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Abstract The present paper focuses on the application of the elliptic blending
approach to the modeling of turbulent heat fluxes, in order to account for the
influence of solid boundaries. The analytical justification of the extension to the
temperature–pressure gradient correlation term of this approach, originally applied
to the velocity–pressure gradient, is given. The assumption of weak equilibrium
enables the derivation of two new algebraic flux models valid down to the wall. It
is shown, with both a priori tests and computations in forced and mixed convection
regimes, that the predictions of the streamwise heat-flux and the temperature vari-
ance are significantly improved by the use of elliptic blending. A particular attention
is devoted to the issue of the modeling of the correlation length scale involved in the
elliptic blending for the heat fluxes, which is shown to have a significant influence on
the predictions.

Keywords Turbulent heat fluxes · Elliptic blending · Thermal length scale ·
Forced and mixed convection

1 Introduction

Many industrial applications, in particular in the field of energy production, are
still treated with RANS eddy-viscosity models and the Simple Gradient Diffusion
Hypothesis (SGDH), based on a turbulent Prandtl number, to model the turbulent
heat fluxes in the Reynolds-averaged temperature equation. These simple models
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have several limitations, either for the prediction of the dynamic of the flow or for
the estimation of the Nusselt number distribution. This can be due to the inherent
complexity of the dynamics of the flow, e.g., in impingement or swirling regions, as
well as to complex coupling mechanisms, such as buoyancy effects.

The present article focuses on the so-called low-Reynolds number modeling for
both the Reynolds stresses and the turbulent heat fluxes. In order to avoid the use of
damping functions to replicate the effect of the presence of solid boundaries, based
on a non-dimensional distance to the wall and/or a local turbulent Reynolds number,
Durbin [6] introduced the Elliptic Relaxation approach. A simplified version, the
Elliptic Blending approach, was proposed by Manceau and Hanjalić [24, 25], leading
to the so-called Elliptic Blending Reynolds-Stress Model (EB-RSM), which was
successfully applied to several configurations, in particular in isothermal and forced
convection flows, in the context of RANS [4, 11, 13, 16, 29, 31, 32, 35–37], as well as,
recently, hybrid RANS/LES [9, 10] (see also the review articles [8, 12]). This model
is used in the present article to model the Reynolds stresses.

The modeling of the turbulent heat fluxes has attracted less efforts from the
research community. As a consequence, several industrial computations are carried
out with sophisticated Reynolds Stress Models but still use a Simple Gradient
Diffusion Hypothesis for the heat fluxes, which is not satisfactory in mixed and
natural convection regimes (e.g., see Kenjereš et al. [19]). The Generalized Gradient
Diffusion Hypothesis (GGDH) [17] accounts for the influence of the anisotropy
of the Reynolds stresses on turbulent heat fluxes, but is not sufficiently general to
correctly represent buoyancy effects [14]. To overcome this problem, Algebraic Flux
Models (AFMs) [5, 15, 20, 22] preserves the different production mechanisms arising
in the exact transport equation for the turbulent heat fluxes.

However, in the existing AFMs, the effects of the walls are not taken into account.
Similarly to the case of the Reynolds stresses mentioned above, in order to avoid the
use of damping functions, the present paper aims at introducing the elliptic blending
approach in algebraic flux models. Such models can be derived from the model
recently proposed by Shin et al. [30], based on differential equations for the turbulent
heat fluxes (EB-DFM, Elliptic Blending-Differential Flux Model). Therefore, the
present paper aims at

– providing an in-depth justification for using elliptic relaxation/blending for the
turbulent heat fluxes, based on a theoretical derivation using Green’s formalism
and an analysis of DNS budgets,

– investigating the validity of the simplifying hypothesis used in Shin et al. [30],
which consists in using the same length scales in the elliptic blending equations
for the Reynolds stresses and the turbulent heat fluxes,

– deriving Elliptic Blending-Algebraic Flux Models from the Elliptic Blending-
Differential Flux Model and validating them in forced and mixed convection
cases.

2 The Elliptic Blending Approach

In this section, the main ideas leading to the elliptic blending approach for the
velocity-pressure gradient correlation in the Reynolds stress transport equation are
first recalled and its validity in cases with buoyancy is investigated. Finally, the
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extension of the approach to the modeling of the temperature pressure-gradient
correlation term that enters the turbulent heat fluxes equations is presented.

2.1 Modeling the effect of the wall on the Reynolds-stresses

In a Reynolds Stress Model (RSM), in order to replicate the blocking of the
wall-normal fluctuations, it can be shown, using a simple model for the two-point
correlations and Green’s formalism [7, 26], that the elliptic relaxation model

(
φ∗

ij − εij

)
− L2∇2

(
φ∗

ij − εij

)
= (φh

ij − εh
ij) (1)

can be used for the difference between the velocity–pressure-gradient correlation
term φ∗

ij and dissipation term εij. The right hand side, φh
ij − εh

ij, can be modeled using
any available high-Reynolds number model. The main feature of this model is the
satisfaction of the asymptotic, near-wall balance

φ∗
ij − εij = −Dν

ij, (2)

where Dν
ij denotes the molecular diffusion tensors.

