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SPECTRAL GAP OF THE DISCRETE LAPLACIAN

ON TRIANGULATIONS

YASSIN CHEBBI

Abstract. Our goal in this paper is to find an estimate for the spectral gap of the Laplacian
on a 2-simplicial complex consisting on a triangulation of a complete graph. An upper estimate
is given by generalizing the Cheeger constant. The lower estimate is obtained from the first
non-zero eigenvalue of the discrete Laplacian acting on the functions of certain sub-graphs.
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1. Introduction

The concept of triangulation was investigated in [4] as a generalization of graphs. This
structure of a 2-simplicial complex allows to define our discrete Laplacian which acts on the
triplets of functions, 1-forms and 2-forms. This paper deals with questions on spectral theory of
triangulations for Laplacians. There are several recent works giving lower bounds of the spectrum
of the Laplacian on graphs via isoperimetric estimates, see ([2], [10] and [13]). Moreover, Cheeger
gave in [6] estimates of the first non zero eigenvalue of the Laplace-Beltrami operator on a
compact manifold in terms of a geometric constant. This inspired a similar theory on graphs
for the Laplacian acting on the functions, see ([7], [8], [9] and [14]).

Considering first only locally finite graphs, we use the Weyl criterion, known from [17], to
show that all the spectra of our different Laplacians are in connection except for the value 0.
Starting from Section 3, we restrict our work to finite triangulations. Our main interest is about
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the minimal eigenvalue of the upper Laplacian L+1 = δ1d1 on 1-forms, to be called the spectral
gap. Since Im(d0) ⊂ ker(L+1 ) = ker(d1), there are dim(Im(d0)) = |V|−1 trivial 0-eigenvalues, if
|V| is the number of vertices and we define the spectral gap to coincide with the |V|th-eigenvalue
of L+1 . More precisely, we discuss lower and upper estimates for the spectral gap. It is an open
question on the Riemannian manifold case. An upper estimate is given by generalizing Cheeger’s
approach for triangulations of a complete graph Tn. The Cheeger constant is defined as follows,
see [5] and [16]:

h(Tn) := min

V =
2⋃
i=0

Ai

n|F(A0,A1,A2)|
|A0||A1||A2|

,

where A0,A1,A2 are nonempty sets, making a partition of V, and F(A0,A1,A2) denotes the
set of the triangle faces with one vertex in each Ai.

Moreover, we obtain a lower bound in terms of the first non-zero eigenvalue of the discrete
Laplacian L0 defined on the space of functions on the vertices of certain sub-graphs.

2. Preliminaries

2.1. Notion of graph. Let V be a countable set of vertices and E a subset of V × V, the set
of oriented edges. The pair K =(V, E) is called a graph. We assume that E is symmetric, ie.
(x, y) ∈ E ⇒ (y, x) ∈ E . When two vertices x and y are connected by an edge e, we say they
are neighbors. We denote x ∼ y and e = (x, y) ∈ E . The set of neighbors of x ∈ V is denoted
by V(x) := {y ∈ V, y ∼ x}. The graph K is said locally finite if each vertex belongs to a finite
number of edges. The degree or valence of a vertex x ∈ V is the cardinal of the set V(x), denoted
by deg(x). If the graph K has a finite set of vertices, it is called a finite graph. An oriented graph
K is given by a partition of E :

E = E− ∪ E+

(x, y) ∈ E− ⇔ (y, x) ∈ E+.
In this case for e = (x, y) ∈ E−, we define the origin e− = x, the ending e+ = y and the

opposite edge −e = (y, x) ∈ E+. A path is a finite sequence of edges {ei}0≤i≤n such that if n ≥ 2
then e+i = e−i+1, for all i ∈ {0, ..., n− 1}. The graph K is said connected if any two vertices x and

y can be connected by a path with e−0 = x, e+n = y. A cycle is a path whose origin and end are
identical, i.e e−0 = e+n . An n-cycle is a cycle with n vertices. If no cycles appear more than once
in a path, the path is called a simple path. All the graphs we shall consider on the sequel will
be:

connected, oriented, without loops and locally finite.

2.2. Notion of triangulation. A triangulation generalize the notion of a graph. This structure
gives a general framework for Laplacians defined in terms of the combinatorial structure of a
simplicial complex. We refer to ([5],[12]) for more detail.

The set of direct permutations of (x, y, z) ∈ V3 is denoted by

σ(x, y, z) := {(x, y, z), (y, z, x), (z, x, y)} .
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Let Tr be the set of all simple 3-cycles. We denote F the set of triangular faces which is a
subset of Tr quotiented by direct permutations as follows:

F := Tr/ '
where $1 ' $2 if $1 is a direct permutation of $2.

