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Abstract

In this paper we define a priori what is a natural two-dimensional model for a time-
dependent flexural shell. As expected, this model takes the form of a set of hyperbolic
variational equations posed over the space of admissible linearized inextensional
displacements, and a set of initial conditions. Using a classical argument, we prove
that the model under consideration admits a unique strong solution. However, the
latter strategy makes use of function spaces which are not amenable for numerically
approximating the solution. We thus provide an alternate formulation of the studied
problem using a suitable penalty scheme, which is more suitable in the context of
numerical approximations. For sake of completeness, in the final part of the paper,
we also provide an existence and uniqueness theorem in the case where the linearly
elastic shell under consideration is an elliptic membrane shell.

Keywords
Linearly elastic flexural shells, hyperbolic equations, penalty method, constrained
optimization, Galerkin method

1 Introduction

Flexural shells are widely used in many applicative fields such as physics,
engineering and material science. Some remarkable applications involving the
usage of such shells are: reinforced oil palm shell and palm oil clinker concrete
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(PSCC) beam [1], smart composite shell panels [2], functionally graded spherical
shell panel [3], anisogrid lattice conical shells [4], and reinforced Eco-friendly
coconut shell concrete [5]. Because of its wide range of applications, the theory of
flexural shells is one of the most important branches in Mathematical Elasticity.

Unlike the static case, which was addressed by Ciarlet and his associates in
the references [6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [18], there
are very few reference about the time-dependent case. In this direction we cite,
for instance, the papers [19] and [20].

To our best knowledge, there are no references that treat the existence and
uniqueness of solutions for the dynamics of flexural shells with mathematical
rigour.

In Section 2 we present some geometrical and analytical background; in
Section 3 we formulate the problem describing the displacement of a flexural
shell when it is subjected to a dynamic load; in Section 4 we prove the sought
existence and uniqueness result by relying on classical arguments that, however,
are not amenable for the implementation of a numerical scheme of the solution;
in Sections 5 and 6 we prove the existence and uniqueness of solutions using a
penalty scheme, which is easier to treat in a context of numerical simulations;
finally, in Section 7, we provide an existence and uniqueness theorem in the case
where the linearly elastic shell under consideration is an elliptic membrane shell.

2 Geometrical preliminaries

For details about the classical notions of differential geometry recalled in this
section see, e.g., [21] or [22].

Greek indices, except € and v, take their values in the set {1,2}, while Latin
indices, except when they are used for indexing sequences, take their values in
the set {1, 2,3}, and the summation convention with respect to repeated indices
is systematically used in conjunction with these two rules. The notation E®
designates the three-dimensional Euclidean space; the Euclidean inner product
and the vector product of u,v € E? are denoted u - v and u A v; the Euclidean
norm of w € E? is denoted |u|. The notation ¢/ designates the Kronecker symbol.

Given an open subset  of R™, notations such as L*(Q), H™(Q), or H*(Q),
m > 1, designate the usual Lebesgue and Sobolev spaces, and the notation D(2)
designates the space of all functions that are infinitely differentiable over 2 and
have compact support in €. The notation |[|-|| y designates the norm in a normed
vector space X. The dual space of a vector space X is denoted by X* and the
duality pair between X* and X is denoted by x-{-, ) x. Spaces of vector-valued
functions are denoted with boldface letters. Lebesgue-Bochner spaces defined
over a bounded open interval I (cf. [23]), are denoted LP(I; H), where H is a
Banach space and 1 < p < co. The notation H||OQ designates the norm of the
Lebesgue space L%(Q), and the notation [|-||, o, designates the norm of the
Sobolev space H™ (), m > 1. The notation ||-|7|LP(I;H) designates the norm of
the Lebesgue-Bochner space LP(I; H). The notations 7 and 7j denote the first
weak derivative with respect to t € I and second weak derivative with respect
to t € I of a scalar function 1 defined over the interval I. The notations 1 and )
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Paolo Piersanti 3

denote the first weak derivative with respect to ¢t € I and second weak derivative
with respect to t € I of a vector-valued function 7 defined over the interval I.

A domain in R™ is a bounded and connected open subset 2 of R™, whose
boundary 912 is Lipschitz-continuous, the set  being locally on a single side of
o0f.

Let w be a domain in R?, let y = (y,) denote a generic point in w, and let
Do := 0/0yq and dpp := 0%/0y,0ys. A mapping 0 € C' (w; E?) is an immersion
if the two vectors

aa(y) = 0a8(y)

are linearly independent at each point y € @. Then the image 0(w) of the set w
under the mapping 8 is a surface in E3, equipped with 3,y as its curvilinear
coordinates. Given any point y € w, the vectors a,(y) span the tangent plane
to the surface 8(w) at the point O(y), the unit vector

_ai(y) A
W)= A

is normal to 8(w) at O(y), the three vectors a;(y) form the covariant basis at
0(y), and the three vectors a’(y) defined by the relations

a’(y) - ai(y) = o}

form the contravariant basis at 8(y); note that the vectors a’(y) also span the
tangent plane to 8(w) at O(y) and that a®(y) = as(y).

The first fundamental form of the surface 6(w) is defined by means of its
covariant components

Uop 7= Qg - ag = agy € C°(@),
or by means of its contravariant components
a®? = a®-a’ =’ c C°@).

Note that the symmetric matrix field (a®?) is the inverse of the matrix field
(aap), that @® = a*?a, and a,, = aaﬂaﬁ, and that the area element along 0(w)

is given at each point 8(y), y € @, by v/a(y) dy, where
a = det(aqs) € CO(@).

