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The group velocity of ‘space-time’ wave packets – propagation-invariant pulsed beams endowed
with tight spatio-temporal spectral correlations – can take on arbitrary values in free space. Here
we investigate theoretically and experimentally the maximum achievable group delay that realistic
finite-energy space-time wave packets can achieve with respect to a reference pulse traveling at
the speed of light. We find that this delay is determined solely by the spectral uncertainty in
the association between the spatial frequencies and wavelengths underlying the wave packet spatio-
temporal spectrum – and not by the beam size, bandwidth, or pulse width. We show experimentally
that the propagation of space-time wave packets is delimited by a spectral-uncertainty-induced ‘pilot
envelope’ that travels at a group velocity equal to the speed of light in vacuum. Temporal walk-
off between the space-time wave packet and the pilot envelope limits the maximum achievable
differential group delay to the width of the pilot envelope. Within this pilot envelope the space-
time wave packet can locally travel at an arbitrary group velocity and yet not violate relativistic
causality because the leading or trailing edge of superluminal and subluminal space-time wave
packets, respectively, are suppressed once they reach the envelope edge. Using pulses of width
∼ 4 ps and a spectral uncertainty of ∼ 20 pm, we measure maximum differential group delays of
approximately ±150 ps, which exceed previously reported measurements by at least three orders of
magnitude.

I. INTRODUCTION

Ever since Brittingham proposed in 1983 a pulsed op-
tical beam that is transported rigidly in free space at
a group velocity equal to the speed of light c [1], there
has been significant interest in the study of propagation-
invariant wave packets [2–10]. A variety of examples have
been identified [11–13] whose group velocity in free space
– intriguingly – take on arbitrary values. Such pulsed op-
tical fields are endowed with tight spatio-temporal spec-
tral correlations [14–16], whereby each spatial frequency
underlying the beam spatial structure is associated with
a single wavelength, and we hence refer to them as ‘space-
time’ (ST) wave packets [17, 18]. Although there is no
fundamental theoretical limit on the achievable group
velocity using this strategy, previous experimental real-
izations – whether subluminal or superluminal – have
not produced values that differ substantially from c. In-
deed, the measured deviations have typically been within
∼ 0.1% of c [19–23]. These experiments have recorded
differential group delays on the order of 10’s or 100’s of
femtoseconds with respect to a reference pulse traveling
at c. This state of affairs has remained without a clear
justification of the vast gap between theory and experi-
ment.

∗ Corresponding author: raddy@creol.ucf.edu

We have recently introduced a novel spatio-temporal
synthesis methodology for the preparation of ST wave
packets that finally enables the full exploitation of their
unique properties [24]. Utilizing this strategy, we have
prepared ST wave packets having arbitrary group ve-
locities in free space from 30c to −4c [25] or having a
group velocity c in non-dispersive optical materials in-
dependently of the refractive index [26], in addition to
synthesizing non-accelerating Airy ST wave packets [27]
and confirming their diffraction in time [6], verifying
self-healing [28], and demonstrating extended propaga-
tion distances [29, 30] and tilted-pulse fronts [31]. An
ideal ST wave packet propagates invariantly for indefi-
nite distances, and thus can accrue in principle an ar-
bitrary differential group delay (DGD), but requires in-
finite energy. Of course, only finite-energy realizations
of ST wave packets are accessible experimentally, where-
upon the propagation distance and the DGD become fi-
nite. We pose here the following question: what is the
maximum DGD that a finite-energy ST wave packet can
achieve?

In realistic finite-energy ST wave packets, a spatio-
temporal spectral uncertainty arises in the association
between the spatial frequencies and wavelengths [17] –
an unavoidable ‘fuzziness’ in their association arising in
any finite system [32]. The constraints imposed by this
spectral uncertainty have not been sufficiently appreci-
ated to date, especially in experimental realizations of ST
wave packets. Traditionally, other features of a ST wave
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packet, such as the transverse beam size, pulse width, or
bandwidth have been taken to underpin the propagation
characteristics. Indeed, no previous experiment on the
synthesis of propagation-invariant ST wave packets has
reported the value of the spectral uncertainty.

Here we show theoretically and experimentally that the
maximum DGD of ST wave packets is determined solely
by the spectral uncertainty – independently of beam size,
pulse width, bandwidth, or ratio of the bandwidth to the
spectral uncertainty. We find that the propagation dis-
tance of a ST wave packet is determined by the spectral
uncertainty and the difference between its group velocity
and c. A theoretical model shows that finite-energy ST
wave packets – whether superluminal or subluminal – are
a product of an ideal ST wave packet (that can travel at
an arbitrary group velocity) and a broad ‘pilot envelope’
(that travels at c) whose width is inversely proportional
to the spectral uncertainty. Temporal walk-off thus lim-
its the distance over which arbitrary group velocities can
be realized and concomitantly limits the DGD. The pilot
envelope prevents the violation of relativistic causality
by suppressing the leading edge of superluminal ST wave
packets when approaching the envelope edge, whereas
subluminal ST wave packets are suppressed at the oppo-
site edge. Our theoretical results agree with a very recent
study by Porras [10].

