
HAL Id: hal-02150077
https://hal.science/hal-02150077

Submitted on 7 Jun 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Optimal parameterization of tire-rim interaction for
aircraft wheels

K Cosseron, D Mellé, François Hild, Stéphane Roux

To cite this version:
K Cosseron, D Mellé, François Hild, Stéphane Roux. Optimal parameterization of tire-rim interaction
for aircraft wheels. Journal of Aircraft, 2019, 56 (5), pp.2032-2046. �10.2514/1.C035343�. �hal-
02150077�

https://hal.science/hal-02150077
https://hal.archives-ouvertes.fr


Optimal parameterization of tire-rim interaction
for aircraft wheels

K. Cosseron∗

Laboratoire de Mécanique et Technologie (LMT), ENS Paris-Saclay, CNRS, Univ. Paris-Saclay, 94235 Cachan, France
Safran Group, Safran Landing Systems, 78140 Vélizy-Villacoublay, France

D. Mellé†

Safran Group, Safran Landing Systems, 78140 Vélizy-Villacoublay, France
now at Safran Group, Safran Tech, 78772 Magny-les-Hameaux, France

F. Hild‡ and S. Roux§

Laboratoire de Mécanique et Technologie (LMT), ENS Paris-Saclay, CNRS, Univ. Paris-Saclay, 94235 Cachan, France

The knowledge of tire-rim interface loadings is crucial to design aircraft wheels. A pa-

rameterization of these loadings is proposed using model reduction techniques. The static

eigenmodes of the wheel stiffness matrix that is condensed at the tire-rim interface provide a

suited hierarchy of displacement or loading modes that can be sorted according to their elastic

energy. A truncation of this series at a chosen order is performed to approximate any load

applied to the rim. The use of cyclic symmetry is shown to lead to an efficient numerical scheme

to compute these modes. This parameterization does not involve the tire modeling, which is

beyond the control of aircraft wheel manufacturers. The reduced basis composed of the major

eigenmodes is shown to be more compact and robust than other parameterizations based on

arbitrary shape functions or tire models and will be further used for inverse identifications

of tire-rim loadings. Moreover, this approach is generic and offers a convenient and efficient

framework for arbitrary loadings.
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Nomenclature

{F} = global force vector

{F̂} = reduced force vector

[F] = real-valued Fourier matrix

{ f } = load eigenmode of the wheel at the tire-rim interface

[I ] = identity matrix

[K ] = global stiffness matrix

[K̂ ] = reduced stiffness matrix

[K̃ ] = reduced stiffness matrix in cyclic basis

n = number of degrees of freedom

N = number of sectors

q = eigenmode amplitude

[T ] = transformation matrix

> = matrix transpose

{u} = global displacement vector

{û} = reduced displacement vector

{ũk
0 } = complex harmonic component of order k

W = elastic strain energy

δ = Kronecker delta

η = percentage of the total elastic strain energy

λ = eigenvalue

{Φ} = displacement eigenmode of the wheel at the tire-rim interface

ϕ = angle of rotation

{Ψ} = symmetric displacement eigenmode of the wheel at the tire-rim interface
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I. Introduction

The predictive character of numerical simulations run to design a structure critically depends on the accuracy with

which the boundary conditions prescribed on the structure are introduced [1–8]. For aircraft wheel manufacturers,

the loadings applied to the wheel during ground maneuvering by various tires that are mounted play an important

role. However, they are hardly known apart from the resultant force between the ground and the tire. Aircraft wheel

manufacturers do not control the tire, which is a complex intermediate component, but must still work with it to

design their products. Because tire-ground loads are transmitted to the wheel through the tire at the tire-rim interface,

assumptions on the deformation behavior of the tire are to be made to determine the correct applied loading to the wheel

and many experiments are often required to evaluate the wheel structural response [9, 10].

Various attempts have been performed to experimentally investigate tire-rim interface loadings. Zaharov [11],

Balabin et al. [12], and Walter et al. [13] used strain gauges and magnetostrictive transducers to directly measure normal

contact pressure distributions at the tire-rim interface for automotive wheels. These measurement techniques required

some operations (i.e., welding or drilling) to mount the sensors on the wheel rim. Therefore, they were very intrusive

and could modify the tire-rim interface behavior. Sherwood et al. [14] used flexible and thin piezoelectric films to

minimize the intrusion in the tire-rim contact area. With new technologies now available, Wan et al. [15] also recorded

the interface pressure distribution with the Tekscan’s I-Scan System. However, all of these instrumentations generally

lead to inaccurate results due to their delicate calibration. The shape of the measured pressure distribution is fairly

reliable whereas the accuracy of its amplitude is highly dependent on the performed calibration. Moreover, these

measurement techniques are fragile and can be damaged because of the shear forces encountered in the contact area

during tire-wheel assembly and loading cases.

Other investigations moved toward measurements outside the tire-rim contact area to identify loadings using

inverse methods. Sherwood et al. [14, 16] performed holographic interferometry measurements to obtain a map of

the out-of-plane displacements on the inboard and outboard halves of an aircraft wheel during an inflation case. A

three-dimensional (3D) finite element analysis was then conducted to back-calculate the tire-rim contact pressure

distribution based on these experimental data and the results were compared with those obtained with piezoelectric

films. Both methods showed similar trends in the overall contact pressure variations qualitatively, but not quantitatively.

Spencer et al. [17], Kirkner et al. [18], Schudt et al. [19], and Kandarpa et al. [20] proposed a combined analytical-

experimental methodology that recovers the tire-rim interface pressure distribution with a given number of experimental

strain measurements on the wheel. The loading was described as a double Fourier series and the components were

determined by least squares fit using the experimentally measured strains. The methodology was applied for inflation

and vertical loading cases. The influence of the number and location of strain gauges was also studied. However, the

focus of these papers was the ability of the algorithm to recover a given pressure distribution rather than assessing the

required accuracy on tire-rim loadings to obtain a reasonable approximation of the wheel structural response.

3



Lastly, some authors dealt with the modeling of the complete tire-rim assembly. Chen et al. [21] made an attempt

to theoretically predict the bead area contact load at the tire-rim interface assuming the wheel to be completely rigid.

Along the same lines, Tseng et al. [22] studied the effect of the interference fit between the tire bead and the rim. More

recently, Meng et al. [23] proposed simplified functions to approximate contact pressure distributions on the bead

and flange areas for an automotive wheel, which were based on the results of a finite element model of the tire-wheel

assembly. Furthermore, Ballo et al. [24] proposed a semi-analytical tire model to compute the reaction forces acting on

the tire-rim interface. These studies are highly dependent on the material properties used for the tire model and almost

always consider a totally rigid wheel.