Given an immersion 0 € C?(w; E3), the second fundamental form of the surface
0(w) is defined by means of its covariant components

bag = 6aa5 a3z = —ag - Oaaz = bpa € Co(w)v
or by means of its mized components

b2 = a by, € CO(@),
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and the Christoffel symbols associated with the immersion 8 are defined by
Iop=0aap-a’ =TG, € C'(@).

The Gaussian curvature at each point 0(y), y € w, of the surface O(w) is
defined by

() o de10003(0)

det(aas(y))

(the denominator in the above relation does not vanish since € is assumed to
be an immersion). Note that the Gaussian curvature x(y) at the point 6(y) is
also equal to the product of the two principal curvatures at this point.

A surface 8(w) defined by means of an immersion 8 € C?(w; E3) is said to be
elliptic if its Gaussian curvature is everywhere > 0 in @, or equivalently, if there
exists a constant kg such that

= det (b2 (y))

0<ko<k(y) foralyecw.

Given an immersion 8 € C?(w; E?) and a vector field n = (n;) € C!(w; R?), the

vector field
7 i= mia’

can be viewed as a displacement field of the surface 0(w), thus defined by
means of its covariant components n; over the vectors a’ of the contravariant
bases along the surface. If the norms |[7;[|¢1 ) are small enough, the mapping
(0 + mia®) € CY(w; E?) is also an immersion, so that the set (6 + n;a’) () is also
a surface in E3, equipped with the same curvilinear coordinates as those of the
surface 8(w), called the deformed surface corresponding to the displacement
field 1) = m;a’. One can then define the first fundamental form of the deformed
surface by means of its covariant components

aap(n) = (aq + 0aMn) - (ag + 9N),

and the second fundamental form of the deformed surface by means of its
covariant components

(a1 + 6177) A (a2 + 82’77)
(a1 + 81’fl) A (a2 + 8277))|

bap(m) :== Oalap + 0p7) - \

1
The linear part with respect to 7 in the difference i(aaﬁ (n) — aqp) is called

the linearized change of metric tensor associated with the displacement field
n;a’, the covariant components of which are then given by

1 . _
Yap(M) = 5 (@a - 957 + Oat - ap)

1 o
=;%%+%%%Twm—%MFWMM)
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The linear part with respect to 7 in the difference (byg(n) — bapg) is called
the linearized change of curvature tensor associated with the displacement field
n;a’, the covariant components of which are then given by

Pas(n) = (Oapf — T 50,M) - as
= Dapnz — I'0p0013 — bZbopn3
+b3.(08m0 — Tiomr) + b5(0anr —T0r10)
+ (0abj + 10505 — I'25b7)0r = ppa(n).

Let us now define the time-dependent version of the linearized change of
metric tensor y,g. Consider the operator

Fap : L2(0,T; HY(w) x H (w) x L*(w)) — L*(0,T; L*(w)),
defined by
Fas(M)(t) = Yap(n(t)) for all n € L*(0,T; H' (w) x H' (w) x L*(w)),

for almost all (a.a. in what follows) ¢ € (0,T).
Let us show that the definition is well-posed, i.e., that for each =7 in
L?(0,T; HY(w) x HY(w) x L?*(w)) the following integral

T
jﬁ s (M (12, dt,

is finite.
Clearly, va5(n(t)) is in L?(w), for a.a. t € (0,T). Observe also that

T T T
A|mmmwmww=4\mmmmﬁwwscéumm@mwmwwm@%

where the constant C' is uniform with respect to ¢, since it depends only on the
Christoffel symbols and the second fundamental form of the surface 0(w).

The operator 7,4 is clearly linear. Indeed, for each &, i in L?(0,T; H' (w) X
H'(w) x L?(w)), we have that

Yo (€ +)(t) = Yap(€(1) +Yas(n(t) = (Yas(§) + Yas(M))(1),
for a.a. t € (0,T). The fact that Y,p(cn) = cap(n), for all c€ R and all
n € L*(0,T; H (w) x H'(w) x L?(w)), is straightforward.
The operator 7,3 is continuous. Indeed, for each n in L?(0,T; H'(w) x
H'(w) x L?(w)), we have that
T
1Fas (M1 220,722 (w)) :/0 Ve (n(t))II5.. dt

S COlnllz20,1:H () x H (w) x L2 (w))
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where, again, the constant C' > 0 is uniform with respect to ¢.
The terminology “analogue” for the linear and continuous operator .4 is
justified by the fact that

Fas (M) = Yap(n) for all n € H'(w) x H'(w) x L*(w) independent of ¢.

We can similarly define the time-dependent version of the linearized change
of curvature tensor p,z. Consider the operator

Pop : L*(0,T; H (W) x H' (w) x H?*(w)) = L*(0,T; L*(w)),
defined by
Pas(M)(t) := pap(n(t)) for all p € L*(0,T; H' (w) x H' (w) x H*(w)),

for a.a. t € (0,T). This operator is clearly well-defined, linear, and continuous.
Moreover, for all n € H'(w) x H'(w) x H?(w) independent of ¢, we have

Pap (77) = Pap (77)

3 A natural model for time-dependent flexural shells

Let w be a domain in R? with boundary 7, and let 7o be a non-empty relatively
open subset of 7. Let I be an interval of the form (0,7"), with 7' < oo.
For each ¢ > 0, we define the sets

O :=w x |—eg,e] and 'Y :=w x {£e},

we let x° = (%) designate a generic point in the set Qf, and let 95 := 9/0x¢.
Hence we have x5, = y, and 05, = 0,. Define, also, the set

Tg =70 X [—¢,¢],

which is thus a subset of the lateral face of the undeformed reference
configuration.

