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Abstract

In order to approximate the exit time of a one-dimensional diffusion
process, we propose an algorithm based on a random walk. Such an al-
gorithm was already introduced in both the Brownian context and the
Ornstein-Uhlenbeck context, that is for particular time-homogeneous
diffusion processes. Here the aim is therefore to generalize this eflicient
numerical approach in order to obtain an approximation of both the
exit time and position for either a general linear diffusion or a growth
diffusion. The main challenge of such a generalization is to handle
with time-inhomogeneous diffusions. The efficiency of the method is
described with particular care through theoretical results and numeri-
cal examples.

Key words and phrases: exit time, linear diffusion, growth diffusion,
random walk, generalized spheroids, stochastic algorithm
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1 Introduction

In many domains, the simulation of the first exit time for a diffusion plays a
crucial role. In reliability analysis, for instance, first passage times and exit
times are directly related to lifetimes of engineering systems. In order to
emphasize explicit expressions of the lifetime distribution, it is quite usual



to deal with simplified models like Ornstein-Uhlenbeck processes. Indeed
they satisfy the mean reverting property which is essential for modeling
degradation processes. In mathematical finance studying barrier options
also requires to describe exit times since it is of prime interest to estimate
if the underlying stock price stays in a given interval. In the simple Black-
Scholes model, the distribution of the first exit time is well-known. In more
complex models corresponding to general diffusion processes, such an explicit
expression is not available and requires the use of numerical approximations.

Several methods have been introduced in order to approximate first exit
times. The classical and most common approximation method is the Eu-
ler-Maruyama scheme based on a time-discretization procedure. The exit
time of the diffusion process is in that case replaced by the exit time of
the scheme. The approximation is quite precise but requires to restrict the
study on a given fixed time interval on one hand and to describe precisely
the probability for the diffusion to exit inbetween two consecutive nodes of
the time grid on the other hand.

In this study, we aim to introduce a random walk in order to approximate
the diffusion exit time from a given interval. Let us introduce (X¢, t > 0)
the unique solution of the stochastic differential equation:

dXt = b(t,Xt) dt + O'(t,Xt) th, t> 0,

where (Wy, t > 0) stands for a one-dimensional Brownian motion. Let us
also fix some interval I = [a,b] which strictly contains the starting position
Xo = x. We denote by T the diffusion first exit time:

T=if{t>0: X; ¢[a,b]}.

Our approach consists in constructing a random walk (7},, X, )n>0 on Ry xR
which corresponds to a skeleton of the Brownian paths. In other words,
the sequence (T}, X,) belongs to the graph of the trajectory. Moreover
we construct the walk in such a way that (7,,, X,,) converges as time elapses
towards the exit time and location (7, X7). It suffices therefore to introduce
a stopping procedure in the algorithm to achieve the approximation scheme.
Of course, such an approach is interesting provided that (7, X,,) is easy to
simulate numerically. For the particular Brownian case, the distribution of
the exit time from an interval has a quite complicated expression which is
difficult to use for simulation purposes (see, for instance [14]) whereas the
exit distribution from particular time-dependent domains, for instance the
spheroids also called heat balls, can be precisely determined. These time-



dependent domains are characterized by their boundaries:

Py (t) = 4 [tlog (f), for t € [0, d?], (1.1)

where the parameter d > 0 corresponds to the size of the spheroid. The first
time the Brownian motion paths (¢, W;) exits from the domain

{(t,z) : |z| < ¥4(t)}, denoted by 7, is well-known. Its probability density
function [7] is given by

p(t) = d\}% %log (‘f) £>0. (1.2)

It is therefore easy to generate such an exit time since 7 and d?Ue Y “are
identically distributed. Here U and N are independent random variables,
U being uniformly distributed on [0,1] and N being a standard gaussian
random variable. Let us notice that the boundaries of the spheroids satisfy
the following bound:

Y+ (t)] < vt € [0,d*]. (1.3)

d
\/67
This remark permits to explain the general idea of the algorithm. First we
consider (Tp, Xg) the starting time and position of the Brownian paths, that
is (0,x). Then we choose the largest parameter d possible such that the
spheroid starting in (7p, Xp) is included in the domain R4 x [a,b]. We ob-
serve the first exit time of this spheroid and its corresponding exit location,
this couple is denoted by (77, X1). Due to the translation invariance of the
Brownian motion, we can construct an iterative procedure, just considering
(T1, X1) like a starting time and position for the Brownian motion. So we
consider a new spheroid included in the interval and (7%, X32) shall correspond
to the exit of this second spheroid and so on. Step by step we construct a
random walk on spheroids also called WOMS algorithm (Walk On Moving
Spheres) which converges towards the exit time and position (7, W7). This
sequence is stopped as soon as the position X, is close enough to the bound-
ary of the considered interval. The idea of this algorithm lies in the definition
of spherical processes and the walk on spheres introduced by Miiller [9] and
used in the sequel by Motoo [8] and Sabelfeld [12] [13]. It permits also in
some more technical advanced way to simulate the first passage time for
Bessel processes [3].



In this study, we focus our attention on diffusions which are strongly
related to the Brownian motion: they can be expressed as functionals of
the Brownian motion that is X; = f(¢,W;). The idea is to use this link
to adapt the Brownian algorithm in an appropriate way. This link implies
changes on the time-dependent domains for which the exit problem can be
expressed in a simpler way. For these diffusion families, we present the ran-
dom walk algorithm (WOMS), describe the approximation error depending
on the stopping procedure and emphasize the efficiency of the method. We
describe the mean number of generalized spheroids necessary to obtain the
approximated exit time.

2 WOMS algorithm for L-class diffusions

The Walk on Spheroids already introduced for the Ornstein-Uhlenbeck pro-
cess in [6] permits to approximate the exit time in an efficient way. We aim to
extend such numerical procedure to a wider class of stochastic processes. We
focus our attention to the family of L-class diffusions (linear-type diffusions)
which generalizes the Ornstein-Uhlenbeck processes. For such diffusions, all
the coefficients are time-dependent. Moreover they are based on a strong
relation with a one-dimensional Brownian motion.

2.1 L-class diffusions

This particular family of diffusions was already introduced in [15].

Definition 2.1 (L-class diffusions). We call L-class diffusion any solution

of
dX; = (a(t) X + B())dt +5()dW, t>0, (2.1)

where o and B are real continuous functions, & is a continuous non-negative
function and (Wi)i>0 is a one-dimensional Brownian motion.

We solve equation (2.1) in a classical way. Let us introduce

t
ﬂﬂ:—/a@%. (2.2)
0
Lemma 2.2. The unique solution of (2.1) is given by

t t
X, = Xpe 0 4 ea(t)/ ) 3(s)ds + ea(t)/ GG (s)dw,, t>0.
0 0



Proof. Let us consider g(t,z) = xe?®. The statement is therefore an easy
consequence of [t6’s formula:

d(g(t, Xy)) = —a(t) X’ dt + D a X,
= —a(t) X, Vdt + PO (a(t) X, + B(8))dt + e’ D ()W,

O

This expression of the stochastic process X is actually not handy for
the construction of the algorithm. We would like, as for Onstein-Uhlenbeck
processes in [6], to transform the martingale part of the diffusion into a time-
changed Brownian motion. However, we cannot apply such a transformation
in the L-class framework, that is why we shall proceed in a quite different
way.

To that end, let us suppose that X, solution of (2.1), can be expressed using
a time-changed Brownian motion:

Xt - fL(th:O + Wp(t))7 Vt 2 07 (23)
with p(0) =0, p/(t) > 0, for all ¢ > 0 and f;(0,2) = z for any x € R.