Definition 2.1. A triangulation T is the triplet (V, E ,F), where V is the set of vertices, E is
the set of edges and F is the set of triangular faces. This structure is denoted also by the pair
(K,F), where K = (V, E) is a connected locally finite graph. Indeed, one can have simple 3-cycles
that are not oriented faces. A triangulation is said complete, if all the triangles are faces.

Remark 2.2. In this paper, the triangulations are considered as two-dimensional simplicial
complexes where all faces are triangles.

Figure 1. Triangulation

Choosing an orientation of a triangulation consists of defining a partition of F :

F = F− ∪ F+,

(x, y, z) ∈ F− ⇐⇒ (y, x, z) ∈ F+.

For each face $ = (x, y, z) ∈ F , we denote −$ the opposite face (y, x, z) :

$ = (x, y, z) = (y, z, x) = (z, x, y) ∈ F ⇐⇒ −$ = (y, x, z) = (x, z, y) = (z, y, x) ∈ F .
Let T = (V, E ,F) be a triangulation. We say that T is a triangulation of bounded degree, if

the exist a non-negative C such that for all x ∈ V we have deg(x) < C. For an edge e ∈ E , we
also denote the oriented face (e−, e+, x) by (e, x) and denote Fe the set of neighbors of the edge
e :

Fe := {x ∈ V, (e, x) ∈ F} ⊆ V(e−) ∩ V(e+).

To define weighted triangulations we need weights, let us give

• c : V → R∗+ the weight on the vertices.
• r : E → R∗+ the even weight on the oriented edges, i.e ∀e ∈ E , r(−e) = r(e).
• s : F → R∗+ the even weight on oriented faces, ie. ∀$ ∈ F , s(−$) = s($).
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The weighted triangulation (T , c, r, s) is given by the triangulation T = (K,F). A triangula-
tion T is called homogeneous, if the weights of the vertices, the edges and faces equal 1. As our
graph K is locally finite, we can define a weight on V by

c̃(x) =
∑
y∼x

r(x, y), x ∈ V.

This weight c̃ on any vertex is well defined. A graph K is called a normalized graph if
c(x) = c̃(x), for all x ∈ V.

2.3. Functional spaces. We denote the set of 0-cochains or functions on V by:

C(V) = {f : V → C}
and the set of functions of finite support by Cc(V). Similarly, we denote the set of 1-cochains or
1-forms on E by:

C(E) = {ϕ : E → C, ϕ(−e) = −ϕ(e)}
and the set of 1-forms of finite support by Cc(E). Moreover, we denote the set of 2-cochains or
2-forms on F by:

C(F) = {φ : F → C, φ(−$) = −φ($)}
and the set of 2-forms of finite support by Cc(F).

We consider on the weighted triangulation (T , c, r, s) the following Hilbert spaces, let us give

• The Hilbert space of functions:

l2(V) :=

{
f ∈ C(V);

∑
x∈V

c(x)|f(x)|2 <∞

}
with the inner product

〈f, g〉l2(V) :=
∑
x∈V

c(x)f(x)g(x).

• The Hilbert space of 1-forms:

l2(E) :=

{
ϕ ∈ C(E);

∑
e∈E

r(e)|ϕ(e)|2 <∞

}
with the inner product

〈ϕ,ψ〉l2(E) =
1

2

∑
e∈E

r(e)ϕ(e)ψ(e)

• The Hilbert space of 2-forms:

l2(F) :=

φ ∈ C(F);
∑

(x,y,z)∈F

s(x, y, z)|φ(x, y, z)|2 <∞


with the inner product

〈φ, θ〉l2(F) =
1

2

∑
(x,y,z)∈F

s(x, y, z)φ(x, y, z)θ(x, y, z)
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The direct sum of the spaces l2(V), l2(E) and l2(F) can be considered as a Hilbert space
denoted by H, that is

H := l2(V)⊕ l2(E)⊕ l2(F),

endowed with the inner product

〈(f1, ϕ1, φ1), (f2, ϕ2, φ2)〉H = 〈f1, f2〉l2(V) + 〈ϕ1, ϕ2〉l2(E) + 〈φ1, φ2〉l2(F).

2.4. Operators. In this section, we recall the concept of difference and exterior derivative
operators introduced on weighted triangulations. We refer to [3] and [5] for more details. This
permits to define the discrete Laplacians acting on functions, 1-forms and 2-forms.

2.4.1. The difference operator. It is the operator d0 : Cc(V) −→ Cc(E), given by

d0(f)(e) = f(e+)− f(e−).

2.4.2. The co-boundary operator. It is the formal adjoint of d0, denoted by δ0.

δ0 : Cc(E) −→ Cc(V),

acts as

δ0(ϕ)(x) =
1

c(x)

∑
e,e+=x

r(e)ϕ(e),

and satisfies

〈d0f, ϕ〉l2(E) = 〈f, δ0ϕ〉l2(V), ∀(f, ϕ) ∈ Cc(V)× Cc(E).

