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GLOBAL EULER OBSTRUCTION, GLOBAL BRASSELET
NUMBERS AND CRITICAL POINTS

NICOLAS DUTERTRE AND NIVALDO G. GRULHA JR.

ABSTRACT. Let X C C" be an equidimensional complex algebraic set and
let f : X — C be a polynomial function. For each ¢ € C, we define the
global Brasselet number of f at ¢, a global counterpart of the Brasselet number
defined by the authors in a previous work, and the Brasselet number at infinity
of f at c. Then we establish several formulas relating these numbers to the
topology of X and the critical points of f.

1. INTRODUCTION

The local Euler obstruction is an invariant defined by MacPherson in [27] as
one of the main ingredients in his proof of the Deligne-Grothendieck conjecture on
the existence of Chern classes for singular varieties. The local Euler obstruction at
0 € X, where X is a sufficietly small representative of the equidimensional analytic
germ (X, 0), is denoted by Eux(0). After MacPherson’s pioneer work, the Euler
obstruction was studied by many authors. Let us mention briefly some of the most
important results on this subject. If V = {V;}!_, is a Whitney stratification of X,
then Brylinski, Dubson and Kashiwara [6] proved a famous formula that relates the
Eug’s to the Euler characteristic of the normal links of the strata. In [25], Lé and
Teissier showed that Eux (0) is equal to an alterned sum of multiplicities of generic
polar varieties of X at 0. In [3], Brasselet, Lé and Seade proved a Lefschetz type
formula for Eux (0), i.e. they relate Eux(0) to the topology of the real Milnor fibre
on X of a generic linear function. There are also integral formulas for Eux(0) in
[26] and [15].

In [4], Brasselet, Massey, Parameswaran and Seade defined a relative version of
the local Euler obstruction, introducing information for a function f defined on
the variety X, called the Euler obstruction of a function and denoted by Euy x (0).
They prove a Lefschetz type formula for this invariant. The Euler obstruction of
a function can be seen as a generalization of the Milnor number ([4, 33, 21]). For
instance, in [33], Seade, Tibar and Verjovsky showed that Euy x(0) is equal up to
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sign to the number of critical points of a Morsefication of f lying on the regular
part of X.

In [16], we study topological properties of functions defined on analytic complex
varieties. In order to do it, we define an invariant called the Brasselet number,
denoted by By x(0). This number is well defined even when f has arbitrary sin-
gularity. When f has isolated singularity we have By x(0) = Eux(0) — Euy x(0).
We established several formulas for By x, among them a relative version of the
multiplicity formula of Lé and Teissier, a relative version of the Brylinski-Dubson-
Kashiwara formula and an integral formula.

In a manner similar to the local case, in [34], working with an affine equidi-
mensional singular variety X C CV, Seade, Tibar and Verjovsky defined the global
Euler obstruction, denoted by Eu(X). When X is smooth the global Euler obstruc-
tion of X coincides with the Euler characteristic of X. They prove a global version
of the Lé-Teissier polar multiplicities formula. Later, this formula was generalized
in [32] to an index formula for MacPherson cycles.

As the Euler obstruction of a function and the Brasselet number are useful to
study the singularities of f in the local case, we introduce in this work the global
Brasselet numbers and the Brasselet numbers at infinity, in order to investigate
the topological behavior of the singularities, globally and at the infinity, of a given
polynomial function f defined on an algebraic variety X € CV. The main references
we use in this paper about the study of singularities at infinity are [9, 10, 41].

In Section 2 we give prerequisities on the topology of complex algebraic sets:
stratified Morse functions, the complex link and the normal Morse datum, con-
structible functions, the local Euler obstruction and the Brasselet number, the
global Euler obstruction. In Section 3 we recall the notions of t-regularity at in-
finity and p-regularity at infinity, some basic results and we adapt them to the
stratified setting.

In Section 4 we define the global Brasselet numbers and the Brasselet numbers
at infinity. We compare the global Brasselets number of f with the global Euler
obstruction of the fibres of f. The relation presented in Corollary 4.8 can be seen
as a global relative version of the local index formula of Brylinsky, Dubson and
Kashiwara [6].

In Section 5 we prove several formulas that relate the number of critical points
of a Morsefication of a polynomial function f on an algebraic set X, to the global
Brasselet numbers and the Brasselet numbers at infinity of f. The main result in
this section is Theorem 5.2. From this result we obtain many interesting corollaires.
Corollary 5.6, for instance, is a Brylinski-Dubson—Kashiwara type formula for the
total Brasselet number at infinity. We also prove a relative version of the polar
multiplicity formula of Seade, Tibar and Verjovsky (Corollary 5.13).

We finish the paper at Section 6, relating the global Euler obstruction of an
equidimensional algebraic set X C C" to the Gauss-Bonnet curvature of its regular
part and the Gauss-Bonnet curvature of the regular part of its link at infinity. The
result is a global counterpart of the formula that the first author established for
analytic germs in [15].
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2. PREREQUISITES ON THE TOPOLOGY OF COMPLEX ALGEBRAIC SETS

In this section, we work with a reduced complex algebraic set X C C™ of dimen-
sion d. We assume that X is equipped with a finite Whitney stratification ¥V whose
strata are connected. We denote by X,¢; the regular part of X, i.e. the union of
all the strata of dimension d.

2.1. Stratified Morse functions. The main reference for this subject is [20].

Definition 2.1. Let x be a point in X and let V;, be the stratum that contains it. A
degenerate tangent plane of the stratification V is an element T (of an appropriate
Grassmannian) such that 7' = lim,, ., T,,V,, where V, is a stratum that contains
V} in its frontier and where the x;’s belong to V.

Definition 2.2. A degenerate covector of V at a point € X is a covector which
vanishes on a degenerate tangent plane of V at x, ie., an element n of T,C"
such that there exists a degenerate tangent plane T of the stratification at x with
n(T) = 0.

Let f : X — C be an analytic function. We assume that f is the restriction to
X of an analytic function F': C" — C, i.e. f = Fjx. A point z in X is a critical
point of f if it is a critical point of Fjy (,), where V' (z) is the stratum containing .

Definition 2.3. Let x be a critical point of f. We say that f is general at x with
respect to the stratification V if DF(q) is not a degenerate covector of V at z.

We say that f is general with respect to V if it is general at all critical points
with respect to V.

Definition 2.4. Let x be a critical point of f. We say that z is a stratified Morse
critical point of f if f is general at 2 and the function fjy () : V(z) — C has a
non-degenerate critical point at « when dimV'(x) > 0.

We say that that f is a stratified Morse function if it admits only stratified Morse
critical points.

2.2. The complex link and the normal Morse datum. The complex link is
an important object in the study of the topology of complex analytic sets. It is
analogous to the Milnor fibre and was studied first in [23]. It plays a crucial role in
complex stratified Morse theory (see [20]) and appears in general bouquet theorems
for the Milnor fibre of a function with isolated singularity (see [24, 35, 39]).

Let V be a stratum of the stratification V of X and let x be a point in V. Let
g: (C",z) — (C,0) be an analytic complex function-germ such that the differential
form Dg(x) is not a degenerate covector of V at x. Let N;C’V be a normal slice to
V at z, i.e. N;EV is a closed complex submanifold of C™ which is transversal to V'
at z and NTy, NV = {z}.

Definition 2.5. The complex link E‘)}' of V is defined by
Ly = X NNy NBe(z)n{g =4},
where 0 < || < € < 1. Here B((z) is the closed ball of radius € centered at x .
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The normal Morse datum NMD(V') of V is the pair of spaces
NMD(V) = (X N N5y N Be(z), X N NSy N Be(z) N{g=6}).

The fact that these two notions are well-defined, i.e. independent of all the
choices made to define them, is explained in [20].

2.3. Constructible functions. We start with a presentation of Viro’s method of
integration with respect to the Euler characteristic with compact support [43]. We
work in the semi-algebraic setting.

Definition 2.6. Let Y C R" be a semi-algebraic set. A constructible function
oY — Zis a Z-valued function that can be written as a finite sum:

a= Z m;ly,,
i€l
where Y; is a semi-algebraic subset of ¥ and 1y, is the characteristic function on
Y;.

The sum and the product of two constructible functions on Y are again con-
structible. The set of constructible functions on Y is thus a commutative ring,
denoted by F(Y).

Definition 2.7. If o € F(Y) and W C Y is a semi-algebraic set then the Euler
characteristic x (W, «) is defined by

X(W,a) = " mix.(WnYi),
i€l
where a = ), m;ly, and x. is the Euler characterictic of Borel-Moore homology.