In order to avoid the resolution of six, strongly coupled and numerically unstable
differential equations, a simplified version, the Elliptic Blending-RSM, was proposed
by Manceau and Hanjalić [25] and improved by Manceau [24], based on a blending
of any standard model for φh

ij − εh
ij, valid far from the wall, and a near-wall model for

φw
ij − εw

ij that satisfies the asymptotic balance (Eq. 2) in the near-wall region,

φ∗
ij − εij = (1 − α3)(φw

ij − εw
ij ) + α3(φh

ij − εh
ij). (3)

In order to preserve the non-local character of the blocking effect, similarly to
Durbin’s elliptic relaxation model, the blending function α is obtained from an
elliptic relaxation equation

α − L2∇2α = 1 with α|w = 0 , (4)

and goes from 0 at the wall to 1 far from the wall.
If Rotta’s model [28] (εw

ij = u′
iu

′
j/k ε) is used, the asymptotic analysis in the vicinity

of the wall shows that the following model for φw
ij is consistent with the wall limits

φw
ij = −5

ε

k

[
u′

iu
′
kn jnk + u′

ju
′
knink − 1

2
u′

ku′
lnknl

(
nin j + δij

)]
,

where n is a unit vector

n = ∇α/‖∇α‖ , (5)

providing a generalized wall-normal direction. Far from the wall, the SSG model
(Speziale et al. [33]) is used for the redistribution term and an isotropic model for the
dissipation tensor (εh

ij = 2/3 ε δij).
In cases where buoyancy is present, the issue of the validity of the EB-RSM,

which is based on the satisfaction of the near-wall balance (Eq. 2), arises. Close
to a wall located at y = 0, Taylor-series expansions lead to the behaviors given in
Table 1 for the Reynolds stress budgets when the temperature fluctuation is zero at
the wall, which is the case in the present article. It can be seen that the production
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Table 1 Asymptotic behaviors of the terms of the Reynolds stress budget in buoyancy affected flows

Dν
ij φ∗

ij εij Pij DT
ij Gij

u′ 2 O(1) O(y) O(1) O(y3) O(y3) O(y2)

v
′ 2 O(y2) O(y2) O(y2) O(y5) O(y5) O(y3)

w
′ 2 O(1) O(y) O(1) O(y3) O(y3) O(y2)

u′
v

′ O(y) O(y) O(y) O(y4) O(y4) O(y2)

u′
w

′ O(1) O(y) O(1) O(y3) O(y3) O(y2)

v
′
w

′ O(y) O(y) O(y) O(y4) O(y4) O(y2)

due to buoyancy Gij = −β
(

u′
iθ

′g j + u′
jθ

′gi

)
does not affect the balance given by

Eq. 2, and, in particular, that Gij/φ
∗
ij = O(y) for all i and j. It can be concluded that

the EB-RSM does not require any further modification while introducing buoyancy
terms. However, a modification of the transition from the near-wall behavior to the
far-from-the-wall behavior can be expected, which would question the validity of
Eq. 4. Nevertheless, using the DNS data of Kasagi and Nishimura [18], in the mixed
convection case of a vertical channel with a pressure gradient and a temperature
difference between the two walls (a more detailed description of this case is provided
in Section 4), it can be seen in Fig. 1 that the blending function α is only marginally
modified by buoyancy. It is worth recalling here that the model is formulated
to reproduce the wall-blocking effect, i.e., to specifically damp the redistribution
of energy toward the wall-normal fluctuations. Therefore, the evaluation of the
blending parameter α and the length scale L to be reproduced by the model can
be performed by using the components φ∗

22 and ε22 of the DNS databases (a priori
evaluation), by computing

α3 = (φ∗
22 − ε22) − (φw

22 − εw
22)

(φh
22 − εh

22) − (φw
22 − εw

22)
, (6)

Similar to the isothermal case, it can be seen that α varies between 0 and 1, and even
though it becomes slightly asymmetrical, the slope in the near-wall region (i.e., the

Fig. 1 Influence of buoyancy
on α evaluated a priori by
Eq. 6. DNS data from Kasagi
and Nishimura [18]
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extent of the influence of the wall) is only weakly modified. This modification and the
asymmetry can be explained (and thus reproduced) by the influence of buoyancy on
turbulence, and thus on the length scale L = CL max

(
k3/2/ε, Cην

3/4/ε1/4
)
. Therefore,

it is considered that the EB-RSM does not require any modification when buoyancy
effects are present.

2.2 Extension to the modeling of the effect of the wall on the heat fluxes

As it is the case for the redistribution term in the Reynolds stress transport equations,
a model for the scrambling term in the transport equation for the turbulent heat
fluxes can be derived from the Poisson equation of the fluctuating pressure.

The momentum and continuity equations are written in the RANS form with a
Boussinesq approximation

∂u j

∂x j
= 0 (7)

∂ui

∂t
+ ∂

(
ui u j

)

∂x j
= − 1

ρ0

∂ p
∂xi

+ ν
∂2ui

∂x j∂x j
− ∂ Rij

∂x j
+ ρ

ρ0
gi (8)

where ui are the velocity components, p the pressure, Rij the Reynolds stresses, ν

the kinematic viscosity, ρ the (temperature-dependent) density and ρ0 a reference
density.

The mean temperature equation is given by

∂θ

∂t
+ ∂

(
u j θ

)

∂x j
= ∂

∂x j

(
ν

Pr
∂θ

∂x j
− u′

j
θ ′

)
(9)

A Poisson equation can be obtained for the gradient of the fluctuating pressure

∇2 ∂p′

∂xk
= −ρ0

∂

∂xk

(
2
∂ui

∂x j

∂u′
j

∂xi
+ ∂u′

i

∂x j

∂u′
j

∂xi
− ∂u′

i

∂x j

∂u′
j

∂xi
− 1

ρ0
gl

∂ρ ′

∂xl

)
(10)

Using the Green function of the domain and assuming that
∂p′

∂xk
satisfies a Neuman

boundary condition (see Manceau et al. [26]), the solution of Eq. 10 can be obtained
in the integral form

∂p′

∂xk
(x) =

∫
∇2 ∂p′

∂xk
(y)G(x, y)dy

The scrambling term (temperature pressure-gradient one-point correlation) that
arises in the turbulent heat flux transport equation is

φ∗
θ i = − 1

ρ0
θ ′ ∂p′

∂xi
,

such that

ρ0φ
∗
θ i =

∫
�θ i(x, y)G(x, y)dy
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where �θ i is the two-point correlation between the temperature and the Laplacian of
the pressure gradient:

�θ i(x, y) = −θ ′(x)∇2 ∂p′

∂xk
(y)

Similarly to what was proposed by Durbin [6] and justified by Manceau et al. [26]
for the velocity-pressure gradient two-point correlation, an exponential decay is
assumed

�θ i(x, y) = �θ i(y, y)e− r
Lθ , (11)

where r = ‖x − y‖, and the correlation length scale Lθ is to be determined. Using
this assumption, the scrambling term reads

ρ0φ
∗
θ i = 1

4π

∫
�θ i(y, y)

exp (−r/Lθ )

r
dy .