Interferometric ultrafast pulse measurements then con-
firm the limits on DGD and propagation distance, and
provide direct evidence for the existence of the pilot enve-
lope by observing the predicted asymmetric suppression
of superluminal and subluminal ST wave packets. We ob-
serve a DGD on the order of ±150 ps for pulses of width
∼4 ps, representing a delay-bandwidth product of ∼35.
This record-high observed DGD value is at least three
orders-of-magnitude larger than the best previously re-
ported results [20, 22] (4 orders-of-magnitude larger than
in [33]), which is enabled by reducing the spectral uncer-
tainty to ∼ 20 pm. Furthermore, these large DGD val-
ues are recorded over propagation distances as short as
10 mm, compared to ∼ 10 cm in [20, 22] and ∼ 1 m in
[33]. These experimental results therefore lend support
to the potential utility of ST wave packets in realizing
free-space delay lines and optical buffers [34, 35].

II. THEORY

A. Ideal, infinite-energy ST wave packets

We start from a generic wave packet E(x, z, t) =
ei(koz−ωot)ψ(x, z, t) and expand its envelope into plane
waves,

ψ(x, z, t) =

∫∫
dkxdΩ ψ̃(kx,Ω) ei(kxx+(kz−ko)z−Ωt); (1)

where the spatio-temporal spectrum ψ̃(kx,Ω) is the
Fourier transform of ψ(x, 0, t), ωo is the carrier frequency,

Ω=ω−ωo is the frequency with respect to ωo, ko =ωo/c,
and kx and kz are the transverse and longitudinal com-
ponents of the wave vector along the x and z coor-
dinates, respectively (we hold the field uniform along
y). To treat space and time symmetrically, we refer to
kx as the spatial frequency, and to Ω as the temporal
frequency. An ideal ST wave packet is endowed with
perfect spatio-temporal spectral correlations: each spa-
tial frequency is associated with one temporal frequency,

ψ̃(kx,Ω)→ ψ̃(kx)δ(Ω − Ω(kx)), where Ω(kx) is a conic
section resulting from the intersection of the light-cone
k2
x+k2

z =(ωc )2 with a plane that is parallel to the kx-axis
and makes an angle θ (the spectral tilt angle) with the
kz-axis [36] defined as Ω/c=(kz−ko) tan θ. With the as-
sumption of a delta-function correlation between spatial
and temporal frequencies, the envelope in Eq. 1 takes the
form

ψ(x, z, t) =

∫
dkx ψ̃(kx) eikxxe−iΩ(t−z/vg) =

ψ(x, 0, t− z/vg),

(2)

where the group velocity vg is determined by the spec-
tral tilt angle, vg = c tan θ. Under these idealistic as-
sumptions, the ST envelope is propagation-invariant and
travels indefinitely at a group velocity vg, such that an
arbitrary DGD can be achieved. For small bandwidths
∆Ω�ωo, Ω(kx) can be approximated by a parabola [25],

Ω(kx)

ωo
= −f(θ)

k2
x

2k2
o

(3)

where f(θ) = 1
cot θ−1 . The spatial and temporal band-

widths ∆kx and ∆Ω, respectively, are related through
∆Ω/ωo = |f(θ)|(∆kx)2/k2

o.
The envelope in Eq. 2 is not square-integrable and cor-

responds to an infinite energy. The group velocity here
is the speed of the peak of the wave packet, and can take
on arbitrary values by varying θ. This does not violate
special relativity because it cannot be used to transmit
information at a speed higher than c [37, 38]. We will
show below in detail how relativistic causality is upheld
when considering realistic finite-energy ST wave packets.

B. Previous work on realistic, finite-energy ST
wave packets

1. Theoretical approaches

It was immediately recognized after Brittingham’s ini-
tial work [1] that ideal propagation-invariant ST wave
packets have infinite energy [39], and several theoretical
approaches explored constructing finite-energy counter-
parts. The earliest approach was to superpose ideal ST
wave packets [40]; a second approach introduces a finite
transverse spatial aperture [41, 42]; and a third strategy
introduces a temporal ‘window’ co-propagating with the
ST wave packet (at a different group velocity) [6, 43].
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From an experimental perspective, the delta-function
correlation between spatial and temporal frequencies in-
corporated into Eq. 2 is untenable in any finite system.
Instead, an unavoidable finite ‘fuzziness’ is introduced
in the correlation between the spatial and temporal fre-
quencies [17, 32]. Consequently, each spatial frequency
kx is associated not with a single frequency Ω = Ω(kx),
but instead with a narrow spectral range δΩ centered at
Ω=Ω(kx). We refer to δΩ as the spectral uncertainty (δλ
on the wavelength scale). This is not a statistical con-
cept, and simply indicates that a finite spectral width is
associated with each spatial frequency. The three the-
oretical approaches listed above all effectively relax the
delta-function correlation and introduce a spectral uncer-
tainty into the spatio-temporal spectrum of the ST wave
packet. We show below that introducing a spectral un-
certainty into Eq. 2 leads naturally to the emergence of
a time-window co-propagating with the ST wave packet
(but at a group velocity of c) that we refer to as a ‘pilot
envelope’, a name that is inspired by an analogous con-
cept introduced by de Broglie [44] and Bohm [45]. The
concept of spectral uncertainty was exploited theoreti-
cally in [10], leading to similar conclusions.