Lemma 2.3. Let 6 the function defined in (2.2). Then the unique weak
solution of (2.1) is the process (Xg, t > 0) defined in (2.3) with

xT) = T +ec c(t) = e W t s)e?ds
fult, ) o elt), el | ae)era

and p(t) = /Ot 5(s)2e?®)ds. (2.4)

Proof. Let us first introduce the process (M;);cr, defined by

My ::/ VP (s)dWs (2.5)
0

where W; is the Brownian motion introduced in (2.1). We notice that this
process is a martingale with respect to the Brownian filtration and (M), =
fg p/(s)ds = p(t). We introduce the process X; := fr(t,zo + M;). Using
t6’s formula we get

o
ot

2L

dX; =
t Ox?

L, Mt)dt+ L (4, M) () AW

(t. 2yt + 5 (1)



Computing all functions appearing in the previous equality, the stochastic
process X, is solution of (2.1). Using Dambis & Dunbins-Schwarz Martin-
gale representation theorem (see Theorem V.1.6 p.170 [11]), there exists a
Brownian motion B; such that

,Vt>0. (2.6)

We deduce that My ~ W, ) and therefore (Xt)tzo ~ (X¢)t>0 with
Xt = fo(t,xo+ Wp(t))- ]

Remark 2.4. If the starting time associated to the study of the L-class diffu-
ston 1s not the origin but another time ty, then we also obtain an expression
similar to (2.3). Let Y; be the unique weak solution of

{ dYi=(a(t +to)Y; + B(t + to))dt + & (t + to)dW;, >0
}/0 :Xto'
Then

t+tg

t
Y: = fr(t+to, Xpge " €O LW o) — elia P ) (2.7)

with fr, given by Lemma 2.3.

2.2 Spheroids associated to a L-class diffusion process
Introducing the exit time of the spheroid.

We determine a specific spheroid for the diffusion by using the link with the
time-changed Brownian motion. The boundaries of the spheroid associated
to the diffusion starting at time ¢( in z¢ are denoted by ¥k (t; to, z9) and the
corresponding exit time is

0 =1inf{t > 0: V¥ ¢ [ (t; to, 20), % (& to, )]}

Proposition 2.5. Let us consider the spheroid starting in (to, Xy,) with
boundaries defined by

YR (5 to, Xip) = e U0 gy (p(t + to) — plto)) + e(t + to)
fH—tO a(s)ds
+ (X, — c(tg))e’to
for allt > 0, then the associated exit time satisfies
d _
0 £ (7 + pLlte)) — to (2.8)
where 7 = inf{u >0 : Wy, & [¢Y_(t), Y+ (t)]}, ¥+ being defined in (1.1).



Proof. By definition,
7—1?0 = lnf{t >0: }/t ¢ [we(tv thXto)aw-Ii/-(t; thXto)]}
t+t
= inf {t >0 e MO W) i)+t + o) + (X — c(to))elo *a)ds

¢ [ (4 to, Xup ), X (t; to,XtO)]}.

Ubing wi introduced in the statement, we obtain the following expression
for 7!
L

inf £ > 05 Wyeat0) o) & [0 (ot +10) = plto)). ¥ (ot + 10) — pito))]}
—inf{p (u+ p(to) — to > 0 Wiy & [ (u), ¥ ()]}
= p (T + pr(to)) — to,

where 7 = inf{u > 0: Wy, ¢ [v_(u), Y4+ (u)]}. O

Size determination of the spheroids

To define a WOMS algorithm for the L-class diffusions, we need to determine
a suitable size for the spheroids in order to stay fully contained in the con-
sidered interval. Such size can be chosen by describing both the minimum
and the maximum of the spheroid boundaries.

The size of the Brownian spheroid introduced in (1.1) depends on a scaling
parameter d > 0, the support of the associated boundaries )1 being there-
fore equal to [0, d?]. Since the generalized spheroids used for L-class diffusion
are directly linked to the Brownian ones, the parameter d also changes their
size and the boundaries 1% are defined on the support [0, p~1(d?+p(to)) —to].
Let us now precise this parameter d.

Proposition 2.6. Let m > 0 and 0 < vy < 1. For any (zo,to) € [a,b] x RT
we define a parameter d = d(xo,ty) such that the spheroid associated to the
L-class diffusion starting in (to, xo) is totally included in [ar o, byao]. Here
Uy,zo and by 5y stands for ay, = a+y(x —a) and byy =b— (b —x). This
parameter is given by

%j”(b%xo —xo) ifb—z9 <0 —0a
d= (2.9)

(L ‘
%ﬂf)(:vo — Gyz) if To —a < b—1xp

where

to+m to+m
Am — e—H(to) f + Cll S)'ds ( \// 0 |5 +(i;2a( )| dS) , (210)
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and K+ are defined by the following equations:

K- (by,zo — 20) = Am/plto +m) — p(to)

and

K (20 = y20) = A/ plto +m) — plto)-
Remark 2.7. e The previous statement consists in finding d such that

ﬁ(b%xo - l‘o),

d <

1
d < E(-TO - a’%ﬂﬂo)v
> <

The last condition in particular leads to t < m since p is a strictly
increasing function.

e [t is possible to let m depend on the couple (ty,xo) which should per-
mit to obtain bigger spheroids which are still included in the interval.
Nevertheless for numerical purposes, such a procedure slows down dras-
tically the algorithm we are going to present.

o The choice of the constant m is important, since it either slows down
or speeds up the algorithm.

e [t is also possible to replace xo by max(|al, |b|) in the definition of A,
which therefore becomes independent of the starting position xg. Nev-
ertheless such a replacement slows down the algorithm.

Proof of Proposition 2.6. Let us first point out an upper bound for 1/)£ start-
ing in (to,z0). We first require that d?> < p(to +m) — p(tp). Let us define
RE(t) := o (t; to, z0) — zo. By definition

to+t s
RE(t) = e7¥lot) <1/1+(P(t +to) — p(to)) + / B(s)e” Jo “(“)d“d,s)
to
+ z0 <e ttOHO a(udu _ 1)

Recalling (1.3), we obtain

RE (t) < e—0(to+t) a n t0+t5(s)€9(s)ds + g e 00 +t) (ee(to) _ ee(t+to)>
* B \/E to 0



RE(t) < e 0ot (d + / et a<“>d“ds)
+ N

\/é to
t+to s
1 20 670(t0+t) </ a(s)ei Io a(u)du)
to
<e t0)+ft0+t s)|ds <d + /t0+t ‘5(8) —i-l'oCt(S)‘ ( ) —foa duds> ’
ve i a(s)
since & is a positive function. Using Cauchy—Schwarz s inequality, we obtain
the following upper-bound for St (¢) := fto lo(s)lds RE(t):
d to+t 2 to+t 1/2
Sﬁ(t) < 4 </ |/6(S) —fx()?a(s)‘ ds / O'( )2 2[5« duds)
\/E to U(S) to
d ( /+ 1B(s) + 20 a(s) )”2 1>
=—+ = ds p(t+to) — plto .
7 e (ol + to) ~ plto)

Using p(to +t) — p(to) < d? and t < m, leads to

to+m
L —0(to) +ft0+m |a(s)|ds 0 |ﬁ + Lo a( )|
RL(1) < de ( \// Lo,

=dA,,.

Under the condition dA,, +xg < by ., we observe that the spheroid belongs
to the interval dA,, 4+ zg < by z,. Therefore we shall choose
1
d < r(b»y’xo — CCO). (211)

m

Let us now deal similarly with a lower-bound of ¢. We define
RE(t) := oL (t; to, 20) — z0.

