requires that consumption is valuable at every horizon, i.e. D(t) > 0 ∀t =

0, 1, ..., T , even in the less favorable environment in which the DM waits every period

before consuming, that is when all probabilities are equal to 1. Proposition 3 implies

that the longer the delay until consumption, the smaller the sum of temporal weights

attached to utility: D(0) ≥ D(1) ≥ D(2) ≥ ... ≥ D(T ) ≥ 0, whatever the sequence of

reminding probabilities ps ∈ [0, 1], s = 1, ..., T − 1.

The decrease of discount factors with delay is the classic definition of impatience in

time discounting models. Here, since utility is not time discounted, impatience entirely

rests on anticipated waiting costs. The further away consumption is delayed, the less

expected utility, because the greater number of periods during which the DM may remind
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future consumption. The decrease is non-linear as she may expect (possibly long) periods

during which consumption is not reminded.

Propositions 2 and 3 may hold for an arbitrarily large number of periods, especially

when the unit of time is short, like a day or an hour. Utility postponed arbitrarily far

in the future cannot be negative for any sequence of probabilities (Proposition (3)). A

sufficient condition is the convergence of D(T ) to a positive limit with all probabilities

set to 1:

lim
T→∞

1− δ0 − δ1 − ...− δT−1 ≥ 0 (3)

Condition 3 extends Proposition 3 to the infinite horizon case. It implies that temporal

weights δs become arbitrarily close to each other as the sequence progresses.8

Axioms 4 and 5 impose additional restrictions on waiting costs (see Proof in Appendix

A):

Proposition 4 Under Axioms 1, 2, 3, 4 and 5, ∃β ∈ (0, 1) such that period t waiting

cost is δt = βtδ0, with δ0 <
1− β

1− βT
.

Waiting costs felt in the present are δ0u(x). Postponed waiting costs are discounted

by a factor βt which takes an exponential form. Moreover, preference for late waiting

(Axiom 4) implies β < 1.

3.3 Waiting and present bias

When reminding probabilities are time varying, not only time relative to the evaluation

period matters but also events occurring in calendar time. This makes difficult disentan-

gling in decisions what comes from time preferences per se and time-varying probabilities.

In the next sections, time properties will be studied in a simplified environment in which

all dates, except the present, have a constant reminding probability equal to p.
8Using the fact that any convergent sequence is a Cauchy sequence, for any given ε > 0, there exists

a date T0 such that for any pair of dates (s, t) satisfying T0 < s < t, we have |D(t) − D(s)| < ε or
δs + δs+1 + ...+ δt−1 < ε.

11



Assumption 1 When the DM evaluates at date 0 the sequence (p0, p1, ..., pt−1;x), t =

1, 2, ..., T − 1, ps = p ∈ [0, 1], s = 1, ..., t− 1 and p0 ≥ p.

Assumption 1 makes preferences time invariant ie. immune to calendar effects. The

ranking at time 0 of two dated payments does not change when both the evaluation

period (date 0) and the payment dates are postponed by a common delay (Fishburn and

Rubistein, 1982; Halevy, 2015).

The present in Assumption 1 is a special period insofar as it is a decision or a planning

date. Even if the good is not yet available, choosing between two future consumption

plans may act as a cue to consume and trigger waiting costs. Planning may not necessarily

entail waiting costs if the DM remains in “cold” state. Yet, the simple act of planning

and thinking about the reward could make the DM feeling the wait. This creates a form

of present bias, a strong appeal to consuming now vs. in any future dates (Direr, 2019),

by attracting the DM attention toward the reward in the present. The probability of

reminding is therefore greater than in other periods: p0 ≥ p. The higher p0 compared to

p, the higher the bias toward the present.

The effects of present bias may be amplified by the durability bias, which is the

tendency to overestimate the length of time future emotional responses will last (Gilbert

et al., 1998). Even if people accurately estimate the intensity of their future emotions,

they may not be able to estimate the duration of them. Durability bias is generally

stronger in reaction to negative events and may be explained by the tendency to give

disproportionate weight to accessible information (Schkade and Kahneman, 1998). People

may focus too much on the immediate feeling and not enough on the consequences of

future events that may interfere with it (Wilson er al., 2000). In the present context, the

DM may think about the immediate frustration in a vacuum and fail to anticipate the

many sources of distractions that may suppress the negative feeling in the near future.

The effects of present bias on short-term impatience could then be increased by the belief

that the psychological costs of resisting the temptation will persist a long time in the

future.
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3.4 A three parameter model

Assumption 1 with p0 = 1 simplifies the discount factor:

D(t) = 1− (1− p)δ0 − pδ0
1− βt

1− β
(4)

Three parameters govern intertemporal preferences: waiting costs δ0 (or the “amount”

of discounting), how frequently waiting is expected to recur in the future (or the “speed”

of discounting), and discount factor βt applied to future waiting costs. The smaller β or

frequency p, the more patient the DM. Patience is maximal if the DM does not expect to

remind the reward in the future (p = 0), implying D(t) = 1− δ0, or if the DM expects to

remind consumption in the future (p > 0) but only cares about present costs of waiting

(β = 0). In both cases, she displays a strong preference for present consumption but is

perfectly patient when future prospects are compared. To the opposite, impatience is

maximal if she expects to remind the reward every period (p = 1).