2. Proposed methodologies for synthesizing ST wave packets

There has been a wealth of theoretical and mathe-
matical results regarding ST wave packets over the past
three and a half decades (reviewed in [11–13]). Less ef-
fort has been devoted to developing experimental synthe-
sis strategies. Whereas spatial structuring of the optical
field has led to a variety of optical beams (e.g., orbital
angular momentum modes [46] and Airy beams [47]) and
temporal structuring of pulses has revolutionized ultra-
fast optics [48], spatio-temporal structuring of an opti-
cal field remains a significant challenge. Early proposals
for generating ST wave packets involved utilizing time-
varying apertures [49, 50] or antenna arrays [51]. Such
approaches can be viable in acoustics and ultrasonics
[52, 53], but are not practical in the optical domain, and
have not – to the best of our knowledge – been put to
test. The emergence of diffraction-free Bessel beams led
to an appropriation of the techniques used in their gen-
eration for the purpose of producing ST wave packets,
via annular apertures in the focal plane of a spherical
lens [54] or axicons [19, 20, 55, 56]. An altogether dif-
ferent approach exploits the phase-matching conditions
inherent in many nonlinear optical interactions to en-
force the spatio-temporal spectral correlations character-
istic of ST wave packets [57–60]. A more recently inves-
tigated methodology relies on spatio-temporal spectral
filtering whereupon an aperture is introduced into the
Fourier plane to ‘carve’ out the desired spatio-temporal-
frequency pairs [61, 62]. Although this filtering approach
was proposed for propagation-invariant wave packets
propagating in disperive media (having either anomalous
[61] or normal [62] dispersion), it can in principle be ex-

tended to ST wave packets that are propagation-invariant
in free space.

Two comments are crucial here. First, most previous
experimental efforts have been directed at generating ST
wave packets with extremely broad spectra (e.g., white
light from a Xe-arc lamp with 3-fs correlation time in
[54], few-cycle pulses in [55, 63, 64], and 10’s of nm of
bandwidth in [19, 60]). This of course leads to many
practical challenges. Although many of the mathemati-
cally obtained formulas for ST wave packets (particularly
focus-wave modes and X-waves) imply the need for an ul-
trabroad spectrum, this is not an intrinsic feature of ST
wave packets [43] – only the existence of the appropri-
ate tight spatio-temporal correlations are fundamental
to their unique properties. In our work, we typically
make use of considerably smaller bandwidths ∆λ∼1 nm
(but broader bandwidths are possible [65]). Second, a
feature that has been under-appreciated to date is the
importance of the spectral uncertainty to the observable
features of ST wave packets. A survey of the experimen-
tal literature reveals that not a single value of spectral
uncertainty δλ has been reported to date. The lack of
appreciation of the role of δλ is compounded with the
pursuit of larger bandwidths. Theoretically, the impact
of δλ on the propagation distance was initially discussed
in [17] and subsequently by Porras [10].

We show below that the absolute value of the spectral
uncertainty δλ, and not the ratio of the full bandwidth to
the spectral uncertainty ∆λ

δλ , determines the propagation
distance and DGD achievable by a ST wave packet. Pre-
vious experiments have realized large ∆λ

δλ ratios, but the
absolute values of the spectral uncertainty has remained
δλ>̃1 nm. Such large values, regardless of the full spec-
tral bandwidth, put severe limits on the DGD and the
propagation distance of any ST wave packet propagating
at a group velocity deviating significantly from c. The
strategy employed in our experiments relies on a spatio-
temporal spectral synthesis procedure that we recently
introduced for preparing ST wave packets [24]. This is
an efficient phase-only technique that directly encodes a
prescribed spatio-temporal spectral correlation function
Ω=Ω(kx) by assigning the required spatial frequency to
each wavelength in the spectrum of a pulsed plane wave
via a spatial light modulator (SLM) [24, 27–29] or a phase
plate [30, 65]. In contrast to previous efforts, the spec-
tral uncertainty in our approach is typically δλ∼20 pm,
leading to at least three orders-of-magnitude increase in
the DGD with respect to past results, in addition to the
possibility of observing arbitrary values of vg .