Since 1
4π

exp(−r/Lθ )

r is the Green’s function associated to the operator −∇2 + 1
L2

θ

Id, an
elliptic relaxation equation is obtained for φ∗

θ i

φ∗
θ i − L2

θ∇2φ∗
θ i = − 1

ρ0
L2

θ θ
′ ∂ p′

∂xi
.

In a homogeneous flow, this equation reduces to

φ∗
θ i = − 1

ρ0
L2

θ θ
′ ∂ p′

∂xi

Consequently, the right hand side of the equation can be modeled using any quasi-
homogeneous model, such that the elliptic relaxation provides the appropriate near-
wall treatment for standard high Reynolds models

φ∗
θ i − L2

θ∇2φ∗
θ i = φh

θ i . (12)

The above derivation justifies the use of the elliptic relaxation approach to the
turbulent heat fluxes, as proposed by Shin et al. [30] based on a simple analogy with
the Reynolds stresses.

Instead of solving three equations for individual components of the heat fluxes and
following Manceau and Hanjalić [25], Shin et al. [30] extended the elliptic blending
approach to the heat fluxes, leading to the Elliptic Blending-Differential Flux Model
(EB-DFM)

φ∗
θ i − εθ i = (1 − α3

θ )
(
φw

θ i − εw
θ i

) + α3
θ

(
φh

θ i − εh
θ i

)
. (13)

The parameter αθ , used to blend the near-wall and far-from-the-wall forms of the
heat fluxes model is obtained from the elliptic relaxation equation

αθ − L2
θ∇2αθ = 1 (14)

with the boundary condition αθ = 0 at the wall. This equation ensures that αθ → 1
far from the wall. Contrary to Shin et al. [30], it is not assumed here that the length
scale Lθ is equal to the dynamic length scale L used in Eq. 4, i.e., for the difference
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φ∗
ij − εij in the Reynolds-stress transport equations, which is, following Durbin [6],

modeled by

L = CL max
(

k3/2

ε
, Cη

ν3/4

ε1/4

)
(15)

with CL = 0.125 and Cη = 80.
Table 2 gives the asymptotic behavior of the different terms on the r.h.s. of the

transport equations for the turbulent heat fluxes for zero temperature fluctuations
at the wall (see Eq. 24). Similar to the case of the Reynolds stresses, the near-wall
budget of the wall normal heat flux reduces, at leading order, to a balance between
scrambling, dissipation and molecular diffusion, φ∗

θ2 − εθ2 + Dν
θ2 = 0. In order to

ensure the correct asymptotic behavior at the wall of φw
θ i − εw

θ i, Shin et al. [30] showed
that the near-wall terms can be modeled as

φw
θ i = −

[
1 + 1

2

(
1 + 1

Pr

)]
ε

k
u′

jθ
′nin j (16)

and

εw
θ i = 1

2

(
1 + 1

Pr

)
ε

k
u′

iθ
′
. (17)

Note that this model does not satisfy the individual asymptotic behaviors of φw
θ i and

εw
θ i, but only of their difference. This problem can be simply overcome by using

φw
θ i = − ε

k
u′

jθ
′nin j (18)

and

εw
θ i = 1

2

(
1 + 1

Pr

)
ε

k

(
u′

iθ
′ + u′

jθ
′ nin j

)
, (19)

which is, in practice, strictly equivalent to the previous model, since the difference
φw

θ i and εw
θ i is the same. Far from the wall, the model 13 tend to the high-Reynolds

number model φh
θ i − εh

θ i. Shin et al. [30] proposed to use the standard linear model
[23],

φh
θ i = −Cθ1

ε

k
u′

iθ
′ + Cθ2u′

jθ
′ ∂ui

∂x j
+ C

′
θ2u′

iu
′
j
∂θ

∂x j
+ Cθ3giβθ

′ 2 (20)

and

εh
θ i = 0 . (21)

Table 2 Asymptotic behaviors of the terms of the heat fluxes budget (Shin et al. [30])

PU
θ i + PT

θ i Gθ i φ∗
θ i Dν

θ i −εθ i Dt
θ i

u′
θ

′ O(y3) O(y2) O(y) O(1) O(1) O(y3)

v
′
θ

′ O(y4) O(y2) O(y) O(y) O(y) O(y4)

w
′
θ

′ O(y3) O(y2) O(y) O(1) O(1) O(y3)

y denotes the distance to the wall
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In order to write equations as general as possible, the high-Reynolds number model
φh

θ i for the pressure scrambling term used here is the nonlinear model of Kenjereš
et al. [19], consisting of the rapid part

φr
θ i = Cθ2u′

jθ
′ ∂ui

∂x j
+ C

′
θ2u′

iu
′
j
∂θ

∂x j
+ Cθ3giβθ

′ 2 (22)

and the slow part

φs
θ i = −Cθ1

ε

k

(
u′

iθ
′ − C′

θ1aiju
′
jθ

′
)

(23)

where aij is the stress-anisotropy tensor, aij = Rij/k − 2/3 δij. The linear high-
Reynolds number model (Eq. 20) is obviously a particular case of this model.