Hence

to+t s
RE(H) = e (ot t0) = plta)) + [ plsje i ewas)
to
+ ( fig " el _ 1)

d to+t

— s) + 20 a(s)) e Jo aWdugg
S [ 6 +zaats) is)

S o f(to+t) _i _ ot |B(s) + zo as)]e” Joa (u)du g g
- \/E to ’
t m d t0+t
> —e )l e < +/ B(s) + 2o as)|e” Jo @ dUds)
7t 1B+ mals)



Using then the same arguments as for the upper bound, we obtain
wf(t; to,xo) = —Amd + xp.

The condition —A,,,d + x¢ > a4, is equivalent to

‘ .

d < (X0 — Gy )- (2.12)

3

N >

Combining (2.11), (2.12) and d* < p(to+m)—p(to), we deduce the announced
statement. O

2.3 WOMS algorithm for L-class diffusions

Let us present now the random walk on spheroids which permits to approx-
imate the L-class diffusion exit time.
ALGORITHM,,, (L-class WOMS)

Parameter: m > 0.

Initialization: Zy = xg and T =0
From step n to step n+ 1:

While Z,, <b—¢cand Z,, > a+ € do

e simulate a Brownian exit time from the spheroid defined by 4
with coefficient d = d(T},, Z,,) defined in (2.9).
We denote this random time 7,,41.

e set TnL_H = p N (Tot1 + p(T0)) — Te.

e simulate a Bernoulli distributed r.v. B~ B(}), if B =1 then set
Zny1 =YL (7—71;—1—1; Te, Zy) otherwise set Z, 11 = wJI;(TnLH; Te, Zn).

o To—Tc+ 7-7%—&-1'

Outcome: T¢ the approximated exit time from the interval [a, b] for the
diffusion (X3, t > 0).

As usual let us describe the efficiency of the algorithm. This algorithm
is particularly efficient since its averaged number of steps is of the order
|log(€)| and since its outcome 7¢ converges towards the value of the exit
time as € tends to 0. We present these two results in details in the follow-
ing subsections. Even if the statement of these results look like similar to
those presented in the Ornstein-Uhlenbeck context (see [6]), the situations
are clearly different since here the coefficients - and therefore the size of the

10



spheroids - are time-dependent.

Since the L-class diffusions are non homogeneous, the sequence (Z,,),, of suc-
cessive exit positions, appearing in the algorithm, does not define a Markov
chain. We need therefore to consider both the successive times and posi-
tions (7},, X,,) in order to deal with a Markov chain. Here T, stands for the
cumulative time:

T,=Y 7% n>1 (2.13)
k=1

n

2.3.1 Average number of steps

In order to describe precisely the average number of steps in ALGORITHM,,,,
we introduce two crucial hypotheses.

Assumption 2.1. There exist ¢’ € [0,1] and g € [0,1], C553 >0 and g > 0
such that

la(t)] = O((nt)?),  for large values of t, (2.14)
and
og<d(t) <Csp th 18] < Cs 94 for t large enough.  (2.15)
Assumption 2.2. There exists xm > 0 such that, for any t large enough,

inf G(s)>xm sup J(s). (2.16)
s€[t,t+m] s€[t,t+m)]

Theorem 2.8. Let us assume that Assumptions 2.1 and 2.2 are satisfied for
a particular parameter m > 0. Then for any parameter § > q, there exists a
constant Cgz > 0 such that N, the number of steps observed in ALGORITHM,,
has the following upper-bound:

E[N; ™1 < Gyl log(e),
for any € > 0 small enough.

In particular, for a L-class diffusion with bounded coefficients, we can
prove that E[N] < Cp|log(e)|, for e small enough.

Let us notice that ALGORITHM,,, can be modified in order to approximate

the stopping time T A Tinax where Thax is a fixed time horizon. It suffices
in such a situation to observe the path skeleton (7},, X;,)n>0 up to the exit

11



from the domain [0, Tinax| X [a@ + €,b — €]. The proof of Theorem 2.8 can be
adapted to this modified algorithm: there exists a constant C' > 0 such that
the average number of spheroids satisfies

E[Ne] < Cllog(e),

for any € > 0 small enough. Since this result only concerns the diffusion pro-
cess on the restricted time interval [0, T ax], we don’t need any particular
assumption on the large time behaviour of the coefficients «, 5 and 6. As-
sumption 2.1 and 2.2 are therefore not necessary for the modified algorithm.

We postpone the proof of Theorem 2.8 and present several preliminary
results. First we shall focus our attention on a comparison result between the
L-class diffusion and a particular autonomous diffusion. Secondly we describe
particular solutions of PDEs related to the diffusion generator. Finally we
prove Theorem 2.8 using the martingale theory.

A comparison result for SDEs

We introduce two different results: the first one permits to skip the diffusion
coefficient in (2.1) and the second one permits to replace the time-dependent
drift term by a constant drift.

Proposition 2.9. Let (X, t > 0) the solution of the SDE (2.1). We define
the strictly increasing function v by

y(t)
/ G2(s)ds=t, t>0.
0

Then Y: := Xy satisfies the following SDE

_ (e(v(®) BO(@)
d; = (62(7(15)) Y + 52(v(t))) dt +dB;, t>0. (2.17)

where (By)i>0 s a one-dimensional Brownian motion.

Proof. Using the definition of Y;, we get

y(t) y(t)
Yi=Xyp =2+ / (a(s)Xs + B(s)) ds + / a(s)dWs
0 0

vt [ (a6 Xt + B 0) ds + By

vt [ (aG)Ye + BN 6)ds + B

12



where By = Oﬂ/(t) 7 (s)dWs is a standard Brownian motion. O

We obtain the following comparison result, its proof can be found in [16]

(Chapter VI).

Proposition 2.10. Let T > 0 and let us define

(a0, | By

a2(y(®) ~  a*(v(#))

Let (Z1)y>o the Brownian motion with drift satisfying

= inf
M etttz ()
Zl = x4 prt+ By, t>0. (2.18)
Then (Yy) the solution of (2.17) with initial condition x satisfies
(Z] <Y as, VE<yTUT) and (Z1y<Xi as VE<T).

Remark 2.11. Choosing rather the particular value

o a(r(t) . BO)
SRS Sy {62@@» T R200) J

leads to (Z§ > Y; a.s. for allt <~ 1(T)).

An Initial-Boundary Value problem

We consider a value problem which is directly linked to the L-class diffusions:
let F': (Ry,[a,b]) = R be the solution of

oF oF 1 0’F
o T (a(t)x + B(t))% + ié(tﬁw =0 (2.19)

with initial and boundary conditions F'(0,z) = z, F'(t,a) = a, F(t,b) = b.
It is well-known (see, for instance, [1], Chap.II) that F' admits a proba-
bilistic representation. Indeed

F(t,2) = Eo[Xinr,], ¥ >0, Va€la,b], (2.20)

where (X¢, t > 0) satisfies (2.1). We list some useful properties of the func-
tion F.

Proposition 2.12. The function x — F(t,x) defined in (2.20) is increasing
on the set [a,b].

13



Proof. Tt suffices to compare two paths X and X', having different starting
points x and 2/ with z > 2’ and satisfying the same SDE. By coupling
properties, we obtain that for all s > 0, X; > X/ and if there exists s
such that Xy, = X then X, = X{ for all s > sg. Several cases can occur

concerning the values of Xinr,, and X, . Either both exit times occur

after the fixed time ¢, either both exit times occur before ¢, either only one
of them occurs before t. Different situations are illustrated in Figure 1.
Observing carefully all possible scenarios, it is straightforward to observe
Xinre, 2> Xipr,, in any case.