The Euler characteristic x (W, «) is also called the Euler integral of o and denoted
by [, adx.. Here we follow the terminology and notations used in [4, 16, 32].

Definition 2.8. Let f : Y — Z be a continuous semi-algebraic map and let
«a Y — Z be a constructible function. The pushforward f.a of a along f is the
function f.a : Z — Z defined by:

fealz) = x(f7H(2), ).
Proposition 2.9. The pushforward of a constructible function is a constructible

function.

Theorem 2.10 (Fubini’s theorem). Let f : Y — Z be a continuous semi-algebraic
map and let o be a constructible function on Y. Then we have:

x(Z, f*a) =x(Y, a)'

Let us go back to the complex situation. Here we write V = {V1,...,V;} for the
Whitney stratification of X.

Definition 2.11. A constructible function with respect to the stratification V of X
is a function « : X — Z which is constant on each stratum V of the stratification.

This means that there exist integers n;,i € {1,...,t}, such that a = 3/, n;-1y;.
In most of the cases that we will consider, we can use the topological Euler charac-
teristic x instead of x.. First since each V; is an even-dimensional submanifold, by
Poincaré duality x.(V;) is equal to x(V;) and so x(X, a) = Z§=1 n;x(V;). Now let
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B C C™ be an euclidian closed ball that intersects X transversally (in the stratified
sense). We will give four equalities for x(X N B, «). By additivity of x., we have

X(X N B,a) = x(X N B,a)+ x(X NIB,a).

But X NOB is Whitney stratified by odd dimensional strata and so x(X N9B) =0
(see Lemma 5.0.3 in [31] or Proposition 1.6 in [28]). Therefore, we have

t
X(XNB,a)=x(XNB,a)= Znixc(vi N B),

i=1

and by Poincaré duality,

x(X N B,a) an (VN B).

But each V; N B is a manifold with boundary, so x(V; N B) = x(V; N B) and

X(XNB,a)=>Y nix(ViNB).

i=1

Similarly, if £ =C"™\ B then

t t
X(XQE,CY) = Zncha/; ﬂE) = Znch(‘/i ﬂE)

i=1 i=1

= an ViNE) me (Vi N E).
i=1
If the radius of B is sufﬁmently big, then X N B is homeomorphic to the link at
infinity of X, denoted by Lk* (X)), and XN B is a retract by deformation of X which
implies that x(X) = x(X N B). Since X N B is compact, x(X N B) = x.(X N B)
and so, by additivity, yo(X) = x(X) + xo(X N E). But X N E is homeomorphic
to the product of Lk*(X) and an open interval in R. Since x.(Lk>(X)) = 0, by
multiplicativity of y. we obtain that x.(X NE) = 0 and finally that x(X) = x(X).

Definition 2.12. Let o : X — Z be a constructible function with respect to the
stratification V. Its normal Morse index n(V, «) along V is defined by

(V. @) = xX(NMD(V), @) = x(X N Ny N Be(@), a) = X(£, ),
where x is a point in V.

If Z C X is a closed union of strata, then n(V,1z) =1 — x(Ly N Z).

2.4. The local Euler obstruction and the Brasselet number. Here we assume
that X is equidimensional. The Euler obstruction at € X, denoted by Eux (z),
was defined by MacPherson, using 1-forms and the Nash blow-up (see [27] for the
original definition). An equivalent definition of the Euler obstruction was given
by Brasselet and Schwartz in the context of vector fields [5]. Roughly speaking,
Eux (z) is the obstruction for extending a continuous stratified radial vector field
around z in X to a non-zero section of the Nash bundle over the Nash blow-up of
X.
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The Euler obstruction is a constructible function and there are two distinguished
bases for the free abelian group of constructible functions: the characteristic func-
tions 13- and the Euler obstruction Euy- of the closure V of all strata V. Moreover,
the key role of the Euler obstruction comes from the following identities (see [32]
p.34 or [31] p.292 and p.323-324):

n(V',Eup) =1V =V,
and:
n(V',Euy) = 0if V! #£ V.
In [3], Brasselet, Lé and Seade study the Euler obstruction using hyperplane
sections, following ideas of Dubson and Kato. Let us assume that 0 belongs to X.

Theorem 2.13 ([3]). For each generic linear form l, there is €y such that for any
€ with 0 < € < €g , the Euler obstruction of (X,0) is equal to:

Eux (0) = x(X N B(0) N171(8), Eux),
where 0 < |§] < e < 1.

Let f : X — C be a holomorphic function. We assume that f has an isolated
singularity (or an isolated critical point) at 0, i.e. that f has no critical point in a
punctured neighborhood of 0 in X.

In [4] Brasselet, Massey, Parameswaran and Seade introduced an invariant which
measures, in a way, how far the equality given in Theorem 2.13 is from being true if
we replace the generic linear form [ with some other function on X with at most an
isolated stratified critical point at 0. This number is called the Euler obstruction of
a function and denoted by Euy x(0). The following result is the Brasselet, Massey,
Parameswaran and Seade formula [4] that compares, in the same point, the local
Euler obstruction with the Euler obstruction of a function.

Theorem 2.14. Let f : X — C be a function with an isolated singularity at 0. For
0< || € e <1 we have:
Eux (0) — Euy,x(0) = x (X N B:(0) N f~1(5), Eux),
where 0 < |§] € e < 1.
In [33], J. Seade, Tibar and Verjovsky show that the Euler obstruction of f is

closely related to the number of Morse points of a Morsefication of f, as it is stated
in the next proposition.

Proposition 2.15 ([33]). Let f : X — C be the an analytic function with isolated
singularity at the origin. Then:

Euy,x(0) = (—1)"reg,
where nyeg 15 the number of Morse points on X,eg in a stratified Morsefication of f

lying in a small neighborhood of 0.

Definition 2.16. A good stratification of X relative to f is a stratification V of X
which is adapted to X7, (i.e. X/ is a union of strata) , where X/ = X n f=1(0),
such that {V; € V;V; ¢ X7} is a Whitney stratification of X \ X7/ and such that
for any pair of strata (V,,V;) such that V, ¢ X/ and V;, C X7, the (af)-Thom
condition is satisfied.

Let us now recall the definition of the Brasselet number, defined in [16].
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Definition 2.17. Let V be a good stratification of X relative to f. We define
By x(0) by:

Byx(0) = x(X N B(0) N f71(8), Eux),
where 0 < |§] < e < 1.

Remark 2.18. Note that if f has a stratified isolated singularity at the origin
then, by Theorem 2.14, we have that By x(0) = Eux(0) — Euy x(0).

2.5. Global Euler obstruction. Here we assume that X is equidimensional and
we write V = {V1,...,V;}. In [34], Seade, Tibar and Verjovsky introduced a global
analogous of the Euler obstruction called the global Euler obstruction and denoted
by Eu(X). Let X % X denote the Nash modification of X, and let us consider a
stratified real vector field v on a subset V' C X: this means that the vector field is
continuous and tangent to the strata. The restriction of v to V has a well-defined
canonical lifting ¥ to v~1(V) as a section of the real bundle underlying the Nash
bundle T — X.

Definition 2.19. We say that the stratified vector field v on X is radial-at-infinity
if it is defined on the restriction to X of the complement of a sufficiently large ball
By centered at the origin of CV, and it is transversal to Sk, pointing outwards,
for any R > M. In particular, v is without zeros on X \ Bjy.

The “sufficiently large” radius M is furnished by the following well-known result.

Lemma 2.20. There exists M € R such that, for any R > M, the sphere Sgr
centered at the origin of CV and of radius R is stratified transversal to X, i.e.
transversal to all strata of the stratification V.

Using this last lemma and inspired by [5] and [11], Seade, Tibdr and Verjovsky
defined the global Euler obstruction in [34] as follows:

Definition 2.21. Let ¢ be the lifting to a section of the Nash bundle T of a radial-
at-infinity stratified vector field v over X \ Br. We call global Euler obstruction
of X, and denote it by Eu(X), the obstruction for extending v as a nowhere zero
section of T within =1 (X N Bg).

To be precise, the obstruction to extend ¥ as a nowhere zero section of T within
v~1(X N Bg) is in fact a relative cohomology class

o(0) € H* (™Y (X N Bg),v " {(X N Sg)) ~ H*(X).

The global Euler obstruction of X is the evaluation of o(?) on the fundamental
class of the pair (v=*(X N Bg),v~ (X N Sg)). Thus Eu(X) is an integer and does
not depend on the radius of the sphere defining the link at infinity of X. Since two
radial-at-infinity vector fields are homotopic as stratified vector fields, it does not
depend on the choice of v either.