3 Algebraic Modeling of the Heat Fluxes

Although differential flux modeling is the appropriate level to represent the physical
mechanisms driving the evolution of the turbulent heat fluxes, industrial application
still rely on much simpler models. The aim of the present section is to make available
an intermediate model based on the elliptic blending method to represent the near-
wall effects, i.e., an algebraic flux model derived from the EB-DFM presented above.
After recalling the method used to derive the standard AFM, this method is applied
to the EB-DFM, leading to the Elliptic Blending-Algebraic Flux Model (EB-AFM).
Similar to the case of GGDH, which can be written as a simplification of the AFM,
a simple model, the EB-GGDH (Elliptic Blending-Generalized Gradient Diffusion
Hypothesis), is readily obtained.

3.1 The standard AFM

Using the Boussinesq approximation, the transport equations for the turbulent heat
fluxes can be written

Du′
iθ

′

Dt︸ ︷︷ ︸
Cθ i

= −u′
jθ

′ ∂ui

∂x j︸ ︷︷ ︸
PU

θ i

−u′
iu

′
j
∂θ

∂x j︸ ︷︷ ︸
PT

θ i

−giβθ
′ 2

︸ ︷︷ ︸
Gθ i

−θ
′

ρ

∂p
′

∂xi︸ ︷︷ ︸
φ∗

θ i

− (λ + ν)
∂θ

′

∂x j

∂u
′
i

∂x j︸ ︷︷ ︸
εθ i

+ ∂

∂x j

(
−θ

′ u′
iu

′
j

)

︸ ︷︷ ︸
Dt

θ i

+ ∂

∂x j

(
λ

∂θ
′

∂x j
u′

i + νθ
′ ∂u

′
i

∂x j

)

︸ ︷︷ ︸
Dν

θ i

(24)

where Cθ i, PU
θ i , PT

θ i, Gθ i, φ∗
θ i, εθ i, Dt

θ i and Dν
θ i denote the material derivative, the

production by the mean velocity gradient, by the mean temperature gradient, by
buoyancy, the temperature-pressure gradient correlation, the dissipation, the turbu-
lent and molecular diffusions, respectively.

Algebraic forms of the turbulent heat flux transport equation can be derived,
similarly to the Reynolds stress transport equations (see, for example, [27]).
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As detailed by Hanjalić [14], algebraic models for the heat fluxes rely on the weak
equilibrium assumptions for convection

du′
iθ

′

dt
= 1

2

(
1
k

dk
dt

+ 1

θ
′ 2

dθ
′ 2

dt

)
u′

iθ
′
, (25)

and diffusion

Dθ i = 1
2

(
1
k
Dk + 1

θ
′ 2
D

θ
′ 2

)
u′

iθ
′
, (26)

where Dθ i, Dk and D
θ

′ 2 denote the total diffusion of u′
iθ

′ , k and θ
′ 2, respectively,

which yields the turbulent heat flux algebraic equation

Pθ i + φ∗
θ i − εθ i − u′

iθ
′

2k
(Pk + Gk − ε) − u′

iθ
′

2θ
′ 2

(
P

θ
′ 2 − ε

θ
′ 2

)
= 0 ,

where Pθ i = PU
θ i + PT

θ i + Gθ i.

If the production and the dissipation terms of both k and θ
′ 2 are assumed to be

locally in balance, i.e., turbulence is assumed to be in local equilibrium,

Pk + Gk = ε (27)

and

P
θ

′ 2 = ε
θ

′ 2 , (28)

then Eq. 27 reduces to

Pθ i + φ∗
θ i − εθ i = 0 . (29)

Introducing the nonlinear model (Eqs. 22 and 23) for the scrambling term in this
relation yields

Cθ1
ε

k
u′

iθ
′ = (1 − Cθ2) PU

θ i +
(

1 − C
′
θ2

)
PT

θ i

+ (1 − Cθ3) Gθ i + Cθ1C
′
θ1

ε

k
aiju

′
jθ

′ − εh
θ i (30)

For Prandtl numbers not small compared to unity, temperature fluctuations at
small scales can be considered isotropic [34], such that the dissipation term is assumed
to be zero far from the wall (εh

θ i = 0). Equation 24 thus reduces to the Non-Linear
Algebraic Flux Model (NL-AFM), Kenjereš et al. [19],

u′
iθ

′ = −Cθ

k
ε

[
ζu′

iu
′
j
∂θ

∂x j
+ ξu′

jθ
′ ∂ui

∂x j
+ ηβgiθ

′ 2 − χ
ε

k
aiju

′
jθ

′

]
(31)

where Cθ = C′
θ /Cθ1, ζ = 1 − C′

θ2, ξ = 1 − Cθ2, η = 1 − Cθ3 and χ = Cθ1C′
θ1. Two

simplifications of this model will be utilized in the following: the linear Algebraic Flux
Model (AFM, χ = 0) and the Generalized Gradient Diffusion Hypothesis (GGDH,
ξ = η = χ = 0). Throughout the present paper, the coefficients that are generally
recommended [14], Cθ1 = 3.0, C′

θ2 = 0, Cθ2 = Cθ3 = 0.55, are used . Note that the
coefficient Cθ , which should be equal to 1/Cθ1, is modified by the introduction of
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the coefficient C′
θ ; indeed, the assumptions used in the algebraic methodology make

necessary the introduction of this recalibration coefficient.

3.2 Elliptic blending-algebraic flux model

The model for the scrambling term given by Eqs. 22 and 23, and consequently the
AFM, does not account for the effect of the wall on turbulence. In order to overcome
this limitation, the main proposal of the present paper is to apply the elliptic blending
strategy to the heat fluxes in order to derive the Elliptic Blending-Algebraic Flux
Model (EB-AFM).

