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ON THE PROBLEM OF PILLAI WITH PADOVAN NUMBERS AND
POWERS OF 3

MAHADI DDAMULIRA

ABSTRACT. Let {Ppn},>0 be the sequence of Padovan numbers defined by Py = 0,
P =1, Po =1 and P_n+3 = Pp41 + Py for all n > 0. In this paper, we find all
integers ¢ admitting at least two representations as a difference between a Padovan
number and a power of 3.

1. INTRODUCTION

We consider the sequence {P,},>¢ of Padovan numbers defined by
Py=0, Po=1, P, =1, and P,y3 = P41+ P, for all n > 0.

This is sequence A000931 on the Online Encyclopedia of Integer Sequences (OEIS). The
first few terms of this sequence are

{Pu}n>0=0,1,1,1,2,2,3,4,5,7,9,12,16,21, 28, 37,49, 65,86, 114, 151, . ...
In this paper, we study the Diophantine equation
(1) P,—3"=c

for a fixed integer ¢ and variable integers n and m. In particular, we are interested in
finding those integers ¢ admitting at least two representations as a difference between a
Padovan number and a power of 3. This equation is a variation of the Pillai equation

(2) a® - =c

where x,y are non-gative integers and a, b, ¢ are fixed positive integers.

In the 1930’s, Pillai (see [I9, 20]) conjectured that for any given integer ¢ > 1, the
number of positive integer solutions (a, b, x,y), with > 2 and y > 2 to the equation
is finite. This conjecture is still open for all ¢ # 1. The case ¢ = 1 is Catalan’s conjecture
which was proved by Mihailescu (see [18]). Pillai’s work was an extension of the work of
Herschfeld (see [15], 16]), who had already studied a particular case of the problem with
(a,b) = (2,3). Since then, different variations of the Pillai equation have been studied.
Some recent results for the different variations of the Pillai problem involving Fibonacci
numbers, Tribonacci numbers, Pell numbers, the k-generalized Fibonacci numbers and
other generalized linearly recurrent sequences, with powers of 2, have been completely
studied, for example, in [3, 4, [5L [6] [7, [8], @] [T0] 1T], 12].
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2 MAHADI DDAMULIRA

2. MAIN RESULT

We discard the situations when n = 1 and n = 2 and just count the solutions for n = 3
since P = P, = P3 = 1. The reason for the above convention is to avoid trivial parametric
families such as 1 —3" = P; —3™ = P, — 3" = P3 —3". For the same reasons, we discard
the situation when n = 4 and just count the solutions for n = 5 since P, = P5 = 2. Thus,
we always assume that n > 2 and n # 4. The main aim of this paper is to prove the
following result.

Theorem 1. The only integers ¢ having at least two representations of the form P, —3™
are ¢ € {—6,0,1,22,87}. Furthermore, all the representations of the above integers as
P, — 3™ with integers n > 3, n # 4 and m > 0 are given by

—6 = P13—33:P6—32;

0 = Pp-3"=PF—3"(=P;—3;
(3) 1 = Pyu—-3=pP -3 (=P -3

22 = Py —3"=Pg—3%

87 = Py —3%=P,—33

3. PRELIMINARY RESULTS

3.1. The Padovan sequence. Here, we recall some important properties of the Padovan
sequence { P, },>0. The characteristic equation

U(r):=a>—2—-1=0
has roots «, 3,7 = 3, where

r1 472 3= —(r1 +1r2) +v—=3(r1 —r2)
6 12

ri=1/108 + 1269 and ro = \/108 — 12v/69.

Furthermore, the Binet formula is given by

o =

and

(4) P, =aa" + 06" + cy" for all n >0,
where
5 o (0=A0=1)  (-ai-y) (-a0-p ;

(@=B)la=7)" " B-a)B-7) (v —a)(y=5)
Numerically, the following estimates hold:
1.32 < a<1.33
(6) 0.86 < 8| =|y| =a"2 <0.87
0.72 <a <0.73
0.24 < [b] = || < 0.25.
By induction, one can easily prove that

(M) a2 < P,<a™ ! holdsforall n > 4.
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Let K := Q(«, 8) be the splitting field of the polynomial ¥ over Q. Then [K,Q] = 6.
Furthermore, [Q(«) : Q] = 3. The Galois group of K over Q is given by

G := Gal(K/Q) = {(1), (aB), (a7), (B7), (), (a7B)} = Ss.
Thus, we identify the automorphisms of G with the permutations of the roots of the

polynomial ¥. For example, the permutation (a7y) corresponds to the automorphism
ocra—=>y,y—>a, B — 6.