Remark 2.22. The global Euler obstruction has the following properties (see [34]
p. 396):

(1) if X is non-singular, then Eu(X) = x(X),
(2) Eu(X) = x(X,Eux).
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3. REGULARITY CONDITIONS AT INFINITY

A natural question is if the concepts of the Euler obstruction and the Brasselet
number of a function could be extended to the global setting, as Seade, Tibar and
Verjovsky did for the local Euler obstruction, and what kind of information we
could obtain with these possible new global invariants.

But, before extending the local notions of the Euler obstruction and Brasselet
number of a function, we recall in this section some definitions and results about
the study of singularities at infinity and we adapted some results to the stratified
setting. The main references for this section are [9, 10, 41] and we refer to these
papers for details.

We consider X € CV a reduced algebraic set of dimension d. We use coordinates
(x1,...,2y) for the space CV and coordinates [xq : z1 : - - - : x| for the projective
space PV. We consider the algebraic closure X of X in the complex projective
space PV and we denote by

HOO:{[.%‘QZ:ElZ'-'Z.’l?N]|£L'0=0},

the hyperplane at infinity of the embedding CV c PV.

One may endow X with a semi-algebraic Whitney stratification ¥V such that
Xieg is a stratum and the part at infinity X N H™ is a union of strata.

Since X is projective and since the stratification of X is locally finite, it follows
that WV has finitely many strata. We denote by X, the set of singular points of
X, ie Xging =X \ Xreg-

In order to recall the definition of the t-regularity, let us recall first the definition
of the conormal spaces.

Definition 3.1. We denote by C(X) the conormal modification of X, defined as:
C(X) = closure{(z, H) € Xyeg x PNV 1 | T, Xpe C H} C X x PN71.
Let 7 : C(X) — X denote the projection 7(x, H) = .

Definition 3.2. Let g : X — C be an analytic function defined in some neighbour-
hood of X in CV. Let X, denote the subset of Xieg Where g is a submersion. The
relative conormal space of g is defined as follows:

Cy(X) = closure{(x,H) € Xox PV | Tg7' ((9(z)) CH} C X x PN,
together with the projection 7 : Cy(X) — X, n(z, H) = .

Let f : X — C be a function such that f = Fjx, where F' : CN - Cisa
polynomial function.

Let X = graphf be the closure of the graph of f in PV x C and let X>® =
XN (H* x C). One has the isomorphism graphf ~ X.

We consider the affine charts U; x C of PV x C, where

Uj={[xo: - :an]|x; #0},7=0,1,...,N.

Identifying the chart Uy with the affine space CV, we have XN (Uy x C) = X\ X*>® =
graphf, and X* is covered by the charts Uy x C, ..., Uy x C.

If g denotes the projection to the variable zo in some affine chart U; x C, then
the relative conormal Cy(X\ X*® NU; x C) C X x PV is well defined.

With the projection 7(y, H) = vy, let us then consider the space 7~ (X>°), which
is well defined for every chart U; x C as a subset of Cy(X\ X>* NU; x C).
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Definition 3.3. We call space of characteristic covectors at infinity the set C*° =
71 (X*). For some py € X*°, we denote Cp? := 7w~ (po).

By Lemma 2.8 in [41], these notions are well-defined, i.e. they do not depend on
the chart U;.

Let 7 : PN x C — C denote the second projection. One defines the relative
conormal space C,(PY x C) as in Definition 3.2 where the function g is replaced
by the mapping 7.

Definition 3.4. We say that f is t-regular at pg € X*° if
C-(P¥ xC)nCe =0.
We say that f~1(tg) is t-regular if f is t-regular at all points pg € X N 771(¢g).

Let us now recall the definition of p-regularity. Let K C CV be some compact
(eventually empty) set and let p: CV \ K — R>¢ be a proper analytic submersion.

Definition 3.5 (p-regularity at infinity). We say that f is p-regular at pg € X*°
if there is an open neighbourhood U C PV x C of py and an open neighbourhood
D C C of 7(po) such that, for all ¢ € D, the fibre f~1(¢) N Xyee N U intersects all
the levels of the restriction pjynx,,, and this intersection is transversal.

We say that the fibre f=1(tg) is p-regular at infinity if f is p-regular at all points
po € X N7 1(ts). We say that tg is an asymptotic p-non-regular value if f~1(tq)
is not p-regular at infinity.

The next proposition relates t-regularity to pg-regularity, where pg denotes the
Euclidian norm.

Proposition 3.6. If f is t-reqular at pg € X*°, then f is pg-regular at po.

Proof. This is just an adaptation to our setting of the proof of Proposition 2.11 in
[41]. O

Corollary 3.7. The set of asymptotic non-pg-regular values of f is finite.

Proof. Tt is enough to prove that there are only finitely many values ¢y such that
f71(tp) is not t-regular. The proof of this fact is as in Corollary 2.12 in [41]. We
can equip X with a Whitney stratification such that X°° is a union of strata and
such that any pair of strata (V, W), with V C X\ X®, W C X® and W Cc V' \ V,
satisfies the Thom (a,)-regularity condition for some function g defining X*° in X.
If 771 (to) is transversal to X°° in the stratified sense, then f~1(t() is t-regular. But
the mapping 7jx~ : X° — C has a finite number of critical values (in the stratified
sense). O

Proposition 3.8. Let | : X — C be a generic linear projection then for all py €
X, 1 is t-regular at pg.
Proof. With U; defined as before, let us work in the chart U; x C and with Cy(X'\
X*NU; x C) with n(x, H) = z, as defined above.

Let us suppose that [ is not t-regular at po = (qo, tp) € X*°. It means that there
exists a sequence p, = (¢n,(¢n)) = po, With ¢, € X,eg such that

Ty, graph(l) N Ty, 9~ (9(pn)) C Ha,

and H, — H and a sequence of hyperplanes {L, } such that CV x {0} C L,, and
L, — H, where (po, H) € C.(PY x C)NCyy.
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Since in fact each L,, = CV x {0}, we conclude that H = CV x {0}. Note also
that,
Ty, graph(l) N Ty, 97" (9(pn))
= graph(l : Ty, Xreg = C) N an,gil(g(%)) x C.

This implies that (un) = 0 for any bounded sequence (u,) of vectors such

lim |
n—-+o0o
that u,, € T, Xreg N Ty, g (9(qn)). As in the previous corollary, we can equip X
with a Whitney stratification such that X N H> is a union of strata and such that
any pair of strata (V, W), with V. .C X, W C XN H>™ and W C V \ V, satisfies
the Thom (ay)-regularity. Therefore we see that the axis of the pencil defined by
[ is not transversal to X N H*. By Lemma 3.1 in [34], this is not possible if [ is
generic. So we conclude that [ generic is t-regular.

O

We assume now that X is equipped with a finite Whitney stratification V =
{Vi}t_, such that Vi,...,V;_; are connected, V1, ..., V; are reduced and V; = X,eq.
Fori = {1,...,t}, let f; : V; — C be the restriction to V; of the polynomial function
F'. Note that f; = f.

Definition 3.9 (stratified t-regularity at infinity). We say that f is stratified ¢-
regular at pg € X if for i = 1,...,¢, f; is t-regular at pg.

We say that f~1(to) is stratified t-regular if f is stratified t-regular at all points
po € XN T_l(t()).

Definition 3.10 (stratified p-regularity at infinity). We say that f is stratified
p-regular at pg € X* if if for ¢ = 1,...,¢, f; is p-regular at po.

We say that the fibre f~1(tg) is stratified p-regular at infinity if f is stratified
p-regular at all points pg € X*° N771(ty). We say that t( is a stratified asymptotic
p-non-regular value if f~1(¢o) is not stratified p-regular at infinity.

The following statements are easy consequences of the definitions of stratified
t-regularity and stratified p-regularity.

Proposition 3.11. Stratified t-reqularity implies stratified pg-regularity.

Corollary 3.12. The set of stratified asymptotic non-pg-reqular values of f is
finite.

Corollary 3.13. Letl: X — C be a generic linear projection, then for all pg € X*°,
[ is stratified t-regular (and therefore stratified pg-regular) at po. Moreover the set
of stratified asymptotic non-pg-reqular values of f is empty.

4. GLOBAL BRASSELET NUMBERS AND BRYLINSKY-DUBSON-KASHIWARA
FORMULAS

Let X C C™ be a reduced algebraic set of dimension d, equipped with a finite
Whitney stratification V = {V;};_;. We assume that Vi,...,V,_; are connected,
Vi,...,V; are reduced and that V; = Xieg, Where X, has dimension d . Let
f : X — C be a complex polynomial, restriction to X of a polynomial function
F:C"—C,ie., f=Fx. Weassume that f has a finite number of critical points
q1,---,qs and we denote by {a1,...,a,} the set of stratified asymptotic non-pg-
regular values of f.