4 Decreasing impatience

4.1 Definition

Psychological discount rates tends to decline as people consider their preferences for

longer time periods. Thaler (1981) found that to delay a $15 lottery winning for 3

months, people required an extra $15 (277% annual discount rate); but to delay the same

amount for 1 year, they required only an extra $45 (139% annual discount rate). In

addition, as both early and late consumptions get closer to the present, people tend to

assign progressively greater weight to early consumption relative to late consumption.

These preference patterns, called decreasing impatience or hyperbolic discounting, lead

to inconsistent intertemporal choices.

Formally, impatience is decreasing (increasing) if for any couple of dated consumptions

(x, t) and (x′, t + 1) such that the DM is indifferent between them, she prefers delaying

(advancing) consumption when the two dates are shifted forward by one period.
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Definition 1 (decreasing impatience) ∀x, x′ ∈ X and ∀t ∈ {1, ..., T − 1}, such that

(x, t − 1) ∼ (x′, t), impatience is decreasing if (x, t) ≺ (x′, t + 1), constant if (x, t) ∼

(x′, t+ 1), or increasing if (x, t) � (x′, t+ 1).

The result of decreasing impatience is supported by most experimental studies. In

an experiment, Bleichrodt, Gao, and Rohde (2016) show that a majority of subjects

are decreasingly impatient and that generalized hyperbolic discounting and proportional

discounting best describe time preferences. Abdellaoui et al. (2010, 2013) conclude that

hyperbolic discounting performs better than constant, quasi-hyperbolic, proportional,

and power discounting. Decreasing impatience has also been noted for substance abusers

(Kirby, Petry, and Bickel, 1999). Based on neuroimagining, Kable and Glimcher (2007)

find that hyperbolic discount functions fit behavior better than exponential discount

functions.9

4.2 Waiting and decreasing impatience

Before investigating whether the wait-based model displays decreasing impatience, we

need to specify when the DM is likely to remind consumption in trade-offs involving two

delayed rewards. Assumption 1 applies to the evaluation of sequences with the present

being a possible consumption date. When the DM compares two sequences involving

delayed rewards, the period when the good can be consumed the first time is in the

future. Much like the present in Assumption 1, the first possible period of consumption

may stand out from other periods.

Assumption 2 (future trade-offs) When the DM evaluates at date 0 the two sequences

(x, t; p0, p1, ..., pT−1), t > 0 and (x′, t′; p0, p1, ..., pT−1; ), t′ > t, then ps = p ∈ [0, 1],

∀s 6= 0, t, p0 ≥ p and pt = q ≥ p.
9 See also Thaler (1981), Benzion, Rapoport and Yagil (1989), Green, Myerson and Mcfadden (1997),

Kirby (1997) or Benhabib, Bisin, and Schotter (2010). Attema et al. (2010) and Takeuchi (2011) find
non-decreasing impatience.
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As in Assumption 1, the probabilities of reminding are constant in non-salient periods.

A second period besides the present in which reminding is more likely is assumed, which

corresponds to the first date when the good is available.

When both waiting costs (Axiom 5) and probabilities (2) are smoothed, wait-based

preferences exhibit decreasing impatience (see Proof in Appendix A):

Proposition 5 Under Axioms 1, 2, 3, 4, 5 and Assumption 2, impatience is decreasing.

Note that the proof requires the monotonicity condition (Axiom 1) for arbitrary hori-

zons.10 To get the intuition of why waiting entails decreasing impatience, consider the

limit case with maximal waiting costs and infinite horizon: δ0 = 1 − β (see Proposi-

tion 4). The discount factor is a probability-weighted mean of two discount functions

characterized by opposite properties:

D(t) = (1− p)β + pβt (5)

Impatience is constant with delay if reminding repeats every period (p = 1) but is

decreasing when periods of reminding alternate with periods of distractions (p < 1). In

the limit case where the DM does not expect to remind the good in the future (p = 0), the

discount factor is constant and preferences display a strong form of decreasing impatience.

The period subjective return rate is β−1/t−1, which rapidly converges to unity with delay

t. Intuitively, frequent distractions slow down the discounting process and makes the DM

more and more patient with regard to increasingly distant consumption.

A noteworthy consequence of formulation (5) is that wait-based preferences are sta-

tionary in the limit case when waiting costs are maximal in infinite horizon setups:

δ0 = 1− β (Proposition 4 with T =∞) and waiting recurs every period (p = 1). In this

limit case, preferences inherit the normative features of the exponential model: constant

impatience, absence of choice reversal, of naiveté or self-control problems. Interestingly,

10 The contrary case is illustrated with p = 1 and maximal waiting costs: δ0 =
1− βt

1− βT
(see Proposition

4). Then D(t) =
1− βT−t

1− βT
βt ≥ βt. Impatience is increasing if T is finite and asymptotically constant if

T is infinite.
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the usual interpretation according to which constant impatience is normatively superior

to decreasing impatience is challenged when waiting costs are introduced. From a welfare

perspective, the DM would like to avoid reminding too often future consumption so as

to reduce waiting costs, which an exponential discounter fails to do. To the contrary,

decreasing impatience signals ability of not focusing too much on future rewards.