The knowledge of tire-rim interface loadings would provide an invaluable help to shorten aircraft wheel design

processes. To tackle this challenge, the authors have proposed an inverse identification procedure of tire-rim

loadings [25, 26] for several cases (i.e., inflation, vertical and cornering). The aim is to identify the loadings applied by

a tire on an aircraft wheel via the measurement of the wheel deformation (e.g., displacement fields obtained by Digital

Image Correlation analyses, strains at gauge locations). The underlying tasks are to define an objective parameterization

of tire-rim loadings, which is as robust and compact as possible, and to choose appropriate measurements to be able to

calibrate the loading parameters. A Finite Element Model Updating (FEMU) algorithm will then be used to solve this

inverse problem. This paper focuses on the parameterization of tire-rim interface loadings for which several proposals

were made in the litterature. Some authors used Fourier series [17–20] or cosine functions [27], which do not involve

any specific knowledge on the mechanical behavior of the tire-rim interface, while others defined simplified functions

based on tire models [23, 24]. In this paper, a paradigm change from the current litterature is introduced. It is proposed

to define such a parameterization using the static eigenmodes of the wheel at the tire-rim interface, which are only

dependent on the wheel structure and do not explicitly involve tire modeling.

The paper is organized as follows. Section II is devoted to the presentation of the methodology for the determination

of the tire-rim interface static eigenmodes. Model reduction techniques and properties of structures with cyclic symmetry

are used. Section III discusses criteria to determine how many modes must be retained to provide a good approximation

of a given static loading. The criteria proposed herein are the conservation of the total elastic strain energy and the

convergence of other macroscopic quantities characterizing the loading case such as the resultant forces and average

displacements in the tire-rim contact area. In Section IV, the proposed parameterization is assessed by projecting known

tire-rim loadings on the eigenmode basis. A comparison between known and approximate tire-rim interface loadings

is presented. The results are intended for use in future studies of the impact of approximate loadings on the wheel

structural response.
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II. Static eigenmodes of the wheel at the tire-rim interface
This section is devoted to the methodology for the determination of the static eigenmodes of the wheel at the tire-rim

interface, which will serve as the basis to approximate any load applied on the rim. First, the general approach is detailed

and involves model reduction techniques. Then, properties of structures with cyclic symmetry are used to make the

procedure more effective, requiring the modeling of one fundamental sector of the wheel only. Finally, the obtained

static eigenmodes of the wheel at the tire-rim interface are presented.

A. General methodology

A 3D finite element model of an aircraft wheel is considered (Fig. 1). It contains two wheel halves (inboard and

outboard) and tie bolts to join them. The model involves multiple nonlinear contacts and the material properties are

those of an aluminum alloy with a linear elastic behavior for the wheel and steel for other parts.

Fig. 1 Finite element model of an aircraft wheel

The finite element model is characterized by its stiffness matrix [K ], which describes the relationship between the

nodal forces gathered in the column vector {F} and the nodal displacement vector {u}

{F} = [K ]{u} (1)

The tire-rim interface area, which is highlighted in red in Fig. 1, is defined by the Aircraft Year Book from the Tire

and Rim Association [28]. It corresponds to the widest tire-rim contact area and ensures the compatibility of both

components. Thus, tire-rim interface loadings, except nitrogen pressure that is known to be uniform, only occur on

this area. To define a parameterization of these loadings, a static condensation [29] of this model is performed on the

tire-rim interface degrees of freedom (DOFs). This condensation consists in separating the DOFs of the whole structure

into master and slave DOFs, which are denoted with m and s subscripts respectively

5




{Fs}

{Fm}

 =

[Kss] [Ksm]

[Kms] [Kmm]



{us}

{um}

 (2)

Therefore, the DOFs of the tire-rim interface are chosen hereafter as master DOFs. Static condensation also assumes

that the forcing terms on the slave DOFs are vanishing. A reduction of the initial mechanical problem from Eq. (1) is

then obtained

{F̂} = [K̂ ]{û} (3)

with [K̂ ] = [T ]>[K ][T ], [T ]> =
[
−[Kms][K

−1
ss ] [I ]

]
, {F̂} = [T ]>{F}, and {û} = {um}. The reduced problem from

Eq. (3) gives the force-displacement relationship for the tire-rim interface nodes, with no loss of accuracy because all

elements of the original stiffness matrix contribute. However, one can notice that this reduction technique implies the

numerical model to be linear, and all nonlinear contacts are therefore linearized during this process. The underlying

assumption is that the two wheel halves cannot be separated, which is not far from reality because of the large amount of

bolt tightening. Thus, it is assumed that this linearization has a minor impact on the tire-rim interface area behavior (i.e.,

Saint-Venant’s principle). Then, the eigenvalues, λi , and eigenmodes, {Φi}, of [K̂ ] are sought

(
[K̂ ] − λi[I ]

)
{Φi} = {0} (4)

where the index i is conventionally chosen so that the eigenvalues are sorted in increasing order. The symmetry of

the stiffness matrix and the normalization of the eigenvectors to a unit norm implies that the eigenvectors form an

orthonormal basis

{Φi}
>
{Φj} = δi j (5)

These eigenmodes, which are orthogonal to each other, are called the static eigenmodes of the wheel at the tire-

rim interface. They constitute a complete set of generalized shape functions for describing the tire-rim interface

displacements [30]. Thus, for a given tire-rim interface loading {F̂}, the associated displacements {û} are expressed as

a linear combination of these eigenmodes

{û} =
n∑
i=1

qi{Φi} (6)

where n is the number of DOFs of the tire-rim interface. The undetermined amplitudes qi are found by pre-multiplying

Eq. (3) by the transpose of each eigenvector and using the orthogonality property from Eq. (5). For the k-th eigenmode,

one obtains

qk = {Φk}
>
{û} =

1
λk
{Φk}

>
{F̂} (7)
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The static eigenmodes of the wheel at the tire-rim interface can also be considered as eigenload cases { fk} when they

are pre-multiplied by the reduced stiffness matrix or by their associated eigenvalue

{ fk} = [K̂ ]{Φk} = λk{Φk} (8)