C. Introducing spectral uncertainty into a ST wave
packet

As mentioned above, the delta-function correlation
cannot be realized in practice. Instead, there is an
unavoidable ‘fuzziness’ in the association between kx
and Ω that we refer to as the spectral uncertainty δΩ:
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ψ̃(kx,Ω) → ψ̃(kx)h̃(Ω − Ω(kx)), where h̃ is a narrow
spectral function of width δΩ, normalized such that∫
dΩ |h̃(Ω)|2 = 1. This decomposition only requires that

δΩ � ∆Ω, which applies to most previous results. To
obtain analytic insight into the effect of the spectral
uncertainty, we make use of a Gaussian spatial spec-

trum ψ̃(kx) ∝ exp {−k2
x/2(∆kx)2} and spectral uncer-

tainty function h̃(Ω)∝exp {−Ω2/2(δΩ)2}, whereupon the
intensity profile of a finite-energy ST wave packet factor-
izes as follows [10]:

I(x, z, t) = |ψ(x, z, t)|2 = IST(x, z, t) · Ip(x, z, t), (4)

which is a product of: (1) a narrow ideal infinite-energy
ST wave packet IST(x, z, t) propagating at vg and of tem-
poral linewidth τST∼1/∆Ω on axis,

IST(x, z, t) =
2
√
π∆kx√

1 + [∆Ω(t− z/vg)]2
×

exp

{
− x2(∆kx)2

1 + [∆Ω(t− z/vg)]2

}
= IST(x, 0, t− z/vg);

(5)

and (2) a broad uncertainty-induced ‘pilot envelope’
Ip(x, z, t) of temporal linewidth τp ∼ 1/δΩ propagating
at a group velocity of c,

Ip(x, z, t) = 2
√
π δΩ exp

{
−(t− z

c )2(δΩ)2
}

=

Ip(x, 0, t− z
c ).

(6)

Note that both the ideal ST wave packet IST(x, z, t) and
the pilot envelope Ip(x, z, t) propagate indefinitely with-
out change. However, their temporal walk-off stemming
from the difference in their group velocities (vg for IST

and c for Ip) enforces a finite propagation distance. The
pilot envelope is a plane-wave pulse, and its group veloc-
ity is simply the velocity of light in the medium (c in free
space).

This result provides conceptual clarity to several is-
sues, as illustrated in Fig. 1. It may initially appear sur-
prising that a finite-energy ST wave packet can propagate
at vg =30c [25], for example, without violating relativis-
tic causality. It must be recalled here that vg refers to
the velocity of the peak of the wave packet, which does
not itself transmit information [66] (see also the recent
reexamination by Saari [38]). The range over which vg

can be observed is thus the length in space (and period in
time) where the ST wave packet is confined to the pilot
envelope. That is, group velocities deviating from c are
observed only locally, delimited by the moving-window
confines set by the pilot envelope that propagates at c.
Because the ST wave packet cannot escape the confines
of the pilot envelope, no information can be delivered at
a speed higher than c, despite the reality of the propaga-
tion of the energy peak of the wave packet at an arbitrary
vg.

Because of the temporal walk-off between the ideal ST
wave packet and the pilot envelope, a superluminal ST
wave packet [Fig. 1(a)] (or negative-vg ST wave packet

[Fig. 1(b)]) is suppressed upon reaching the leading edge
of the pilot envelope. A subluminal ST wave packet un-
dergoes similar suppression when reaching the trailing
edge of the pilot envelope [Fig. 1(c)]. We plot in Fig. 1(d)
snapshots of I(x, z, t) at three axial positions z, showing
the evolution of the ST wave packet from a symmetric
form when it coincides with the center of the pilot enve-
lope, to an asymmetric form when it approaches the edge
of the pilot envelope. Similar conclusions were arrived at
by Porras in [10].

The picture emerging here is quite distinct from that of
‘fast-light’ traversing a resonant gain medium for exam-
ple where extreme pulse-reshaping occurs accompanying
strong amplification of the input pulse [67]. For superlu-
minal or subluminal ST wave packets, no amplification or
attenuation are associated with the new group velocity.
Instead, the deviation from c of ST wave packets stems
from the internal spatio-temporal spectral correlations
introduced into the field, which also enables their propa-
gation without distortion for potentially large distances
[29, 30].

D. Estimating the maximum differential group
delay of a ST wave packet

The maximal achievable DGD, τmax, is thus limited by
the walk-off between the ST wave packet and the pilot
envelope,

τmax = Lmax

(
1

vg
− 1

c

)
∼ ± 1

δΩ
∼ ±τp, (7)

where Lmax is the maximum propagation distance,

Lmax =
c

δΩ

1

|1− c/vg|
=

Lp

|1− cot θ|
; (8)