5 Sub-additive discounting

5.1 Definition

Consider a DM who is indifferent between consuming x immediately or y in two periods:

(x, 0) ∼ (y, 2). Then, by transitivity of indifference, we can find a payoff z such that

the DM is both indifferent between consuming x immediately and z in period 1, and

consuming z in period 1 or y in period 2: (x, 0) ∼ (z, 1) ∼ (y, 2). With a discounted

utility formulation: D(0)u(x) = D(1)u(z) = D(2)u(y). The discount factor over a long

period can be decomposed into a series of short-term discount factors:

D(0)

D(2)
=
D(0)

D(1)

D(1)

D(2)
(6)

much like in finance, a long-period interest rate can be expressed as the compounding

of sub-period interest rates. The relation holds for all usual time-separable discount

functions D(t). In a series of experiments, Read (2001), Read and Roelofsma (2003)

and Scholten and Read (2006) do not confirm the equality. On average, people tend to

be more impatient when confronted with multiple short-delay trade-offs in a sub-divided

interval than with a single trade-off over the whole interval:

D(0)

D(2)
≤ D(0)

D(1)

D(1)

D(2)
(7)

The pattern has also been reported in German representative samples (Dohmen et

al., 2012; Dohmen et al. 2017). Dohmen et al. (2017) find, after controlling for several

potential confoundings, that a large majority of respondents have preferences consistent

with sub-additivity.
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The mathematical equality (6) may not hold empirically since the discount factors

D(t), t = 0, 1, 2, which enter twice the equation are elicited from trade-offs with different

alternative dates. Let us denote d(t, t′) the generalized discount rate applied to date t

utility for a trade-off between t and t′. Condition (7) of sub-additivity is verified if:

d(0, 2)

d(2, 0)
≤ d(0, 1)

d(1, 0)

d(1, 2)

d(2, 1)
(8)

The property and its opposite, super-additivity, are defined the following way:

Definition 2 (sub-additivity) ∀x, z, y, y′ ∈ X and ∀s, t, 0 < s < t, such that (x, 0) ∼

(y, t), (x, 0) ∼ (z, s) and (z, s) ∼ (y′, t). Preferences are additive if y = y′, sub-additive if

y < y′ and super-additive y > y′.

Preferences are sub-additive if the latest payoff which makes the DM indifferent with

immediate consumption is higher when the trade-off is broken down into two shorter

trade-offs. It reflects more impatience over repeated short delays than over long horizons.

Definition 2 of sub-additivity imposes a restriction on discount factors which generalizes

example (8):
d(0, t)

d(t, 0)
≤ d(0, s)

d(s, 0)

d(s, t)

d(t, s)
(9)

The inequality holds if at least one of the following inequalities is strict: d(0, s) ≥

d(0, t), d(s, t) ≥ d(s, 0) or d(t, 0) ≥ d(t, s). The formulation makes discount rates a

function of how far outcomes are removed from the present as in standard models of

intertemporal choice (the first argument of the discount function), but also of the alter-

native date (the second argument).11 Usual discounting models assume d(t, s) = D(t)

and cannot account for sub-additivity.

Sub-additivity has profound implications for the way people discount future utility

flows. The convenient parallel often made between psychological and market rates falls

short.12 Familiar methods in financial planning like continuous short-term rates com-
11 The discount factor has been interpreted as a function of t and trade-off’s interval |t − s| (Read,

2001; or Scholten and Read, 2006). The “discounting by interval” formulation has the disadvantage of
disregarding whether the alternative date is before or after date t.

12 The parallel was made as early as Samuelson (1937, p.156) who remarked that the subjective
discount rate “bears the (...) familiar relationship to the rate of discount.”
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pounding or annualization of discount rates estimated over different horizons may not

apply to subjective discount rates. In experiments, preferences over long delays cannot

be inferred from preference elicited over shorter delays. The unit of time over which

choices are made becomes important. Transitivity, a cornerstone of rational choices, may

be violated. For instance, assume the DM prefers the early outcome (z, s) to the late

one (y, t). If a third dominated choice (x, 0) is introduced, she may reverse her choice if

(z, s) is first compared to (x, 0). The next subsection proposes a rationale for this class

of discount factors based on waiting costs.

5.2 Waiting and sub-additive discounting

With intermittent waiting, the valuation of a quantity consumed in t periods may depend

on the alternative consumption date, if the expected sequence of waiting varies with the

trade-off at hand. Condition (9) of sub-additivity expresses as:

1

1− p0δ0 − p1δ1
≤ 1

1− p0δ0
1− p0δ0

1− p0δ0 − qδ1

which is true if q ≥ p1. In the first trade-off with p1, the DM compares an immediate

consumption and one in date 2. Nothing special happens in period 1 during which the DM

is likely to be distracted by other occupations. In the second trade-off, the DM compares

consumption at dates 1 and 2. The availability of the good in period 1 makes reminding

more likely: q ≥ p1. Inequality d(2, 0) ≥ d(2, 1) implies in turn sub-additivity.13 Wait-

based preferences are sub-additive according to Definition 2:

Proposition 6 Under Axioms 1, 2, 3, and Assumption 2, preferences are sub-additive.

See Proof in Appendix A. The date t discount factor d(t, s) = 1− p0δ0 − ...− psδs −

...−pδt−1 depends on date 0 < s < t as it is the alternative period during which the good

may be consumed. Its salience makes reminding more likely: ps = q ≥ p.
13 Read (2001) proposed a similar interpretation of sub-additivity: “The imagined pain of two days

waiting, for instance, might be increased if the days are contemplated separately than together.”
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6 Waiting over short and long delays

6.1 A time preference anomaly

The following proposition illustrates how impatience over short delays may lead to im-

plausible impatience over longer delay (see Proof in Appendix A):

Proposition 7 Assume that (i) intertemporal utility is time separable with discount fac-

tor D(t), (ii) period utility has a power form: u(x) = xσ, σ > 0 and (iii) the consumer

is impatient and not increasingly impatient. Let yt and xt, be the maximal quantities

the DM, from date 0 perspective, is willing to forego at date t in exchange for one unit

obtained at date 0 or t− 1 respectively. Then yt > (xt)
t.