2.4.3. The exterior derivative. It is the operator d1 : Cc(E) −→ Cc(F), given by

d1(ϕ)(x, y, z) = ϕ(x, y) + ϕ(y, z) + ϕ(z, x).

2.4.4. The co-exterior derivative. It is the formal adjoint of d1, denoted by δ1.

δ1 : Cc(F) −→ Cc(E),

acts as

δ1(φ)(e) =
1

r(e)

∑
x∈Fe

s(e, x)φ(e, x),

and satisfies

〈d1ϕ, φ〉l2(F) = 〈ϕ, δ1φ〉l2(E), ∀(ϕ, φ) ∈ Cc(E)× Cc(F).
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2.4.5. The discrete Laplacian. In this section, we will always consider a weighted triangulation
(T , c, r, s). The discrete Laplacian acting on functions is given by

L0(f)(x) := δ0d0(f)(x) =
1

c(x)

∑
e,e+=x

r(e)d0(f)(e).

for all f ∈ Cc(V) and x ∈ V. The discrete Laplacian acting on 1-forms is given by

L1(ϕ)(x, y) := (d0δ0 + δ1d1)(ϕ)(x, y)

=
1

c(y)

∑
e,e+=y

r(e)ϕ(e)− 1

c(x)

∑
e,e+=x

r(e)ϕ(e)

+
1

r(x, y)

∑
z∈F(x,y)

s(x, y, z)d1(ϕ)(x, y, z).

for all ϕ ∈ Cc(E) and (x, y) ∈ E . The discrete Laplacian acting on 2-forms is given by

L2(φ)(x, y, z) := d1δ1(φ)(x, y, z)

=
1

r(x, y)

∑
u∈F(x,y)

s(x, y, u)φ(x, y, u)

+
1

r(y, z)

∑
u∈F(y,z)

s(y, z, u)φ(y, z, u)

+
1

r(z, x)

∑
u∈F(z,x)

s(z, x, u)φ(z, x, u).

for all φ ∈ Cc(F) and (x, y, z) ∈ F . To define the Gauß-Bonnet operator, let us begin by defining
the operator

d : Cc(V)⊕ Cc(E)⊕ Cc(F) 	

by

d(f, ϕ, φ) := (0, d0f, d1ϕ)

and δ the formal adjoint of d is given by

δ(f, ϕ, φ) = (δ0ϕ, δ1φ, 0), ∀(f, ϕ, φ) ∈ Cc(V)⊕ Cc(E)⊕ Cc(F).

The Gauß-Bonnet operator is defined on Cc(V)⊕ Cc(E)⊕ Cc(F) into itself by:

T := d+ δ ∼=

 0 δ0 0
d0 0 δ1

0 d1 0


This operator is of Dirac type and is motived by the Hodge Laplacian:

L := T 2 = (d+ δ)2 = L0 ⊕ L1 ⊕ L2,

Remark 2.3. The operator L1 is called the full Laplacian and defined as L1 = L−1 +L+1 , where
L−1 = d0δ0 (resp. L+1 = δ1d1) is called the lower Laplacian (resp. the upper Laplacian).
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3. The spectrum of the Laplacians

In this section, we will prove the relation between the spectrum of L+1 and that of L2. The
following results due to the Weyl’s criterion known from [17] to characterize the spectrum of
our operators.

Weyl’s criterion: Let H be a separable Hilbert space, and let L be a bounded self-adjoint
operator on H. Then λ is in the spectrum of L, if and only if, there exists a sequence (fn)n∈N
so that ‖fn‖ = 1 and lim

n−→∞
‖ (L − λ) fn‖ = 0.

We denote σ(L) the spectrum of L. We refer here to [1], which proves that σ(L0)\{0} =
σ(L−1 )\{0} in a normalized graph.

Proposition 3.1. Let T be a homogeneous triangulation of bounded degree. Then, we have

σ(L+1 )\{0} = σ(L2)\{0}.

Proof:

At first, we notice that the hypothesis assures that all operators are bounded.
Through the Weyl’s criterion, set λ ∈ R∗ in the spectrum of L+1 , then there is a
sequence (ψn)n in l2(E) such that:

‖ψn‖l2(E) = 1 and lim
n→∞

‖(L+1 − λ)ψn‖l2(E) = 0.

So, we should find a sequence (φn)n in l2(F) such that

for each n, ‖φn‖l2(F) = 1 and lim
n→∞

‖(L2 − λ)φn‖l2(F) = 0.

Set

φn :=
d1ψn

‖d1ψn‖l2(F)
, n ∈ N.

First, let us show that ‖d1ψn‖l2(F) 6= 0. We have that

‖d1ψn‖2l2(F) = 〈L+1 ψn, ψn〉l2(E)
= 〈(L+1 − λ)ψn, ψn〉l2(E) + 〈λψn, ψn〉l2(E)
= 〈(L+1 − λ)ψn, ψn〉l2(E) + λ.