here Lp = c/δΩ is the length of the pilot envelope. The
positive sign is associated with subluminal wave pack-
ets, and the negative sign with superluminal wave pack-
ets. Surprisingly, τmax depends solely on δΩ and not on
the beam size, pulse width, or vg, whereas Lmax is de-
termined by |vg − c| besides δΩ. Critically, τmax and
Lmax rely on the absolute value of the spectral uncer-
tainty and not its ratio to the bandwidth as might be
expected. Previous efforts featured values of the spectral
uncertainty δλ on the order of nanometers, thus limit-
ing τmax to 10’s or 100’s of femtoseconds. For example,
δλ∼1 nm and Lmax on the order of centimeters requires
that |vg − c| ∼ 10−4c, which helps explain why previous
results did not realize appreciable deviations of vg from
c. Note that the approximation underpinning Eq. 8 fails
at θ=45◦, whereupon the ST wave packet approaches a
plane wave and the propagation distance grows rapidly.
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FIG. 1. (a)-(c) Schematic illustration of finite-energy ST wave packets as the product of an ideal ST wave packet (narrow
pulse, solid blue) traveling at vg and a pilot envelope (wide pulse, dashed red) traveling at c: (a) superluminal vg > c; (b)
negative vg<0; and (c) subluminal vg<c. In all cases, the properties of the ideal ST wave packet are maintained only over the
length of the pilot envelope. (d) Snapshots of the spatio-temporal intensity profile I(x, z, t) at different z showing the evolution
from a symmetric to an asymmetric wave packet (along the time axis) when the ST wave packet approaches the edge of the
pilot envelope. The amplitudes are adjusted by the factors given in the bottom right corner for clarity. (e) The time-averaged
intensity profile I(x, z), showing the axial locations where the snapshots in (d) are calculated. In (d) and (e), X is normalized
to the inverse of the spatial bandwidth 1/∆kx, T to 1/∆Ω, and Z to the axial distance where the on-axis intensity drops to
1/e. See also Ref. [10].

E. Time-averaged intensity

The time-averaged intensity I(x, z)=
∫
dt I(x, z, t) of a

finite-energy ST wave packet can be shown to be [32]

I(x, z)=∆kx

∫ ∞
0

ds
e−s√

s(1 + s/κ2)
×

exp

{
− (x∆kx−

√
sz/zR)2

1 + s/κ2

}
,

(9)

where zR = ko/(∆kx)2 is the Rayleigh range of a tradi-
tional Gaussian beam of the same spatial bandwidth as
the ST wave packet, and κ= δΩ/∆Ω is the ratio of the
spectral uncertainty to the full bandwidth, with κ� 1
typically. We plot I(x, z) in Fig. 1(e) making use of
the same parameters of Fig. 1(d). Note that we cannot
distinguish between superluminal and subluminal wave
packets from I(x, z). Indeed, the role of the spectral tilt
angle is only in determining the ratio of spatial to tempo-
ral bandwidths through |f(θ)|, which introduces an ambi-
guity with respect to the sign of f(θ) that reveals whether
the wave packet is subluminal or superluminal. Resolv-
ing this ambiguity requires access to the time-resolved
profile I(x, z, t). The on-axis intensity I(0, z) from Eq. 9
is approximately I(0, z) ≈ exp {−( z

zR/κ
)2}, so that the

Rayleigh range of the ST wave packet is extended by a
factor 1/κ by virtue of the spatio-temporal correlations,
such that Lmax ∼ zR/κ. Substituting for κ and zR we
obtain the same result in Eq. 8.

Therefore, two distinct physical arguments for the limit

on Lmax satisfyingly converge: the time-domain argu-
ment based on walk-off between the ideal ST wave packet
and the pilot envelope, and the spatial-domain argument
based on the enhancement factor in the Rayleigh range
of the time-averaged intensity distribution. Furthermore,
this result indicates the path forward to increasing τmax

and Lmax by realizing ever-smaller spectral uncertainty
δΩ.

III. INTERFEROMETRIC MEASUREMENTS
OF THE DIFFERENTIAL GROUP DELAY

We now move on to the experimental realization of
these theoretical predictions. Specifically, we demon-
strate the impact of the pilot envelope on suppressing the
leading and trailing edges of superluminal and sublumi-
nal ST wave packets, respectively, verify the dependence
of Lmax on θ, and confirm that τmax is independent of θ
(and thus independent of vg). A unique feature of our ap-
proach, besides its simplicity and efficiency, is its ability
to synthesize ST wave packets with arbitrary group ve-
locities that can be tuned continuously from the sublumi-
nal to superluminal regimes by only changing the phase
imparted by a SLM to an incident field. Althouh the
existence of luminal [1], superluminal [68], and sublumi-
nal [69] ST wave packets is well-established theoretically,
it was thought that different experimental configurations
are needed to synthesize each [5, 70, 71].

We synthesize the ST wave packets utilizing the setup
established in our previous work [24–26], whereupon a
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FIG. 2. Schematic of the optical setup for synthesizing and
characterizing ST wave packets. DL: Delay line; G: diffraction
grating; SLM: spatial light modulator; A: aperture.

SLM modulates the spatially resolved spectrum of a pulse
in the direction orthogonal to the spectrum to assign the
required kx to each λ. The setup is illustrated schemat-
ically in Fig. 2. Starting with a generic femtosecond
pulsed laser (central wavelength λo≈799 nm), we spread
its spectrum spatially using a diffraction grating and col-
limate the spectrum with a cylindrical lens before im-
pinging on the SLM. Each column of the SLM active area
upon which wavelength λ is incident is modulated with
the appropriate spatial frequency pair ±kx, such that the
assignment λ(kx) realizes the relationship in Eq. 3 for a
prescribed θ. The SLM retro-reflects the modulated wave
front and the diffraction grating reconstitutes the pulse,
thus forming the ST wave packet.