3.2. Linear forms in logarithms. To prove our main result Theorem [1} we use several
times a Baker—type lower bound for a nonzero linear form in logarithms of algebraic
numbers. There are many such bounds in the literature like that of Baker and Wiistholz
from [2]. In this paper we use the result of Matveev [I7], which is one of our main tools.
Let v be an algebraic number of degree d with minimal primitive polynomial over the
integers

d
apr’ + a1zt 4+ ag = ag H(a: — 4@,
i=1

where the leading coefficient ag is positive and the 1(?)’s are the conjugates of v. Then
the logarithmic height of ~y is given by

d
h(y) := é <10g agp + Zlog (max{h(i)L 1})> .

In particular, if v+ = p/q is a rational number with ged(p,q) = 1 and ¢ > 0, then
h(v) = logmax{|p|,q}. The following are some of the properties of the logarithmic height
function h(-), which will be used in the next sections of this paper without reference:

h(n£v) < h(n)+h(y)+log2,

(8) Y < h(n) + h(y),
h(n®) = |slh(n) (s € Z).

Theorem 2 (Matveev). Let 1, ..., be positive real algebraic numbers in a real algebraic
number field K of degree D, by,...,b; be nonzero integers, and assume that

9) A=yt = 1,
is nonzero. Then
log|A| > —1.4 x 303 x 4% x D*(1 +log D)(1 +log B)A; - - - A,
where
B > max{|b1|,. .., |be|},
and

A; > max{Dh(v;),|log~|,0.16}, for all i=1,...,t.

3.3. Baker-Davenport reduction lemma. During the calculations, we get upper bounds
on our variables which are too large, thus we need to reduce them. To do so, we use some
results from the theory of continued fractions. Specifically, for a nonhomogeneous linear
form in two integer variables, we use a slight variation of a result due to Dujella and Peth6
(see [13], Lemma 5a), which is itself a generalization of a result of Baker and Davenport
[1]. For a real number X, we write || X|| := min{|X —n| : n € Z} for the distance from
X to the nearest integer.
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Lemma 1 (Dujella, Peth8). Let M be a positive integer, p/q be a convergent of the
continued fraction of the irrational number T such that ¢ > 6M, and A, B, ;v be some real
numbers with A > 0 and B > 1. Let further ¢ := ||uq|| — M||7q||. If € > 0, then there is
no solution to the inequality

0<|ur—v+pl <AB™Y,
i positive integers u,v and w with

u<M and w> M.
log B
Finally, the following lemma is also useful. It is Lemma 7 in [I4].
Lemma 2 (Gizman, Luca). If m > 1, Y > (4m*)™ and Y > z/(logx)™, then

x < 2™Y (logY)™.

4. PROOF OF THEOREM [II

Assume that there exist positive integers n, m,ny, my such that (n,m) # (n1,mq), and
P, — 3™ =P, —3™.

In particular, we can assume that m > m;. If m = mg, then P, = P,,, so (n,m) =
(n1,m1), which gives a contradiction to our assumption. Thus m > m; > 0. Since

(10) P,— P, =3" -3,

and the right-hand side is positive, we get that the left-hand side is also positive and so
n > ny. Thus, n > 5 and n; > 3, because n # 4.

Using the equation and the inequality (7] we get

(11) a" <P, <P, — P, =3m-3M <3™,

(12) a"'>p,>P,— P, =3m—3m™ >3 1

from which we get that

log 3 log 3
(13) 14 (2 (m—1)<n< %82 ) i+ 4.
log o log o

If n < 500, then m < 200. We ran a Mathematica program for 2 < n; < n < 500 and
0 <my <m < 200 and found only the solutions from the list . From now, we assume
that n > 500. Note that the inequality implies that 4m < n. Therefore, to solve the
Diophatine equation , it suffices to find an upper bound for n.

4.1. Bounding n. By using and and the estimates @, we get
aad” +b8" +cy" —3" = aa™ + 8™ + ™ —3™
a0 3" = laa™ + (8™ ")+ (4™ — ") — 3™
aa™ + [B|(18]" + 168]™) + [el(y™ + [y[™) +3™
ac™ + 2[b|(]8[" + |B]™) + 3™
aa™ +4)b||8|™ + 3™
a4 3™

2 max{a™, 3™ }.