Figure 1: Possible scenarios occuring when observing the two different paths driven
by the same noise.

O]

Proposition 2.13. The function x — F(t,z) defined in (2.20) is continuous
on the interval [a,b].
Proof. We consider two strong solutions (XF)i>o and (X£T");5¢ satisfying
(2.1) with different starting point spaced by h > 0. The exit time of the
diffusion X7 (respectively X**") should be denoted by 7, (resp. 7y) but
for notational simplicity, we skip the index ab. Let T be a fixed time, using
the definition of F', we have
0< F(T,z+h) — F(T, z)
= B[XF10 — X5 + X5 — Xar + Xfarpz — Xfras]
= IE[XT/\ﬂ'/\f’] + ]E[(X%-/"\_? - X%’j\_ﬁ)l{i?‘r} - (X%“/\‘r - X%/\%)l{i'éf}]v

14



~ TATNAT T
where X7arpz 1= X%’T/tf/\% — XFps = helo a(wde < pelo adu for a]]

T > 0. Let § > 0. We can split each term as follows
E[(X717 - Xﬁf)l{%%}] <E[(XF47 - Xﬁﬁ)l{%% X;ﬁg—f{;j’;»}]

+0P(7 > 7,0 < X732 — X777 < 0)

<(b-a)P(F =1, X5 — X2 > §) + 6
<b-a)P(F=7, T>1 X5 X2 > 5) 4.

Similarly we obtain for the second term:
E[(Xfs — Xiar)lrer] < (b= a)P(F < 7.7 > 7, XE — Xf. > 0) + 0.

Both probabilities appearing in the previous upper-bound can be treated in
a similar way. We develop the arguments just for one of them: P(7 > 7,¢ >
7, XZH — X2+h > §). Let us introduce the shift process & = Xfﬂ‘ If 7 is
known (let us say that it is equal to ¢) then, due to the Markov property of

the diffusion, (&)i>0 satisfies the following SDE:
& = (ot + @) + Bt + ¢)) dt + 6(t + ¢)d B, (2:21)

where (B;)>0 is a standard Brownian motion and & = X*". Since X*+"
and X7 are two strong solutions and since A > 0, we have f(;”h > X}’ for
any t > 0. In particular, the event 7 < 7 implies that X? = a. Therefore on
the event 7 < 7,

@
& <a+ hexp/ la(u)| du =: a + hO(¢).
0

By applying the comparison result described in Proposition 2.10 (just re-
placing « by a(- + ¢), 8 by B(- + ¢) and & by (- + ¢)) we obtain that
&) = Z{ defined in (2.18) for all t <y~ (T). Of course Z and ¢ have the
same initial condition. If we denote by 7; the first passage time through the
level [, then

P(F > 7,7 > 7, X3t — X > 6) < Poynom)(Tarsrnom)(Z7) < Ta(Z7T)),
(2.22)

since O(¢) < O(T).

Let us now let § depend on h, namely § = v/h. Using the scale function of
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a drifted Brownian motion, we obtain in the small A limit:

e~ 2nr(a+hO(T)) _ ,—2ura

Potne() (7:1+6+h®(T)(ZT) < E(ZT)) =

QILLT@_Q:U'TU'
e_QMT(a‘HS) — e—2ura

= —2vVhO(T)pre 7.

@—Q#T(a+6) — e 2pra
2ILLT6_2/J‘TG‘

Vh

~ —hO(T) —hO(T)

Finally we observe that F(T, x4+ h) converges towards F'(T, x) as h tends to
04+. By symmetry we obtain also the result for h — 0_. O

Proposition 2.14. There exists k > 0 such that for all (t,z) € Ry x [a,b],
9F (1, x) >
690( ,X) = K.

Proof. First let us recall that F' has a probabilistic representation given by
(2.20). We shall use this representation in order to lower bound the space
derivative. We consider two different cases: small times, that is ¢ < 2, or
large times ¢t > 2.

First case: ¢t > 2.

We denote by 7% the first time the process X? starting at x exits from the
interval ]a, b[ and by 7% (respectively 77) the first exit time from Ja, by[ (resp.
from the first exit time from |ay, b[) with

by :=b— helo la@)lds  apq ap :=a+ helo la(s)lds, (2.23)
We also introduce (Y;¥) the solutions of the shifted SDEs:

dY, = (a(t+12)Ye + Bt +75))dt + 6 (t + 75)dWigre, (2.24)

with the initial condition Y; = a + he™ Jo lads)] ds and

dYVt_A,_ _ (Oé(t + T_T_—i_h)}/t + B(t 4 T_T_—i_h)) dt + 5-(1; —+ Tf_"rh)th_,'_Ti-&-h, (225)

with the initial condition Y0+ — b— heJo l6®)lds | We associate the stopping
times 7 (Y*), the exit time from ]a,b[ and T,(Y*) (resp. To(Y*)) the first
passage times through levels a and b to these diffusions.
In order to minimize the derivative of F', we need to lower bound the
following expectation, for h > 0:
F(t,z 4+ h) — F(t,z) = E[X%"  — X2 ]

Tethat
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Let us observe particular scenarios which permit the difference between the
diffusions to be equal to the maximal value b — a. To that end, we introduce
two events:

Eap = {TE < 17X7g-cf = a, T(Y_) < 17Y7?(y—) = b}7

Bpo 1= {ri" <1, X200 = b, TOVT) S 1Y7 ) = ab.

By Lemma B.1 and Lemma B.2 (presented in the Appendix) Eq, N Epg = ()
and Eg U Ey, C {X%  — X% ., =b—a} for all t > 2. Hence

TeHh At

F(tv x + h) - F(tv 1‘) 2 (b - a)(P(Eab) + P(Eba))- (2'26)

Let us first deal with P(E,p). Conditionally to 7% = ¢, the strong Markov
property of the diffusion process implies that Y,” has the same distribution
as the solution of the SDE :

g = (a(t + @)& + B(t + ¢)) dt + 6(t + 9)dB;, & =Yy, (2.27)

where (By) is a standard Brownian motion. Since ¢ <1 and 7(Y ™) <1 on
the event F,p, we need to describe the paths of the initial diffusions X% and
X*+h on a time interval of length at most equal to 2. We can easily adapt
the comparison result of Proposition 2.13 to obtain that & > Z&t) for all
t <1and T = 2 (Z} being defined in the statement of Proposition 2.10).
Let us notice that v here depends on ¢. We deduce that

IP’(T(Y’) <1, T—(Y_)) = IP(%(Z) <y (1), Z7(z) = b\ﬁ = ¢>)

> P(n(Z) <02 Ty = b = ¢>), (2.28)

where ¢ is the uniform lower bound of 6(¢). Indeed

1
M) = [Fs s odsz o
0

We observe that the lower bound in (2.28) does not depend on ¢. Conse-
quently
)]

> P(Tf <1,X% = a>P(7g(Z) < 0% Zrz) = b).