The eigenvalue λk is interpreted as the wheel stiffness for the eigenload case { fk}. By extension, any load {F̂} applied

to the rim is expressed as a linear combination of the eigenloads

{F̂} =
n∑
i=1

qi{ fi} =
n∑
i=1

qiλi{Φi} (9)

B. Use of cyclic symmetry properties

The reduced stiffness matrix [K̂ ], which is required to determine the static eigenmodes of the wheel at the tire-rim

interface, can be manually obtained by successively prescribing unitary displacements to tire-rim interface DOFs while

setting all others to zero. The number of calculations is thus equal to the number of tire-rim interface DOFs. However,

the finite element software can generate reduced matrices (i.e., superelements) in an automated way [31]. The finite

element model depicting a 360-degree wheel is computationally expensive and the number of tire-rim interface DOFs is

large (i.e., several tens of thousands). Although the static condensation allows the stiffness matrix dimension to be

reduced, the sparsity of the original stiffness matrix is lost and the reduced stiffness matrix is dense, which can lead to

storage issues. Thus, there is a need to obtain and diagonalize the reduced stiffness matrix in a more compact way.

Due to their geometrical properties, aircraft wheels belong to the class of periodic structures with cyclic symmetry.

They are defined by a circular and closed replication about an axis of symmetry of a minimal entity called a sector. The

studied wheel is composed of N = 9 identical sectors, with an angle α = 2π/N between them, numbered from 0 to

N − 1, as shown in Fig. 2. A fundamental sector of the wheel (green) contains one generation sector (blue) and its

mirror (orange). This additional symmetry property defines a dihedral symmetry [32]. The following paragraph briefly

describes the methodology to obtain the desired reduced stiffness matrix using properties of structures with cyclic

symmetry and thus modeling only one fundamental sector of the wheel. A detailed review of the equations behind this

methodology, which is illustrated in Fig. 3, is given in the Appendix.
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Fig. 2 Cyclic symmetry of an aircraft wheel

Let us consider a fundamental sector of the aircraft wheel, as shown in green in Fig. 2. First, a static condensation of

this sector on its inter-sector boundaries and tire-rim interface DOFs is performed, thereby leading to a reduced stiffness

matrix [K̂bound+int
sec ]. Then, cyclic symmetry properties are used to build the reduced stiffness matrix of the wheel at all

of its inter-sector boundaries and at the tire-rim interface [K̂bound+int
360 ]. Last, a second static condensation is performed

to obtain the reduced stiffness matrix of the wheel at tire-rim interface DOFs only. This matrix, denoted as [K̂ int
360], is

block-circulant and all its sub-blocks are known at this point. A coordinate transformation (i.e., from physical to cyclic

components) gives a pseudo-block-diagonal matrix in cyclic basis. Therefore, the diagonalization of [K̂ int
360] required to

obtain the tire-rim interface static eigenmodes is split into several smaller sub-problems, defined in the cyclic basis and

depending upon a harmonic index k, which are easier to address. Solutions to these eigenproblems are back-transformed

into the physical basis, and reveal non-degenerated and degenerated solutions characterized by the existence of nodal

diameters in mode shapes.
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Fig. 3 Framework for tire-rim interface static eigenmodes determination using cylic symmetry properties

C. Results

The finite element model of the fundamental sector used to obtain the static eigenmodes of the wheel at the tire-rim

interface is illustrated in Fig. 4. The mesh consists of approximately 100,000 elements and 30,000 nodes (including

almost 2,000 nodes for the tire-rim interface area). Linear elements are used to limit the number of DOFs, and thus

the stiffness matrix size. A side study showed that low-frequency eigenmodes are not very sensitive to the mesh

size. Boundary conditions are a fixed support on bearing support surfaces and cyclic symmetry condition on sector

boundaries.

Fig. 4 Fundamental sector mesh
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Applying the methodology described in Section II.B, the static eigenmodes of the wheel are obtained at the tire-rim

interface, ordered by increasing eigenvalue for each harmonic index. For eigenmodes of harmonic 0, all sectors of the

wheel are in phase (Figs. 5-6). Moreover, displacements with high dynamic ranges are essentially axisymmetric for

low-frequency modes. Thus, for the study of an inflation case for example, only modes of this harmonic order will be

considered.

(a) Radial displacement (b) Circumferential displacement (c) Axial displacement

Fig. 5 First mode of harmonic 0. Note that uR scale is of order 10−5, and that of uZ is 10−6, much smaller than
uθ that is of order 10−2 mm

(a) Radial displacement (b) Circumferential displacement (c) Axial displacement

Fig. 6 Second mode of harmonic 0. Note that uR, uθ , uZ are respectively of order 10−3, 10−5 and 10−2 mm

Then, when the harmonic index increases (k ∈ [1,K]), nodal diameters appear in the mode shapes, generating an

inter-sector phase shift. For eigenmodes of harmonic 1, Figs. 7 and 8 exhibit one nodal diameter. These figures also

show the two modes of a single pair, orthogonal to each other and associated with the same eigenvalue.
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(a) Radial displacement (b) Circumferential displacement (c) Axial displacement

Fig. 7 First mode of harmonic 1

(a) Radial displacement (b) Circumferential displacement (c) Axial displacement

Fig. 8 Second mode of harmonic 1

Because any linear combination of these two complementary modes is also a static eigenmode of the wheel at the

tire-rim interface, this property can be used to generate a new eigenmode basis that meets certain conditions. Aircraft

wheel manufacturers generally assume a symmetric behavior of static tire-rim loadings along the Y − Z plane. Therefore,

considering eigenmodes {Φi} and {Φi+1} of a single pair, a symmetric eigenmode {Ψi} is generated

{Ψi} = {Φi} cos(ϕ) + {Φi+1} sin(ϕ) (10)

determining the appropriate value of angle ϕ. Hence, the number of eigenmodes for each harmonic index k ∈ [1,K]

is divided by two and equal to the number of eigenmodes for harmonic 0. An example of a symmetric eigenmode,

generated using the first two modes of harmonic 1, is shown in Fig. 9.
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(a) Radial displacement (b) Circumferential displacement (c) Axial displacement

Fig. 9 First symmetric mode of harmonic 1

In the remainder of this paper, only symmetric eigenmodes are considered for harmonic index k ∈ [1,K]. However,

eigenmodes will still be denoted with the {Φ} symbol for the sake of simplicity.