ANVANN VAN VAN VAN
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Multiplying through by 37, using the relation and using the fact that a < 3, we
get

ni

o
' 73m1—m} < max{a”l_"+5,3m1_m+1}.

(14) laa™3™™ — 1| < 2max{

For the left-hand side, we apply the result of Matveev, Theorem 2] with the following data
t=3, m=a 2=a, 13=3, by =1, bp=n, by =—m.

Through out we work with the field K := Q(«) with D = 3. Since max{1,n,m} < n, we
take B := n. Further,

ala+1)

302 -1~
the minimum polynomial of a is 232% — 2322 4+ 62 — 1 and has roots a,b,c. Also by
(©), we have max{|al,|b],|c|} < 1. Thus, h(y1) = h(a) = 3log23. So we can take
Ay := 3h(v1) = log23. We can also take As := 3h(v2) = loga, Az := 3h(v3) = 3log3.
We put

A=aa"™37™ — 1.

First we check that A # 0, if it were, then aa™ = 3™ € Z. Conjugating this relation
by the automorphism (a3), we obtain that 5™ = 3™, which is a contradiction because
[b8™| < 1 while 3™ > 1 for all m > 0. Thus, A # 0. Then by Matveev’s theorem, the
left-hand side of is bounded as

log|A| > —1.4-30%-3%%.3%(1 4 log 3)(1 + log n)(log 23) (log &) (3 log 3).
By comparing with , we get
min{(n —ny — 5)loga, (m —my — 1)log3} < 7.97 x 10'*(1 + logn),
which gives
(15) min{(n —ny)loga, (m —m;)log3} < 7.98 x 10*%(1 + log n).

Now we split the argument into two cases
Case 1. min{(n — n1)loga, (m — mq)log3} = (n — nq1)log a.
In this case, we rewrite as

laa™ —aa™ = 3™ < [B[(IB]" +[B"*) + [ (V" + |[y[") + 3™
< 20|([B[" +|B[™) + 3™
< A4bf|B" + 3™
< 143m <gmtl
which implies
(16) la(a@™ ™™ = 1)a™3™™ —1| < 3™

We put
A =ala™™™ —1)a™3™™ = 1.
As before, we take K = Q(«), so we have D = 3. To see that A; # 0, for if A; =0, then
a(a@™™"™ —1)a™ = 3™,
By conjugating the above relation by the Galois automorphism (a/3), we get that
b(B™™ — 1B = 3™,
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The absolute value of the left-hand side is at most [b(5" ™™ —1)8™ =1 < |b|(|8™|+]|8™]) <
2|b||8|™ < 1, while the absolute value of the right-hand side is at least 3™ > 1 for allm > 0,
which is a contradiction. Thus, A; # 0.

We apply Theorem [2| on the left-hand side of with the data

n—nmi

t=3, 71 = ala -1, vo=a, v3=3, by =1, bs =ny, b3 = —m.

Since
hiv1) < h(a)+h(a"™™ —1)
< %log23+%(n—n1)loga+log2
< %(log8+ log 23) + % x 7.98 x 10'*(1 +logn) by
(17) < é x 8.00 x 10*%(1 + logn)

So, we can take A; := 8.00 x 10'2(1 +1logn). Furthermore, as before, we take Ay := log a
and Az := 3log 3. Finally, since max{1,n1,m} <n, we can take B := n. Then, we get

log|Aq| > —1.4-30°-3%%.3%(1 4 log 3)(1 + logn)(8.00 x 10*2(1 + log n))(log a)(31og 3).
Then,
log |A1| > —6.38 x 10%°(1 4 logn)*.
By comparing the above relation with , we get that
(18) (m —my)log3 < 6.40 x 10*°(1 + log n)?.

Case 2. min{(n — ny)loga, (m — mq)log3} = (m — my) log 3.
In this case, we rewrite as

laa™ — (3™7™ —1)- 3™ < aa™ + [B|(18]" + 1B]™) + el (™ + ™)
< aa™ +40||8"
3
< 1+-a" < o™,

4
which implies that

a™ 3a™
gm-—mi _q -1 ng-mi _ | <
|a( ) « | 3m _ 3’)711 —_ 3m
(19) < 3amTntt < gmTnts,

We put
Ay = a(3™ ™ — 1) ta"37™ — 1.