P(Eab) = E[l{TESLX:E:U«}P<T(Y_> S 1;Y7T(Y7) - b

17



Let us assume now that x €]a, “T‘H’] and h < hg. By comparison, the trajec-

tory of X* always stays below that of X(@+%)/2, Setting 7, = (b—a)/ (b, —a)
we get
1, X% =a)

P(Tf <1, X% = a) = P(T(thx +a(l—rp)

=#(™
=#(.
2 ¥(7
(

) <
a(rhX* +a(l—rp)) <1, X% a)
2(X7) <1 To(X7) < To(raX” +a(l = 1))
(X (a+b) /2 < 1 7-( (a+b) /2) (ThX (a+b)/2 + a(l o Th)))
a (

X (a+b) /2 <1 7—( (a+b) /2) < 77) The X(a+b /2 +CL(1 o Th())))

where k1 is a positive constant independent of both h and z. Hence

P(Eu) > k1L, ) (2)0(h),  with (h) := P(To(2) < 02 Zr(z) = ).
(2.29)
It suffices to lower bound the function ¥ using scale functions and an inde-
pendent exponential random variable which permits to relate the computa-
tion of W to a particular Laplace transform whose expression is explicit (see,
[2] p309).
Let £ be an exponentially distributed random variable with parameter A and

let ho = he™ Jo la(w)ldu - They U(h) can be lower-bounded by the difference
of Uy(h) and Wy(h):

W(h) > P, (T(2) < €.T(2) = To(2))
~ Puin, (T(Z) = Ty(2), T(Z) < 02, € > QQ) — Uy (h) — Wy(h).

The first term of the r.h.s WUy (h) is evaluated as follows

_ phb—a—ha) sinh(hg \/m)

Uy(h) =E, e 1 - =
1(h) +ha|: {T(2) Tb(Z)}} sinh((b — a)\/2X + p2)
— fl la(u)|du 2 2
~ eh(b—a) he” Jo \//\——HL, as h tends to 0.

sinh((b — a)\/2\ + u?)

The second term Wy (h) has to be upper bounded:
Wa(h) = Burn, (T(2) = To(2). T(2) < *, )B(€ > %)
<Poin, (T(2) = T(2))e ",

18



Using the scale function of the drifted Brownian motion, we obtain

—2p(a+he —2ua

e
e—?p,b — e 2pa

Porn, (T(2) = Ti(2)) = e i laln

2'u6—2ua

o e Sl la@ldu__ 2HeT
e—2u1b _ o—2ua

as h tends to 0.
If the parameter of the exponentially distributed r.v. becomes large then
it is easy to prove that Ws(h) becomes negligible with respect to Wy(h).
Consequently we can choose a particular value of A which leads to 2¥y(h) <
Uy (h) and therefore permits to bound W(h) by below.

Combining (2.29) and the description of ¥(h), we manage to bound P(Eg)
by below for z < (a + b)/2. In the case where the starting point of the
diffusion is in the lower part of the interval, we bound P(Ep,) by below with
the value 0 which implies the existence of a strictly positive lower bound of
P(Eup)+P(Epg). In the other case (i.e. the starting point is in the upper part
of the interval), we bound P(E,,) by below with the value 0 and deal with
P(FE}p,) in a similar way as previously described. In any case, the inequality
(2.26) leads to the existence of x > 0 such that

6—F(t,:r) >k, V(t,x) € [2,00[x][a,b].

ox
Second case: t < 2.
First we consider the derivative at the boundary of the interval [a,b]. Let
us note that F'(¢,a) = a. Hence g—f(t,a) = limy, o+ 7 (Eapn[Xinr,,] — a).
Since we need a lower bound, we shall use a comparison result concerning
the L-class diffusions. Proposition 3.14 leads to Zz(t) < X; for all t < T.
We set here T' = 2 and pp is defined in the statement of the proposition.
If ur > 0 then we replace it by a strictly negative value and therefore the
comparison result remains true. So we assume for the sequel that ur < 0.
We deduce that

Eovn[Xinr,| —a > Ex[ZyT(t)/\TabL (2.30)

where 7, stands either for the exit time of X either for the exit time of Z.

Let us now consider the convex function f(z) = e 2472, It is well known

that
g b—a)
— f(b) — f(a)

As f is the scale function of the drifted Brownian motion, f(Z}) is a mar-

(f(z) = f(a)),Vx €la,b].
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tingale and the optimal stopping theorem leads to

b— —oup 7T o
Es [Zg/—‘(t)/\Tab - a] 2 f([())—(})(a) E, |:€ % ZW(t)/\Tab — e 2mr ]
_ (b — a) —2 T __ —2 Ta
= F @)

In particular, for z = a + h,
Ea+h[Z§\Tab - CL] > (b — a)e2“T(b*a) (e*Q,UTh _ 1)

~ =2uph(b — a)e®T®=? a5 h tends to 0.

We obtained the existence of a constant 7% > 0 such that g—f(t,a) = 0%,
for any ¢ < 2. By similar arguments, we can obtain %—i(t, b) = nh., for all
t < 2. Since %—i(t, x) satisfies a second order parabolic PDE with regular
coefficients, we can apply the maximum principle (see, for instance, [4] or
[5]). Consequently the minimum of the derivative on the domain [0, 2] x [a, b]
is reached at the boundary. Let us observe what happens on each side of
this rectangle. For £ = a we have just proven that there exists a minimum
which is strictly positive so is it for x = b. For t = 0 the derivative is equal
to 1 and for ¢ = 2 the first part of the proof ensures the derivative to be
minimized. To sum up, the derivative is lower bounded by a strictly positive
constant on the whole rectangle [0,2] x [a, b]. O

Proposition 2.15. There exists two constants ks > 0 and Ky > 0 such that
F(t,x) —a < ko(z —a) and b — F(t,x) < kp(b — ), (2.31)
for all (t,x) € Ry x [a, b].

Proof. Let us recall the probabilistic representation: F(t,z) = E[X},, ]
We set T = 7(1) and consider (Z]) the diffusion introduced in Remark
2.11 with initial condition Zl = X = z. We construct a new continuous
diffusion process (Z;) which is equal to (Z{') on the time interval [0, 1] and
which satisfies the following SDE otherwise:

a) L, BG®)
7= (G0 2+ 7200

Extending the comparison result of Remark 2.11, we know that Z; > X,
for all t > 0. Hence

Zy + )dt+th, t>1.

F(t,z) —a < Ee[Z, 1 (t)aryy(2) — al-

We split the study into two different cases :
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e First case: v~ () < 1. As in the proof of Proposition 2.14, the function
f(x) = e~ plays an important role since f(Z;) is a martingale for
t < ~(1). Using twice the Lagrange mean theorem combined with the
optional stopping theorem implies

_ T
F(t7 x) —a S nlEZ‘ |:€ 2MTZt/\Tn,b — eprTa} = 7’]1 (eiQI'LTx . 672NTQ>

S ’k';a(x - a)v

/ . / -1
where k, = (SUPxe[a,b] f (a:)) (mf:pe[a,b] f (:E)) .
e Second case: y~1(t) > 1. We decompose F as follows

F(t,z) — a < Ex[(Zy-1()arap(2) — O rap(2)>1}]
+Ee[(Zy10)nry(2) — O ran(2)<1}]
( G)Px(Tab(ZT) > 1) + Em[(ZfATab(ZT) B a)l{Tab(ZT)Sl}]
)

< (-
< (0= a)Bo[ran(Z2")] + B[ 27, )] — @

The expression E,[Z7 | — a can be bounded using similar ar-

1/\Tab(ZT)
guments (Lagrange’s mean and optional stopping theorems) as those
presented in the first part of the proof. Moreover, let us note that the

function g(x) := E,[14(Z7)] is solution ([1], page 45, Theorem 1.2) of

1
59” +purg = -1 forx €la,b[ and g(a) = g(b) = 0.