The quantity yt, a measure of impatience over long delays, is bounded below by an

amount exponentially increasing with the number of periods composing the long delay.

It may grow extremely fast with horizon t when the DM is not perfectly patient over

short delays, ie. when xt departs from 1. The relation is non-parametric as it applies

to any discount function representing time additive preferences, including hyperbolic or

quasi-hyperbolic models.14

How large yt can be is illustrated with the help of a classroom experiment conducted

with 49 students. They answered during the half-time break of a three hour course a

series of questions asking them whether they would prefer receiving a box of 32 smarties

(color-varied sugar-coated chocolate sweets) in n weeks, with n ranging from 0 to 5, or the

same quantity plus one additional chocolate sweet in the same number of weeks plus one

hour and a half, at the end of the session. The actual week when the confectioneries were

distributed according to their answers were randomly selected by throwing a die after

the questionnaires were completed. The breaks lasted 15 minutes, which gave students

enough time to consume as many smarties as they wanted. The questionnaire and the
14The assumption of non-increasing impatience is considered the most plausible case. With increasing

impatience, the proposition would include a short-delay trade-off between the present and date 1. The
upper bound would become yt > (x1)

t, which would still lead to a potentially large yt.

19



details of the experiment are presented in Appendix B. The fraction of students preferring

receiving the chocolate sweets during the break rather than at the end of the course in

function of the delay expressed in weeks is indicated in Table 1.

Table 1: Fraction of subjects preferring the early option in function of delay expressed in
weeks (N = 49)

weeks 0 1 2 3 4 5

fraction of subjects 0.65 0.65 0.65 0.65 0.65 0.65

Nearly two thirds of students preferred the early option to the late option whatever

the number of weeks by which the trade-off was delayed. The proportion remains con-

stant although the identity of students choosing the early option marginally changed

across weeks.15 The fact that a majority of students were impatient the first session

(n = 0) despite a substantial rate of return (around 3% over a 90 minute interval) is

not uncommon in experiments involving primary rewards (e.g. Reuben, Sapienza and

Zingales, 2010). Short-run impatience starting from the present is classically explained

by present bias (e.g. O’Donoghue and Rabin, 2015). Yet subjects should rapidly switch

to the late option when the trade-off is delayed according to standard theories of time

discounting. Suppose indeed that the DM is indifferent between consuming 32 chocolate

sweets in n weeks and 33 in n weeks plus one hour and a half. With a unit period of one

hour and a half, the total number of periods over n weeks plus one hour and a half is

t = 7×16×n+ 1 = 112 n+ 1. Assuming indifference between the early and late options:

D(t− 1)u(32) = D(t)u(33), Proposition 7 demonstrates with linear or power utility that

yt in the long-delay trade-off is bounded below by xt = (33/32)t = 1.031t.

Table 2: Lower bound in the long-delay trade-off in function of the number of weeks

number of weeks (n) 0 1 2 3 4 5

number of sub-periods (t) 1 113 225 337 449 561

lower bound of yt (xt) 1.031 32.4 1, 016 31, 890 1, 000, 965 31, 418, 282

15 see Appendix B for detailed results.
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The bound grows extremely fast with the number of weeks. While preferring 32

chocolate sweets against 33 in short-delay trade-offs does not seem unreasonable (at least

according to most students enrolled in the experiment), the lower bounds in Table 2

reveal absurd degrees of impatience in long-delay trade-offs. For n = 5, the DM is willing

to forego more than 31 million of chocolate sweets in exchange for a single unit now.

Likewise, a respondent who prefers the early distribution in n weeks may find reasonable

to still prefer the early option in n + 1 weeks. Yet the theory shows dramatic changes

in terms of foregone consumption, as the lower bound is multiplied by around 32 every

time the trade-off is moved forward by one week. The quantitative puzzle is an issue for

all additive discounting functions (exponential, hyperbolic, quasi-hyperbolic, ...).

A complementary questionnaire estimated students’ degree of impatience in long-delay

trade-offs. Students were asked during the break of the first session how many smarties

they would like to receive in n weeks plus one hour and a half, with n ranging from 0 to

5, that would make them indifferent with receiving immediately a box of 32 smarties.16

The average quantities are reported in Table 3.

Table 3: Average number of chocolate sweets in n weeks plus one hour and a half equiva-
lent to 32 units (second row) or one unit (third row) immediately (N = 49)

number of weeks 0 1 2 3 4 5

quantities equivalent to 32 sweets now 39 52 64 77 93 115

quantities equivalent to 1 sweet now 1.22 1.62 2.00 2.41 2.91 3.60

Although respondents show significant impatience over long-delay trade-offs, their

choices strongly violate the lower bounds computed in Table 2. The quantities approxi-

mately follow a linear trend, not an exponential one.

Rubinstein (2003) made a similar point in an experiment in which subjects had to

choose between receiving $467 far in the future (around one year and a half) or $467.39

at the same date plus one day. A majority of subjects chose the early option. As noted
16Contrary to the first experiment, the questions were hypothetical. See Appendix B for a description

of the experiment.
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by Rubinstein, the difference between the two payoffs is small enough that turning down

the greater sum even for one day seems justified. He then shows that the same subjects

tended to choose the late outcome in longer delay trade-offs, which is inconsistent with

their first answer, even according to the more general hyperbolic discounting function.