In all that follows, we are given an injective immersion 6 € C3(w;E3) and
€ >0, and we consider a shell with middle surface 8(w) and with constant
thickness 2e. This means that the reference configuration of the shell is the set
©(9Q¢), where the mapping © : Q¢ — E3 is defined by

O(x°) := O(y) + 25a>(y) at each point 2° = (y,x5) € Q°.

Note that the injectivity assumption is made here for physical reasons, but
that is otherwise not needed in the proofs. One can then show (cf. Theorem 3.1-
1 of [21] or Theorem 4.1-1 of [22]) that, if the thickness € > 0 is small enough,
such a mapping © € C?(Q¢;E3) is a C?-diffeomorphism from Q¢ onto ®(Q¢),
hence is in particular an injective immersion, in the sense that the three vectors

g5 (2°) = 0O (a)
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are linearly independent at each point 2° € QFf; these vectors then constitute
the covariant basis at the point ©(z¢), while the three vectors g/¢(z¢), defined
by the relations _

g% (a%) - g7 (2°) = 4],
constitute the contravariant basis at the same point.

It will be implicitly assumed in what follows that the immersion 6 €
C3(w; E3) is injective and that € > 0 is small enough so that © : QF — E? is
a C2-diffeomorphism onto its image.

We henceforth assume that the shell is made of a homogeneous and isotropic
linearly elastic material and that its reference configuration @(¢) is a natural
state, i.e., is stress free. As a result of these assumptions, the elastic behavior of
this elastic material is completely characterized by its two Lamé constants A > 0
and pu > 0 (see, e.g., Section 3.8 in [24]). The positive constant p designates the
mass density of the shell per unit volume.

We also assume that the shell is subjected to applied body forces whose
density per unit volume is defined by means of its contravariant components
[ € L*°(0,T; L*(QF)), i.e., over the vectors g of the covariant bases; to
applied surface forces whose density per unit area is defined by means of its
contravariant components h* € L>(0, T; LQ(I‘Er UT<)),i.e., over the vectors g5
of the covariant bases; and to a homogeneous boundary condition of place along
the portion I' of its lateral face, i.e., the admissible displacement fields vanish on
I's. For a.a. t € (0,T), we can thus define the contravariant components p»©(t)
of the vector p¢ = (p»¢) over the vectors a; of the covariant bases by

poe(t) i= {/_E fo5(t) da§ + hff(t) + hm(t)} € L?(w) for a.a. t € (0,T),

where h'°(t) := h¥<(t)(-, +¢) € L2(w), for a.a. t € (0,T).
Define the space

V(W) :={n=(m) € H (w) x H'(w) x H*(w);n; = Bz = 0 on 7},

where the symbol 0, denotes the outer unit normal derivative operator along ~.

The space V i (w) is the one used for formulating the two-dimensional equations

governing Koiter’s model (see the series of papers [25], [11], [18] and [17]).
Define the norm || - ||y () by

1/2
[0l ) = {Z nall¥ . + ||n3||§,w} for each n = (1;) € Vk (w),

Next, we define the fourth-order two-dimensional elasticity tensor of the
shell, viewed here as a two-dimensional linearly elastic body, by means of its
contravariant components

afor . _ 4/\/’L

= QMaO‘Ba” +2u (a(waﬁT + aO‘TaB”) .
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Following the terminology proposed in Section 6.1 of [21], a linearly elastic
shell is said to be a flexural shell if the following two additional assumptions
are satisfied: first, length~yg > 0 (an assumption that is satisfied if o is a non-
empty relatively open subset of v, as here), and second, the following space of
admissible linearized inextensional displacements:

Vew):={n= () € H (v) x H'(w) x H*(w);
7, = 0ym3 =0 on v and v,3(n) =0 in w},

contains nonzero functions, i.e.,

Vp(w) # {0}.

Classical examples of flexural shells are, for instance, cylindrical shells, conical
shells and plates (see, respectively, Figures 6.1-1, 6.1-2, and 6.1-3 of [21]).
To begin with, we state a crucial inequality that holds for general surfaces.

Theorem 3.1. Letw be a domain in R? and let 6 € C3(w; E?) be an immersion.
Let o be a non-empty relatively open subset of v. Define the space

V(W)= {n=(n) € H'(w) x H'(w) x H*(w);n; = dyns = 0 on 7o}

Then there exists a constant ¢ = c(w,7o,0) > 0 such that

1/2
{Z IallZ. + ||n3||%,w} < { S s e + 3 ||paﬂ<n>||aw}
a a,f3 a,fB

for allm = (n;) € Vg(w).

The above inequality, which is due to Bernadou & Ciarlet [26] and was later
improved by Bernadou, Ciarlet & Miara [27] (see also Theorem 2.6-4 of [21]),
constitutes an example of a Korn inequality on a general surface; it constitutes a
“Korn inequality” in the sense that it provides a basic estimate of an appropriate
norm of a displacement field defined on a surface in terms of an appropriate norm
of a specific “measure of strain” (here, the linearized change of metric tensor
and the linearized change of curvature tensor) corresponding to the displacement
field under consideration.

A natural formulation of a set of time-dependent two-dimensional equations
(“two-dimensional”, in the sense that they are posed over the two-dimensional
subset w) can be derived by slightly modifying the model proposed by Xiao in
the paper [20], where time-dependent Koiter’s shells are studied.

Let us introduce the problem P%(w), which constitutes the point of departure
of our analysis.