The same derivation as the one done in the Section 3.1 for the high-Reynolds
number model but now applied to the EB-DFM described in Section 2.2 then leads
to

PU
θ i + PT

θ i + Gθ i − u′
iθ

′

2k
(Pk + Gk) − u′

iθ
′

2θ
′ 2

P
θ

′ 2

−(1 − α3
θ )

ε

k
u′

jθ
′ nin j − α3

θ Cθ1
ε

k
u′

iθ
′ + α3

θ Cθ1C′
θ1

ε

k
aiju jθ − α3

θ Cθ2 PU
θ i − α3

θ C′
θ2 PT

θ i

−α3
θ Cθ3Gi − (1 − α3

θ )Cε

ε

k

(
u′

iθ
′ + u′

jθ
′ nin j

)
− α3

θ ε
h
θ i + u′

iθ
′

(
ε

2k
+

ε
θ

′ 2

2θ
′ 2

)
= 0 ,

(32)

such that the algebraic model now reads, assuming equilibrium (Eqs. 27 and 28),

u′
iθ

′ =
ξ PU

θ i + ζ PT
θ i + ηGθ i − γ

ε

k
u′

jθ
′ nin j + χ

ε

k
aiju

′
jθ

′ − α3
θ ε

h
iθ[

α3
θ Cθ1 + (1 − α3

θ )Cε

] ε

k

(33)

where ξ = (1 − α3
θ Cθ2), ζ = (1 − α3

θ C′
θ2), χ = α3

θ Cθ1C′
θ1, η = (1 − α3

θ Cθ3), γ = (1 −
α3

θ ) (1 + Cε), Cε = 1
2 (1 + 1/Pr). Assuming that εh

iθ = 0, this relation reduces to

u′
iθ

′ = −Cθ

k
ε

[
ζu′

iu
′
j
∂θ

∂x j
+ ξu′

jθ
′ ∂ui

∂x j
+ ηβgiθ

′ 2 − χ
ε

k
aiju

′
jθ

′ + γ
ε

k
u′

jθ
′ nin j

]
, (34)

where

Cθ = C′
θ

α3
θ Cθ1 + (1 − α3

θ )Cε

. (35)

This model only differs from Eq. 31 by the additional term γ
ε

k
u′

jθ
′ nin j, which

sensitizes the model to the orientation of the wall, and, above all, by the fact that
the coefficients ξ , ζ , χ , η and Cθ are now dependent on the blending function αθ . It
is easy to see that in regions far from the wall, where αθ → 1, the influence of the
elliptic blending method vanishes and the model (Eq. 31) is recovered.

In the following, the usual constants of the linear high-Reynolds number model
are used: Cθ1 = 3, Cθ2 = 0.55, C

′
θ2 = 0, Cθ3 = 0.55 and C′

θ1 = 0. Note that the elliptic
blending method does not introduce any new coefficient.
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Moreover, the model can be further simplified by using ζ = 1 and ξ = η = χ = 0,
which yields the EB-GGDH model

u′
iθ

′ = −Cθ

k
ε

[
u′

iu
′
j
∂θ

∂x j
+ γ

ε

k
u′

jθ
′ nin j

]
. (36)

3.3 Equation for the temperature variance

The transport equation for the temperature variance θ
′2, involved in Eq. 34, is

written as

∂θ
′ 2

∂t
+

∂
(

u j θ
′ 2
)

∂x j
= ∂

∂xk

[( ν

Pr
δkl + Cθθ ρu′

k
u′

l
T

) ∂θ
′ 2

∂xl

]
+ Pθθ − εθθ (37)

In this equation, the production term, equal to

Pθθ = −2 u′
iθ

′ ∂θ

∂xi

does not require modeling, and the dissipation rate εθθ is obtained via the ratio R of
thermal to mechanical time scales

R = θ
′ 2

εθθ

ε

k
.

For large turbulent Peclet numbers, which can be considered valid far from the
wall, for fluids with not too small Prandtl numbers, assuming a constant thermal-to-
mechanical time-scale ratio R = Rh, where the superscript h denotes homogeneous
or quasi-homogeneous, is a usual practice [14]. In the present case, where the Prandtl
number is close to unity, the widely admitted value Rh = 0.5 is used.

However, in the near-wall region, this assumption fails and, in particular, R
approaches the Prandtl number at the wall. In order to account for this limit, in the
framework of the elliptic blending approach, R can be modeled as

R = α3
θ Rh + (1 − α3

θ )Pr (38)

The DNS database of Abe and Kawamura [1], in which the ratio R is available,
enables the evaluation of the performance of this simple model in forced convection
regime. The flow between two parallel flat plates is driven by an imposed pressure
gradient (see Fig. 3), and a constant wall heat flux q̇w is imposed. Buoyancy terms
are neglected, such that temperature is a passive scalar. The two parameters of
the flow are the friction Reynolds number Reτ and the Prandtl number Pr = 0.71.
Figure 2 shows the time-scale ratio R obtained with Eq. 38, for several value of
the length scale used in the equation of α3

θ (see Section 4 for the discussion about
this length scale). In this a priori procedure, in order to obtain αθ , Eq. 14 is first
solved, with the mechanical length scale L evaluated using DNS data and Lθ taken
proportional to L. It can be seen that using the simple model (Eq. 38) yields a
significant improvement of the prediction of R in the near-wall region, although the
complex shape below y+ = 50 is not reproduced. Therefore, Eq. 38 will be used in
the computations presented in Section 5 for the EB-AFM and EB-GGDH models.
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Fig. 2 Thermal-to-mechanical
time-scale ratio R obtained
from Eq. 38. A priori test in
forced convection, Reτ = 640)
[1]
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It is found in Fig. 2 that the optimal value for Lθ /L is 1.75. Next section is devoted
to the investigation of the role of this length scale in the modeling of φ∗

θ i − εθ i.