We recall that T = (1) and ur is defined in Remark 2.11. The explicit

solution of this equation is given by

(b—a)(e 2Hre — =2uTT) (g —q)

pr(e=2pma — e=2urb)

g(x) =

Applying once again Lagrange’s mean theorem, we obtain the existence
of a constant Cy > 0 such that g(x) < Cy(z—a) for all z € [a,b]. Using
similar arguments (just replacing Remark 2.11 by Proposition 2.10),
we also prove that b — F(t,z) < kp(b — ).

O]
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Proof of Theorem 2.8.

We already presented all the necessary ingredients in order to prove the
statement of Theorem 2.8 which concerns the average number of steps.

Proof. Our choice for the bound of the average number of steps is based on
the martingale theory. We recall that F' is defined by (2.20) and introduce
another important function H defined by H =V o F' with

V(x) = log (W) . (2.32)

Let us note that V is non negative on the whole interval [a + ve, b — vel.
Since F' is a the solution of (2.19), the function H just introduced satisfies
the following partial differential equation:

OH | (e + a) 2 4 Lo _

! 1 OF , )
ot or 2 ox2 2 '

PV (pie) (G0
(2.33)
Let us also recall that (7),, X;,) defined in (2.13) is the sequence of successive
exit times and exit positions issued from ALGORITHM,,.
We focus our attention on the sequence Z,, = H(X,,) + G(n) with G(0) = 0.
Here G stands for a positive function, we are going to precise this function in
the sequel. This stochastic process is a super-martingale with respect to the
Brownian filtration (Fr,, )nen. Using Itd’s formula and the partial differential
equation satisfied by H, we obtain for D, := E[Z,+1 — Z,|F1,],

Tuvr 9H OH
D,=E [ / 6,0+ (0(e) X+ Bla) G (5, X)
1., ,0°H
+ 50’(8)2 52 (s, Xs)ds ‘FTn:|

+ E[Mny1 — Mp|F7,] + (G(n+ 1) — G(n))

/Tn+1 %&(3)2V'/(F(S,Xs)) <g(s,xs)>2ds

n

=E

an]
+ (G(n+1) — G(n)),

where (M) nen = (fOT" 6(5)%—5(5, Xs)dWs> N is a martingale. Using Propo-
€

sition 2.14, Proposition 2.15 and the lower gound o of & we obtain
1
D, < —§Q2I€2(I(CL) +Z(b)) + G(n+1) — G(n), (2.34)
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where Z(z) = E [f;‘f;:““l %)2 ds‘ ]-”Tﬂ}.

Kk2(Xs—x
We aim to bound by below the previous integral by considering the shape of
the n'" spheroid:

2(X, — a). (2.35)

This bound implies

Tnya ds
T > E -
(a) {[; (X, —a)?

g | P en(T) + )
4k2( X, — a)?

. Tn+1 —Tn
fﬂ}‘E{ (X, —a)?

-

;@]

where 7,41 is the Brownian exit time from the spheroid of parameter size

dp.
-

where r,, is the maximum of the derivative p’ on the time interval [T,,, T}, +m)]
which contains [T,,, pzl(pL(Tn) + Tni1)]. We note that 7,41 ~ d27 where 7
denotes the Brownian exit time from the Brownian spheroid of parameter 1.
Hence

Tn+1
A >E
(a) 2 [4mgrn(Xn —a)?

d2
A > n
(a) = 4K2rp (X, — a)?

Similarly to (2.35) we have b, x, =L (¢) < 2(b—X,,) and the same arguments
just presented lead to

Tt ds
I =E -
©) [Ah 20— X.)

Setting kqp = max(kq, Kp), we obtain

E[7].

> n E|r].
}_T”} 4/<agrn(b—Xn)2 7]

2
D, < —rj,%b E[r] <(b _1Xn)2 e L a)2> +Gn+1) - Gn).

Let us first consider the case: X, —a < b — X,, (the other case can be
studied in a similar way, it suffices to replace X, — a x, by by x, — Xn).
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Then d,, = %j‘)(Xn —ay.x,) and

d? 1
Dn g —2 ~ E G 1) -G
o Bl gy + G+ 1) = GO
min(1, x_)?
AT E[r]+ G(n+ 1) — G(n).
mfap
We finally find G by seeking a lower bound of %. We consider two

different cases:

First case: k_ > 1. We introduce ay,, (B, and &, the maximum of |
respectively |5 and & on the time interval [0,nm]. The definition of A,,
given by (2.10) and the definition of p in Lemma 2.3 lead to

Tn+m 1 Tn+m 2
b < R eonsgz (1 \/ [ )
Tn

a(s)

2

1 B\ 2
< ¢hman 52 <¢é + m;)

For the other case: k_ < 1

min(1, k)2 < p(Ty, +m) — p(T) fo (T, + s)ds
A2 T rn(b—a)? rn(b a)?

Using the definitions of p, r, and the continuity of &, there exists tg €
[T, T,, + m] such that r, = p'(t9) and therefore

o (T, + s) _ 72Ty, + s) 2 Ja* alu) du m o—2|Tuts—tolan
™ 52 (to) - ()
G* (T +5) —2ma,

a2 (to)

Since ¢ satisfies Assumption 2.2, we obtain the following lower bound by
integrating with respect to the variable s,

min(1, x_)? mXm

rmAZ T (b—a)?

—2may,

(&

Denoting (41 the minimum of the two quantities previously computed, we
define recursively the sequence G(n) by

G(n+1)—G(n) =C(ur1, Yn =0, and G(0) =
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The sum of these increments leads to

n—1 n
> Gi+1)=G(i) =) ¢ =G(n) - G(0) =G(n).
=0 i=1

For any parameter g > g, Assumption 2.1 implies the existence of a constant
C > 0 independent of € such that

1 1 1 -
Gn)=2=) —>—"—('""7-1), Vn>1. 2.36
(n) 022”7 Cu—qfn ), Vn (2.36)

Moreover the particular choice of the function G permits to obtain D,, < 0
for all n. Consequently Z, = H(n,X,) + G(n) is a super-martingale. A
generalization of Proposition A.1 permits to obtain the upper bound

E[G(N¢)] < H(0,z9) =V o F(0,20) = V(x0). (2.37)

Combining (2.36), (2.37) and the definition of the function V' in (2.32) leads
to

i A _ zo — a)(b — zo)

EN <C(1 - )1 ( L.

NI < G- g tog (100

This bound corresponds to the announced result. In order to conclude the
proof, we just need to precise that N¢ is a.s. finite, see Lemma 2.16. Such a
condition is required to apply the generalization of Proposition A.1. ]

Lemma 2.16. The stopping procedure N of ALGORITHM,, is a.s. finite.
Moreover the outcome of the algorithm T¢ is stochastically upper bounded by
T, the diffusion first exit time.

Proof. Step 1. We emphasize a link between a sample of a L-class diffu-
sion process and the Markov chain generated by the algorithm, denoted
((Tn,Xn))nEN with (To,Xo) = (O’O)'

Let us consider a sample of a L-class diffusion. At the starting point of
this path, we create a spheroid of maximal size which belongs to the set
[a,b] x R4. The first intersection point of this spheroid and the path gives
us a first point (¢1,21). This construction implies that (¢1,21) and (71, X7)
are identically distributed. Then considering (¢1,21) as a new starting point
we construct a spheroid of maximal size and denote by (t2, 22) the first in-
tersection point between this new spheroid and the diffusion path starting
in (t1,21). Once again we get by construction that (¢2,22) and (7%, X2)
are identically distributed. We build step by step a sequence ((ty, zn))nen
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of intersections between the considered sample and the spheroids in such a
way that the sequences ((tn,2zn))n>0 and (T, Xn))n>0 are identically dis-
tributed.