The anomaly exists insofar as people tend to depart from perfect patience over short

delays in the future. The literature on present bias provides evidence that people reveal a

strong preference for immediate rewards which fades away when the trade-off is delayed.

Yet the literature does not conclude that individuals are perfectly patient, or even close to

be, for postponed trade-offs. In addition to the experimental evidence presented in Table

2, other articles find that impatience does not decrease or decreases only slowly with

trade-off’s horizon. Halevy (2015) documents a stable discounting rate of approximately

4% over a one-week interval for an immediate trade-off and a second one deferred four

weeks later. Kinari, Ohtake and Tsutsui (2009) estimate a discount rates over two-week

intervals for delays up to 8 weeks and find that impatience is slowly decreasing with delay.

The next subsection shows to what extent the quantitative puzzle may be solved by the

wait-based model.

6.2 Waiting and short-delay trade-offs

Excessive impatience over long delays inferred from short-delay trade-offs seems to consti-

tute a quantitative puzzle. Turning down the postponed option in a short-delay trade-off

means that the discounting function must quickly diminish over longer delays, implying

a rapidly increasing degree of impatience.17

The computation of the lower bound in Proposition 7 rests on the equality (see Proof

in Appendix A):

u(yt) =
D(0)

D(t)
=
D(0)

D(1)

D(1)

D(2)
...
D(t− 1)

D(t)

which is only valid when discounting is time additive. To understand why additivity
17Readers will remark a formal parallelism between the present analysis on small-delay aversion and

Rabin (2000)’s calibration theorem for small-risk aversion.
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is problematic in the present context, recall that impatience is elicited with a specific

treatment: subject’s attention is caught and oriented toward a vivid choice at a date

where consumption is feasible. A discount rate D(t−1)
D(t)

, high by design, is inferred from

subjects’ answers. Yet, the methodology becomes questionable when the estimate is

extrapolated to compute from date 0 the whole sequence of short-delay discount rates
D(s−1)
D(s)

.

Section 5 shows that sub-additivity connects short and long-delay impatience in a non

linear way, which may reconcile the experimental evidence with minimal rationality of

intertemporal choices. With sub-additive preferences, short-delay impatience is elicited

with the same treatment, yet the estimate is not directly used to infer impatience over

other short-delay periods.

When preferences are sub-additive, Condition (9) can be iterated forward by progres-

sively subdividing in smaller parts the time interval between 0 and t:

u(yt) =
d(0, t)

d(t, 0)
≤ d(0, 1)

d(1, 0)

d(1, t)

d(t, 1)

≤ d(0, 1)

d(1, 0)

d(1, 2)

d(2, 1)

d(2, t)

d(t, 2)

≤ ...

≤ d(0, 1)

d(1, 0)

d(1, 2)

d(2, 1)
...
d(t− 1, t)

d(t, t− 1)

= u(y′t)

Impatience over a time interval subdivided in s parts is weaker than impatience over

the same overall interval subdivided in s + 1 parts. As a result, the quantity yt derived

from the long-run trade-off can potentially be much smaller than the quantity y′t derived

from a sequence of short-delay trade-offs, potentially solving the puzzle of Sub-section

6.1. With wait-based discounting, the short-delay discount rate cannot be extrapolated

to other periods because in those periods, waiting is unlikely and people may show more

patience.

We investigate whether the wait-based model may quantitatively solve the puzzle. As-

suming linear utility, the quantity xs which makes the DM indifferent between consuming
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one unit at date s− 1 and units next period is:

xs =
1− p0δ0 − pδ1 − ...− pδs−1

1− p0δ0 − pδ1 − ...− pδs−1 − qδs−1
(10)

with p0, q ≥ p. Indifference between consuming one unit at date 0 and yt in t periods

gives:

yt =
1

1− p0δ0 − pδ1 − ...− pδt−1
(11)

Besides the present, the long-delay trade-off only includes non-salient periods whereas

every short-delay trade-off has a salient period at the beginning of the trade-off during

which waiting is likely, as reflected by a higher probability q ≥ p.

In the calibration, temporal weights satisfy δt = βtδ0, with δ0 > 0 the undiscounted

waiting cost and β ∈ (0, 1) the one period discount factor applied to future waiting

costs (see Proposition 4).18 Respondents are presumed to remind the reward when they

have to choose between two delayed alternatives: p0 = 1. The current session may

actually be selected, which makes consuming the chocolate sweets in a few minutes a real

possibility. For consistency, respondents are also assumed to remind consumption when

the questionnaire with long-delay trade-offs is filled. Model’s parameters take values:

α = 0.18, β = 0.9996, p = 0.006 and q = 0.1, so that numerical quantities xs in Eq.

(10) and yt in Eq. (11) fit best the experiment’s rate of return xt = 1.031, and average

quantities yt from Table 3. Table 4 presents the results.