For simplicity, we will write Bg for the ball Bg(0) and Sg for 0Bg.



Global Euler obstruction, global Brasselet numbers and critical points 11

Lemma 4.1. Let o : X — 7Z be a constructible function with respect to V. The
function ¢ — x(f~t(c), a) is constant on C\ ({f(ql), o flas) YU day, .. a,}).

Proof. Let ¢ € C\ ({f(ql), o flgs) U {ah...,ar}) and let us choose R, > 0

such that f~'(c)N{pr > R.} does not contain any critical point of pg|;-1(.) (here
f~(c) is equipped with the Whitney stratification LIV; N f~1(c)). This implies
that f~!(c) N Bgr is a retract by deformation of f~!(c) and that x(f~'(c)) =
x(f~(e) N Bg) for any R > R.. Since f~1(c) is stratified pg-regular at infinity,
there is R > R, and € > 0 such that the mapping

(pe, ) : T (De(e)) N {p > R} = R xC,

where D.(c) is the closed disc of radius e centered at ¢ in C, is a stratified submersion
and so for ¢ € D.(c), f~1(¢)N By is also a retract by deformation of f~1(¢). But
since c¢ is a regular value of f,

X(f7H() N Br) = x(f~*(¢) N Bg),
for ¢ in a small neighborhood of ¢. Hence the result is proved for the function

e x(f1(c)), i.e., when a = 1x (see the discussion after Definition 2.11).
Let V be a stratum of X. By additivity, we have

Xe(V N F7He) = xe(V N f7He) + xe(VAV N fTHe),
and by the arguments after Definition 2.11, we get that
X(V N e) = x(V N fHe) +x(VAV N f7H ).
But since V and V \ V are algebraic subsets of X stratified by strata of V, c is

a regular value and f~!(c) is stratified pg-regular at infinity for f : V — C and
f:V\V — C. Therefore the functions

e x(V N F7He) and e x (VA V) N f7H(e)),
are constant on C \ ({f(ql)7 o flgs)Yudan, ..., aT}> and so is the function ¢ —
x(VN f=1(c)). Hence for i € {1,...,t}, the function ¢ — x(V;N f~1(c)) is constant
on C\ ({f(ql), oo flas) YU {aq, . .. ,ar}). This implies that ¢ — x(f~*(c), @) is also
constant on C \ ({f(ql)7 o flgs)yuda,. .., ar}) for any constructible function
. g

Definition 4.2. When X is equidimensional, we define the global Brasselet number
of f at ¢ by

BE. = x(f"(¢), Bux),
and the global Euler obstruction of f at ¢ by

Eu}, = Eu(X) — Bf..

Let a € C and let R, > 0 be such that f~!(a)NBg, does not contain any critical
point of PE| -1 (a)- Then there exists 6; > 0 such that

7557 (Do @)\ {a}) = Ds, (@) \ {a},

is a locally trivial topological fibration (this is just a singular version of the Milnor-
Lé fibration) and so x(f~*(c) N Bg,) is constant for ¢ € Ds, (a) \ {a}.
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Since x(f~(c)) is constant on C\ ({f(ql), ooy flgs) YUH{aq, ... ,ar}), there exists
8§ > 2 such that x(f~(c)) is constant for ¢ € Ds,(a) \ {a}. Since

X(F7He) = x(fH(e) N Br,) + x(f () N {pe = Ra}) = x(f7'(c) N Sr,)

X(f7H(e) N Br,) +x(f~(c) N {pE = Ra}),
)

we see that x(f~(c) N {pr > R,}) is constant for ¢ in Ds(a) \ {a}, where § =

min{dy, d2}.

Let R/, > 0 be such that f~'(a) N Br, does not contain any critical point of
PE|f-1(a)- Then there exists &' > 0 such that x(f~'(c)N{pr > R}) is constant for
¢ in Dj5(a) \ {a}. We can suppose that R), > R,. Since there are no critical points
of pp|f-1(q) ON {R. < pr < R}, a is a regular value of f : {R, < pgp <R} - C
(note that a critical point of f on f~1(a) is also a critical point of PE|f-1(a))- Hence
there exists v > 0 such that

[ fﬁl(Du(a)) N {Ra <pp < R:;} - Du(a)a

is a locally trivial topological fibration. Let v/ = min{4, ¢’,v}. For cin D,/ (a)\{a},
we have

X(f7He) N {pe 2 Ra}) = x(f71(e) N{pE = Ry}) + x(f 1 (c) N {Ra < pp < Ry})

=x(f7He) N {pe = Re}) + x(f (@) N {Ra < pE < R,}).
But p: f~'a) N{R, < pr < Ry} — C is a stratified submersion and so

X(f_l(a) N{Re < pp < Ra}) = X(f_l(a) N{pr = R,}) =0.
We have proved that
X(F7He) N {pp = Ra}) = x(F~H(e) N {pr > R}),
if ¢ is sufficiently close to a.

Definition 4.3. Let o : X — Z be a constructible function with respect to V. For
any a € C, we set

X,00 . — X, 00 X,00
By () = lim x(f7(c) N {pp > Ra}, ) and N3 =B (1x),
where R, > 0 is such that f~1(a) N {pr > R,} does not contain any critical point
of P51
Note that B?fo () is well-defined since, by the previous considerations,
lim x (Vi N £~ (c) N {pp > Ra}),
c—a
is well-defined and so is
lim x(V; N f~ () N {pE = Ra}).
c—a
Lemma 4.4. Let a: X — 7Z be a constructible function with respect to V. If c € C
is such that f~1(c) is stratified pg-reqular at infinity then B;f’coo(a) =0.

Proof. 1t is enough to prove that )\ffo = 0. Since f~!(c) is stratified pp-regular
at infinity, there is R, > 0 and € > 0 such that the mapping

(b, f): f7H(De(e)) N{pE = R} = R % C,
is a stratified submersion. Let ¢’ € f~1(Dc(c)). Then the mapping

pe :{pp > R} N f7() =R,
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is a proper stratified submersion and so

X(f 1) n{pe = R}) = x(f ()N {pe = R.}) = 0.
O

Definition 4.5. Let o : X — Z be a constructible function with respect to V. We
set

= B} (a) and A} = By (1x).
ceC
Definition 4.6. When X is equidimensional, we define the Brasselet numbers at
infinity of f by:
B} = B} (Eux),

fic
for ¢ € C, and the total Brasselet number at infinity of f by:
X, X,
B} = B *(Euy).

We start comparing the global Brasselet numbers of f and the Euler obstructions
of the fibres of f.

Proposition 4.7. Let a € C, we have
B, =BEu(f'(a))+ Y Eux(g)-Eusi(e)(g)
il flgi)=a
Proof. By definition,

ZXVﬂf a))Eux (V;).

For each i € {1,...,t}, let us denote by I'; the set consisting of the ¢;’s such that
¢; € Vin f~1(a). The partition

fHa) = (Wi r=oVin £ (@)
(Ui | riroVi N @)\ T) | (Wi r0T)
gives a Whitney stratification of f~*(a), and
Eu(f ()= > x(Vinf(a)Eup-o)(Vin f'(a)

i| Ty=0

+ 3 Vin £ @) \ T Eug o (Vin f~4(a) \ T)

i | T;#0
+ Z ZEuffl(a)(Q)

7 I F17£m qgel;

If T; is empty then the intersection V;N f~!(a) is transverse (necessarily dim V; > 0)
and by [12], Proposition IV. 4.1.1

Eux (Vi) = Eug1(q) (Vi N f (@)
If T'; is not empty and dimV; > 0, then
X(Vin fHa)) = x(V; N f~H(a) \ i) + #1,
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and Euy (Vi) = Euxny-1(0)(Vi N f~1(a) \ T;) because outside I';, f~'(a) intersects
V; transversally. If T'; is not empty and dimV; = 0, then

X(Vin fH(a)) =1 and x(V; N f~H(a) \Ty) =

Therefore we get

Bfa= D x(Vinf ' a)Eusi(n(Vin f~'(a)

i | Ti=0
+ > x(Vin fHa) \To)Eup- (o) (Vi N f ' (a) \T))
i | T3#0
+ Z Z Eux(q)
1 ‘ Fﬁé@qel"i
—Ell Z EuX EUf 1(,1)( )
i | D;#0

O

Note that for a regular value c of f, B,X,c = Eu(f~!(c)). Furthermore if X = C"
then Eux(g;) =1 and BEuy—1(,) = 14 (=1)""24/(f, q;), where 1/ (f, q;) is the first
Milnor-Teissier number of f at g;, so

B, =x(f"'(a)) =Bu(f @)+ (D" DY (),
J | flag)=a

and we recover Equality (3.3) in [42].
A direct corollary of the previous proposition is a global relative version of the
local index formula of Brylinski, Dubson and Kashiwara.