III. Selection criteria
The parameterization proposed in Section II gives an objective description of the tire-rim loadings from the point of

view of an aircraft wheel manufacturer. The eigenmode basis retains the initial number of tire-rim interface degrees of

freedom and only corresponds to a different representation of the tire-rim loadings (i.e., basis change) with no particular

assumptions. The mathematical problem is thus strictly equivalent but easier to handle because of the diagonalization

of the wheel stiffness matrix that is condensed at the tire-rim interface. This parameterization is intended for use in

future inverse identifications of tire-rim loadings. Therefore, the number of loading parameters to be identified is crucial

and should be minimized. In this section, selection criteria are suggested to reduce the number of selected modes to

a minimum during the approximation of a given static loading with the least consequences in terms of global elastic

energy. In this sense, the chosen basis is optimal.

A. Elastic strain energy conservation

In modal analyses, vibration modes are used to approximate the dynamic response of structures during excitations.

The common practice is to consider eigenmodes associated with eigenvalues within a particular range, depending on the

excitation frequency [33]. However, in static analyses, there is no reason for these selected eigenmodes to effectively

approximate the displacements induced by a given static loading. Thus, the frequency criterion does not make sense and

will not be used.

To reveal dominant modes, as proposed by Sobieszczanski et al. [30], a criterion based on the elastic strain energy

conservation is chosen. For a given static loading {F̂} on the tire-rim interface, the total elastic strain energy Wtot is

computed as

Wtot =
1
2
{û}>[K̂ ]{û} (11)
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Projecting this static loading on the tire-rim interface static eigenmode basis, the elastic strain energy contribution of the

k-th eigenmode is obtained using Eqs. (4) to (6), and (11)

Wk =
1
2
λkq2

k =
1

2λk

(
{Φk}

>
{F̂}

)2
(12)

Thus, sorting the modes by descending magnitude of the associated elastic strain energy, the modes that strongly

contribute to the approximation of the given static loading can be selected. The following criterion is then defined to

determine the number of eigenmodes to be selected

W =
∑
i

Wi ≥ η ×Wtot (13)

where η is expressed as a percentage of the total elastic strain energy. Note that a truncation of the series of modes to a

given order means implicitly that higher order modes amplitudes are forced to 0. Thus, this truncation can be seen

as a sparsity requirement (because the truncation order is generally much smaller than the total number of degrees of

freedom of the tire-rim interface). Moreover this sparsity is designed to optimally preserve the energy of the system [34].

Only modes that significantly contribute to the total elastic strain energy are selected. This criterion is consistent with

future inverse identifications of the tire-rim loadings which will be performed because it can be directly related to the

structural impact induced in the elastic regime. In other words, it allows eigenmodes associated with a low elastic strain

energy, which have a minor impact on the structural response of the wheel and hence whose identifiability will be

poor (i.e., characterized by a high uncertainty), to be ignored. The optimality of the proposed parameterization is thus

claimed in a specific direction, namely defined by the elastic strain energy, and not universally. The criterion cannot

comprehensively ensure the convergence of various quantities of interest observed in different areas of the wheel. It

corresponds to a particular analysis viewpoint, which is characterized by its own metric, and suited to the problem of

inverse identification of tire-rim loadings. Other viewpoints may be envisioned. For example, if a particular quantity of

interest is considered from a design perspective (e.g., Von Mises stress at critical points of the wheel), a new criterion

would be defined to select the relevant modes accordingly.

B. Additional criteria

The elastic strain energy conservation criterion allows the number of selected modes to be drastically reduced.

However, this is a macroscopic criterion. To assess the accuracy of the approximation, it is necessary to define other

quantities of interest, and to monitor their convergence with the number of selected modes.

First, the resultant forces are considered. Because tire-ground loads are known by aircraft wheel manufacturers, the

approximate loading must maintain them to be valid. Resultant forces FX , FY , and FZ in the three directions of the
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Cartesian coordinate system on the inner (IWH) and outer (OWH) wheel halves are monitored. It is noteworthy, however,

that the resultant forces are naturally associated with low-order modes, while high-order ones are naturally obtained for

locally self-balanced loads so that they only affect a small confined region or boundary layer. Thus, although this second

criterion of resultant forces seems not to be in line with the previous one based on modes, in fact they are close by

construction. This question can be documented numerically by considering (as a function of k) the corresponding { fk}

modes attached to each resultant.

Then, the approximated displacements in the tire-rim interface area can be compared to the real ones to get more

local information. Some modes have a minor contribution to the total elastic strain energy or resultant forces. However,

they can significantly modify the local tire-rim loading distribution and thus affect the structural response of the wheel.

Last, one can move outside the tire-rim interface area and look at the impact of the approximate loading on critical areas

of wheel. For example, local strains in the rim and webs can be investigated to assess the sensitivity of these areas to

the tire-rim loading. The main aim of the approximation is then to ensure an accurate representation of the structural

response rather than recovering exactly a given tire-rim loading. Assessing the impact of the approximate loading on

critical areas of the wheel requires the use of the full finite element model of the wheel and will be investigated in future

studies. Nonetheless, because the assembly area of the two wheel halves acts like a low-pass filter, the quantities of

interest below this area will thus be well predicted once the correct resultant forces are introduced in the finite element

model. In an obvious manner, a larger number of modes will be required to predict quantities of interest located near the

tire-rim contact area (i.e., Saint-Venant’s principle).

IV. Projection of known tire-rim loadings
In this section, known tire-rim loadings given by tire manufacturers are projected onto the eigenmodes basis defined

in Section II.A. The selection criteria suggested in Section III are then used to determine the number of modes required

to effectively approximate these loadings.

A. Analyzed data

Tire manufacturers usually give maps of the contact pressure distribution at the tire-rim interface for different

loading cases to support aircraft wheel manufacturers in the development of their products. These data are used to

evaluate the structural response of the wheel before performing validation tests and are thus very useful for the aircraft

wheel designer. Two radial tires (designated hereafter as A and B) that can be mounted on the studied wheel are

investigated. Table 1 describes loading cases for which tire-rim contact pressure distributions are available. These data

are obtained by tire manufacturers using finite element analyses for tire A, and experiments for tire B. However, the

wheel is considered totally rigid in both cases, which is a strong assumption for the aircraft wheel manufacturer. It is

worth noting that the lateral load given in Table 1 is expressed as the ratio with the vertical load.
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Table 1 Available data for tires A and B

Tire Loading case Pressure P (bar) Vertical load Z (daN) Lateral load ratio Y/Z

A

Inflation 14.8 - -

Vertical 15.5 22,500 0

Cornering 15.5 22,500 ± 0.23 ; ± 0.30 ; ± 0.53

B

Inflation 14.7 - -

Vertical 15.3 24,800 0

Cornering 15.3 24,800 ± 0.15 ; ± 0.20 ; ± 0.45

The distribution of tire-rim contact pressure for the different loading cases can be plotted against the curvilinear

abscissa along the rim profile and the azimuth. By convention, the curvilinear abscissa is negative (resp. positive) for

the inner (resp. outer) wheel half, and its origin is located, for each side, at the point of the tire-rim contact area nearest

the wheel center, as shown in Fig. 10. Dashed lines are added to delimit characteristic areas of the rim profile such as

the bead seat or the flange.