4 Influence of the Modeling of the Thermal Length Scale

As mentioned in Section 2.2, Shin et al. [30] assumed that the blending function
αθ used in Eq. 13 is equal to the blending function α used in Eq. 3, which is a
strong assumption. Since α and αθ are obtained from similar elliptic Eqs. 4 and 14,
this is equivalent to the assumption Lθ = L. Actually, Lθ originates from the
approximation of the two-point correlations by exponential functions in Eq. 11, and
the correlation length scale has no reason to be the same for temperature–pressure
correlations as for velocity–pressure correlations. At large turbulent Peclet numbers
Pet = RetPr, the large-scale temperature fluctuations are simply convected, such that
Lθ can be considered entirely determined by the velocity field, and assuming a
constant Lθ /L is reasonable, but this does not imply that the constant is exactly one.
Therefore, the present section focuses on the modeling of the thermal length scale
Lθ , and its influence on the predictions of φ∗

θ i and εθ i, using a priori tests in forced
and mixed convection regimes.

In order to cover a wide range of regimes, it is usual to assume that the time-scale
used in heat fluxes models is a function k, ε, kθ and εθ , i.e., a hybrid of mechanical
and thermal time-scales (see, e.g., Abe et al. [2]). This hypothesis can be extended to
Lθ , and a dimensional analysis shows that the ratio Lθ /L is then a function of R

Lθ

L
= f (R) , (39)

where L = k3/2/ε. In order to account for the variations of R in the near-wall region
in a simple manner, Eq. 39 can be approximated by a linear relation f (R)

Lθ = C′
L R L . (40)
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Moreover, as mentioned above, assuming a constant thermal-to-mechanical time-
scale ratio R is usual for large Peclet numbers. This assumption implies a constant
ratio Lθ /L.

In order to assess a priori the validity of the simple relation 40 and to evaluate the
coefficient C′

L, two DNS databases of fully developed turbulent channel flows are
used, in forced and mixed convection regimes. The a priori procedure consists in first
solving Eq. 14, with the modeled Lθ evaluated using DNS data, and then computing
the model 13, also from DNS data. The standard coefficients [23] of the model for the
scrambling term Eqs. 22 and 23 are used (Cθ1 = 3, Cθ2 = 0.55, C′

θ2 = 0, Cθ3 = 0.55,
C′

θ1 = 0), which yields for the EB-AFM model (Eq. 34)

ξ = (1 − 0.55 α3
θ ) , ζ = 1 , χ = 0 , η = (1 − 0.55 α3

θ ) ,

γ = (1 − α3
θ ) (1 + Cε) , Cε = 1

2

(
1 + 1

Pr

)
,

and Cθ = C′
θ

3 α3
θ + (1 − α3

θ ) Cε

,

where C′
θ = 0.68 is used.

In addition to case of Abe and Kawamura [1] described above and in Fig. 3, the
DNS database of Kasagi and Nishimura [18] for the mixed convection regime is used.
Buoyancy is accounted for in a vertical channel flow driven by a pressure gradient,
with an imposed wall-temperature difference (see Fig. 4). The Reynolds number
based on the mean friction velocity is Reτ = 150. The Prandtl number is Pr = 0.71
and the Grashof number based on the temperature difference Gr = 9.6 × 105.

Figures 5 and 6 show φ∗
θ1 − εθ1 (streamwise direction) and φ∗

θ2 − εθ2 (wall-normal
direction), respectively, obtained with different values of Lθ . Figures 7 and 8 show
the same results for the mixed convection case. The difference of sensitivity to a
modification of the length of these two components is striking. Contrary to φ∗

θ1 − εθ1,
for which doubling the length scale yields a significant modification of the results,
φ∗

θ2 − εθ2 remains nearly unaffected. The reason for this behavior lies in the term

γ ε
k u′

kθ
′ nink arising when the elliptic blending approach is introduced (see Eq. 34).

Indeed, the normal-wise component writes

v
′
θ

′ = −Cθ

k
ε

(
v

′ 2 ∂θ

∂y
+ γ

ε

k
v

′
θ

′

)
, (41)

Fig. 3 Channel flow in forced
convection regime, Abe and
Kawamura [1]
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Fig. 4 Channel flow in mixed
convection regime, Kasagi and
Nishimura [18]

which can be recast as

v
′
θ

′ = −C∗
θ

k
ε

(
v

′ 2 ∂θ

∂y

)
, (42)

where

C∗
θ = C′

θ

Cθ1

[
α3

θ + (1 − α3
θ )

Cε + (1 + Cε) C′
θ

Cθ1

]−1

.

Far from the wall, C∗
θ → C′

θ /Cθ1, and Eq. 42 tends to the form given by standard
models (GGDH or AFM).