Corollary 4.8. Let o : X — 7Z be a constructible function with respect to V =.
For any a € C, we have

X(f ZB Wn(Vis ).

Proof. We keep the notations of the previous proposition and apply Equality (0.2)
of [42] to get

(@)= > BaWin @) (1= (el %)

i | I'y=0
+ 3 Eu(Vin @)\ T (1 - e, ¢ )
utVi a)\Li Vinf- 1<a>\r
3 P ealegy ™)
i | T;#0 g€l

- Z Eu(Viﬁffl(a))( (Eémf Ha)\I'; ))

i| TyV;

D IED IR}

i| D#0q€els
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because I'; = V; if and only if V; is just a 0-dimensional stratum and in this case,
V;N f~1(a) \T; = 0. By the previous proposition, we obtain the equality

X(fHa) = >

i| Ti#V:

4 i
Bfu— > —Bup(e) +Bugn (@) | (1 x(E )
il flgg)=a
L
Y DXLy ),
i | T;#0 qel;

that we rewrite

X(FHa) = Y

i | Ti#V;

A “Ha
By, — D —Bug(a;) + Bugp g () (1 - X(ﬁﬁm}fl(a)\r))

il flg)=a
1y
+ Z 1 _X(ﬁqu}( ))'
il flg)=a
If T; # V; then f~!(a) intersects V; \ T'; transversally and so

—1 a
LY, s anr,) = X(LE)-

Hence we have
A —1
ey = 3 B (-ae))+ 3 [l )
i| Iy#V; J I flaj)=a
—1 a
+ Y “Buglan) (1= X(E8)) + Bugn (@) (1= X2 0w |-
i |Ti#V;

Let us evaluate the second part of this sum and fix ¢ a critical point of f such that
f(q) = a. Two cases are possible.

If ¢ belongs to a stratum Vj, with T'y, # V, then we add the stratum V; = {q} to
the Whitney stratification of X. By the Brylinski, Dubson and Kashiwara index
formula ([6] or [31], p294), we know that

1= iEuVi(q) (1-xe)),
=0

and so
1= 3 Buplo)(1-x(£Y)) + Buy, () (1 - x(£3)),
i | Ti#V;
because ¢ ¢ V; if I; = V; (i > 1). But Euy,(¢q) = 1 and x(L3}) = 1 because a
generic linear form is a stratified submersion at ¢ (see [17], p90 for details). The
same index formula applied to f~1(a) gives

t
_ ) )
1= g @) (1 - XA ) + 1= XLy ).
=1
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Therefore we get that

FHa)y _ fHa)
XLy )= Y B (@ (1 - X(ﬁvmf—l(w\ri))
i | Ti#V;
and so the contribution of ¢ in the second summand of the above sum is zero.
If ¢ belongs to a stratum Vj, with T'y, = Vj, then, actually V;, = {¢}. By the index
formula and the same arguments, we find that

1= 3 Buple)(1-x(£0) +1-x(£y),
i | Ty#V;

and

~a ~a
1= Y Bugn @ (1= A ) + 1= Xl ).
i | Ti#Vi

Hence the contribution of ¢ in the above second summand is 1 — x(ﬁ‘é}), which we

can write B% (1 - x(ﬁf/(k)). Finally we have proved that

t —_
(@) = 3B, (1 - x(£Y)),
i=1
and the theorem follows because both sides of the equality are linear in a. ([l

5. GLOBAL BRASSELET NUMBERS AND CRITICAL POINTS

In this section, we prove several formulas that relate the number of critical points
of a Morsefication of a polynomial function f on an algebraic set X, to the global
Brasselet numbers and the Brasselet numbers at infinity of f. We note that when
X = C", similar formulas have already appeared in the literature ([8, 22, 38, 40,
41, 36, 30, 1)).

The setting is the same as in the previous section: X C C" is a reduced algebraic
set of dimension d, equipped with a finite Whitney stratification V = {V;}!_, such
that Vi, ..., Vi_q are connected, Vi, ..., V; are reduced and V; = Xeeg 3 f: X = C
is a complex polynomial, restriction to X of a polynomial function F : C* — C.
We assume that f has a finite number of critical points ¢1, ..., gs and we denote by
{a1,...,a,} the set of stratified asymptotic non-pg-regular values of f.

Definition 5.1. We say that f : X — C is a Morsefication of f if f is a small
deformation of f which is a local (stratified) Morsefication at all isolated critical
points of f.

Let f be a Morsefication of f. As in the local, we can take f of the form f + ¢l
where t is a sufficiently small complex number and [ is the restriction to X of a
generic linear form (see Theorem 2.2 in [24]). Note that f has two kinds of critical
points: those appearing in a small neighborhood of a critical point of f and those
appearing at infinity, i.e., outside a ball of sufficiently big radius. We will only
consider the first ones. ~

Let n;, i = 1,...,t, be the number of critical points of f appearing in a small
neighborhood of a critical point of f on the stratum V;. Note that

n > (fiv) = Y wlfvie4);

Jlaevs
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where 1i(fjv;, q;) is the Milnor number of fjy, at g;, since we do not assume that f
is general with respect to V.

The following theorem relates the number of stratified critical points of f ap-
pearing on the stratum V; to the topology of X and a generic fibre of f.

Theorem 5.2. Let c € C be a reqular value of f, which is not a stratified asymptotic
non-pg-regular value. We have

t

()~ (@) = D1 (1 x(28)) — AF .

=1

Moreover if f is general with respect to V, then we have

t
X(X) = XUHE) = D05 () (1= X(£)) = A,
i=1
Proof. For z € X, let p(x) = x(f (@) NBc(x)) = x(f1(Z)N B(x)), where 7 is a
regular value of f close to f(z) and 0 < |Z— f(z)| < € < 1. Note that p(z) =1ifx
is not a critical point of f and so ¢ is a constructible function. By Fubini theorem,
we have

X(X, ) = x(C, fip),

that we can rewrite

| et = [ [ | @(w)dxc(ff)] .

Let us compute the integral ff*l(y) w(x)dx.(x) for y in C. Let § be a regular value
of f, which is not a stratified asymptotic non-pg-regular value. Let R, > 1 be
such that f=1(y) N Bg, is a retract by deformation of f~1(y) and let us denote by
21,...,2 the critical points of f in f~!(y). On the one hand, we have

l
XU @ N Br,) = x (4713 N Br, \ (Ui Bu)) ) + D7 (3) N Bul)

l

= xe ("X (y) N Br, \ (UL, Be(2))) + Z ()
!

e (71 N B, \ o)) + D) = pla)dxe(a).

P F1(¥)NBr,

On the other hand, we have

/f_l(y)ﬁBRy p(x)dxe(r) = /f_l(y) @(x)dx.(z) _/f—l(y)ﬂ{pE>Ry} o(x)dxc(x)
- [, ) =) 0 (e > R,

But the function f~'(y)N{pr > R,} =Ry, +oc[, z — pe(x) is a proper stratified
submersion, so

Xe(f 7 W) 0 {pE > Ry}) = xe(f 7 (y) N SR) % Xe(|Ry, +00]),
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where R €]R,, +oc[. Since x.(f~'(y) N Sg) = 0, we find that
/f | pladl) =X ) 1 Br,)
iy

= xe(f 71 () N Br,)) = xe(f 71 (§) N{Ry < pr < Ry})
= X(F71@) N Bry)) = X(F 7 (@) N{Ry < pi < Ry})
=x(F7'@) = A5,
because x(f 1 (7)) N{Ry < pr < Rz}) = x(f 71 (§) N{Ry < pg}). Therefore, we get

| s@rixe(o) = 21— o(05) / (@) dy — /@ AEog

)= N = A
and so,
X(X) - 21 B) 0 Bl(q)) = AF.