If we introduce N, the stopping time appearing in the stopping procedure
of the algorithm and N, = inf{n € N, z, ¢ [a + €,b — €]}, the identity in
law of those random variables holds. By construction, ¢, < T for all n € N,
where T' stands for the diffusion first exit time from the interval [a, b]. This
inequality remains true when t,, is replaced by the random stopping time
t N,

Since ¢y _and ty, are identically distributed, we deduce that the outcome of
ALGORITHM,, is stochastically smaller than T.

Step 2. We prove now that N¢ is a.s. finite. Using (2.13) and (2.8) we obtain

T, = pzl(d%ﬁ + d%’]’g 4+ ...+ dzﬁn),

where (7)r>1 is a sequence of independent Brownian exit times from the
unit spheroid and dj, represents the size of the spheroid (2.9) starting in
(Tk, X)) and included in [a,b]. Let ¢y > 0. Then

P(T,, < to) = P(dim1 +d3me + ... + d%m, < prt (ko))

—1
t
<P<T1+TQ+...+Tn<pL (0)>,

d(to)
where d(tp) is defined by

d(to) = inf d(xz,t) > 0.

z€[ate,b—e], t<to

n
Since ZTk tends to +o00 a.s.,
k+1

lim P(T, <to) =P(Th <to) =0, Vit > 0.

n——+oo
We deduce that lim, 400 T, = +0o0 a.s. Combining this limiting result to

(d)
the first step of the proof, that is T, < T', implies: N, < 400 a.s. O

2.3.2 Rate of convergence

The second important result in the study of the algorithm is the description
of the rate of convergence. It is of prime interest to known how close the
outcome of the algorithm and the exit time of the L-class diffusion are. The

26



convergence result is essentially based on the strong relation between the
Brownian motion and the L-class diffusion.

Theorem 2.17. Let us denote by oy (respectively 3,) the mazimal value
of the function |a| (resp. |B|) on the interval [0,t]. We also introduce F
the cumulative distribution function of the L-class diffusion exit time from
the interval [a,b] and F the distribution function of the algorithm outcome.
Then, for anyt > 0 and any p > 1 there exists g > 0 such that

1+ 3,

g

<1 — pye > F(t—e) < F(t) < F(t), Ve <e, (2.38)
the constant o being defined in (2.15). Moreover this convergence is uniform
on each compact subset of the time axis.

Proof. As in Lemma 2.16, we build step by step a sequence ((ty,2n))neN
of intersections between the path of the L-class diffusion process and the
spheroids in such a way that the sequences ((tn, zn))n>0 and (T, Xn))n>0
are identically distributed.

If we introduce N, the stopping time appearing in the stopping procedure
of the algorithm and N, = inf{n € N,z, ¢ [a + €,b — €]}, the identity in
law of those random variables holds. By construction, ¢, < 7T for all n € N,
where T stands for the diffusion first exit time from the interval [a,b]. This
inequality remains true when ¢, is replaced by the random stopping time
ty, - Hence

L-F#)=P(T >t)=P(T >t,t5 <t—0)+P(T >ttty >t—9)
SP(T >tty <t—0)+1—F(t-9), vt>0. (2.39)

We focus our attention on the first term of the r.h.s. Using the strong Markov
property, we obtain
P(T >t,ty <t—0) < Fe(t—9) sup Py (T >6).
(y,)€([a,a+€]Ulb—¢,b]) X [0,6—4]

(2.40)
Let us consider the case y € [b—e, b] (the study of the other case y € [a,a+¢]
is left to the reader since it suffices by symmetry to use exactly the same
arguments). We first note that, for any y € [b — €, b],

P(y,s) (T > 5) < IPJ(y,s) (7?2 > 5) < IP)(bfe,s) (7;7 > 5)7

where 7, stands for the first passage time through the level b. Let us intro-
duce several notations: we denote the translated function ag(t) := a(s + t)
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(similar definitions for &g, 35 and p, are defined by using the translated func-
tions in (2.4)). The diffusion process on the time interval [s,s 4 J] can be
expressed using these translated functions. The condition 7, > J is equiva-
lent to supg<,<s Xstr < b and becomes, for all » <6,

bt ety )y o e [ g e i gy <p. (2.7
0

Since s € [0,t — 6] and r < 4, we obtain the following bound:

1— 6—2&t5
N> —
ps( ) Z 0 o0,

The inequality (2.41) implies
1 ezaté V 2@15 €+ Bt(s
sup Wps(r) < 2.0 - < -
V/ ps(6) 0<r<s V1—e 20 o oo
The Désiré-André reflexion principle for the Brownian motion implies that
the Lh.s of the previous inequality has the same distribution than the ab-

solute value of a standard gaussian random variable: |G|. Hence, for any
y € [b—€,b] and for any s <t — 6:

=5 €+ B0 2 . se+ (3,0
P(T; >0) <P (|G| < 3at5€t><\[ dond 2 T PE 2.42
(>0 <p(je) <o S <2 om0 g

It suffices to choose § = € in the previous inequality and to combine with
(2.39) in order to prove the statement of the theorem. O

(e+B,0) < 30

3 WOMS algorithm for G-class diffusions

In this section we present an application of the results obtained so far to
another family of diffusion processes: the growth processes (G-class). We
shall just point out the existence of a strong link between linear and growth
diffusions.

Definition 3.1. (G-class diffusions) We call G-class diffusion any solution
of

dX, = (a(t)X; + B(t) X, log(Xy))dt + 6(£)dWs,  Xo = o, (3.1)

where o and B are real continuous functions and & is a continuous non-
negative function.
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We first notice that this kind of process is non negative due to the loga-
rithm function. As for the L-class diffusions case, it is possible to emphasize
an explicit expression of the solution of (3.1). Here, the desired form is:

Xt = X0 G(t, W’y(t))7 Vi = 0. (3.2)
The function G is described in the following statement.

Proposition 3.2. The solution of the SDE (3.1) is given by (3.2) with
G(t)
G(t,xz) = C(t)evr'®
Cagsyas [ 1 S B(u)d
with C(t) = exp <ef0 Als) 5/ (a(s) — §~(S)2>€_ Jo B(w) “ds)
0

t
and (t) = / 6(8)26_2f0 Bluydugg,
0

xT

This statement is an immediate consequence of the link built between
the linear and the growth diffusions:

Proposition 3.3. If X is solution of

XO =X

then Y; = eXt is solution of

{ dYy;=(a(t)Y; + B(t)Y: log(Y2))dt + &(t)YedW,

Yo 1o (3.3)
with a(t) = B(t) + 2o (t)?, B(t) = a(t), 5(t) = o(t) and yo = e®.

Hence, we manage to create a link between a solution of a L-class diffusion
equation with «;, 8, o and a solution of a G-class diffusion equation with &,

B, o.

Proof. To prove this statement, we apply Ité’s formula

t 1 t
Y, = e :eXO—i—/ eXSdX8—|—2/ X d(X, X),
0 0
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Hence, using the particular form of X; we obtain
t t 1 rt
Y; = Y —I—/ Ys(a(s)Xs + 5(s))ds + / o(s)dBs + 2/ Y,0(s)2ds
0 0 0

=Yoo+ [ ((B(5) + 509 + Viloa(Va(s))ds + | Yio(s)an,

— Yo+ /0 (Ya(s) + Y log(Y2)B(s))dt + /O Y. (s)dB.