Fig. 10 Rim profile

The tire-rim contact pressure distributions given by tire manufacturers for inflation, vertical and cornering loading

cases are illustrated in Figs. 11 and 12. The dashed red lines delimit the rim profile for the two wheel halves as in Fig. 10.
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(a) Inflation case (b) Vertical loading case (c) Lateral loading case (Y/Z = 0.23)

Fig. 11 Examples of tire-rim contact pressure distribution for tire A

(a) Inflation (b) Vertical loading case (c) Lateral loading case (Y/Z = 0.2)

Fig. 12 Examples of tire-rim contact pressure distribution for tire B

Despite the fact that the studied loading cases are close, the two tires exhibit very different pressure distributions.

For the inflation case, tire A shows a balanced pressure distribution between the bead seat and the flange, whereas the

pressure is higher in the bead seat area for tire B. For vertical and cornering loading cases, the pressure distributions are

qualitatively similar but there are still significant local differences. Moreover, the pressure amplitudes may vary by a

factor of two at some points between the two tires. This variation can be partially explained by the methods used for

data generation (FEA or experiments). Therefore, tire-rim interface loadings are complex and delicate to estimate. They

may be very different from one tire to another, and even tire manufacturer data do not always ensure a good correlation

between FEAs and experiments of aircraft wheels, making their design difficult. Thus, there is a need to precisely

quantify these loadings to obtain predictive numerical simulations of the wheel structural response. In the next section,

tire-rim loadings given by tire manufacturers are projected on the eigenmode basis defined in Section II to show whether

they can be described in a common formalism.
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B. Results

1. Tire A

Tire-rim contact pressure distributions associated with the loading cases described in Table. 1 are converted into

nodal equivalent forces and projected on the static eigenmodes of the wheel at the tire-rim interface. The elastic strain

energy distribution over the modes for each loading case is obtained using Eq. (12), and illustrated in Fig. 13, where

eigenmodes are ranked with increasing eigenvalue for each harmonic. Only the first 30 modes of each harmonic, among

approximately 3,000, are reported in the following figures to focus on data of interest.

(a) Harmonic 0 (b) Harmonic 1 (c) Harmonic 2

(d) Harmonic 3 (e) Harmonic 4

Fig. 13 Elastic strain energy contribution of the tire-rim interface static eigenmodes for different loading cases

The elastic strain energy distribution is dependent on the considered loading case. The inflation case is somewhat

particular because it only activates fundamental harmonic modes due to its axisymmetry. The inter-sector phase shift

generated by upper harmonics is thus not necessary. For other loading cases, the excited modes in each harmonic

are always the same and of low-order. Highly contributing modes belong to the first three harmonics (including the

fundamental one), while third and fourth harmonic modes have a small contribution to the total elastic strain energy.

Furthermore, fundamental harmonic modes are the same as for the inflation case because the tire inflation is present in

all loading cases (i.e., the tire is necessarily inflated before any further loading). Contribution differences of these modes

can partially be explained by the nitrogen pressure increase under loads. Therefore, although the elastic strain energy

contribution of each mode is different from one loading case to an other, the dominant modes always remain the same.
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Because the dominant modes have been identified, it is necessary to assess how many of them are required to

effectively approximate any tire-rim loading. Consequently, they are ranked in descending order of elastic strain energy

contribution for each loading case. For example, the results for the vertical loading case are illustrated in Fig. 14. The

criterion defined in Eq. (13) is then used to perform a truncation of the mode series. For η = 99% of the total elastic

strain energy, 19 modes are required to approximate the vertical loading case. Similarly, 9 modes have to be considered

for the inflation loading case and 20 for the highest cornering one. The ranking of the modes is slightly different for

each loading case but a reduced set of dominant modes can be identified to encompass all of them.

Fig. 14 Ranking in descending order of elastic strain energy contributions for the vertical loading case

However, the elastic strain energy conservation is a macroscopic criterion and it is difficult to determine the fair

value of η without other pieces of information. As proposed in Section III, resultant forces are thus investigated. The

change of the resultant forces with the number of selected modes (ranked in descending order of elastic strain energy

contributions) for the vertical loading case is illustrated in Fig. 15.

Fig. 15 Resultant forces change with the number of retained modes for the vertical loading case
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The dotted lines represent 5% variations of the target resultant forces. Resultant forces have broadly converged

with the 19 mode approximation, thereby indicating that the truncation criterion based on the total elastic strain energy

conservation with η = 99% is a priori sufficient. The same trends are observed with the other loading cases. It is

worth noting that modes of the fundamental harmonic only contribute to the axial resultant force in the Y -direction,

whereas those of the first harmonic can only generate a vertical resultant force in the Z-direction, by construction. Upper

harmonic modes are zero-resultant modes, which explains why the resultant forces remain constant at some points in

Fig. 15. However, they can modify the tire-rim loading distribution and should not be neglected. The displacements

induced by the known tire-rim loading and its approximation with 19 modes are compared in Fig. 16.

(a) Radial displacement (b) Circumferential displacement (c) Axial displacement

Fig. 16 Tire-rim interface displacements obtained with known tire-rim loading (top), 19 mode approximation
(middle) and error contour (bottom) for the vertical loading case

The displacements are very close (root mean square difference, RMS = 0.02 mm), thereby indicating again that the

truncation criterion based on the total elastic strain energy conservation with η = 99% is satisfactory. The structural

response of the wheel should thus be well represented with this loading approximation. However, the number of
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influential modes also depends on the studied quantities of interest. This number decreases as moving away from the

tire-rim interface area (i.e, Saint-Venant’s principle). A correct approximation of local strains in the rim, for example,

will require a higher number of modes than in the webs. Therefore, it is possible to find the right number of modes

required to have a good approximation of the wheel structural response in each area. Moreover, it is worth recalling that

the known tire-rim loadings used in this study are obtained considering a totally rigid wheel. It is thus questionable to

absolutely try to recover the structural response due to these loadings, which can actually be different.