By Theorem 3.2 in [29] applied to the sheaf Z%, we know that

t
1= X(f7Hd) N Be(gz) = Y (=1)%ni; (1 = x (L)), (%)
i=1
where n;; is the number of critical points of a Morsefication of f that lie on V; in a
small neighborhood of ¢;. Summing over all the critical points of f, we obtain the
result. |

Corollary 5.3. Let a: X — 7Z be a constructible function with respect toV and let
c € C be a regular value of f, which is not a stratified asymptotic non-pg-regular
value. We have
t
XX ) = x(F7He) ) = Y _(~D)%nin(Vi,a) = BF>(a).
i=1
Moreover if f is general with respect to V', then we have

t

X(X.a) = x(f7(e),a) = D (=1)" " (fv)n(Visa) = B ().

=1

Proof. By the previous theorem, the result is true for a = 1y-. Since both sides
of the equality are linear in «, we see that the result is valid for any constructible
function a. d

If X is equidimensional then by [33], Proposition 2.3, the term (—1)%n;; that
appears in Equality (x) is equal to Eu f W(qj>' Hence the above corollary can be
refined.

Corollary 5.4. Assume that X is equidimensional. Let o : X — Z be a con-
structible function with respect to V and let ¢ € C be a regular value of f, which is
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not a stratified asymptotic non-pg-reqular value. We have

t

X(X, ) = x(f7H(e),a) = Y (=D nm(Vi, ) = B> (a) =

i=1

> D Buswie) | n(Vi,a) = B (a).

i=1 \j=1
Moreover if f is general with respect to V, then we have

t

X(X,a) = x(f 7 (e),0) = > (=) u" (fiv)n(Vi, a) = B} ().

i=1
An interesting application occurs when @ = Euy.

Corollary 5.5. Assume that X is equidimensional. Let ¢ € C be a regular value
of f, which is not a stratified asymptotic non-pg-regular value. We have

Bu, = Bu(X) = B}, = (~1)'n — B} = 3" Bug.x(g)) ~ B,
j=1

Moreover if f is general with respect to V', then we have

Buff=En(X) =B = 3 () 'ulix.6) By

J | QjEXreg

Proof. By definition, x(X N f~!(c),Eux) = ch and ij’oo(EuX) _ ij"’o. By

Remark 2.22, x(X,Eux) = Eu(X). But if V; # V;, then n(V;,Eux) = 0 and
n(Vi, Bux) = 1. O

Another corollary is a Brylinski-Dubson-Kashiwara type formula for the global
Brasselet number at infinity.

Corollary 5.6. Assume that X is equidimensional and let o : X — Z be a con-
structible function with respect to V. We have

t

X,00 V; 00

B (a):ZBf n(Vi, ).
=1

Proof. Applying Corollaries and 5.4 and 5.5 to each set V;, we obtain that
X (X, a) — X(fil(ch @) + B;(’OO(O‘) =

t _ J—
>~ [Eu(V) — B, =B | n(Vi.a).
i=1
But we know that x(X, o) = Y.'_, Eu(V;)n(Vi, @) (see [15], Corollary 5.4) and that

_ t oV
x(f(e),a) = 35, By n(Vi, ). O

Let us study what happens if we replace the generic regular value ¢ with any
value a. First we do not assume that X is equidimensional. For ¢ =1,...,¢, let n{

be the number of critical points of f on V; appearing in a small neighborhood of a
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critical point of f, but that do not lie in a small neighborhood of a critical point ¢
of f such that f(q) = a. Similarly, we set

pl(fv) = Y. wlfv,a)
il flaj)#a
Proposition 5.7. Let a: X — Z be a constructible function with respect to'V and
let a € C. We have
t

X(X,0) = x(fHa),a) = Y (=) "nin(Vi,a) - B *(a) + B}, (a).

i=1
Moreover if f is general with respect to V then we have
t

X(X, ) = x(f M (a),a) = Y (=)" ud (v )n(Vi, @) = BF ™ (a) + Bf 7 (a).

i=1

Proof. Let ¢ be a generic value (i.e., regular and not stratified asymptotic non-
pe-regular value) of f close to a. Let R, > 1 be such that f~!(a) N Bg, is a
deformation retract of f~!(a). We have

X(F7He) N Br,) = X(f7(6) N Br, \ (U | s(ay)=aBe(g)))
+ Y x(f7e) N Be(g)))

J | flgj)=a
= xe(F @) N Br, \ (Us | 5iq)=aBelay) + | f(z)_ X(F71(e) N Be(gy))
=Xl @ N Br\ (U | sia=aBelai) + | f}(f)_ X(f7H(e) N Be(g))
=xe(f @) N Br.) — | g:) 1- x(fil(C) N B(g;))
= x(f"'(a)N Bg,) - . J;J) 1= x(f*(¢)N Be(gj))
=x(f e~ | ,;) 1o X(F7He) N Be(gy)).

But
X(f7H(e) = x(f7He) N Br,) + x(f71(¢) N {Ra < pp < R.})
=x(f@) = D 1=x(THO N Belg)) + AR
J | flgj)=a
Combining this with the equality proved in Theorem 5.2, we get
XX) = x(FTH @)= D 1NN Bulg) = AP+ AL
J | flaz)#a

Using Massey’s results ([29], Theorem 3.2), we obtain the result for & = 1x. The
general case easily follows because of the linearity in « of both sides of the equality.
|

If X is equidimensional, we can refine the above proposition.
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Corollary 5.8. Let a : X — Z be a constructible function with respect to V and
let a € C. We have

t

X(X,0) = x(f~H(a), a) = > _(=1)*nfn(Vi,a) — BY ™ (a) + B} ;*(a)

=1

X, X,
=y > Bup(g) | n(Via) = By(a) + B (a).
i=1 \j | f(gj)#a
Moreover if f is general with respect to V then we have
t

X(X.a) = x(f7H @), a) = Y (=D % (fv)n(Vi, @) = B> (a) + Bf (@)
=1

As above, we can specify these equalities to the case o = Fuy.
Corollary 5.9. Assume that X is equidimensional. Let a € C. We have
Euf, = Bu(X) - BY, = (-1)%n¢ - BF™ + By,

= Y Busx(g) - BT +BET.

J | flg5)#a
Moreover if f is general with respect to V), then we have
X X, X,
Eu}, = Eu(X) - B}, = Z (D) u(fiXpegr ) — B3 = +B7 .
J | aj€Xreg
flaj)#a

We can also give a version of the Brylinski-Dubson-Kashiwara formula for the
Brasselet numbers at infinity B;(fo.

Corollary 5.10. Assume that X is equidimensional. Let o : X — 7Z be a con-
structible function with respect to V and let a € C. We have
t
X, 00 Vi ,00
B} (a) =Y By n(Vi.a).
i=1
Proof. Apply the previous two corollaries and proceed as in the proof of Corollary
5.6. O

An easy corollary is a relation between Eu;fa (resp. B;fa) and Eu;fc (resp. Bff’c)
where c is generic.

Corollary 5.11. Assume that X is equidimensional. Let ¢ € C be a regular value
of f, which is not a stratified asymptotic non-pg-regular value, and let a € C. We
have

Euj, — Euf, = Bf, — B, = (-1)%(n; — n{) — B},

f.a
X,
= Y Burx(g) - B>
J | flgj)=a
Moreover if f is general with respect to V, then we have
X,
Euf, —Buf, =B, -Bf.= > (-1D%u(fix... ;) — B}~

J | qj€Xreg
flaj)=a
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When f has no stratified asymptotic non-pg-regular values then in all the above
equalities, the terms /\jf’oo, )\f"aoo, B;(’oo(oz), Bf’aoo(a), ij’oo and ij)fo vanish.
From now on, we assume that X is equidimensional. If f = [ is the restriction to X
of a generic linear function L : CV — C, then [ has no stratified asymptotic non-
pr-regular values and moreover [ is a stratified Morse function (see [34], Lemma
3.1).

Keeping the notations introduced in [34], we denote by ag?) the number of
)

,a

those not occuring on [~!(a).
dag?)

(Morse) critical points of | on X, and by ag?

In this case, if ¢ is a regular value of [ then Eui(c =(-1) and if a is a critical

value of I, then Eu', = (—l)dag?3a. By the relation between B, and Eu(i~!(a)),
we obtain

En(X) ~Eu(l”} (@) = (-1, + Y Bux(g) — Bu-ii(g)).
il lg)=a
where the g;’s are the critical points of . For a regular value c of [, this gives

Eu(X) — Eu(l"(¢)) = (~1)%al?,

and we remark that we have recovered Equality (2), page 401 in [34]. Based on this
equality, Seade, Tibar and Verjovsky could express the global Euler obstruction
as an alternating sum of global polar invariants. In the sequel, we will establish
a relative version of this result for the global Brasselet number and the Brasselet
numbers at infinity.