Three classes of measurements are performed to chara-
terize each wave packet. First, we acquire the spatio-

temporal spectral intensity |ψ̃(kx, λ)|2 after taking spa-
tial and temporal Fourier transforms of the wave front
retro-reflected from the SLM. This allows us to confirm
the curvature of the spatio-temporal spectrum projected
onto the (kx, λ) plane, which is related to θ, in addition
to the spectral projection onto the (kz,

ω
c )-plane. The

fidelity of the modulated wave front to the prescribed
ST wave packet is confirmed if the (kz,

ω
c )-projection is

a straight line tilted by the target θ with respect to the
kz-axis. Second, we obtain the axial evolution of the
time-averaged intensity profile I(x, z) =

∫
dt|ψ(x, z, t)|2

by scanning a CCD camera along the propagation axis.
This measurement is used to obtain the propagation
distance Lmax, which we take to be the axial distance
after which the on-axis peak intensity drops by half.
Third, we measure the spatio-temporal intensity pro-
file I(x, z, t) = |ψ(x, z, t)|2 at different axial positions z
through interference with a generic short reference pulse
from the initial laser [25, 26]. By bringing together the
ST wave packet with the reference plane-wave pulse, spa-
tially resolved interference fringes are observed when they
overlap in space and time. By sweeping a delay placed in

FIG. 3. (a) Measured spatio-temporal spectral intensity

|ψ̃(kx, λ)|2 for a subluminal (θ = 35◦; an ellipse) and super-
luminal (θ= 70◦; a hyperbola) ST wave packets. Both spec-
tra appear approximately as parabolas because of the limited
bandwidth (∆λ ≈ 0.4 nm), and they are shifted vertically
with respect to each other for clarity. (b) Measured spatio-
temporal spectra in (a) projected onto the (kz,

ω
c

)-plane are
tilted straight lines. The insets illustrate the intersection of
the tilted spectral planes planes with the light-cone.

the path of the reference pulse, the decay of the visibil-
ity of the interference fringes around the ST wave packet
center allows us to map out its spatio-temporal inten-
sity profile (see [25] for details). Finally, the group delay
accrued by the ST wave packet as it propagates in free
space can be assessed by the same interferometric tech-
nique. The maximum DGD, τmax, is taken to be the
measured group delay with respect to the reference pulse
at an axial distance of Lmax.

The group velocity of the ST wave packet is estimated
from the curvature of the spatio-temporal projection on
the (kx, λ)-plane, or from the slope of the spectral pro-
jection onto the (kz,

ω
c )-plane with respect to the kz-axis.

The group delay can then be obtained from the measured
values of Lmax via τmax =Lmax(cot θ − 1)/c.

IV. MEASUREMENT RESULTS

A. Spatio-temporal spectral measurements

For sake of comparison, we first synthesizie two ST
wave packets, a subluminal wave packet with θ = 35◦

(vg≈0.7c) and a superluminal wave packet θ=70◦ (vg≈
2.75c). We maintain the temporal bandwidth of each at
∆λ≈0.4 nm, so that the pulse width at the center of the
beam (≈4.3 ps) is the same for both. However, because
of the difference in |f(θ)|, their spatial bandwidths (and
hence transverse spatial widths at the pulse center) are
not identical.

We first plot in Fig. 3(a) the spatio-temporal spec-

tral intensity ψ̃(kx, λ) for the subluminal ST wave packet
(θ=35◦) and the superluminal ST wave packet (θ=70◦).
Note that the sign of the curvature of the two spectra
are different as determined by f(θ) (which changes sign
around the luminal limit θ = 45◦). In the subluminal
case, higher spatial frequencies are associated with larger
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FIG. 4. (a) Time-averaged intensity I(x, z) of the subluminal
ST wave packet θ=35◦. (b) Time-resolved intensity I(x, z, τ)
at z = 0, 45, 100 mm. The white curves are the intensity
profiles of the pilot envelope. (c) Normalized intensity at the
center of the spatial profile I(x=0, z, τ) for the axial locations
in (b). (d) Same as (c) at x=50 µm.

FIG. 5. Same as Fig. 4 for a superluminal ST wave packet
θ=70◦.

wavelengths, whereas in the superluminal case they are
associated with smaller wavelengths. This can be easily
understood by examining the intersections of the spectral
planes P(θ) with the light-cone, as illustrated in Fig. 3(b)
insets. Note that the conic section associated with the
subluminal wave packet is an ellipse, whereas that asso-
ciated with the superluminal wave packet is a hyperbola.
However, both are well approximated by a parabola in
light of the narrow bandwidth utilized.