The results obtained with tire A show that any loading applied to the wheel by this tire can be approximated using a

unique set of dominant modes. Moreover, this set is relatively small and contains approximately twenty modes. In the

next section, the same work is performed for tire B.

2. Tire B

As previously, the elastic strain energy distribution over the modes for each loading case described in Table. 1 is

illustrated in Fig. 17, where eigenmodes are ranked in ascending order of eigenvalue for each harmonic.

(a) Harmonic 0 (b) Harmonic 1 (c) Harmonic 2

(d) Harmonic 3 (e) Harmonic 4

Fig. 17 Elastic strain energy contribution of the tire-rim interface static eigenmodes for different loading cases

The excited modes in each harmonics are the same for all loading cases and low-order ones. Highly contributing

modes belong again to the first three harmonics, and they are essentially the same as for tire A. However, the elastic strain

energy distribution is less spread out. The first and second harmonic mode contributions do not exceed 10% and 1.5%

respectively, while they reach up to 30% and 5% for tire A. This variation is explained by the accuracy of the tire-rim
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loading distributions (Figs. 11-12). Data for tire B were obtained by experiments implying a poorer discretization. Once

again, the modes are ranked in descending order of elastic strain energy contribution for each loading case to assess the

number of modes required to effectively approximate them. The results for the vertical loading case are illustrated in

Fig. 18.

Fig. 18 Ranking in descending order of elastic strain energy contributions for the vertical loading case

For η = 99% of the total elastic strain energy, 18 modes are required to approximate the vertical loading case for

tire B, which is very close to the number required for tire A. The ranking in descending order of elastic strain energy

contribution is not exactly the same as for tire A (Fig. 14) but among the 18 required modes, 16 are strictly identical to

those of tire A. This result confirms that the loadings applied to the wheel by the two tires can be described using the

same set of modes. This observation is of great interest for future inverse identifications of tire-rim loadings because the

two tires can be described using the same set of modes despite their differences in behavior (Figs. 11-12). Therefore, it

reasonable to assume that any loading applied to the rim could be described with this particular set of modes. Additional

analyses will be requested to confirm such statement.

The change of the resultant forces with the number of retained modes (ranked in descending order of elastic strain

energy contributions) for the vertical loading case is illustrated in Fig. 19 to validate the results.

Fig. 19 Resultant forces change with the number of retained modes for the vertical loading case
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The convergence is more difficult than for tire A but the resultant forces are close to the target with the 18 mode

approximation. This result demonstrates again the efficiency of the truncation criterion based on the total elastic strain

energy conservation with η = 99%.

Last, tire-rim displacements obtained with the exact tire-rim loading and its 18 mode approximation are compared in

Fig. 20. The displacements are very close as with tire A (RMS = 0.02 mm). Moreover, displacements induced by the two

tires are similar, whereas the tire-rim loading distributions are different (Figs. 11-12). The proposed parameterization

thus offers an efficient way to differentiate tire-rim loadings by comparing the excited modes and their associated

amplitudes. Furthermore, it is worth recalling the efficiency of the proposed parameterization in terms of reducing the

number of DOFs to describe tire-rim loadings. Table 2 reports the associated number of DOFs at the main stages of the

presented framework and shows the reduction efficiency of the chosen parameterization.

(a) Radial displacement (b) Circumferential displacement (c) Axial displacement

Fig. 20 Tire-rim interface displacements obtained with known tire-rim loading (top), 18 mode approximation
(middle) and error contour (bottom) for the vertical loading case
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Table 2 Number of independent DOFs used to describe tire-rim loadings throughout the presented framework

Model Number of DOFs

Full linear Finite Element Model 770,000

After static condensation on tire-rim interface 30,240

After diagonalization and use of selection criterion ≈ 20

V. Conclusion
The analysis of the tire-rim interaction for aircraft wheel design purposes has been investigated. A parameterization

of the tire-rim interface loadings was proposed using model reduction techniques. The static eigenmodes of the wheel

stiffness matrix that is condensed at the tire-rim interface were used to approximate any loading applied to the rim

and cyclic symmetry properties proved to be useful to compute them. This parameterization is new compared to those

proposed in the litterature, which are based on arbitrary shape functions or tire models, because it only relies on the

aircraft wheel structure. It thus allows the tire-rim interface loadings to be ranked in a natural manner and their impact

on the structural response of the wheel to be evaluated, which is very useful for the aircraft wheel manufacturer.

Moreover, a criterion based on the elastic strain energy conservation was defined to select the dominant eigenmodes

required to approximate a given static loading. Projections of known tire-rim loadings, given by tire manufacturers

for two different tires and several loading cases, showed that the dominant modes always remained the same and were

limited in number. Therefore, the reduced basis composed of the major eigenmodes can be used to approximate any

loading applied to the rim. This parameterization, which does not involve any tire modeling, and is only dependent

on the wheel structure, is objective and is more compact and robust than other parameterization. It gives access to a

reduced model with a minimal number of unknowns and allows very fast yet trustworthy computations. Furthermore,

the proposed approach is generic and offers a convenient and efficient framework for arbitrary loadings.

Additional studies have to be performed to determine the sensitivity of critical areas of the wheel to the number of

selected modes. This analysis will allow aircraft wheel manufacturers to link the required accuracy on some quantities

of interest to that on tire-rim loadings. The parameterization should also be assessed on different aircraft wheel

designs to identify trends. The parameterization proposed herein will then be used to perform inverse identifications of

tire-rim loadings. The selection of the dominant tire-rim interface static eigenmodes based on the elastic strain energy

conservation allowed those with a strong impact on the structural response of the wheel to be selected. Therefore, their

amplitudes will be sought in future inverse identifications because of their potential identifiability and this will lead to

new insights as to how to estimate the pressure distribution at tire-rim interfaces.
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Appendix

First static condensation

Let us consider a fundamental sector of the aircraft wheel, as shown in Fig. A1. In the following, left superscripts l

and h denote, respectively, DOFs on the low and high boundaries of this sector, and i denotes the tire-rim interface

DOFs. Additional subscripts 1 and 2 distinguish DOFs of boundaries only and those belonging to boundaries and

tire-rim interface simultaneously. The number of associated DOFs are designated hereafter as nl , nh, ni , nl1 , nh1
, nl2 ,

and nh2
. For each node, DOFs are defined in a cylindrical coordinate system (uR, uθ and uZ ).