Thus the term ‖d1ψn‖2l2(F) tends to λ as n→∞. Therefore, there exist ε > 0

and n0 ∈ N such that for all n ≥ n0 we have ‖d1ψn‖l2(F) > ε. It remains to show
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that lim
n→∞

‖(L2 − λ)φn‖l2(F) = 0. In fact, we have:

‖(L2 − λ)φn‖l2(F) = ‖(L2 − λ)
d1ψn

‖d1ψn‖l2(F)
‖l2(F)

=
‖(L2 − λ)d1ψn‖l2(F)
‖d1ψn‖l2(F)

=
‖L2d1 − λd1ψn‖l2(F)
‖d1ψn‖l2(F)

=
‖d1(L+1 − λ)ψn‖l2(F)
‖d1ψn‖l2(F)

.

Since the operator d1 is bounded. Hence, there exists a constant c > 0 such
that ‖d1‖ ≤ c and we have that:

‖(L2 − λ)φn‖l2(F) ≤
c

ε
‖(L+1 − λ)ψn‖l2(E).

Using the same method as the first step, set the non-zero constant λ ∈ σ(L2).
Then there exists a sequence (φn) in l2(F) such that ‖φn‖l2(F) = 1. We consider

a sequence (ψn) in l2(E), define as follows:

ψn :=
δ1φn

‖δ1φn‖l2(F)
.

�

Proposition 3.2. Let T be a finite weighted triangulation. Then, we have

minσ(L1) ≤ min
e∈E

[(
1

c(e−)
+

1

c(e+)

)
r(e) + degE(e)

]
.

Proof:

Let e ∈ E , we consider χe = 1{e} − 1{−e}. Thus, we have∥∥∥∥∥ χe√
r(e)

∥∥∥∥∥
l2(E)

= 1.

Moreover, we have〈
χe√
r(e)

,L1

(
χe√
r(e)

)〉
l2(E)

=

〈
χe√
r(e)

,L−1

(
χe√
r(e)

)〉
l2(E)

+

〈
χe√
r(e)

,L+1

(
χe√
r(e)

)〉
l2(E)

=

(
1

c(e−)
+

1

c(e+)

)
r(e) + degE(e).
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By Rayleigh principle, we obtain that

minσ(L1) ≤ min
e∈E



〈
χe√
r(e)

,L1

(
χe√
r(e)

)〉
l2(E)∥∥∥∥∥ χe√

r(e)

∥∥∥∥∥
l2(E)


= min

e∈E

[(
1

c(e−)
+

1

c(e+)

)
r(e) + degE(e)

]
.

�

Proposition 3.3. Let T be a homogeneous finite triangulation. Then, we have

minσ(L2) ≤ 8 + 2 min
e∈E
|Fe|.

Proof:

Let e0 ∈ E , we consider χe0 = 1{e0} − 1{−e0}. Then, we have

〈
d1χe0 ,L2d1χe0

〉
l2(F) =

∥∥L+1 χe0∥∥2l2(E) =
1

2

∑
e∈E

(∑
x∈Fe

d1χe0(e, x)

)2

Using (a+ b)2 ≤ 2(a2 + b2), for all a, b ∈ R. We have

〈
d1χe0 ,L2d1χe0

〉
l2(F) ≤

∑
e∈E

(∑
x∈Fe

χe0(e)

)2

+
∑
e∈E

(∑
x∈Fe

(χe0(e+, x) + χe0(x, e−))

)2

≤
∑
e∈E
|Fe|2 (χe0(e))2 + 4

∑
e∈E

(∑
x∈Fe

χe0(e+, x)

)2

= 2|Fe0 |2 + 4
∑
e∈E

(∑
x∈Fe

χe0(e+, x)

)2

= 2|Fe0 |2 + 4
∑
x∈Fe0

(∑
e∈E

χe0(e+, x)

)2

= 2|Fe0 |2 + 8|Fe0 |.
On other hand, we have

‖d1χe0‖2l2(F) =
1

2

∑
(x,y,z)∈F

|d1χe0(x, y, z)|2 =
1

2
(|Fe0 |+ |F−e0 |) = |Fe0 |.

From Rayleigh principle, we obtain:

minσ(L2) = inf
φ∈Cc(F)\{0}

〈L2φ, φ〉l2(F)
‖φ‖2

l2(F)
≤ 8 + 2 min

e∈E
|Fe|.

�
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4. Spectral gap of finite triangulation

4.1. The spectral gap. We describe the discrete Hodge theory due to Eckmann [11]. This is
a discrete analogue of Hodge theory in Riemannian geometry. Furthermore, it applies to any
finite simplicial complex, and not only to manifolds. Let us begin with

Lemma 4.1. We have that

ker(L−1 ) = ker(δ0), ker(L+1 ) = ker(d1), ker(L2) = ker(δ1) and ker(L1) = ker(δ0) ∩ ker(d1).