Problem P%(w). Find a vector field ¢ = (¢5) : (0,T) — V p(w) such that
¢° e L0, T;VEr(w),
¢ € L¥(0.T5 L2 (w)),
¢ eL™(0.T;Vi(w),

1/2
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that satisfies the following variational equations

d? 3 .
2 [ Giomvady+ 5 [ a7 e (€ ()pantn)Vady = [ 5 (mvady,

for all m=(n;) € Vp(w), in the sense of distributions in (0,T), and that
satisfies the following initial conditions

Cs(o) = CO?
Ce(o) =<y

where ¢y € V p(w) and ¢ € L*(w) are prescribed.

(1)

We say that ¢° is a weak solution of Problem P%(w) if
¢ e L=(0,T;Vr(w)),
¢ e L¥(0.T: L)),
{ e LX(0, T VW),
if ¢° satisfies the variational equations of Problem P%(w) in the sense of

distributions in (0,7), and also satisfies the initial conditions (1).
We say that ¢° is a strong solution of Problem P%(w) if

¢" e ([0, 7] Vp(w) NCH([0,T); L*(w)),

if ¢° satisfies the variational equations of Problem P%(w) in the sense of
distributions in (0,7), and also satisfies the initial conditions (1).

We recall a very important inequality which is used to study evolutionary
problems: Gronwall’s inequality (see the seminal paper [28] and Theorem 1.1 in
Chapter IIT of [29]).

Theorem 3.2. Let T >0 and suppose that the function y:[0,T] = R is
absolutely continuous and such that

%(t) <a(t)y(t) +b(t), fora.a.te (0,7T),

where a,b € L1(0,T) and a,b > 0 for a.a. t € (0,T). Then, it results

t
y(t) < {y(O) —|—/ b(s) ds] eloals)ds  forall t € [0, T7.
0

4 Existence and uniqueness of solutions of Problem P%.(w):
Classical approach

The proof of existence and uniqueness of strong solutions of Problem P% (w) can

be straightforwardly obtained by implementing the same strategy as in Section 6

of Chapter 1 of [30]. In all what follows, the symbol “—” denotes a continuous
embedding, while the symbol “—»<” denotes a compact embedding.
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Theorem 4.1. Problem Pi(w) admits a unique strong solution (° €
CO([0,T]; Vip(w)) N CH([0, T]; L* (w)).-

Proof. Define "
Hp(w) :=Vpw) =
and let us observe that it is a closed subspace of L2(w). Indeed, given any n,
& € Hp(w), there exist sequences (1,,)7>, and ()72, both of them in V g (w),
such that
n, —n, inL*w)ask— oo,

& — €& in L*(w)as k — oo.
Let us now consider the sequence (YX)52,, where
Y, :=mn,+&, foreachk>1,

and observe that (Y)7° , is contained in V' p(w), since the constraints appearing
in the definition of the space V g(w) are linear. Hence, we have

Y. — (n+€), inL*(w)ask — oo,

which shows that the element (1 + &) belongs to H p(w). Likewise, it can be
shown that, given any o € R and any 1 € H p(w), it results (am) € Hp(w).

It can also be observed that the following chain of embeddings holds if we
identify H p(w) with its dual (see, e.g., Lemma 6.8 on page 74 of [30])

Vi(w) o= Hp(w) 5> Vi(w).

Since V p(w) is clearly dense in H p(w) with respect to the norm || - [|z2(.,
we are in a position to apply Theorem 8.2-2 of [31] and infer the existence and
uniqueness of strong solutions of Problem P% (w). This completes the proof. [

The proof presented above is straightforward and resorts to classical results.
However, in the context of the implementation of numerical schemes, the
involved function spaces are not amenable for the construction of a finite element
basis. We recall, indeed, that it is often very complicated to construct a finite
element basis within a function space bearing a constraint.

5 Penalty scheme for the considered problem

To fix the ideas, from now onward, we identify L?(w) and L*(w) with their
respective dual spaces, and we equip them with the following inner products

(0,€) € 12(w) x [*(w) - / nevady,
(T],tf) c LQ(OJ) X L2(w) — / 77151\/6(13/
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The main difficulty arising when studying the existence and uniqueness of
weak solutions of the time-dependent flexural shell model presented in Section 3
is that the space V p(w) is not, in general, dense in L?(w). This prevents abstract
spectral theory from being applied (see, for instance, Theorem 6.2-1 of [31]). A
possible way to overcome this difficulty consists in adapting the penalty scheme
described in Chapter II, Section 4 of [32] (see also [33]) to formulate an alternate
problem posed over the function space V g (w), which does not take into account
the constraint appearing in the definition of the space V p(w).

Observe first that V g (w) is dense in L?(w) and that

Vi) =< LQ(w) > Vi (w).

Let k > 0 denote the penalty parameter and let us introduce the corresponding
“penalized” problem P, (w).