For Pr = 0.71, Cε ≈ 1.204, such that C∗
θ goes from 0.23 far from the wall to 0.25

at the wall. Therefore, whatever the shape of αθ , i.e., whatever the model used for
Lθ , v

′
θ

′ remains nearly the same. This remark leads to an important conclusion: the
reason why standard models (GGDH and AFM) successfully reproduce the mean

Fig. 5 A priori test of the
model for φ∗

θ1 − εθ1 in forced
convection regime [1]
(Reτ = 640)
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Fig. 6 Same figure as Fig. 5
for φ∗

θ2 − εθ2
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Fig. 7 A priori test of the
model for φ∗

θ1 − εθ1 in mixed
convection regime [18]
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Fig. 9 C∗
θ sensitivity to the

Prandtl number
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temperature profile in channel flows for fluids with a Prandtl number close to unity,
despite the fact that they do not account for near-wall effects on the heat fluxes, is
a coincidence. Indeed, in such flows, the streamwise heat flux is not active, and the
wall-normal heat flux is correctly reproduced because, for such Prandlt numbers,
C∗

θ is almost a constant. Of course, this feature relies on the correct prediction
of the wall-normal component of the Reynolds stress, for which accounting for
near-wall effects (which is the case with the EB-RSM) is crucial. However, the
situation is different in more complex geometries, where a correct prediction of
all the component of the turbulent heat fluxes is important, as well as for Prandtl
numbers far from unity: Fig. 9 illustrates the distribution of the coefficient C∗

θ in the
domain for different values of the Prandtl number. It is clearly seen that the variation
of C∗

θ cannot be neglected close to the wall for large or small Prandtl numbers,
and, consequently, accounting for wall effects in the model for the turbulent heat
fluxes is necessary to correctly reproduce temperature profiles. It is worth pointing
out that, for such values of the Prandtl number, other modeling issues arise, such as
the modeling of εh

θ i, which cannot be neglected for small Prandtl numbers, since the
small-scale temperature fluctuations can be considered isotropic only at the limit of
large Peclet numbers [21, 34].

On the contrary, for both cases, the streamwise component φ∗
θ1 − εθ1 is sig-

nificantly improved by increasing the ratio Lθ /L (albeit not shown here, the im-
provement is particularly pronounced for φ∗

θ1). Considering the present a priori test
and the conclusion of Section 3.3, the optimal value is Lθ /L = 1.75. In the forced
convection case, since the time-scale ratio R is provided by the database, the linear
hypothesis (Eq. 40) can be also evaluated with a variable R. It can be observed that
the results obtained with Lθ = 3 R L and Lθ = 1.75 L are almost identical, such that
using a constant ratio Lθ /L is considered sufficient.

5 Computational Results

EDF in-house open source (http://www.code-saturne.org) CFD tools Code_Saturne
is used for the present computations. Code_Saturne is an unstructured, collocated

http://www.code-saturne.org
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finite volume solver for cells of any shape. Spatial discretization is second order accu-
rate. The Navier-Stokes equations are solved for turbulent incompressible flows us-
ing a SIMPLEC algorithm for pressure-velocity coupling (see Archambeau et al. [3]
for additional details about the code). It includes several RANS models with first and
second moment closures such as the standard k − ε, k − ω-SST, stabilized v2 − f (φ-
model), LRR and SSG models. The code can also perform Large-Eddy Simulation
using standard or dynamic Smagorinsky models. The elliptic blending approach has
been introduced into the standard SSG model available in Code_Saturne in order to
implement the EB-RSM, which is used for all the computations. For all the solutions
presented in the present paper, grid convergence has been carefully ensured. The
first computational point for both test cases are located around y+ = 0.1.

The different turbulent heat fluxes models used in the present work, and summa-
rized below, have been implemented:

– GGDH (Generalized Gradient Diffusion Hypothesis)

u′
iθ

′ = −Cθ

k
ε

u′
iu

′
j
∂θ

∂x j

with Cθ = 0.235.
– AFM (Algebraic Flux Model)

u′
iθ

′ = −Cθ

k
ε

[
u′

iu
′
j
∂θ

∂x j
+ ξu′

jθ
′ ∂ui

∂x j
+ ηβgiθ

′2

]

with Cθ = 0.235, ξ = 0.45 and η = 0.45.

– EB-GGDH (Elliptic Blending-Generalized Gradient Diffusion Hypothesis)

u′
iθ

′ = −Cθ

k
ε

[
u′

iu
′
j
∂θ

∂x j
+ γ

ε

k
u′

kθ
′ nink

]
(43)

with Cθ = 0.68
3 α3

θ + (1 − α3
θ )Cε

, γ = (
1 − α3

θ

) [
1 + Cε

]
and Cε = 1

2

(
1 + 1

Pr

)

– The EB-AFM (Elliptic Blending-Algebraic Flux Model)

u′
iθ

′ = −Cθ

k
ε

[
u′

iu
′
j
∂θ

∂x j
+ ξu′

jθ
′ ∂ ui

∂x j
+ ηβgiθ

′2 + γ
ε

k
u′

jθ
′ nin j

]

with ξ = 1 − 0.55α3
θ and η = 1 − 0.55α3

θ (these coefficients tend to the coefficients of
the AFM far from the wall). The temperature variance θ

′2 is obtain with the Eqs. 37
and 38.

It is worth pointing out that the coefficients used in the GGDH, AFM, EB-GGDH
and EB-AFM all originate from the same calibration [23] of the underlying model
for the scrambling term (Eqs. 22 and 23): Cθ1 = 3, Cθ2 = 0.55, C′

θ2 = 0, Cθ3 = 0.55,
C′

θ1 = 0. The recalibration coefficient (see the discussion in Section 3.1) C′
θ , involved

in Cθ = C′
θ /Cθ1 is chosen for each model in order to optimize the reproduction of the

mean temperature profile in the forced convection case. The corresponding values
are C′

θ = 0.705 for GGDH and AFM, and C′
θ = 0.68 for EB-GGDH and EB-AFM.
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Fig. 10 The velocity profile
(computational results for the
forced convection regime,
Reτ = 640)
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Computations were performed in order to evaluate the advantage of the introduc-
tion of the elliptic blending approach combined either with the GGDH or the AFM
model on the prediction of the turbulent heat fluxes and mean velocity/temperature
profiles, as well as to confirm the necessity of using a thermal length scale different
from the mechanical length scale. The two DNS test-cases used above for a priori
tests are investigated.