Clearly, Ay # 0, for if As = 0, then aa™ = 3™ — 3™ by similar arguments of conjugation
and taking absolute values on both sides as before we get a contradiction. We again apply
Theorem [2] with the following data

t:‘?)v Y1 = a(3m_m1 - 1)_17 Y2 =, V3 = Q, bl = 1u b2 =n, b3 = —mza.
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We note that
h(vi) = h(a(3™ ™ —1)7Y < h(a)+h(3™ ™ —1)
= %bg 23 4+ h(3™"™ — 1) < log(3m™1t2)
= (m—m +2)log3 < 8.00x 10%*(1 +1logn) by (13).

So, we can take A; := 2.40 x 10'3(1 +logn). Further, as in the previous applications, we
take Ag :=log o and As := 3log 3. Finally, since max{1,n,m;} < n, we can take B := n.
Then, we get

log |Ag| > —1.4-30% - 3%% . 3%(1 + log 3)(1 + logn)(2.40 x 10'3(1 + log n))(log @) (3 log 3).
Thus,
log |As| > —1.91 x 10%°(1 + log n)?.
Now, by comparing with , we get that
(20) (n —ny)loga < 1.92 x 10%°(1 + log n)?.
Therefore, in both Case 1 and Case 2, we have
min{(n —ny)loga, (m —m;)log3} < 7.98 x 10'(1 + logn),
(21) max{(n —ny)loga, (m —m;)log3} < 1.92 x 10%5(1 + logn)?.
Finally, we rewrite the equation as
laa™ — aa™ — 3™ 4+ 3™ = |B™ + ™| < L
Dividing through by 3™ — 3™, we get

al@"™™ —1) 1 3
= g - 2
gm—m 1 S 3m_3m = 3m
(22) S 3a7(n+n174) S a47’n’

since 1.32 < a < ™. We again apply Theorem |[2| on the left-hand side of with the
data

ala™™ ™ —1)
gm—m1 ]
By using the algebraic properties of the logarithmic height function, we get

3h(m) = 3h (az(;é;_:ll_ll)) < 3h (a(a"—"l _ 1)) 34 h(3™™ — 1)

< log23+3log2+ 3(n—ny)loga + 3(m —my)log3
< 3.86 x 10%%(1 + logn)?,

t:3»71: ,72:04773:3,b1:17b2:n1,63:—m1.

where in the above inequalities, we used the argument from . Thus, we can take
Ap = 3.86 x 10%5(1 + logn), and again as before A, :=loga and A3 := 3log 3. If we put
a(an—n1 _ 1) niq—m
As=—r—7 @37 -1

we need to show that Ag #£ 0. If not, A3 = 0 leads to

ala™ —a™) =3m — 3™,
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A contradiction is reached upon a conjuagtion by the automorphism (af) in K and by
taking absolute values on both sides. Thus, A3z # 0. Applying Theorem [2] gives

log|As| > —1.4-30°-3%%.3%(1 4 log 3)(1 + logn)(3.86 x 10%°(1 + logn)?)(log a)(3log 3),
a comparison with gives

(n—4) < 3.08 x 10%(1 + logn)?,
or
(23) n < 3.0 x 10%(1 +logn)®.
Now by applying Lemma [2[ on with the data m = 3, Y = 3.10 x 10%>? and = = n,
leads to n < 2 x 1046,
4.2. Reducing the bound for n. We need to reduce the above bound for n and to do
so we make use of Lemma 1| several times. To begin, we return to and put

I' :==nloga —mlog3 + loga.

For technical reasons we assume that min{n — n;,m — my} > 20. We go back to the

inequalities for A, A; and Ag, Since we assume that min{n — ny;,m —my} > 20 we get
lel' — 1| = |A| < L. Hence, |A| < % and since the inequality |y| < 2|e¥ — 1| holds for all
-l 1 2
(TS (—5, 5), we get
0 < |T'| < 2max{a™ ~"+5 3mi—mHll < max{qm—"+0 gmi—m+21

Assume that I' > 0. We then have the inequality

. log o -+ loga < ma ab 9
— — X .
log 3 log 3 (log 3)am—m1" (log 3)3m—"m1

< max{36-a~("m) g.3=(m-mi)}
We apply Lemma [I] with the data
log «v loga
T log3’ r= log 3’
Let 7 = [ag;ay,a0,...] = [0;3,1,9,1,2,1,4,1,2,2,1,1,3,1,2,1,20,1,1,1,3,11,1,.. ] be
the continued fraction of 7. We choose M := 2 x 10%*® which is the upper bound on n.
By Mathematica, we find out that the convergent

D Pss 3123049185137266854491675319812527194766363593581

(A,B) = (36,«) or (9,3).