Proof:

It is clear that ker(δ0) ⊆ ker(L−1 ). On the other hand, if L−1 ϕ = d0δ0ϕ = 0, for
all ϕ ∈ l2(E), we have that

0 = 〈ϕ,L−1 ϕ〉l2(E) = ‖δ0ϕ‖2l2(V).

Then, δ0ϕ = 0, ∀ϕ ∈ l2(E). As the previous reasoning, we prove that ker(L+1 ) =
ker(d1) and ker(L2) = ker(δ1). After, if ϕ ∈ ker(L1) then

0 = 〈ϕ,L1ϕ〉l2(E) = 〈δ0ϕ, δ0ϕ〉l2(V) + 〈d1ϕ, d1ϕ〉l2(F),

which shows that ker(L1) = ker(δ0) ∩ ker(d1).

�
Since ker(L1) = ker(δ0) ∩ ker(d1), we have the discrete Hodge decomposition

l2(E) = ker(L1)⊕ Im(d0)⊕ Im(δ1).

In particular, it follows that the space of harmonic forms can be identified with the homology
of T :

ker(d1)/Im(d0) = Im(δ1)⊥/Im(d0) =
(
Im(d0)⊕ ker(L1)

)
/Im(d0) ∼= ker(L1).

The same holds for the homology of T , giving

ker(d1)/Im(d0) ∼= ker(L1) ∼= ker(δ0)/Im(δ1).

For a triangulation, the space Im(d0) is always in the kernel of the upper Laplacian, and
considered to be its trivial zeros. There can be more zeros in the spectrum, since Im(d0) ⊂
ker(L+1 ) = ker(d1). As l2(E) = ker(δ0)⊕ Im(d0), this leads to the following definition:

Definition 4.2. (The spectral gap) The spectral gap of a finite triangulation T , denoted λT , is
the minimal eigenvalue of the upper Laplacian on 1-forms:

λT := minσ
(
L+
1| ker(δ0)

)
= minσ

(
L1| ker(δ0)

)
,

the equality follows from L1| ker(δ0) ≡ L+1| ker(δ0).

Remark 4.3. Generally, the spectral gap is the difference between 0 and the first non-zero
eigenvalue, see ([7], [8] and [9]). This definition coincides with the definition 4.2 in the case
where the eigenvalue λT is not zero ( i.e there is no harmonic 1-form).

The following proposition gives a characterization of the spectral gap.
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Proposition 4.4. The spectrum of the Laplacian L+1 is composed of |E| reals eigenvalues
{λi}0≤i≤|E|−1 ranked in ascending order:

λ0 ≤ λ1 · · · ≤ ... ≤ λ|E|−1.
Moerever, we have that

λT = λ|V|−1.

Proof:

Since the dimension of the space Im(d0) is the number of the trivial zeros of the
upper Laplacian. Using the rank theorem for the operator d0 : l2(V)→ l2(E), we
get that

λT := λdim(Im(d0)) = λ|V|−1.

�

Proposition 4.5. Let T be a finite triangulation. Then, we have

|F| < |E| − |V|+ 1⇒ λT = 0.

Proof:

Applying the Rank theorem for d0 : l2(V)→ l2(E), we obtain

dim(ker(δ0)) = |E| − dim(Im(d0))

= |E| − (|V| − 1) = |E| − |V|+ 1

And since dim(Im(δ1)) ≤ |F|, then

|F| < |E| − |V|+ 1⇒ Im(δ1)  ker(δ0)⇔ λT = 0.

�

Remark 4.6. In the case where Im(δ1) = ker(δ0), we have |F| ≥ |E| − |V|+ 1 and λT 6= 0.

Example 4.7. Consider the triangulation T such that all the triangles are faces as in Figure
2. Using the Rank theorem, we have:{

dim(Im(d0)) = 5 et dim(C(E)) = 12 ⇒ dim(ker(δ0)) = 7
dim(C(F)) = 8 et dim(ker(δ1)) = 1 ⇒ dim(Im(δ1)) = 7.

Then, λT 6= 0.

4.2. Triangulation of a complete graph. The aim of this part is to provide effective estimates
for the spectral gap of a triangulation of a complete graph. Let us begin by

Definition 4.8. A triangulation of a complete graph Tn is the pair (Kn,F), where Kn is the
complete graph of n vertices and F is the set of triangular faces.

First, we give a result assuring that our spectral gap is zero in a triangulation of a complete
graph. This result is a consequence of Proposition 4.5.

Corollary 4.9. Let Tn be a homogeneous triangulation of a complete graph. Then, we have

|F| < (n− 1)(n− 2)

2
⇒ λT = 0.
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Figure 2. Example of a triangulation with
non-zero spectral gap

4.2.1. Upper estimates of the spectral gap. We would like to find a concrete upper estimate of
the spectral gap in relation with the number of oriented faces in a simple triangulation of a
complete graph.