So we consider a polynomial function f : X — C, restriction to X of a poly-
nomial function F' : CN¥ — C. We assume that f has a finite number of critical
points {q1,...,qs}. For a € C, we put X, = f~!(a). The algebraic set X, is
equidimensional and if g1, . .., qu, u < s, are the critical points of f on f~!(a), then

Vo = (u§:1% n f_l(a) \{a,--- ,Qu}) U (I_I;‘Zl{qj}) )
is a Whitney stratification of X,,.
Let L : CN — C be a linear function and [ : X — C be its restriction to X. We
denote by Ff , the relative polar variety of f and [. It is defined as follows:

I‘fl = {2z € Xyeg | rank[df (z),dl(z)] < 2}.

It is well-known that for L generic, ij’ ; is a reduced algebraic curve. Moreover if
L is generic, we can assume the following fact:

lix, : Xa — Cis p-regular at infinity and Morse stratified.
Let Ix (F?‘:l, X,) be the global intersection multiplicity of I‘j{l and X, namely
IX(F;(:lea) = Z IP<F5§:Z’XG)5
p€TF,Nf~1(a)
where Ip(chfl,Xa) is the local intersection multiplicity of Ffl and X, at p. If
dim(X) = 1 then Ficfl = X and in this case Ip(I‘fcfl, X,) is the degree of [ : (X, p) —
(C,a), that is the cardinality of [=(c) N X N Be(p) for 0 < |c —a] < € < 1.

Proposition 5.12. We have

BY, —Bf = (—1)" ' Ix (P}, Xa) + > Buy.x(g;),
j=1
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where H is a generic hyperplane given by H = L=(g) for a reqular value g of l|x,
and | x .

Proof. Let us treat first the case dim(X) > 1. Applying Equality (2) of [34] that
we have mentioned above to X, and X, N L™1(g), we get

Eu(X,) - Bu(X, N H) = (-1)4tal Y,
where ag?;l) is the number of critical points of /| x, on XyegN(f ™ (a)\{q1,-- -, qu})-
Since g is a regular value of [, x, then

Eu(X,NH) = Zx(w N f~Ya) N H)Eux,ng (Vi N HN f(a)).

The hyperplane H intersects X transversally. Furthermore, because the intersec-
tions V; N f~1(a) N H are transverse, we know that

Eux,nu(Vin HN f~(a)) = Euxnu(V; N H),
which implies that Eu(X, N H) = BXQH. Applying Proposition 4.7, we obtain

BY, - Bf7 = (-1)¢ ol +ZEUX q;) — Eux, (;)-

But IX(Ffl,X ) is equal to

d—1
ag(a ) + ZLU (Fj“(,th)'
j=1
By Corollary 5.2 in [16], we have
(=), (P51, Xa) = Br.x(a;) = Byxnm, (4);
where H; = L™!(L(q;)). Corollary 6.6 in [16] implies that
(-1, (PF;, Xa) = Br.x () — Bux, (¢;) = Eux(g;) — Eug x(¢;) — Eux, (g;),

and so
EuX(‘Ij) — Eux, (Qj) = (_]‘)d_l‘[q_f (F;{,lea) + Euf,X(Qj)«
If dim(X) = 1 then B;{QH =0 and

BX,a: Z Eux(p)=#fﬁl(a)\{91,---,qr}+ZEuX(Qj)-

pef~(a)

Applying Theorem 3.1 in [4], it is easy to see that
Bux (QJ) = Euf,X (QJ) + IQj (F;(,lv Xa)

Since Ip(chfl, X,) = 1if pis a regular point of f, we obtain the result. d

By a standard connectivity argument, Ix (I'¥ 710 Xa ) does not depend on the choice

of the generic linear function L. Following Tibar’s notation [40], we denote it by

Vga Similarly for ¢ = 2,...,d, we define

d
v& al) = IXﬁHi—l(F;f(,lmH

i—

L X N HTY,
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where H'~! is a generic linear space of codimension i — 1. The following statement
is a relative version of the Seade-Tibar-Verjovsky polar formula for the global Euler
obstruction.

Corollary 5.13. We have
d

BY, =Y ()T 3 Bup x(g))-

i=1 j=1

Proof. We apply the previous result to XNH*~!. Note that for i > 2, we can choose
H'~! generic enough so that H*~! intersects X, transversally, which implies that
f~1(a) intersects H*~1 N X transversally. O

If a = c is a generic value of f, then the above corollary becomes
d

—5 (d—i
B =D (-,
i=1
If we apply this to f = [, the restriction to X of a generic linear function L : C" — C,
then for ¢ = 1,...,d, ’yf{f is exactly equal to the number ozg?_l) defined in [34],

which is the number of critical points of a generic linear function on Xyee N H* L.
Combining this fact with the equality

B, = Eu(X) — Eu}, = Eu(X) — (—-1)%aly,
we obtain

d _ d '
Bu(X) =Y (~1)*af ™ = Y (-1)al,
i=0 =0

that is, the main result of [34].

Another corollary is a characterization of the Brasselet numbers at infinity in
terms of critical points of generic linear forms.

Corollary 5.14. Let a € C be a stratified asymptotic non-pg-reqular value of f
and let ¢ € C be a generic regular value of f. We have
d
X, d—i [ (d—i d—i
Bf.ﬂOo = Z(_l) ‘ (’yg(,cn - /y.(X,a’L)) :
i=1
Proof. Use the previous corollary and the equality
T
ij’;loo =B¥, —Bf, + Z Euy x(q5)-

)

J=1

O

If  : X — Z is a constructible function relative to V, then the previous equal-
ity, combined with the Brylinski-Dubson-Kashiwara formula for B;((f’o proved in
Section 3, gives

~ (Y ) )
X, g di—i di—i
Bi*(a) = [ DDy =) | o).

j=1 \li=1
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In particular for « = 1x, we get

t dj
0o - dj—1 d;—1
A= [ oD T o =) | (= x(L).

j=1 \i=1

We end this section with an application. We assume that dim(X) > 2 and
that f is general with respect to V. We also suppose that there exists [ : X —
C, restriction to X of a linear form L : CN — C, such that [ has no stratified
asymptotic non-pg-regular values and is general with respect to V and such that
the mapping (fal)\X,-eg ¢ Xieg — C? is a submersion. In this situation, Corollary

5.5 gives Eujf,C = —ij’oo because f has no critical points on X,e;. Similarly

EquﬂH = —B;mH’OO, where H = L~1(g) for a regular value g of [ : X — C. But,
by Proposition 5.12 applied to f and [, we find

B)(,C_B}fQH =0 :EU(X) _Euj”fc _Eu(XﬁH)_’_Eu;(;QH

But Eu(X) = Eu(X N H) because ! has no critical points on X,e. Finally, we
obtain that B;(’OO = B;mH’OO. When we apply this equality to C?, we recover a
well-known result. Indeed, if X = C? then A7 = 0 because fig is proper and so
Af = 0. But A® = Y A%, . In this case,

f
T =X ([T (e)N{Rs < pp < Ra}),

and f~1(c) N{R, < pr < R4} is a smooth compact orientable surface with at
least two boundary components. Therefore Afy, < 0andso A7, =0 for each
i € {1,...,r}. Applying Theorem 5.2 and Proposition 5.7, we find that for all
c € C, x(f~*(e¢)) = 1. Hence, by Suzuki [38] or Ha-Lé&’s results [22], f has no
bifurcation value at infinity and so f : C?> — C is a fibration.

6. GLOBAL EULER OBSTRUCTION AND THE GAUSS-BONNET MEASURE

In this section, we relate the global Euler obstruction of an equidimensional
algebraic set X C C" to the Gauss-Bonnet curvature of its regular part and the
Gauss-Bonnet curvature of the regular part of its link at infinity. Actually the
result we will prove is the global counterpart of the formula that the first author
established for analytic germs in [15] and that gave a positive answer to a question
of Fu [19].

Before recalling this formula, let us give a brief presentation of the Lipschitz-
Killing curvatures. In [18], Fu developed integral geometry for compact subanalytic
sets. Using the technology of the normal cycle, he associated with every compact
subanalytic set X C RY a sequence of curvature measures

Ao(X, =), ..., An(X,—),

called the Lipschitz-Killing measures. He proved several integral geometry formulas,
among them a Gauss-Bonnet formula and a kinematic formula. Later another
description of the measures using stratified Morse theory was given by Broecker and
Kuppe [7] (see also [2]). The reader can refer to [14], Section 2, for a rather complete
presentation of these two approaches and for the definition of the Lipschitz-Killing
measures.
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Let us give some comments on these Lipschitz-Killing curvatures. If dim(X) = d
then
A1 (X, U) = = An(X,U") =0,
for any Borel set U’ of X and A¢(X,U’) = Hq(U’), where Hq is the d-dimensional
Hausdorff measure in RY. Furthemore if X is smooth then for any Borel set U’ of
X and for k € {0,...,d}, Ap(X,U’) is related to the classical Lipschitz-Killing-Weil
curvature Ky_j through the following equality:

1

SN—k—1 Ju’

Ak(X, U,) = Kd,k(x)dx,

where sy __1 is the volume of the NV — k — 1-dimensional unit sphere. The measure
Ao(X, —) is also called the Gauss-Bonnet measure. This terminology is justified by
the following Gauss-Bonnet formula (see [18] or [7]): Ao(X, X) = x(X).