Fig. A1 Aircraft wheel fundamental sector

Static condensation of this sector on inter-sector boundaries and tire-rim interface DOFs is performed. DOFs on the

bearing support surfaces are motionless. A reduced stiffness matrix is obtained

[K̂bound+int
sec ] =



[
ll K̂ ] [

li K̂ ] [
lh K̂ ]

[
li K̂ ]> [

ii K̂ ] [
ih K̂ ]

[
lh K̂ ]> [

ih K̂ ]> [
hh K̂ ]


(A1)

with

[
ll K̂ ] =


[
l1l1 K̂ ] [

l1l2 K̂ ]

[
l1l2 K̂ ]> [

l2l2 K̂ ]

 [
hh K̂ ] =


[
h1h1 K̂ ] [

h1h2 K̂ ]

[
h1h2 K̂ ]> [

h2h2 K̂ ]

 [
lh K̂ ] =


[
l1h1 K̂ ] [l1h2 K̂ ]

[
l2h1 K̂ ] [l2h2 K̂ ]


[
li K̂ ] =


[
l1i K̂ ]

[
l2i K̂ ]

 [
ih K̂ ] =

[
[
ih1 K̂ ] [ih2 K̂ ]

] (A2)
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Use of cyclic symmetry properties

The global stiffness matrix of a structure with cyclic symmetry is block-circulant, each block being defined by

the stiffness matrix of the fundamental sector [35]. By extension, the reduced stiffness matrix of the wheel at all its

inter-sector boundaries and at the tire-rim interface is obtained in the same way (Fig. A2).

Fig. A2 Use of cyclic symmetry properties

Considering each sector as an integral part of the entire structure, the DOFs of the high boundary are viewed as

those of the low boundary of the adjacent sector. Thus, the reduced DOFs for the whole structure read

{û360} =
{
{û0} {û1} . . . {ûN−1}

}> (A3)

with

{û j} =
{
{
l û j} {

i û j}

}>
∀ j ∈ [0,N − 1] (A4)

The reduced stiffness matrices of all sectors being equal, their assembly gives the reduced stiffness matrix of the wheel

at all its inter-sector boundaries and at the tire-rim interface

[K̂bound+int
360 ] = Bcirc

(
[K̂A], [K̂B], [0], . . . , [0], [K̂B]

>
)

(A5)

with

[K̂A] =


[
ll K̂ ] + [hh K̂ ] [li K̂ ]

[
li K̂ ]> [

ii K̂ ]

 [K̂B] =


[
lh K̂ ] [0]nl×ni

[
ih K̂ ] [0]ni×ni

 (A6)

Second static condensation

To obtain the reduced stiffness matrix of the wheel at the tire-rim interface DOFs only, a second static condensation

is required. First, the reduced stiffness matrix [K̂bound+int
360 ] is reorganized to reveal new master and slave DOFs to be

considered. Master (resp. slave) DOFs are those belonging to boundaries and tire-rim interface simultaneously (resp.
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boundaries only). They are highlighted in orange and green, respectively, in Fig. A3. The stiffness matrix becomes

[K̂bound+int
360 ] =


[K̂ss] [K̂sm]

[K̂ms] [K̂mm]

 (A7)

Fig. A3 Second static condensation

It is worth noting that [K̂ss], [K̂sm], [K̂ms], and [K̂mm] are block-circulant matrices, each block being defined by the

reduced stiffness matrix of the fundamental sector. Moreover, matrices [K̂ss] and [K̂mm] are symmetric

[K̂ss] = Bcirc
(
[
l1l1 K̂ ] + [h1h1 K̂ ], [l1h1 K̂ ], [0]nl1×nl1

, . . . , [0]nl1×nl1
, [l1h1 K̂ ]>

)
(A8)

[K̂sm] = Bcirc
( [
[
l1l2 K̂ ] + [h1h2 K̂ ] [l1i K̂ ]

]
,

[
[
l1h2 K̂ ] [0]nl1×ni

]
, [0]nl1×n

, . . . , [0]nl1×n
,

[
[
l2h1 K̂ ]> [

ih1 K̂ ]>
] )

(A9)

[K̂mm] = Bcirc
©«

[
l2l2 K̂ ] + [h2h2 K̂ ] [l2i K̂ ]

[
l2i K̂ ]> [

ii K̂ ]

 ,

[
l2h2 K̂ ] [0]nl2×ni

[
ih2 K̂ ] [0]ni×ni

 , [0]n×n, . . . , [0]n×n,

[
l2h2 K̂ ]> [

ih2 K̂ ]>

[0]ni×nl2
[0]ni×ni


ª®®®¬ (A10)

with n = nl2 + ni . For the sake of simplicity, the following notation is used

[K̂ss] = Bcirc
(
[A1], [A2], [0]nl1×nl1

, . . . , [0]nl1×nl1
, [A2]

>
)

(A11)

[K̂sm] = Bcirc
(
[B1], [B2], [0]nl1×n

, . . . , [0]nl1×n
, [BN ]

)
= [K̂ms]

> (A12)

[K̂mm] = Bcirc
(
[C1], [C2], [0]n×n, . . . , [0]n×n, [C2]

>) (A13)

Then, the reduced stiffness matrix of the wheel at the tire-rim interface DOFs is obtained using classical static

condensation

[K̂ int
360] = [K̂mm] − [K̂ms][K̂ss]

−1
[K̂sm] (A14)

26



Because the matrix [K̂ss] is symmetric and block-circulant, its inverse has the same properties. Thus, because all

matrices involved in Eq. (A14) are block-circulant, the matrix [K̂ int
360] is also block-circulant. All what remains to be

established is the expression of its constitutive blocks, instead of using Eq. (A14) as is. The most delicate operation is to

determine the terms of [K̂ss]
−1

[K̂ss]
−1
= Bcirc

(
[D1], [D2], . . . , [DN ]

)
(A15)

Vescovo [36] proposed a simple and short procedure to compute the inverse of a block-circulant matrix based on the

discrete Fourier transform. The constitutive blocks of [K̂ss]
−1 are expressed as

[Dp] = <
©« 1

N2

N∑
q=1

exp
(
2πi(q − 1)(p − 1)