Problem Pj, (w). Find a vector field ¢, = ((f,.) : [0,T] = Vg (w) such that
¢x € C([0, T]; Vi (w)) N CH([0, T]; L* (w)),

that satisfies the following variational equations

2¢ p@/cm (t)mivady + g/ a*?77 por (€1 (1)) pas(m)Va dy

w

1 )
1 [ @ @O astmVady = [ o @mvad,
for all n € Vg (w), in the sense of distributions in (0,T), and which satisfies

the initial conditions (1).
]

We say that ¢, is a weak solution of Problem Pf, , (w) if

¢ € L0, TV g(w)),

K

¢ € L=(0,T; L (w)),

e

Co € L7(0,T; Vg (w)),

if ¢, satisfies the variational equations of Problem Pf , (w) in the sense of
distributions in (0,7, and also satisfies the initial conditions (1).
We say that ¢, is a strong solution of Problem Pf,  (w) if

¢r € C([0, T]: Vi (w)) N CH([0, T]; L* (w)),

if ¢, satisfies the variational equations of Problem Pf , (w) in the sense of
distributions in (0,7), and also satisfies the initial conditions (1).
For each x > 0, let us define the bilinear form a, : Vi (w) X Vg(w) = R by

3

0n&m) =5 [ @ o ©pupmVady + [ a5 (©rap(m)Vady.
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The bilinear form a (-, -) is continuous over the space V i (w), i.e., there exists
a constant C,, > 0, which depends on &, such that

|ax (&) < Call€llv i) [llv (), for all §n € Vi(w).

For k > 0 sufficiently small (recall that the small parameter € > 0 is fixed),
the uniform positive-definiteness of the elasticity tensor of the shell (a®?77) (cf.
Theorem 3.3-2 of [21]) and Korn inequality on a general surface (Theorem 3.1)
give the existence of a constant ¢ > 0 such that

63 apoT 1 apoT
ax(n,m) = §/a o paT(n)paﬁ(n)x/c?dyﬂLg/a BT g (M) Vaps(n)Va dy

3
£
= Y AllpasIf o + as (M}
a,p

Zc{zo;lnal

for all n € V g (w), namely, the bilinear form a,(-,-) is V g (w)-elliptic.
We first prove, by Galerkin method, that Problem P%’n(w) admits a unique
strong solution.

: ||773||5,w} |

Theorem 5.1. Problem Pp, (w) admits a unique strong solution ¢ €
CO([0, T]; Vi (w)) N ([0, T]; L*(w)).

Proof. (i)Construction of Galerkin approzimation. Observe that the space
V k(w) is an infinite-dimensional and separable Hilbert space. Therefore, by
Theorem 6.2-1 of [31], there exists an orthonormal Hilbert basis (w*)2, of
the space L?(w) which also constitutes an orthogonal Hilbert basis of the space
VK(UJ).

For each positive integer m > 1, let us denote by E™ the following
m-~dimensional linear hull

E™ := Span (w")j; C Vg (w) C L*(w).

Since each element of the Hilbert basis (w*)2, is independent of the time

variable ¢, we have w* € L>(0,T; V i (w)), for each integer 1 < k < m. We now
discretize Problem Pf  (w) and, in order to keep the notation simple, we drop
the dependence of the vector fields entering the variational equations on the
parameters x and €. Let us observe that, the duality pair between E™ and its
dual coincides with the inner product of L*(w) defined in Section 2.

For each positive integer m > 1, the “penalized” discrete problem
corresponding to Problem Pj,  (w), that we denote by Py (w), amounts to:

Problem Py (w). Find functions cy, : [0,T] = R, 1 <k < m, such that

¢ () = ch(t)wk, for a.a. t € (0,7),
k=1
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which satisfies the following variational equations in the sense of distributions
n (0,T), for each integer 1 <p <m

2pe° / ¢ (Hywlvady

3
+ 5 [ a7 () pan(w?)Vady

41 / T (™ () s (w?) Va dy

K
— [ eurvaa,
and for which the following initial conditions hold:
¢m(0) = ¢, o)
¢ (0) =¢"
where initial data (' and 7' are, respectively, the projections of ¢, and ; onto

the finite dimensional space E™. |

We immediately observe that the projections of ¢, = (¢;0) and ¢; = (1)
onto E™ can be expanded as follows (cf. Theorem 4.9-1 of [34])

Co = Z </ Giows Vady + / OaCi00awf vady + / 5aﬁ§3,oaaﬁw§\/5dy) w,
k::l w w w

¢ = Z </ Ci,lwf\/&dy) w",
k=1 W

so that ¢{' — ¢y, in Vg (w) and ¢" — ¢, in L (w).

Since the elements of the Hilbert basis do not depend on the time variable
we can take the coefficients ¢; as well as their derivatives ¢, and é; outside the
integral sign. This gives, for each 1 < k < m, the following second order linear
ordinary differential equation with respect to the variable ¢

263 iy, (1) + a (w", wF)ey(t) = /pi’e(t)wf\/&dy,

w

e (0) = / Gowkv/ady + / D 0Dt /@y + / D Co.00ms i v/a dy,
ék(o)z/@,lwf\/ady-

Such an ordinary differential equation admits a unique solution, which clearly
depends on the parameters x and .

(ii) Energy estimates. Let us multiply the variational equations in
Problem Pp'(w) by ¢x(t) and sum with respect to k varying in the
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set {1,...,m}. As a result, we obtain that the variational equations in
Problem P57 (w) take the form

ol | G ovaay
3

ced / a7 0 (€™ (1)) s (€™ (1)) Va dy

6 dt
X (3)
ot 0T (" ) s (€T () Vady
-/ pfﬁ(t)czn(w&dy,

for a.a. t € (0,T).
Carrying out an integration over the interval (0,¢), where 0 <t <T,
changes (3) into

et [ Griairovaay

+f/ 597 Do (¢ (1)) s (€™ (8))Va dy

+f/ BT (G ()Y (€™ (1) Va dy
P / icvady + 5 / 0T g (¢ (0))pas (¢ (0))Va dy
T / 077 0 (€™ (0))70s (€™ (0))vVa dy

2K
t
+ /p fdydr
0 w
< 0N B + / / (Wadydr+Cl¢ol3 o

L / AT, (€™ (0))Yas(¢™ (0))va dy.