Forced convection regime In a fully developed turbulent channel flow, the EB-RSM
model gives very satisfactory results for the mean velocity and the Reynolds stresses,
as shown in Fig. 10 and in Fig. 11 , but this is of course independent of the turbulent
heat fluxes model. Figure 12 shows the temperature profile for the different turbulent
heat fluxes models. Note that, in forced convection, the AFM and EB-AFM results
give exactly the same results as the GGDH or the EB-GGDH, respectively. As
mentioned in Section 4, the accounting for the near-wall effects only weakly modifies
the prediction of the mean temperature profile, since the wall-normal heat flux is only
marginally affected by the elliptic blending approach. This is confirmed by Fig. 13, in

Fig. 11 The Reynolds tensor
profile. (Symbols: DNS of
Kawamura Reτ = 640 [1])
(computational results for the
forced convection regime)
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Fig. 12 The temperature
profile (computational results
for the forced convection
regime, Reτ = 640)
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Fig. 13 The normal-wise
turbulent heat flux v

′
θ

′

(computational results for the
forced convection regime,
Reτ = 640)
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Fig. 14 The streamwise
turbulent heat flux u′

θ
′ with

GGDH and EB-GGDH flux
models (computational results
for the forced convection
regime, Reτ = 640)
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Fig. 15 The streamwise
turbulent heat flux u′

θ
′ with

AFM and EB-AFM flux
models (computational results
for the forced convection
regime, Reτ = 640)
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Fig. 16 The velocity profile
(computational results for the
mixed convection regime,
Reτ = 150, Gr = 9.6 × 105)
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Fig. 17 The Reynolds tensor
profile. (Symbols: DNS of
Kasagi [18]) (computational
results for the mixed
convection regime)

0 0.5 1 1.5 2

0

2

4

6

8

R
+ ij

u u

u u
EB-RSM + all GGDH and AFM all Lq

uu

y/d



Flow Turbulence Combust

Fig. 18 The temperature
profile (computational results
for the mixed convection
regime, Reτ = 150,
Gr = 9.6 × 105)
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Fig. 19 Wall normal heat flux
v

′
θ

′ (computational results for
the mixed convection regime,
Reτ = 150, Gr = 9.6 × 105)
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Fig. 20 streamwise heat flux
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′ (computational results for

the mixed convection regime,
Reτ = 150, Gr = 9.6 × 105)
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Fig. 21 Temperature variance

θ
′ 2 (computational results for

the mixed convection regime,
Reτ = 150, Gr = 9.6 × 105)
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which it can be seen that the predictions given by all the heat fluxes models are not
distinguishable.

For the sake of clarity, the predictions for the streamwise heat flux by the GGDH
and AFM models have been split in the two Figs. 14 and 15. These two figures clearly
show the improvement in the near-wall region introduced by elliptic blending, in
particular in the case of the AFM. Moreover, the benefit of using a thermal length
scale different from the mechanical length scale is confirmed, although it does not
constitute a major breakthrough. It is worth pointing out that differentiating these
two length scales has a computational cost, since it makes necessary the resolution of
an additional elliptic equation for αθ (otherwise αθ = α), but the cost of the resolution
of this equation is very low (typically less than 1% of the total computational time).

Mixed convection For the mixed convection regime, the EB-RSM gives satisfac-
tory results for the mean velocity (Fig. 16) and the Reynolds Tensor (Fig. 17)
whatever the heat fluxes model. Contrary to the case of forced convection, it can
be seen in Figs. 18 and 19 that the predictions of the wall-normal heat flux and,
consequently, the mean temperature, are slightly influenced by the introduction of
the near-wall effects. The most significant improvement is again for the streamwise
component (Fig. 20), but also for the temperature variance, as seen in Fig. 21. Over-
all, the value Lθ /L = 1.75 is an appropriate choice, which confirms the conclusion of
Section 3.3.

6 Conclusions

The main contribution of the present paper is the proposal of a new algebraic model
for the turbulent heat fluxes, the EB-AFM, as well as a simplified form, the EB-
GGDH. These models are similar to usual AFM and GGDH, but reproduce the
influence of the wall on the heat fluxes. They are algebraic versions of the EB-DFM
[30], based on transport equations for the turbulent heat fluxes in which the blocking
effect of the wall on the scrambling term is reproduced by the elliptic blending
approach (hence the EB prefix).
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Moreover, the analytical justification of the use of the elliptic relaxation approach
for the turbulent heat fluxes was introduced, which forms the basis for the EB-DFM.
In addition, it was proposed to refine the modeling of the thermal-to-mechanical
time-scale ratio R, used to evaluate the dissipation of the temperature variance, in
order to impose the correct wall limit, as well as to distinguish the mechanical and
thermal length scales in the elliptic blending approach for the Reynolds stresses and
the heat fluxes, respectively.

The validation of these proposals was carried out using both a priori tests and
numerical simulations in forced and mixed convection regimes. The predictions of
the streamwise turbulent heat flux and the temperature variance are significantly
improved when the near-wall effects are accounted for by elliptic blending. Using a
thermal length scale larger than the mechanical length scale proved also beneficial,
although the improvement is moderate. On the contrary, in channel flow cases, for
fluids with Prandtl numbers close to unity, the wall-normal turbulent heat flux is only
moderately affected by the introduction of the effects of the wall, which provides an
explanation for the success of standard models (AFM and GGDH) in channel flow
configurations, although they derive from a model not valid in the near-wall region.
This is to be traced to the fact that, fortuitously, the two limiting values (at the wall
and far from the wall) of the variable coefficient driving this component of the heat
fluxes are almost equal for Pr = 0.71. Accounting for the near-wall effects might have
an important influence in cases where the Prandtl number is far from unity.
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