N

)
× [A(q)]−1ª®¬ ∀p ∈ [1,N] (A16)

with

[A(q)] =
1
N

N∑
p=1
[Ap] exp

(
−2πi(q − 1)(p − 1)

N

)
∀q ∈ [1,N] (A17)

Next, matrice products of Eq. (A14) are computed

[K̂ms][K̂ss]
−1
= Bcirc

(
[E1], [E2], . . . , [EN ]

)
(A18)

and

[K̂ms][K̂ss]
−1
[K̂sm] = Bcirc

(
[F1], [F2], . . . , [FN ]

)
(A19)

with

[Ep] = [B1]
>
[Dp] + [B2]

>d1

(
[Dp]

)
+ [BN ]

>dN−1

(
[Dp]

)
∀p ∈ [1,N] (A20)

[Fp] = [Ep][B1] + dN−1

(
[Ep]

)
[B2] + d1

(
[Ep]

)
[BN ] ∀p ∈ [1,N] (A21)

and

dk
(
[Dp]

)
=


[Dp+k] if p + k ≤ N

[Dp+k−N ] if p + k > N
(A22)

Last, the expression of each block of the reduced stiffness matrix of the wheel at tire-rim interface DOFs is obtained

[K̂ int
360] = Bcirc

(
[G1], [G2], . . . , [GN ]

)
(A23)

with

[Gp] = [Cp] − [Fp] ∀p ∈ [1,N] (A24)
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Therefore, it is not necessary to build the matrix in its entirety, thereby requiring less storage capacity. Moreover, it can

be noted that this matrix is symmetric

[Gp] = [GN−p+2]
>
∀p ∈ [L,N] (A25)

with L = (N + 1)/2 if N is odd and L = N/2 + 1 if N is even.

Diagonalization

Because the reduced stiffness matrix of the wheel at the tire-rim interface is known, it may be diagonalized to obtain

the tire-rim interface static eigenmodes (
[K̂ int

360] − λi[I ]
)
{Φi} = {0} (A26)

However, the diagonalization can be performed in a more efficient way than solving the previous equation directly.

According to the general theory of the linear representation of finite groups [37, 38] (and following the works of

Fortescue [39], MacNeal et al. [40], and Thomas [41]), the quantity {û j} is expressed in physical coordinates for the jth

sector as a finite sum of harmonic functions

{û j} = {ũ
0
0} +

K∑
k=1

[
{ũk ,c

0 } cos( j kα) + {ũk ,s
0 } sin( j kα)

]
+ (−1)j{ũN/2

0 } (A27)

with K = (N − 1)/2 if N is odd, and K = N/2 − 1 if N is even, and where {ũk
0 } are the complex harmonic components

of order k, also called cyclic components, defined on the fundamental sector (generally associated with subscript 0). By

ordering physical and cyclic components of the entire structure such that

{û} =
{
{û0} {û1} . . . {ûN−1}

}>
{ũ} =

{
{ũ0

0} . . . {ũk ,c
0 } {ũ

k ,s
0 } . . . {ũN/2

0 }

}> (A28)

Equation (A27) is written in a matrix form

{û} = ([F] ⊗ [I ]) {ũ} (A29)

where ⊗ is the Kronecker product, [I ] the identity matrix of size (nl2 + ni) × (nl2 + ni), and [F] the real-valued Fourier

matrix. Using the above coordinate transformation equation, the expression of the reduced stiffness matrix [K̂ int
360] is

obtained in the cyclic basis

[K̃ ] =
(
[F]> ⊗ [I ]

)
[K̂ int

360] ([F] ⊗ [I ]) (A30)

28



Because [K̂ int
360] is block-circulant, the transformation in cyclic components gives a pseudo-block-diagonal matrix [K̃ ]

where each block [K̃k
] is defined by

[K̃0
] =

N∑
p=1
[Gp] (A31)

[K̃k
] =



N∑
p=1
[Gp] cos(kα(p − 1))

N∑
p=1
[Gp] sin(kα(p − 1))

−

N∑
p=1
[Gp] sin(kα(p − 1))

N∑
p=1
[Gp] cos(kα(p − 1))


(A32)

[K̃N/2
] =

N∑
p=1
(−1)p−1

[Gp] (A33)

Thus, the physical eigenproblem from Eq. (A26) is split into several smaller sub-problems defined in the cyclic basis on

the fundamental sector of the wheel and depending upon the harmonic index k

[K̃k
]{Φ̃k

0 } = λ{Φ̃
k
0 } (A34)

Solutions to these eigenproblems are classified into two categories [38]. The first one corresponds to non-degenerated

solutions for which [K̃k
] is an (nl2 + ni) × (nl2 + ni) matrix, and the multiplicity of the eigenvalue λ is one. These

solutions are associated with harmonic index k = 0 and k = N/2 if N is even. For k = 0, all sectors are in phase, while

two adjacent sectors are out of phase for k = N/2. The second category corresponds to degenerated solutions for which

[K̃k
] is a 2(nl2 + ni) × 2(nl2 + ni) matrix, and the multiplicity of the eigenvalue λ is two. These solutions are associated

with harmonic indices k ∈ [1,K]. The two eigenmodes associated with an eigenvalue are orthogonal and any linear

combination is also a valid eigenmode. Once the eigenproblems have been solved in the cyclic basis, the eigenmodes

of the entire structure are retrieved in the physical basis applying Eq. (A27) for each sector j ∈ [0,N − 1]. They are

reconstructed separately for each harmonic index k

{Φ} =
(
{F0
} ⊗ [I ]

)
{Φ̃0

0} for k = 0 (A35)

{Φ} =
(
[Fk
] ⊗ [I ]

) 
{Φ̃k ,c

0 }

{Φ̃k ,s
0 }

 ∀k ∈ [1,K] (A36)

{Φ} =
(
{FN/2

} ⊗ [I ]
)
{Φ̃

N/2
0 } for k = N/2 (A37)
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with

{F0
} =

1
√

N



1

1

1
...

1



; [Fk
] =

√
2
N



1 0
...

...

cos( j kα) sin( j kα)

...
...

cos((N − 1) j kα) sin((N − 1) j kα)



; {FN/2
} =

1
√

N



1

−1

1
...

−1



(A38)

For degenerated solutions, nodal diameters are observed in the mode shapes corresponding to lines of zero displacement

in the structure.

The use of the cyclic symmetry allows the modal analysis to be carried out through the sole manipulation of the

fundamental sector, which represents a huge gain in terms of computation time and storage, without any compromise on

the quality of the result.
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