Proposition 4.10. Let Tn be a homogeneous triangulation of a complete graph. Then, we have

i) n ∈ σ(L1).
ii) If Tn is a simple complete triangulation then σ(L1) = {n}.

Lemma 4.11. Let T be a finite triangulation. Then

σ(L1) = σ(L−
1|Im(d0)

) ∪ σ(L+
1| ker(δ0)

).

Proof of Lemma 4.11:

It is clear that σ(L−
1|Im(d0)

) ∪ σ(L+
1| ker(δ0)

) ⊆ σ(L1). Let λ ∈ σ(L1), there is ψλ ∈
l2(E) such that L1ψλ = λψλ. Since l2(E) = ker(δ0)⊕ Im(d0), then ψλ = ψ1

λ +ψ2
λ

where (ψ1
λ, ψ

2
λ) ∈ ker(δ0)× Im(d0). Hence

λ ∈ σ(L1|Im(d0)) ∪ σ(L1| ker(δ0)) = σ(L−
1|Im(d0)

) ∪ σ(L+
1| ker(δ0)

).

�
Proof of Proposition 4.10:
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i) Let ψ ∈ Im(d0), then it exists f ∈ l2(V) such that ψ = d0f. We calculate

L−1 ψ(x, y) =
∑

e,e+=y

ψ(e)−
∑

e,e+=x

ψ(e)

=
∑

e,e+=y

(
f(y)− f(e−)

)
−
∑

e,e+=x

(
f(x)− f(e−)

)
= (n− 1)d0f(x, y) +

∑
z∼x

f(z)−
∑
z∼y

f(z)

= nψ(x, y).

Hence L−
1|Im(d0)

= nI. By Lemma 4.11, we have that n ∈ σ(L1).
ii) Let ψ ∈ ker(δ0), if Tn is complete, then we have

L+1 ψ(x, y) =
∑

z∈F(x,y)

(ψ(x, y) + ψ(y, z) + ψ(z, x))

= (n− 2)ψ(x, y) +
∑

z∈F(x,y)

ψ(y, z) +
∑

z∈F(x,y)

ψ(z, x)

= nψ(x, y) + δ0ψ(x)− δ0ψ(y) = nψ(x, y).

By Lemma 4.11, we get that σ(L1) = {n}.
�

Remark 4.12. The value 0 is not always in the spectrum of the full Laplacian L1. It depends on
the value of λTn , due to the fact that minσ(L1) = min{λTn , n}. In particular, if Tn is a complete
triangulation we have that λTn = n.

Corollary 4.13. Let Tn be a homogeneous triangulation of a complete graph. Then, we have

λTn ≤ 2 + min
e∈E
|Fe|.

Moreover, Tn is the complete triangulation if and only if λTn = n.

Proof:

From Proposition 4.10 and Lemma 4.11, we deduce that minσ(L1) = min{λTn , n}.
Moreover, The Proposition 3.2 give an upper estimate of the lower spectrum of
L1 :

minσ(L1) ≤ 2 + min
e∈E
|Fe|. (4.1)

If minσ(L1) < n then λTn = minσ(L1). Then, the inegality (4.1) give an upper
estimate of the lower spectrum λTn acting as:

λTn ≤ 2 + min
e∈E
|Fe|.

If minσ(L1) = n alors λTn ≥ n and n ≤ 2 + min
e∈E
|Fe|. Then the triangulation

Tn is complete. By Proposition 4.10, λTn = n.

�
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Remark 4.14. In a homogeneous triangulation of a complete graph, we have always:

λTn = minσ
(
L+
1| ker(δ0)

)
= minσ(L1).

A
0

A
2

A
1

Figure 3. Tripartite of a triangulation.

Our goal now is to find the best estimate of the eigenvalue λTn , when min
e∈E
|Fe| is large enough.

Given Tn a homogeneous triangulation of a complete graph, the Cheeger constant h(Tn) is defined
as follows, see ([5], [16]):

h(Tn) := min

V =

2⋃
i=0

Ai

n|F(A0,A1,A2)|
|A0||A1||A2|

,

where A0,A1,A2 are nonempty sets, considered as a partition of V, and F(A0,A1,A2) denotes
the set of the oriented faces with one vertex in each Ai. It is clear that:

∃x ∈ V, such that ∀e ∈ E , x ∈ Fe =⇒ h(Tn) 6= 0. (4.2)

Let A0,A1 ∈ V are two finite sets such that A0 ∩ A1 = ∅, we define the set:

E(A0,A1) :=
{
e ∈ E , {e−, e+} ∩ A0 6= ∅ and {e−, e+} ∩ A1 6= ∅

}
.

Theorem 4.15. If h(Tn) 6= 0 holds, then the spectral gap satisfies the following upper estimate

λTn ≤ h(Tn).