In [15], Corollary 6.10, the first author showed that if (X,0) C (CV,0) is the
germ of an equidimensional analytic set then

EU.X(O) = llII(l)Ao(X N BeaXreg N Se)
€E—

Roughly speaking, this means that the Euler obstruction is in the limit equal to
the Gauss-Bonnet curvature of X N B, within X,z N Se.

The method we will follow is exactly the same as the one used in [15], Section
6, and that is why we will omit some details and often refer to [15]. However, we
will see that there are differences between the two cases.

First we will work with closed semi-algebraic sets. So let X C RY be a closed
semi-algebraic set. We assume that X is equipped with a finite Whitney semi-
algebraic stratification X = UgeaV,. For R > 1 sufficiently big, Br intersects X
transversally and so X N Br admits the following Whitney stratification:

XNBr=|JVanBrU | Van Sk,
acA acA

(note that V,NSg = 0 if V, is bounded). By the Gauss-Bonnet theorem mentioned
above, we have

X(X n BR) = Ao(X N Bgr, XN BR),
which implies that

X(X N Bg) = Ag(X N Br, X N Bg) + Ao(X N Bgr, X N Sg).
As in [15], Section 6, we can deduce that
X(XNBgr)=Ao(X,XNBg)+ A(X NBg,XNSE).
Since imp_, o0 X(X N Bgr) = x(X) and since by Corollary 5.7 in [13],

Rl—lffovo(X’X N BR),

exists and is finite, we find that

li Ao(X N Bgr, X
R~1>I£oo O( N R, m‘SvR)a

exists and is finite.

We can describe this last limit topologically by means of critical points on XNSg
of generic linear functions. Namely, as in [15], Section 6, we can prove that for
almost all v € SN—1L, v‘*X has a finite number of critical points and there exists
R, > 0 such that for R > R,, the function ’u‘*Xm Sk is a stratified Morse function.
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Here v*(z) = (v,x). A critical point p of v/y.g, is an inwards-pointing critical
point of v‘*XmBR if
V(vjy)(p) = Ap)V(pe) (D),

with A(p) < 0 and where V is the stratum that contains p. Let us denote by Z, g
the set of inwards-pointing critical points of vl*)m Br-

Proposition 6.1. We have

lim Ao(X N Bg, X N Sg)
R—+o00

1
- I —1)7®) - indpo (v°, X N g, p)d
SN—-1 /SN—I R—1>r£oo Z ( ) 1 (U ) R,p) v,

pEL,. R

where o(p) is the Morse index of U\*Vmst V' being the stratum that contains p, and
ind,or(v*, X NSk, p) is the normal Morse index of vamSR at p.

Proof. See [15], Proposition 6.6. O

Let us apply this equality in the case where X is a complex algebraic set. Let
X C C¥ be an algebraic set. We keep the notation of the previous sections. We
consider a vector v in S?N ! generic as above and we choose R > R,,. Let p € VNSk
be an inwards-pointing critical point of v/ 5, . It is explained in [15] that in this
case ind,o(v*, X N Sg,p) = n(V,1x). If we denote by {q¥,...,q"} the critical
points of UI*X then, by stratified Morse theory, we can write

s t

XX NBr) =Y ind(w, X,q)) + > n(Vi1x) 3 (~1)°®,

Jj=1 i=1 PGIXfR

for R > 1 sufficiently big and where IKiR is the set of inwards-pointing critical
points of U|*XmBR on the stratum V;.

When we apply this relation to X = V where V is a stratum of depth 0, this
gives that limpg_, 4 o0 EPGIVR(_l)U(P) exists and is finite. Note that if dim(V) =0
then IXR is empty and limpg_, 4 ZpeIKR(_l)U(p) = 0. Applied to X = W, for
W a stratum of depth 1, it gives that limp 100 ), GIX‘,/R(_I)J(I)) exists and is

finite. By induction on the depth of the stratum, we see that for i € {1,...,t},
R 00 30 c7vi (—=1)7®) exists and is finite. Proposition 6.1 becomes
v,R

Proposition 6.2. We have
t

1
1. A _ g 1 1 _1 U(p) .
R_l}filoo o(X N Bgr,X N Sg) g n(Vi, 1x) /Swil R_lg_loo E (-1 du

— S2N -1 :
i=1 pGIXlR

Corollary 6.3. For i € {1,...,t}, limg_ o0 Ao(V; N Bgr,V; N Sg) exists and is
finite. Furthermore, we have
t

lim Ao(X N Br, X NSp) =) n(V,1x): lim Ao(ViN B, ViN Sk).

R—+o0 ‘
=1

Proof. Same proof as Corollary 6.8 in [15]. O
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Theorem 6.4. For any stratum V;, we have
& 1 1
lim Ao(V;NBgr,V;iNS li _ Kog,, — dz,
RSFoo oV Br R) = ot RFo0 bye R% 33201 /VmBR 2 —2e(() e
where bae is the volume of the 2e-dimensional unit ball and dy, is the dimension of
Vi.

Proof. Let us treat first the case of a stratum V of depth 0 i.e., V = V. This is
trivial if dim (V) = 0. If dim(V') > 0, then we have

X(VQBR) = AQ(V,VOBR) +A0(VQBR,VQSR)7

and so

lim Ao(V N Bg,VNSg) =x(V)— lim Ao(V,V N Bg).
R—+o0 R—oo

The result is then just an application of Theorem 4.3 in [14].
If V is a stratum of depth greater or equal to 1, then we also have

X(VQBR) = Ao(V,VﬁBR) —I—Ao(VﬂBR,VﬂSR),

and

lim Ao(VmBR,VﬁSR) (V)— lim Ao(v,VﬁBR)

By Theorem 3.5 in [14], we obtain that

dy vV U
. A(V,VNBpg)

Using the description of the Lipschitz-Killing measures for complex analytic sets
done in [15], Section 4, we find that

1
li Ao(V N Bg,V N SR) 1 _ Koq, —2e(x)d
R oo o(V R R ZR—1>I£OO bzeR26 82N —2e—1 /VHBR 2y —2¢(@)d
Qi 1 1
+ Z le lim 77/ Kogy —2¢(z)dx.
R oo b eRZe e w
W\ —+ 2 S2N—2e¢—1 JWNBg

Comparing this equality with the previous corollary and applying the induction
hypothesis gives the result. O

Corollary 6.5. If X is equidimensional then
EU(X) = lim Ao(X n BRaXreg N BR),
R—+o00

and a1
. _ i (1)
R1—1>r—§r—loo AO(X N BRercg n SR) - ;( 1) ax .

Proof. By Corollary 5.3 in [15], we know that
d

1 1
Bux)=S" lm —  — Koy (z)de,
u(X) ZOR—lgrloo boe R?€ SoN—2¢—1 /XregmBR 2(a—) (@)

e=

and so

Eu(X) = lim
R—+00 SonN—_1

/ Kgd( )d.’IJ + hm Ao(X N BR,Xreg n SR)
XregmBR

— 400
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= lim Ao(X7XregmBR)+th£ Ao(XﬂBR,XrengR)
—+o00

R—4o00
= Rl_i)rfoo Ao(X, Xieg N Bgr) + Rl—ig—loo Ao(X N Bp, Xieg N Sr)

= R1—1>1}-100A0(X N BR;Xreg n BR) + R1—1>r—r|-looAO(X N BR,Xreg n SR)

= Rgr—{-loo Ao(X N BRachg N BR)

To prove the second equality, we use the fact that

1
/ Kgd(df)dx:/ Chd(Xreg)a
S$2N—-1 JX,.eNBr XregNBR

where chg(Xyeg) is the d-th Chern form on X.c, and the exchange formula proved
by Shifrin in [37], page 103. Passing to the limit as R — 400, this gives that

) 1
lim / Koq(x)dx = (—l)dag?).
R—+o00 SonN_—1 XregNBR
We just have to apply Theorem 3.4 in [34] to conclude. O
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