Table 4: Model’s fit of average quantities yt in long-delay trade-offs (Table 3) and experi-
ment’s rate of return x = 1.031

number of weeks (n) 0 1 2 3 4 5

equivalence to 1 sweet now (yt) 1.22 1.62 2.00 2.41 2.91 3.60

model’s values for yt 1.22 1.43 1.70 2.08 2.65 3.59

model’s rate of return (xs) 1.022 1.025 1.029 1.034 1.041 1.054

The implicit return’s rate xs is somewhat too low for horizons shorter than 3 weeks

compared to the experiment’s rate of return 1.031, and too high for longer horizons. The

18 The monotonicity constraint δ0 <
1− β
1− βT

in Proposition 4 is satisfied in the calibration.
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quantities yt are moderately too low for weeks 1 to 4. Overall, although not perfect, the

calibrated model is approximately consistent with choices, and performs far better than

time additive discounting models.

The parameter’s values which fits best respondent’s choices do not seem implausible.

We have seen that preferences with waiting costs are sub-additive if people remind less

frequently future consumption in non salient periods than in salient ones. This is the

case here with a non salient reminding probability equal to p = 0.006 and salient ones to

q = 0.1 which is 17 times much higher. Given the magnitude of p, we may actually expect

most subjects to forget altogether the promised sweets until their distribution in n weeks.

Reminding the reward entails a disutility equivalent to nearly one fifth (α = 0.18) of the

utility of consumption. This implies that the DM would prefer not consuming the sweets

if she could avoid six episodes of temptation in the near future before consuming them.

The disutility is only weakly discounted, with a discount factor equal to β = 0.9996.

This implies that the disutility of waiting postponed by one week is reduced by a factor

of 0.9996112 = 0.956, or a factor of 0.9996448 = 0.836 if postponed by four weeks.

7 Conclusion

A novel theory of time discounting is proposed in which intertemporal trade-offs depend

on two dimensions: the size of waiting costs and how frequently waiting is expected to

repeat. Delaying consumption implies more waiting and as a result less utility net of

waiting costs. While other economic models of discounting treat time as a continuous

flow, the model adopts a nonlinear approach, more familiar to psychologists, in which

experienced time elapses only when attention to future gratifications is paid. As stressed

by Stout (1932): “In general, temporal perception is bound up with the process of at-

tention... What measures the lapse of time is the cumulative effect of the process of

attending". This interpretation is backed by the equivalence found in the model between

the classical model of exponential discounting and a version of the wait-based model in

which reminding recurs every period and time is elapsing linearly. It is consistent with
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experimental evidence beginning with Mischel, Ebbesen and Raskoff Zeiss (1972) who

show that pre-school children waited much longer for a preferred reward when they were

distracted from it than when they attended to it.

A single psychological mechanism based on disutility of waiting accounts for important

properties of time preferences like present bias or decreasing impatience. As a planning

or decision date, the present is likely to be a waiting period, which strengthens short-

term impatience. Intermittent waiting means that future utility is progressively but not

regularly discounted with the passing of time. Intermittence slows down the discounting

process, makes people less impatient, and even less when the front-end delay is stretched.

The model also proposes an explanation for sub-additive discounting. Sub-additivity

has important consequences for the link between short and long-delay discounting. It

implies that discount rates over long horizons are only weakly connected to discount

rates over short horizons. It also helps to bridge the gap between high short-term impa-

tience found in experiments and low interest rates at the macroeconomic level, a point

stressed by Cochrane (2011): “People report astounding discount rates in surveys and

experiments, yet still own long-lived assets, houses, and durable goods.” With intermit-

tent waiting, short-delay trade-offs involve proportionately more waiting than long-delay

trade-offs. This helps solve an anomaly which the paper describes, supported by prelim-

inary experimental evidence. The anomaly is quantitative and presents a challenge for

all additive models of time discounting. The solution proposed is based on the intuition

that expressing impatience in short-delay trade-off does not imply strong impatience in

longer delays, as individuals forget the reward most of the time.

Researchers have documented sharp differences in intertemporal choice across individ-

uals, groups and tasks (Fredericks et al., 2002), which are primarily interpreted as vari-

ability in discount rates. A significant source of heterogeneity may however come from

the frequency with which individuals remind future gratifications. Smokers (Baker, John-

son and Bickel, 2003), alcoholics (Vuchinich and Simpson, 1998) or substance-dependent

individuals (Kirby, Petry, and Bickel, 1999) show large discounting of delayed rewards

but are also presumed to remind the addictive substance many times a day. The paper
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does not explain why some people experience more temptation episodes than others. Ad-

diction, weak habits, or genetic predispositions may be part of the story. Some people

seem better able to avoid potential conflicts, e.g. by installing adaptive routines (Gille-

baart and de Ridder, 2015). It would be interesting to design experiments which would

separately estimate pure discount rates from frequency of temptations.
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Appendix A. Proofs of Propositions

Proposition 1. Under Axioms 2 and 3, ∀x ∈ X and ∀t = 0, 1, ..., T , (x, t; p0, ..., pT−1) �

(x, t+ 1; p0, ..., pT−1) if pt > 0, ∀ps ∈ [0, 1], s 6= t.

Proof. (x, t; p0, ..., p
′
t, ..., pT−1) ∼ (x, t + 1; p0, ..., p

′
t, ..., pT−1) if p′t = 0 (Axiom 3) and

(x, t+ 1; p0, ..., p
′
t, ..., pT−1) � (x, t+ 1; p0, ..., pt, ..., pT−1) if pt > p′t = 0 (Axiom 2). �

Proposition 2. Under Axiom 3, temporal weights in (1) satisfy: (i) γ(t + 1) = γ(t)

∀t = 0, ..., T − 1, and (ii) δ(s, t) = δ(s, t+ 1), ∀s = 0, ..., t− 1 and t = 1, ..., T − 1.