Proof:
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Set A0,A1 and A2 be a partition of V which realizes the minimum in h(Tn). We

define ψ̃ ≡ ψ̃(A0,A1,A2) ∈ l2(E) by

ψ̃(e) =


|Ai| if e ∈ Aπ(i) ×Aπ(i+1)

−|Ai| if e ∈ Aπ(i+1) ×Aπ(i)
0 else i.e. if e ∈ Ai, for all i ∈ {0, 1, 2}

where π : Z→ {0, 1, 2} is a map such that π(i) = i+ 1 modulo 3. It is clear that

ψ̃ ∈ ker(δ0). Therefore, we have

〈L+1 ψ̃, ψ̃〉l2(E) = ‖d1ψ̃‖2l2(F)

=
1

2

∑
(x,y,z)∈F

∣∣∣ψ̃(x, y) + ψ̃(y, z) + ψ̃(z, x)
∣∣∣2

= n2|F(A0,A1,A2)|
and

‖ψ̃‖2l2(E) =
1

2

∑
e∈E
|ψ̃(e)|2

=
1

2

(
|E(A0,A1)||A2|2 + |E(A1,A2)||A0|2 + |E(A2,A0)||A1|2

)
= |A0||A1||A2|2 + |A1||A2||A0|2 + |A2||A0||A1|2

= |A0||A1||A2| (|A0|+ |A1|+ |A2|)
= n|A0||A1||A2|.

By the Rayleigh’s principle, we have:

λTn = minσ
(
L+
1| ker(δ0)

)
= inf

ψ∈Cc(E)\{0}

〈L+1 ψ,ψ〉l2(E)
‖ψ‖2

l2(E)
≤ h(Tn).

�

Example 4.16. We consider the triangulation T4 = (K4,F) with V = {1, 2, 3, 4} and F =
{(1, 2, 3), (1, 2, 4), (1, 3, 4)}. Then, we have h(T4) = 2. Applying Theorem 4.15, we obtain that

λT4 ≤ 2.

Example 4.17. We consider the triangulation T5 = (K5,F) with V = {1, 2, 3, 4, 5} and F =

{(1, 2, 3), (1, 2, 4), (1, 3, 4), (1, 2, 5), (1, 3, 5), (1, 4, 5)}. Then, we have h(T5) =
5

3
. Applying Theo-

rem 4.15, we obtain that

λT5 ≤
5

3
.

4.2.2. Lower estimates of spectral gap. First, we recall some lower estimates of the spectral gap
of L0 on connected graphs, see ([9],[14]). Our objective is to find a lower estimate of the spectral
gap λTn from the second eigenvalue of L0.

Let T = (V, E ,F) be a finite triangulation and x ∈ V. We define the set of edges Ex:

Ex := {e ∈ E ; x ∈ Fe}.
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Figure 4. The associated graphK(x) of ver-
tex x.

Denote by K(x) := (Vx, Ex) the associated graph of the vertex x, where:

Vx := {y ∈ V; ∃z ∈ V such that (y, z) ∈ Ex}.

Remark 4.18. In a triangulation of a complete graph, the hypothesis (4.2) assures that, for all
e ∈ E , Fe 6= ∅. And then, we have that for all x ∈ V, Vx = V\{x}.

Theorem 4.19. Let Tn be a homogeneous triangulation of a complete graph. Assume that, for
all e ∈ E , Fe 6= ∅, then

λTn ≥ min
e∈E

(
2λ1

(
K(e−)

)
− |Fe|

)
.

Proof:

Given ϕ ∈ ker(δ0) an eigenfunction associated of λTn such that ‖ϕ‖l2(E) = 1.
Then, we have

λTn = 〈L+1 ϕ,ϕ〉l2(E)

=
1

2

∑
e∈E

ϕ(e)
∑
x∈Fe

(ϕ(e) + ϕ(e+, x) + ϕ(x, e−))

=
1

2

∑
e∈E
|Fe|ϕ2(e) +

1

2

∑
e∈E

ϕ(e)
∑
x∈Fe

(ϕ(e+, x) + ϕ(x, e−))

=
1

2

∑
e∈E
|Fe|ϕ2(e) +

∑
e∈E

ϕ(e)

(∑
x∈Fe

ϕ(e+, x)

)
.
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For each vertex x ∈ V, we can define on Vx the function fx(y) := ϕ(x, y).
Then, we have fx(y) = −fy(x), for all (x, y) ∈ E . Next, we have

I =
∑
x∈V

∑
e∈Ex

ϕ(e)ϕ(e+, x)

=
∑
x∈V

∑
y∈Vx

∑
e∈Ex,e+=y

ϕ(e)ϕ(e+, x)

=
∑
x∈V

∑
y∈Vx

∑
e∈Ex,e+=y

fe−(e+)fe+(x)

=
∑
x∈V

∑
y∈Vx

fx(y)

 ∑
z∈F(x,y)

fy(z)


=
∑
x∈V

∑
y∈Vx

fx(y)

 ∑
z∈F(x,y)

fx(y)− fx(z)


+
∑
x∈V

∑
y∈Vx

fx(y)

 ∑
z∈F(x,y)

fy(x) + fy(z) + fx(z)

 .