O

We consider the exit time from the interval [a, b], a,b € R} for a G class-
diffusion. The previous link established permits to focus our attention on
the exit time from the interval [log(a),log(b)] for L-class diffusion processes
with modified coefficients.

We present now an adaptation of the WOMS algorithm which permits to

approximate the exit time for G-class diffusions. In such a context we aim to
describe the procedure, the averaged number of steps and the convergence
rate.
The procedure. Let us consider (X¢);>0 the unique solution of the stochastic
differential equation (3.1). In order to approximate the first diffusion exit
time 7 of the interval [a,b] we introduce the linear diffusion (Y;) solution of
(3.3). Since the exit time of the growth process (X;) from the interval [a, b]
and the exit time of the linear diffusion (Y;) from the interval [log(a),log(b)]
are identically distributed, we use ALGORITHM,, with a parameter e small
enough, with boundaries log(a) and log(b). As a immediate consequence,
Theorem 2.8 points out the logarithmic upper-bound of the average number
of steps and Theorem 2.17 emphasizes the convergence rate of the algorithm
outcome.

4 Numerical application

In order to illustrate the efficiency of ALGORITHM,,, we present numerical
results associated to a particular linear diffusion. Let us consider (X;);>0
the solution of (2.1) with

cos(t)

‘0= iy

B(t) = cos(t), o(t) =2+ sin(t).
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Let us just notice that a satisfies a(t) = %,((f)), such a property simplifies the

link between the diffusion process and a standard one-dimensional Brownian
motion. In particular, we obtain a simple expression of the time change
appearing in (2.3): p(t) = 4t. Indeed (2.4) implies

s cos(u)
lo 2Fsin(u) duds

"
p(t) :/ (2—4—Sin(s))2€_2
0
¢
= [+ sy 2oz in) - gy — gy
0

Using Proposition 2.5, we determine the frontiers of the typical spheroid used
in ALGORITHM,,,.

Proposition 4.1. If we denote by % (t;to, Xy,) the spheroid starting in
(to, Xt,), we obtain

kst ) =2 (g an) + 2108 (5 T )
2 4 sin(t + to)
(“osn) )% @)

and the exit time 7% = inf{t > 0 : X; & [WL(t; to, Xuy), 02 (8 to, Xio)]}
satisfies

1
wior (4.2)

where T =inf{t > 0: Wi ¢ [¢_(t), ¥4 (t)]}.

The random walk on spheroids is therefore built using the typical bound-
aries (4.1). At each step of the algorithm, we need to use a scale parameter d
in order to shrink or enlarge the spheroid size in such a way that the domains
always stay in the interval [a, b]. The general statement concerning the scale
parameter (2.9) can be improved for this particular example.

Let m >0 and 0 <y < 1. We recall that a, ., and b, ,, are defined by
ayz =a+vy(x —a) and by, =b— (b —x). We choose the scale parameter
d in such a way that it satisfies

T

min(1,k4) b
d= 3

min(1,k_)

A (0 — Gy go) if 20 —a < b— 9

Va0 — o) ifb—x9 <z9—a

with

(e + 0+ maal. o) vim )
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and k4 are defined by the following equations:

it (bymy — 20) = 28 v/m and £_ (0 — ay.z,) = 28m/m.

We just note that this particular value A,, is an easy upper-bound of the
parameter emphasized in (2.10). We just adapted the choice of the parame-
ters to the particular diffusion studied in this section. Even if the procedure
is close to the method presented in Proposition 2.6, we notice that such a
particular choice of A,, permits to point out a specific value m such that
both min(1, x_) and min(1, k) are equal to 1. This value corresponds to

(- o)+ max(lal, ) - L
m= 2(1 + max(|al, [b]))

Using ALGORITHM,,, as in Section 2.3 permits to approximate the first
diffusion exit time from the interval [a, b], see Figure 2 and Figure 3.

48
46
44
42

M4 \—/’/
3.8
3.6
3.4
3.2
3 _____________________________________________
0 0.005 0.01 0.015 0.02 0.025 0.03

Figure 2: A sample of ALGORITHM,,, for the diffusion process starting at x = 4 in
the interval [3, 5] with e = 1072 and v = 107% .
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Figure 3: Histogram of the outcome variable for the diffusion (4) with X, =
1, [a,b] = [-1,2], € = 1072 and v = 10~* (left). Average number of steps in
ALGORITHM,,, for the exit time of [—1, 2] (right, in logarithmic scale).

A Potential theory and Markov chains

We introduce a result coming from the potential theory and using Markov
chains.

Let us consider a Markov chain (X,,),en defined on a state space I decom-
posed into two distinct subsets K and 0K, 0K being the so-called frontier.
Let us define N = inf{n € N, X, € 0K} the hitting time of 9K. We assume
that IV is a.s. finite, then the following statement holds:

Proposition A.1. Let G be a positive increasing function. If there exists
a function U such that the sequence (H(n A N, X,aN))neN is non negative
and if the sequence (H(n AN N, Xpan) + G(n A N))pen represents a super-
martingale adapted to the natural filtration of the considered Markov chain
(X,), then

E;[G(N)] < H(0,z), VzeK.

The proof of this classical upper-bound is left to the reader, it is essen-
tially based on the optimal stopping theorem and on the monotone conver-
gence theorem (see, for instance,[10], p139).

B Path decomposition

We prove in this section the two lemmas used in the proof of Proposition 2.14.
Let us just recall several notations. The process X* corresponds to the linear
diffusion (3.1) with the starting value x; 7% (resp. 7% and 7¥) corresponds
to the first exit time of the interval |a, b] (resp. ]a,by[ and Jap, b]), with ap
and by, defined in (2.23).
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We also recall that (Y;*) stand for the solutions of the shifted SDEs (2.21)
and (2.22). Their exit time of the interval ]a, b[ is denoted 7 (Y*) and the
first passage times through the level a is denoted by T, (Y *).

Lemma B.1. Let E,, and Ey, the two events defined by

Eqp = {TE < 17X7g-cf =a, T(Y_) < 17Y7?(y—) = b}7

Epg = {77t < 1,Xf;+’; =b, T(YT) < 1,Y7Jf(y+) = a}.

Then E.p N By = 0.

Proof. On the event E,, we know that 7% < 1 and consequently X7 €
[a, by [C [a,b] (for all s < 7. In particular we observe that 7% = 7%. More-
over

Xf+h = X7 4 helo alwdu g >,

Hence . .
X ¢ o+ helo a@du . 4 peloatwdu —yg > 0,

Since bh—i—hefos au)du b—h(efo1 |°‘(“)|d“—efosa(“)d“) < bfor s <1, we obtain
X2t ¢ a4 helo *®d pica,b], Vs < 1.

In conclusion E,, C {77 < 72},

Using similar arguments, we obtain Ep, C {r*t" < 77}.

The easy observation {7% < 72+ N {7*+" < 7%} = () implies the announced
statement. O
Lemma B.2. Eqy U Epy C (Voo { X5 — X85, =b—a}.

retht

Proof. Let us prove that Ey C {X ﬁ:ﬁl nt — Xfepr = b—a}, the other inclu-
sion can be obtained in a similar way.On the event E_; we obviously observe

that X7 ., = a. By construction, we have X f_’; h> Y, , and using the conti-

nuity of the paths with respect to the initial condition, we obtain X oh >

TP +s &

Y., Vs> 0. the property YT_(Y,) = b, implies Xf;f:,r(y,) > Y;(Y,) =0b.

Consequently 72" < T(Y ™) + 7% < 2 and therefore, under the hypothesis
t > 2 we have Ey, C {ijﬁbM — X%y =b—a}.

O]
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