Since each p¢ is in L>(0,T; L*(w)), an application of Cauchy-Schwarz
inequality gives

/ / fdydr<(/Tnpw)niz(w)dt) (/ 1™ ||sz)dr)l/2
1(/ ||P()||sz)dt+/||c O dT>-

An application of Holder’s inequality gives
% ) P77y (¢™(0) 705 (¢ (0)Vady < Z 705 (Co 3 -
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By virtue of the uniform positive-definiteness of the elasticity tensor of the
shell (a®?°7), and Korn inequality on a general surface (Theorem 3.1), for each
integer m > 1, there exists a real constant C' > 0 independent of ¢™ (and so
independent of ¢, m and k) for which the following estimate holds true

1(,.m .
S Ol + 1€ O+ T s O
< N€allz ey + 1PN oo 0,722y HIC0 e () + - Z 17ap (oD
a,p
) / o™ ()R dr

b [ {1 O H1E 0} ar

An application of Gronwall’s inequality (Theorem 3.2) with a = C > 0 and

~ & 1 m
= (16100 + I Bz 1ol i + = 3 oG ) 20
a,B

gives the following upper bound

too
LI Ol + 167 } dr+ Z/ s (™ (P30 dr

< cTeCT{mluiz(w) T TR PN A ()
1 m
#2 3 haaeIR.
a,B

for all ¢ € [0, T]. Observe that such an upper bound admits an ulterior uniform
upper bound with respect to m, being {, € V p(w).
Therefore, we obtain that

(¢™)o°_; is uniformly bounded with respect to m in L*(0,T;V g (w)),
(¢™)22_, is uniformly bounded with respect to m in L=(0,T; L?(w)).

Moreover, by (4), there exists a constant L > 0, independent of m, x and ¢,
such that

0 < IFas (€™ Z20.iz2wy < Lot Y 1756517 w- (6)
o,

Since the following direct sum decomposition holds

Vik(w)=E"a (E™*
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and since ¢ (t) € E™, the variational equations of Problem Pz (w) give the
existence of a constant C,, > 0, independent of m and ¢, such that

(t)nm/@dy’ < Cr (1Pl 22 0, 7:12()) + 1€ | Lo 0,13V ik ())) 5

for any n € Vg (w), with [[n]lv () <1, and a.a. t € (0,7). As a consequence
of (5) we have

Its 2o (0,7:v% () < Ch- (7)
(iil) Passage to the limit and retrieval of Problem Pg , (w). By (5) and (7), we

can infer that there exist subsequences, still denoted (¢™)%°_,, (¢")%°_, and
(Cm)?f;:l such that the following convergences take place:

¢™ S¢S, in L°(0,T; Vg (w)) as m — oo,

"5 EL I L(0,T; LA (w)) as m — oo, (8)

CMAE i L(0,T; Vig(w)) as m — .

Observe that, by Corollary 8.18 of [23], the following convergence also holds
¢™ ¢, in L*(0,T; Vg (w)) as m — oo,

the space V i (w) being reflexive.
By Sobolev embedding theorem (Theorem 10.1.25 of [35]), we obtain

¢m = ¢s, in €0, T]; LA (w)), )
"¢, im0, T] Vi (w)).

We now verify that {5 is a weak solution of the variational equations of
Problem Py, (w). Let ¢ € D(0,7') and let > 1 be any integer. For each m > p,
the variational equations of Problem Py (w) give

206° / [ & omvaayi a
+ < / / 0BTy (C(1)) P ()@ dyab(t) dt
= / / a0 (¢ (1)) Yo (1)@ dyb(£)

/ / (t)niva dy(t) dt
for all ; € E*.

Consider the real-valued mapping

(10)

£ € L2(0,T: V(W) / [ a7 o €O (m)Vadyi e at

K

4L / / 075 () (E)Yas () /@ dyeb (2) it
0 w
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and observe that it is linear and continuous, as a consequence of the linearity
and continuity of p,5 and Y4s.
The convergence process (8) thus gives

T
jﬂ jfcfwhfpaT " (1)) pas (M) Va dyib(t) dt
+%A./mwwhmwm%amwwwww
T
:/0 /aaﬁ”ﬁw ")) pas(m)Vadyy(t)dt
T
+l/!/wwwMW%m%amwmwww
—)/ / Oéﬁ(ﬂ—ptﬂ' ))paﬁ( )fdyw()
/’/ APy (CE (1) o (M) Va dyeb (1) i

Observe, also, that the following density holds

———lvgw

U e~ = Vi(w),

p2>1

As a result, keeping in mind the convergence processes (8) and (11), and
letting m — oo in (10) gives that ¢£ is a solution of the following variational
equations

2pe® V}(<Ci() MV s (w)

+ 5 [ a7 por (G0 paa(m)Vady

1
=l

K w
/p”(t )miv/ady,
for all € Vg(w), in the sense of distributions in (0,7). Since (5(¢) €
Vi(w) for a.a. t € (0,T) and since € Vg(w) is independent of the time

variable ¢, two consecutive applications of the integration by parts formula (cf.
Corollary 10.1.26 of [35]) give

por(C
OBUT’YUT ))’Vaﬂ( )fdy

S [ Gelmvady = v €0y for nat € 0.7),

showing that (j satisfies the variational equations of Problem P, (w) in the
sense of distributions in (0, 7).