Thus,

I =
∑
x∈V
〈L0Vxfx, fx〉l2(Vx) − 2〈degEϕ,ϕ〉l2(E) +

∑
x∈V

∑
y∈Vx

fx(y)

 ∑
z∈F(x,y)

fy(z) + fx(z)


︸ ︷︷ ︸

J

.

Since E is the set oriented edges, we have

∑
x∈V

∑
y∈Vx

∑
z∈F(x,y)

ϕ(x, y)ϕ(y, z) =
∑

(x,y,z)∈F

ϕ(x, y)ϕ(y, z)

= −
∑

(x,y,z)∈F

ϕ(x, y)ϕ(x, z)

Then J = 0. On other hand, we have

ϕ ∈ ker(δ0)⇒ ∀x ∈ V, fx ⊥ 1.
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Applying the Min-Max principle, we obtain that

λTn ≥
∑
x∈V

λ1(K(x))‖fx‖2l2(Vx) − 〈degEϕ,ϕ〉l2(E)

=
∑
x∈V

λ1(K(x))

∑
y∈Vx

f2x(y)

− 1

2

∑
e∈E
|Fe|ϕ2(e)

=
1

2

∑
e∈E

(2λ1(K(e−))− |Fe|)ϕ2(e)

≥ min
e∈E

(
2λ1(K(e−))− |Fe|

)
.

�

Remark 4.20. This theorem is interesting in the case of triangulations of a complete graph
where its sub-graphs (K(x))x∈V are connected in such a way that we have min

x∈V
λ1(K(x)) 6= 0. To

ensure this assumption, we should take triangulations with a large number of triangular faces.

The next result is obtained from the lower estimate of the spectral gap of the discrete Laplacian
L0, see [8] and [9].

Corollary 4.21. Let Tn be a homogeneous triangulation of a complete graph. Assume that for
all e ∈ E , Fe 6= ∅, then

λTn ≥ min
e∈E

(
h2(K(e−))

de−
− |Fe|

)
.

with for all x ∈ V, dx = max
y∈Vx

deg(y).

Proof:

Let ϕ ∈ ker(δ0) an eigenfunction of λTn such that ‖ϕ‖l2(E = 1. Using Theorem
4.19, we obtain that

λTn ≥ min
e∈E

(
2λ1(K(e−))− |Fe|

)
≥ min

e∈E

(
h2(K(e−))

de−
− |Fe|

)
.

�

Example 4.22. We consider the triangulation T5 = (K5,F) with V = {1, 2, 3, 4, 5} and F =
{(1, 2, 3), (1, 2, 5), (1, 3, 4), (1, 4, 5), (2, 3, 4), (2, 4, 5)}. Using Theorem 4.19, we obtain that:

λT5 ≥ 2λ1(C4)− 2 = 2× 2− 2 = 2.

Example 4.23. We consider the triangulation T6 = (K6,F) with V = {1, 2, 3, 4, 5, 6} and
F = {(1, 2, 3), (1, 2, 6), (1, 3, 4), (1, 4, 5), (1, 5, 6), (2, 3, 5), (2, 4, 5), (2, 4, 6), (3, 4, 6), (3, 5, 6)}. Us-
ing Theorem 4.19, we obtain that:

λT6 ≥ 2λ1(C5)− 2 ≈ 2× 1.3819− 2 = 0.7639.
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Figure 5. The sub-graphs of the triangula-
tion T5

Figure 6. The sub-graphs of the triangula-
tion T6

The spectral gap of a discrete graph is a monotonously increasing function of the set of edges.
In other words, adding an edge always increases of the second eigenvalue or keeps it unchanged,
provided that we have the same set of vertices, see [15].

Proposition 4.24. Let K be a connected graph and let K′ be a graph obtained from K by adding
one edge between two vertices. Then the following hold:

λ1(K) ≤ λ1(K
′
).
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Example 4.25. We consider the triangulation T ′5 = (K5,F) with V = {1, 2, 3, 4, 5} and F =
{(1, 2, 3), (1, 2, 5), (1, 3, 4), (1, 3, 5), (1, 4, 5), (2, 3, 4), (2, 4, 5), (3, 4, 5)}. Using Proposition 4.24, we
obtain that min

i=1,...,5
λ1(K(i)) = λ1(C4) = 2. By Theorem 4.19, we have:

λT ′5
≥ 2λ1(C4)− 3 = 2× 2− 3 = 1.

Figure 7. The sub-graphs of the triangula-
tion T ′5
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