Proof. Consuming x at date 0 or 1 are equivalent if γ(0)u(x) = −p0δ(0, 1)u(x)+γ(1)u(x).

With p0 = 0, γ(0) = γ(1). Consuming x at date 1 or 2 are equivalent if

−p0δ(0, 1)u(x) + γ(1)u(x) = −p0δ(0, 2)u(x)− p1δ(1, 2)u(x) + γ(2)u(x)

With p1 = 0, γ(2) − γ(1) − p0
(
δ(0, 2) − δ(0, 1)

)
= 0. The equality must hold whatever

p0 ∈ [0, 1], hence δ(0, 2) = δ(0, 1) and γ(2) = γ(1). Likewise, indifference between dates

t = 2, ..., T − 1 and t+ 1, with pt = 0, implies

γ(t+ 1)− γ(t)− p0
(
δ(0, t+ 1)− δ(0, t)

)
− p1[

(
δ(1, t+ 1)− δ(1, t)

)
− ...− pt−1

(
δ(t− 1, t+ 1)− δ(t− 1, t)

)
= 0

Those equalities must hold for any reminding probabilities {p0, p1, ..., pt−1} ∈ [0, 1]T .

Hence for any s = 0, ..., t − 1 and t = 1, ..., T − 1: δ(s, t) = δ(s, t + 1), and for any

t = 1, ..., T − 1: γ(t) = γ(t+ 1). �

Proposition 3. Under Axioms 1, 2, and 3, temporal weights δs, s = 0, 1, ..., T−1, satisfy

1 > 1− δ0 > 1− δ0 − δ1 > ... > 1− δ0 − δ1 − ...− δT−1 > 0.

Proof. Under Axiom 1, x′ is strictly preferred to x at date t = 0, 1, ..., T if

(1− p0δ0 − ...− pt−1δt−1)(u(x′)− u(x)) > 0
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This holds for any vector of probabilities (p0, p1, ..., pt−1) ∈ [0, 1]t if

1− δ0 − δ1 − ...− δt−1 > 0 t = 0, 1, ..., T. (12)

Under Axiom 2, the sequence (x, t; p0, ..., pj, ..., pT−1) is preferred to (x, t; p0, ..., p
′
j, ..., pT−1)

with pj < p′j if (1−p0δ0−...−pjδj−...−pt−1δt−1)u(x) > (1−p0δ0−...−p′jδj−...−ptδt)u(x),

or pjδj < p′jδj, which is true if δj > 0. Together with inequality (12), they prove Propo-

sition 3. �

Proposition 4. Under Axioms 1, 2, 3, 4 and 5, ∃β ∈ (0, 1), such that period t waiting

cost is δt = βtδ0, with δ0 <
1− β

1− βT
.

Proof. Proposition 3 implies D(t) = 1 − p0δ0 − pδ1 − ... − pδt−1. Axiom 5 implies

pjδj + pj+1δj+1 = pj(δj + ∆) + pj+1(δj+1 −
∆

β
), ∀j ∈ {0, 1, ..., t− 2}. Hence δj+1 = βδj =

βjδ0. Axiom 4 implies β ∈ (0, 1). Last, D(t) > 0 ∀t ≤ T and ∀ps, s = 0, 1, ..., t − 1

(Axiom 1). D(t) is minimal for t = T and all ps = 1, hence δ0 <
1− β

1− βT
. �

Proposition 5. Under Axioms 1, 2, 3, 4, 5 and Assumption 2, impatience is decreasing.

Proof. The DM is decreasingly impatient according to Definition 1 if, ∀t = 1, ..., T − 1:

D(t)− ptδt
D(t)

<
D(t)− pδt − pt+1δt+1

D(t)− pδt

with D(t) = 1− p0δ0 − pδ1 − ...− pδt−1. As the left-hand side trade-off begins at date t,

pt = q ≥ p. The right-hand side trade-off begins one period later, hence pt+1 = q. The

condition simplifies to
δt − δt+1

δt
>

pδt
D(t)

With δt = δ0β
t, the condition becomes: 1 − β − p0δ0 + δ0β(p0 − p) > 0. Since p0 ≥ p, a

sufficient condition is δ0 ≤ 1− β, which asymptotically holds for large T (Proposition 4).

�

Proposition 6. Under Axioms 1, 2, 3, and Assumption 2, preferences are sub-additive.
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Proof. The indifference conditions (x, 0) ∼ (y, t), (x, 0) ∼ (z, s) and (z, s) ∼ (y′, t)

express as:

u(x) = (1− p0δ0 − ...− pδs − ...− pδt−1)u(y)

u(x) = (1− p0δ0 − ...− pδs−1)u(z)

(1− p0δ0 − ...− pδs−1)u(z) = (1− p0δ0 − ...− qδs − ...− pδt−1)u(y′)

The equalities simplify to (1− p0δ0 − ...− qδs − ...− pδt−1)u(y′) = (1− p0δ0 − ...− pδs −

...− pδt−1)u(y). Since q ≥ p, y′ ≥ y. �

Proposition 7. Assume that (i) intertemporal utility is time separable with discount

factor D(t), (ii) period utility has a power form: u(x) = xσ, σ > 0 and (iii) the consumer

is impatient and not increasingly impatient. Let yt and xt, be the maximal quantities the

DM, from date 0 perspective, is willing to forego at date t in exchange for one unit obtained

respectively at date 0 or t− 1. Then yt > (xt)
t.