The last thing that we have to check is the validity of the initial conditions
for (5.
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Let us introduce the operator Lg : C°([0,T]; L?(w)) — L*(w) defined in a
way such that Lo(n) := n(0). Such an operator Ly turns out to be linear and
continuous and, therefore, by the first convergence of (9), we get that

o' =¢"(0) = ¢L(0),  in L*(w).

Since ¢(' — o in Vg (w), we deduce that ¢.(0) = ¢,.

Let us introduce the operator Ly : C°([0,T]; Vi (w)) = Vi (w) defined in a
way such that L;(n) := n(0). Such an operator L; turns out to be linear and
continuous and, therefore, by the second convergence of (9), we get that

¢ =¢"0) = L(0), i Viw).

Since ¢ — ¢, in L*(w), we deduce that ¢ (0) = ¢,. The existence of a weak
solution of Problem P, (w) has thus been shown.

(iv) The weak solution . is actually strong and uniquely determined. Recall
that the bilinear form a(+,) is symmetric, continuous, and V g (w)-elliptic and
that the space V g (w) is continuously and densely embedded in L?(w). We are
thus in a position to apply the same procedure presented in Theorem 8.2-2
of [31].

Let us also observe that the convergence ¢™ — ¢, in C°([0,T]; V i (w)) gives

Fap(C™) = Fap(CR),  in L*(0,T; L*(w),
and so, by (6) and the fact that {, € V p(w), the following energy estimate
1Yas(CllL2(0,7502(w)) < VL. (13)

This completes the proof. O

Noticeably, unlike Section 4, the existence and uniqueness of weak solutions
for Problem P%(w) cannot be directly carried out via Galerkin method, since
the space V p(w) is not, in general, dense in L*(w). This fact prevents us from
applying Theorem 6.2-1 of [31].

6 The main result: Existence and uniqueness of solutions of
Problem Pf.(w)

We are now ready to prove the main theoretical result of this paper: the existence
and uniqueness of weak solutions of Problem P (w).

Theorem 6.1. Problem P5%(w) admits a unique weak solution ¢°.

Proof. (i) Problem P%(w) admits a weak solution. By the energy estimates (4)
in Theorem 5.1 and the fact that {; € Vp(w), it can be easily observed that
there exists a positive constant ¢ = ¢({,, ¢, p°) such that

€2 2
(I 07,2200 + ICE B 0w oy | S €
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Let us consider, for a.a. 0 < t < T, the following partial differential equation
associated with Problem Pf , (w)

2008 (1) + ACH(H) + PG =7 (1), in Vic(w)

where the linear operator A : Vi (w) — Vi (w) defined by

e afor
Vi) <A£7n>VK(W) = § / a 7 Por(f)ﬂaﬁ("?)\/adya for all 5777 € VK((U),

is linear and continuous. Similarly, the operator P defined by

Vi @) (PEMV i (w) = / a*? er (E)Vap(m)Vady, for all €,n € Vi (w),

is linear and continuous. Besides, for all n € V p(w), we have

Vi () (PCoMv i (w) = 0.

As a result, the family (Ci)n>0 is uniformly bounded in L*(0,7T; Vi (w)).
Hence, up to passing to a subsequence, we get that the following convergence
process takes place

*
CE

K

K

€

5, inL*(0,T;Vk(w)) as k — 0,
¢ in L=(0,T; L*(w)) as x — 0, (14)
CL A E, in L®(0,T; Vip(w)) as & — 0.

)

By Sobolev embedding theorem (Theorem 10.1.25 of [35]), we have that

¢ — ¢, inC[0,T); L (w)),

E &, 0.1 VW), 15)

Let us recall that (see (13)), there exists a constant L > 0, independent of &
and ¢, such that
190 (Sl 20,7502 (w)) < VLK.

and observe that the convergence process (14) gives
Fap(CR) = Fap(C7), i L*(0, T3 L*(w)),
and so, by the energy estimate (13),
Y08 (C) L2 (0,7:02 (w)) < ligljgf 1¥as(Co)ll 220,752 (w)) = O

In conclusion, by the definition of 4,4, we get that v,s(¢°(¢)) =0 in w for
a.a. t € (0,7) and we can thus gain more insight into the regularity of ¢°, viz.,

() eVp(w), foraa. 0<t<T.
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Let us show that ¢© is a weak solution of Problem P%(w). We first show that ¢*
solves the variational equations of Problem P% (w) in the sense of distributions
n (0,7). For each ¢y € D(0,T) and each n € V p(w), the variational equations
of Problem P, (w) give

T

0 / 0077 por (G5 (8)) e (m)v/a dys(t) dt
T

/o / a7 o7 (5 (1) Yo (m)Va dyh (1) dt

1

R

/ aﬁUT’YGT(Ci(t))’yaﬁ(n)\/ady —0,

for all K > 0 and a.a. t € (0,T).
Consider the real-valued mapping

€cL*0,T;Vi(w —>/ / a7 por (€) () pas (m)Va dyb(t) dt

and observe that it is linear and continuous, as a consequence of the linearity
and continuity of pas.
The convergence process (14) thus gives

/ / AP P (CE(8)) pap(n)v/a dyeb(t) dt
/ / P77 o (C) () P (m)Va dyab (#) dt
. / / a7 0 (C(0) P (m)V/a dyap (1) dt

Since ¢* € L>®(0,T; V rp(w)) and since n € V p(w) is independent of the time
variable ¢, two consecutive applications of the integration by parts formula (see
Corollary 10.1.26 of [35]) give

S [ Onvady = v € Oy, Toraa e 0.7),

and we thus conclude that ¢* solves the variational equations of Problem P%(w)
in the sense of distributions in (0, 7).
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The last thing to check is the validity of the initial conditions for ¢°. Let
us introduce the operator L : C°([0, T]; L*(w)) — L*(w) defined in a way such
that Lo(n) := n(0). Such an operator turns out to be linear and continuous and,
therefore, by the convergence process (15), we get that

¢€a(0) = ¢ (0) = ¢y, in L*(w).