Starting from the measured spatio-temporal spectra in
the (kx, λ)-plane plotted in Fig. 3(a), we obtain the cor-
responding spatio-temporal spectra projected onto the
(kz,

ω
c )-plane through the free-space relationship k2

z =

(ωc )2 − k2
x and plot the results in Fig. 3(b). The spectra

for these two ST wave packets are straight lines tilted
with respect to the kz-axis by 35◦ and 70◦ as expected.
Although the temporal bandwidths ∆λ of the two wave
packets are equal and there spatial bandwidths are also
close, the widths along the kz-axis differ substantially
between the subluminal and superluminal cases.

B. Measurements of the axial evolution of the
time-averaged intensity

The axial evolution of the time-averaged intensity pro-
files I(x, z) for these two wave packets are shown in
Fig. 4(a) and Fig. 5(a), from which we obtain Lmax. The
slight differences in |f(θ)| for θ=35◦ and 70◦ result in a
difference between the spatial widths of the central peak:
the beam width is ∆x≈ 15.6 µm for the subluminal ST
wave packet and ∆x≈ 14 µm for the superluminal one.
This also entails a slight difference in Lmax for these two
cases. However, as noted earlier, we cannot determine
the sign of f(θ) from these time-averaged intensity mea-
surements, and thus cannot distinguish the subluminal
and superluminal identities of the two wave packets.

C. Measurements of the time-resolved wave packet
intensity profile

The distinction between the subluminal and superlu-
minal nature of the two ST wave packets is revealed
by obtaining the time-resolved wave packet profiles
I(x, z, τ), which are plotted in Fig. 4(b) and Fig. 5(b).
Crucially, measuring I(x, z, τ) along the z-axis reveals
the impact of the pilot envelope on either the leading or
trailing edge of the ST wave packet. We obtain I(x, z, τ)
at three positions for each wave packet. First, at z=0 the
profile is symmetric and the centers of the pilot envelope
and the underlying ideal ST wave packet coincide [left
panels in Fig. 4(b) and Fig. 5(b)]. Second, at z∼Lmax/2
the profile shows a slight asymmetry as temporal walk-
off results in the ST wave packet approaching the pilot-
envelope edge [middle panels in Fig. 4(b) and Fig. 5(b)].
Third, at z=Lmax one edge of the wave packet is com-
pletely suppressed by the pilot envelope. This is brought
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FIG. 6. (a) Measured Lm for different θ at fixed δλ. Theo-
retical curve is Lmax =Lp/|1 − cot θ|, with Lp = 45 mm. (b)
Maximum DGD as a function of θ at fixed δλ.

out clearly be examining the temporal intensity profiles
at the center of the beam x= 0 [Fig. 4(c) and Fig. 5(c)]
and off center x= 50 µm [Fig. 4(d) and Fig. 5(d)]. It is
clear that opposite sides of the superluminal and sublu-
minal ST wave packets are suppressed (leading edge in
the former, trailing edge in the latter), providing clear
evidence of the existence of the pilot envelope.

D. Measurements of the maximum differential
group delay

The measurements of Lmax while changing θ are plot-
ted in Fig. 6(a). We vary θ in the range 15◦<θ< 135◦,
which encompasses a subluminal regime 15◦ < θ < 45◦,
a superluminal regime 45◦ < θ < 90◦, and a negative-vg

regime 90◦ < θ < 135◦. The theoretical result in Eq. 8
agrees with the data except in the vicinity of θ → 45◦

where the model underlying Eq. 8 features a singular-
ity whereupon the ST wave packet approaches a plane
wave leading to a divergence in the propagation distance
and a drop to zero for the DGD. The best fit corre-
sponds to Lp = 45 mm, such that δΩ/(2π) ≈ 6.6 GHz
and δλ ≈ 14.2 pm. In our experiments, δλ is mainly
limited by the spectral resolving power of the diffrac-
tion grating used in spreading the pulse spectrum. We
estimate δλ ≈ 13.5 nm based on the second diffraction
order at λo = 800 nm from a grating of width 25 mm
having a ruling of 1200 lines/mm. In Fig. 6(b) we plot
τmax =Lmax|1−cot θ|/c. Except in the vicinity of θ∼45◦,
we obtain a constant value of τmax ≈ ±150 ps for the
subluminal and superluminal wave packets. This is the
largest DGD reported for any ST wave packet in free

space to date and exceeds previous results by more than
three orders-of-magnitude. Increasing δλ serves to de-
crease Lmax (as demonstrated in [32]), and thus also de-
crease τmax. The delay-bandwidth product here is thus
∼ 35.

V. DISCUSSION

It is important to appreciate the role of the two spec-
tral scales relevant to ST wave packets: the full spectral
bandwidth (∆Ω or ∆λ) and the spectral uncertainty (δΩ
or δλ). First, note that these two scales are essentially
physically independent of each other. The bandwidth
can be increased by increasing the size of the phase pat-
tern displayed on the SLM or phase plate, leading to
a reduction of the ST wave packet pulse width at the
beam center I(0, 0, t). The spectral uncertainty, on the
other hand, is limited in our experiment by the size of
the diffraction grating (the grating spectral resolution is
related to the number of grooves covered by the incident
pulse). Reducing δλ by increasing the grating size would
not affect I(0, 0, t), but would increase the wave packet
propagation distance Lmax (at fixed θ) and the maximum
DGD τmax. The delay-bandwidth product in our mea-
surements (the ratio of the DGD to the pulse width) is
∼35. This is substantially larger than typical values re-
ported in slow-light studies. It remains an open question
at the moment regarding the ultimate delay-bandwidth
product achievable. This requires further reducing the
spectral uncertainty and simultaneously increasing the
bandwidth.