¢ gss  12201370578769620000479260876419428374896633408344
is such that ¢ = ¢ggg > 6 M. Furthermore, it yields € > 0.394, and therefore either

1 1
ny < log(369/2) <416, or m—m; < log(%g/)
log o log 3
In the case I' < 0, we consider the inequality

6
m <10g3> —n+ IOg(]./(Z) < max{ a af(nfnl)’ 9 . 3(m’ml)}

log o log o log o log o

n— < 105.

< max{64a~" (""" 15.37(m=my
We then apply Lemma [T] with the data

_log3  log(1/a) B
T 10g0[7 - loga ? (A’B) - (64,0{)7 or (15,3)
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Let 7 = [ap;a1,a2,...] = [3;4,4,1,1,4,4,9,11,2,7,4,2,4,2,1,1,1,1,2,1,1,16,1,...] be
the continued fraction of 7. Again, we choose M = 3 x 10%®, and in this case the
convergent p/q = pg1/qo1 is such that ¢ = qo1 > 6M. Further, this yields ¢ > 0.394, and
therefore either
oy < log(644/¢) _ 416 Cor m—my < log(15¢/¢)
log o log 3
These bounds agree with the bounds obtained in the case I' > 0. As a conclusion, we
have that either n —ny < 416 or m — my < 105 whenever I' # 0.
Now, we distinguish between the cases n —ni < 416 and m —my < 105. First, we assume
that n — n; < 416. In this case we consider the inequality for Ay, and also assume
that m — mq < 20. We put

n — < 105.

Iy =nyloga —mlog3 +log (a(a" ™ —1)) .
Then inequality implies that

|F1| <

3m—my :
If we further assume that I’y > 0, we then get
log o log(a(a™™ — 1)) 6 6
0 — ) - .
=m <log3> m log3 < Tog3)3m—m = 3m—mi
Again we apply Lemma [I] with the same 7 as in the case I' > 0. We use the 88-th

convergent p/q = pss/qss of 7 as before. But in this case we choose (4, B) := (9,3) and
use

_ log(a(a! — 1))

a log 3

)

instead of p for each possible value of [ :=n —n; € [1,2,...,416]. For all values of I, we
get € > 9.9954 x 1078, Hence by Lemmal[l] we get

log(9
m—my < 280U g
log 3
Thus, n — nqy < 416 implies that m — mq < 110. A similar conclusion is reached when
I'y <0.
Now let us turn to the case m —m; < 105 and we consider the inequlity for As, . We

put
Ty = nloga — mylog 3 +log(a(3™™ — 1)),

and we also assume that n — n; > 20. We then have

208
|F2| < g
[0 1
We assume that I's, then we get
1 1 gm—m — 1 3ab 106
0 <n cea -m og(al ) < c < .
log 3 log 3 (log 3)an—m an=m

We apply again Lemma with the same 7, ¢, M, (4, B) := (106, ) and

_ log(a(3' -~ 1))

for k=1,2,...,105.
log3 or ,2,...,105
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We get € > 7.7434 x 10~ !, therefore

n—n < M < 464.
log o
A similar conclusion is reached when 'y < 0. To conclude, we first get that either
n—mny <416 or m—my < 105. If n —n; < 416, then m —mq < 110, and if m —my < 105
then n—mny < 464. Thus, we conclude that we always have n—n, < 464 and m—m; < 110.

Finally we go to the inequality of As, (22). We put

ala™—m — 1)) |

Iy = nlloga—mllog3+log< gm—mi _ |

Since n > 500, the inequality implies that

3 3ab
T3] < — =
@ e
Assuming that I's > 0, then
log o log(a(a® —1)/(3" — 1) 308 116
0 — i
<M <log3> mt log 3 < (log 3)a™ S o

where (k, 1) := (n—n1, m—m,). We again apply Lemmawith the same 7, ¢, M, (A4, B) :=
(116, ) and
log(a(a® —1)/(3" = 1)

for 1<k<464, 1 <1< 110.
log 3

Hi,l =

For these cases, we get € > 4.579572 x 10719, so we obtain

log(116
n < 08(116g/2) oo
log o
A similar conclusion is reached when I's < 0. Hence, n < 500. However, this contradicts

our working assumption that n > 500. This completes the proof of Theorem
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