Proof. Impatience implies u(xt) = D(t−1)/D(t) > 1, and u(yt) = D(0)/D(t) > 1 (with

u(1) = 1). The ratio can broken down into a series of short-delay discount factors:

D(0)

D(t)
=
D(0)

D(1)

D(1)

D(2)
...
D(t− 1)

D(t)

Let us note xs the maximal quantity the DM is willing to forego at date s in exchange

for one unit obtained at date s− 1, s = 1, ..., t: u(xs) = D(s− 1)/D(s). Non-increasing

impatience implies u(xs) ≥ u(xt) ∀s. It follows that u(yt) ≥ u(xt)
t or yt ≥ (xt)

t if u takes

a power form. �
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Appendix B. The experiment

Experimental procedure

I present the experimental procedure eliciting short-delay and long-delay preferences re-

ferred to in Subsection 6. A paper-and-pencil questionnaire was distributed at the begin-

ning of the 2017-18 first semester to 32 students enrolled in an undergraduate introductory

finance course in University of Orléans (France). In addition, the same questionnaire was

given at the same period to 22 students enrolled in a graduate introductory insurance

course in the same university. A total of 52 students filled the questionnaire. Two stu-

dents did not wish to participate to the experiment. The questionnaire began with the

following instructions (translated from French):

Before answering the questions,

• be aware that no “best answers” exist, only ones that best fit your
preferences

• avoid being influenced by other students. Do not discuss your choices
with them, and keep your answers confidential until the questionnaires
are returned.

• make sure you understand all questions, take your time when answering.

The questionnaire contained two parts. The first part included six questions about

short-delay trade-offs with varying front-end delays (from 0 to 5 weeks). The typical

question, replicated six times with n replaced by 0, 1, ..., 5, was the following:

Choose one of the two options:

� receiving in n weeks (during the break of the n-th session(s) of this
course) a box containing 32 smarties.

� receiving in n weeks plus one hour and a half (at the end of the n-th
session(s) of this course) a box containing 33 smarties.
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About half the questionnaires presented the questions with ascending n (25 over 52),

the others with descending n. The questionnaire was ended with the following informa-

tion, which repeated what had been told to students before the distribution:

Draw procedure: once all questionnaires will be filled and returned, one
of the six course sessions will be randomly selected by the throw of a
six-sided die. If the die lands on 1, your choice for the current session
will be implemented; if it lands on 2, your choice of the session next week
will be satisfied, etc. until the number 6 for your choice in 5 weeks.

After the return of all questionnaires, a voluntary student throws the die. The boxes

of smarties were distributed to students at the moment of their choice the week selected

by the die.

The second part of the questionnaire contained six questions about long-delay trade-

offs with varying delays (from 0 to 5 weeks). The typical question replicated six times,

with n replaced by 0, 1, ..., 5, was the following:

I am indifferent between receiving 32 smarties now or ... smarties in n

weeks plus one hour and a half, at the end of the n-th session(s) of this
course.

Around half questionnaires presented the trade-offs with ascending n, the other half
with descending n. Students were told that this set of questions were hypothetical and
that the smarties that would make them indifferent would not be distributed.

Results

3 questionnaires out of 52 were discarded for incomplete or implausible answers (one
student did not fill the second questionnaire, a second one wrote 0 and a third one 10000

for all questions in the second questionnaire). The fraction of subjects who preferred
consuming at the earliest date was approximately the same whatever the ordering of the
questions (Table 5).

42 subjects (86%) did not change their choice with n, among whom 28 always chose
the earliest option and 14 the latest one. Among the 7 subjects (14%) who switched
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Table 5: Fraction of subjects preferring the early option in function of delay expressed in
weeks (N = 49)

weeks 0 1 2 3 4 5

ascending n 0.60 0.64 0.64 0.64 0.64 0.64

descending n 0.71 0.67 0.67 0.67 0.67 0.67

total n 0.65 0.65 0.65 0.65 0.65 0.65

at least once, 6 students switched only once and 1 subject switched twice. 3 students
switched from an impatient to a patient choice and the other 3 from an impatient to a
patient choice with n increasing.

The average number of sweets yn which would make subjects indifferent between
consuming a box of 32 smarties now and yn in n weeks is approximately the same for the
group who answered the questionnaire with ascending n and the group with descending n
until n = 2 (see Table 6). The quantities differ more significantly for n > 2, with subjects
being more impatient when n is increasing. 42 subjects (86%) reported non-decreasing
quantities with n.

Table 6: Average number of chocolate sweets in n weeks plus one hour and a half equiva-
lent to 32 units consumed immediately (N = 49)

number of weeks 0 1 2 3 4 5

ascending n 38 53 65 80 101 132

descending n 40 51 64 74 85 97

total 39 52 64 77 93 115

Table 7 shows average yn for the subset of 42 subjects who reported a non-decreasing
sequence (second row) and average yn for the 7 subjects who reported a sequence of yn
with a decreasing part (third row). Most of them display stronger impatience for n = 0

(between now and in one hour and a half), than for trade-offs with longer front-end
delays. The quantities are approximately constant for n > 0.
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Table 7: Average number of chocolate sweets in n weeks plus one hour and a half equi-
valent to 32 units consumed immediately for subjects with non-decreasing sequences
(N = 49)

number of weeks 0 1 2 3 4 5

subjects with non-decreasing sequence 40 55 69 84 103 129

other subjects 37 34 34 33 34 32

total 39 52 64 77 93 115
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