We highlight here some of the unique aspects of the
DGD of ST wave packets. The DGD can be produced
over progressively shorter distances by reducing θ. More-
over, our experimental synthesis strategy allows for tun-
ing the group velocity symmetrically from subluminal to
superluminal values, thus further increasing the DGD
range accessible. This is in contrast with the typical
distinction between experimental approaches that pro-
duce slow-light and fast-light [67]. It is yet to be de-
termined what physical phenomena can benefit from the
wide variability of vg achievable with ST wave packets.
We have focused here on free-space ST wave packets, but
this approach can be extended to propagation in optical
materials [26, 30]. Finally, we note that an alternative
approach to spatio-temporally structured wave packets
with controllable vg has been recently proposed [72] and
realized [73], and it would be interesting to evaluate the
maximum DGD it can achieve.

VI. CONCLUSIONS

In conclusion, we have shown that the spectral uncer-
tainty sets the limit on the maximum DGD achievable by
a ST wave packet. We have derived a formula factoriz-
ing realistic ST wave packets into the product of an ideal
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ST wave packet and an uncertainty-induced pilot enve-
lope. Temporal walk-off limits the DGD to the inverse of
the spectral uncertainty and the maximum propagation
distance to the inverse of the product of the spectral un-
certainty with the deviation of the group velocity from c.
Our measurements revealed a DGD of ∼150 ps for pulse
of width ∼4 ps at the center of the spatial profile, a value
that exceeds previous measurements by at least 3 orders-
of-magnitude. The recorded delay-bandwidth product is
∼ 35 and can likely be increased into the range of a few
hundreds by reducing the spectral uncertainty (e.g., by
using a larger diffraction grating), and reducing the pulse

width (using a larger temporal bandwidth [65]). These
findings lay the foundations of a roadmap for further de-
velopments in the synthesis of ST wave packets and their
applications.
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[34] C. J. Zapata-Rodŕıguez, M. A. Porras, and J. J. Miret,
J. Opt. Soc. Am. A 25, 2758 (2008).

[35] R. R. Alfano and D. A.Nolan, Opt. Commun. 361, 25
(2016).

[36] M. Yessenov, B. Bhaduri, H. E. Kondakci, and A. F.
Abouraddy, arXiv:1809.08375 (2018).

[37] A. M. Shaarawi and I. M. Besieris, J. Phys. A 33, 7255
(2000).

[38] P. Saari, Phys. Rev. A 97, 063824 (2018).
[39] A. Sezginer, J. Appl. Phys. 57, 678 (1985).
[40] R. W. Ziolkowski, J. Math. Phys. 26, 861 (1985).
[41] R. W. Ziolkowski, I. M. Besieris, and A. M. Shaarawi,

J. Opt. Soc. Am. A 10, 75 (1993).
[42] M. Zamboni-Rached, J. Opt. Soc. Am. A 23, 2166 (2006).
[43] I. M. Besieris and A. M. Shaarawi, Opt. Express 12, 3848

(2004).
[44] L. de Broglie, Non-Linear Wave Mechanics: a Causal

Interpretation (Elsevier, 1960).
[45] D. Bohm, Phys. Rev. 85, 166 (1952).
[46] L. Allen, S. M. Barnett, and M. J. Padgett, Optical

Angular Momentum (CRC Press, 2003).
[47] G. A. Siviloglou, J. Broky, A. Dogariu, and D. N.

Christodoulides, Phys. Rev. Lett. 99, 213901 (2007).
[48] A. M. Weiner, Rev. Sci. Instrum. 71, 1929 (2000).
[49] M. Shaarawi, I. M. Besieris, R. W. Ziolkowski, and S. M.

Sedky, J. Opt. Soc. Am. A 12, 1954 (1995).
[50] A. Shaarawi, S. M. Sedky, R. W. Ziolkowski, and

F. M. M. Taiel, J. Opt. Soc. Am. A 13, 1712 (1996).
[51] R. W. Ziolkowski, Phys. Rev. A 39, 2005 (1989).



10

[52] R. W. Ziolkowski, D. K. Lewis, and B. D. Cook, Phys.
Rev. Lett. 62, 147 (1989).

[53] J. E. Hernandez, R. W. Ziolkowski, and S. R. Parker, J.
Acoustical Soc. Am. 92, 550 (1992).

[54] P. Saari and K. Reivelt, Phys. Rev. Lett. 79, 4135 (1997).
[55] R. Grunwald, V. Kebbel, U. Griebner, U. Neumann,

A. Kummrow, M. Rini, E. T. J. Nibbering, M. Piché,
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