Let us introduce the operator L : C°([0,T]; Vi (w)) = Vi(w) defined in a
way such that L;(7) :=n(0). Such an operator turns out to be linear and
continuous and, therefore, by the convergence process (15), we get that

EL(0) = (0)=¢,  in Vi(w).

The existence of a weak solution of Problem P% (w) has thus been shown.

(i) The vector valued function ¢° is the unique solution of Problem P&(w).
Following the same strategy as for the wave equation (cf. [36]), let us show that
the only weak solution of the initial value problem

20e3C° (1) + ACS(t) =0, in Vi(w), foraa. 0<t<T,
¢*(0) =0, (16)
¢ =o,
is¢"=0.
To this end, for any fixed 0 < s < T, let us define the function

e@*{ﬁcqﬂd7’0<t<&

,s<t<T,

and observe that (cf., e.g., Theorem 8.13 of [23]) &€ € C°([0,T]; V r(w)). Define
the bilinear form Br : V g (w) X Vg (w) — R associated with the “flexural” part
by

3
B = [ @ pur €pasm)ady.

Since 66(0) =0 =&(s), an application of the integration by parts formula
(Corollary 10.1.26 of [35]) yields

[ {2 [ coéovan s e 0.6 a-o
Since £(t) = —¢5(t), for all 0 < ¢ < s, the latter formula becomes

/05 {2P53 /w CECE(H)Vady — BF(f(t),g(t))} dt = 0.

Another application of integration by parts formula (Corollary 10.1.26 of [35])
transforms the latter into

/Os % (,053||C6(t)|%2(w) — ;Bp(é(t),g(t))> dt =0,
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and the initial conditions in (16) give

03¢ (5) 3y + 5 Br(E(0),€(0)) = .

In conclusion, we have Br(£(0),£(0)) = 0 and [|¢°(s)||g2() = 0, for all 0 <
s <T. By the arbitrariness of s, we conclude that the weak solution (° is
uniquely defined almost everywhere in (0,7"). This completes the proof. O

7 Final considerations: The dynamics of elliptic membrane
shells

Consider a linearly elastic shell, subjected to the various assumptions set
forth in Section 3. Following the terminology proposed in Section 4.1 of [21],
such a shell is said to be an elliptic membrane shell if the following two
additional assumptions are satisfied: first, 79 =y, i.e., the homogeneous
boundary condition of place is imposed over the entire lateral face v x [—¢,¢]
of the shell, and second, its middle surface 8(w) is elliptic, according to the
definition given in Section 2. Note that the assumption v9 = « implies that the
space V g (w) introduced in Section 3 now reduces to

Vi(w) = Hl(w) x Hi (w) x H2(w).

To begin with, we recall a crucial inequality that holds for elliptic surfaces
(cf., e.g., Theorem 2.7-3 of [21]).

Theorem 7.1. Letw be a domain in R? and let @ € C3(w; E3) be an immersion
such that 8(w) is an elliptic surface. Define the space

Vu(w) = Hi(w) x H} (w) x L*(w),

and the norm || - ||y, w) by

1/2
1011V pr ) = {Z Inall? . + ||n3||3,w} for each n = (n;) € Vi (w).
(6%

Then there exists a constant ¢ = c(w, 0) > 0 such that

1/2
T { 3 ||wa5<n>||aw}

a,B
foralln = () € Vu(w).

A natural formulation of a set of time-dependent two-dimensional equations
(again, “two-dimensional”, in the sense that they are posed over the two-
dimensional subset w) can be derived in the same way as in Section 3.

Let us introduce the problem P5,(w), describing the evolution of time-
dependent elliptic membrane shells.
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Problem P5;(w). Find a vector field ¢F = (¢F) : [0,T] = V p(w) such that
¢ e ([0, T]; Ve () N CH([0,T]; L (),

that satisfies the following variational equations

2
QEP%/wCf(t)ni\/ady+S/UJaaﬁUT,yUT(CE(t)),yaﬂ(n)\/&dy:/wpi,s(t)m\/ady)

for all n=(n;) € Vy(w), in the sense of distributions in (0,T), and that
satisfies the following initial conditions

Ci(o) :Co,
¢ (0) :Cl’

where ¢y € Var(w) and ¢, € L*(w) are prescribed.

We say that ¢° is a strong solution of Problem P§,(w) if
¢* € ([0, T]; Vu(w)) N CH([0, T]; L*(w)),

if ¢° satisfies the variational equations of Problem P§;(w) in the sense of
distributions in (0,7T), and also satisfies the initial conditions.

Since the space Vjs(w) is continuously and densely embedded in the space
Lz(w) and since, as a consequence of the uniform positive-definiteness of
the elasticity tensor of the shell (a®#°7) and Theorem 7.1, the bilinear form
By Vr(w) x Vi (w) — R defined by

Bu(n.€) =¢ / 0B (1) e (€)Va

w

is Vpr(w)-elliptic, the existence and uniqueness of strong solutions of
Problem P, (w) is classical (cf, e.g., Theorem 8.2-2 of [31]).

Theorem 7.2. Problem P5,(w) admits a wunique strong solution ¢° €
CO[0, TV ar (w)) N CH([0, T); L ().
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