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A relaxation result for state constrained
delay differential inclusions
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Abstract—In this paper, we consider a delay differential
inclusion ©(t) € F(t,x¢), where z: denotes the history
function of z(¢) along an interval of time. We extend
the celebrated Filippov’s theorem to this case. Then, we
further generalize this theorem to the case when the state
variable x is constrained to the closure of an open subset
K C R"™. Under a new “inward pointing condition”, we
give a relaxation result stating that the set of trajectories
lying in the interior of the state constraint is dense in the
set of constrained trajectories of the convexified inclusion
z(t) € co F'(t,x¢).

Index Terms—Delay differential inclusions, relaxation,
state constraints, inward pointing conditions.

I. INTRODUCTION

Mathematical models arising in population dynamics
or engineering sciences often involve control systems
with delays (see, e.g., [6], [24]). Systems with delays,
express that at each instant the velocity of the state
depends upon the history of its evolution up to this
instant [23]. Such control systems can be described as
follows:

() = f(t ze,u(t)), a.e. t € [to, T,
u(t) € UCRY, a.e. t € [to,T], (1)
xto = 4105

where x(t) € R", represents the state at time ¢,

x¢ : [—7,0] — R™ is the standard notation for the history
function defined by z,(8) = x(¢t + 6), for 7 > 0 and
—7 <60 <0, u(-) is a Lebesgue measurable function,
f is a mapping from [0,T] x C([—7,0],R™) x U into
R™ 0 <ty <T, and ¢ is the initial condition taken in
C([—7,0],R™). In the above, C([—, 0], R™) denotes the
Banach space of continuous functions from [—7, 0] into
R™, with the usual norm.

This work was partially funded by the DeMagma project of Pro-
gramme Convergence from Idex Super at Sorbonnes Universités.

When the trajectories of (1) are subject to the state
constraint

.’E(t) eK Vit e [t(),T], 2

where K is a closed subset of R"”, the viability the-
ory [2] provides adequate mathematical tools to study
the existence of feasible (or viable) solutions of such
systems. Thanks to this theory, a necessary and sufficient
condition (linking the dynamics of system (1) to the
geometry of the constraint set K) for the existence
of feasible solutions is known. Under some regularity
assumptions on f, this condition was first given in [21]:

Vvt € [0,T],¥¢ € C(|—,0],R") such that 1(0) € K,

where Tk (10(0)) is the contingent cone to K at ¢(0). In
the framework of this theory, convexity conditions are
imposed on the set-valued map F(t,¢) := f(¢,4,U),
i.e. for every t € [0,T] and every ¢ € C([—r,0],R"),
F(t,1) is a convex subset of R™. This convexity hypoth-
esis may fail in some mathematical models and may be
even difficult to verify.

In the case of delay-free control systems, a vast literature
(see, e.g., [8], [9], [10], [13], [15], [19], [20]) allows
to relax this convexity hypothesis, by assuming, as a
counterpart, stronger tangential conditions and stronger
regularity of F'. These conditions rely on the possibility
of directing a velocity into the interior of the constraint
K whenever approaching the boundary of K. Known as
inward pointing conditions, they allow to approximate
relaxed feasible trajectories by feasible trajectories and
provide estimates on the distance of a given trajectory
of unconstrained control system from the set of feasible
trajectories, see for instance [8], [9], [15], [17], [19].
In the literature, these estimates have been referred to
as neighboring feasible trajectory (NFT) estimates. In
the case when F' is Lebesgue measurable with respect



to the time and Lipschitz with respect to the state,
NFT estimates result from the following inward pointing
condition (see [16], [17]):

Vte[0,T],Va € OK,Yv € F(t,x)

such that max (n,v) >0,

neN (x) @)
Jw € Liminf(, ), (¢, 2)c0 F'(s,y)

satisfying  max (n,w —v) <0,
neN} (z)

where co F'(s,y) is the convex hull of F(s,y), Lim-
inf denotes the Kuratowski lower set limit (see [3]),
Ni(x) = Ng(x) N St S"~1 is the unit sphere
and N (z) denotes the Clarke normal cone to K at
x (see [11]). The above condition takes sometimes a
simpler form depending on the regularity assumptions
on F' and the smoothness of the boundary 0K (see, e.g.,
(8], [9], [10], [17], [20D).

When the viability condition fails to be fulfilled on the
boundary of K, the largest subset of initial conditions
starting from which at least one viable solution exists
(called viability kernel) is considered. In the case of
delay-free control systems, viability algorithms provid-
ing constructive methods for the computation of the
viability kernel, have been developed (see, e.g., [18],
[28]). Thanks to these algorithms, efficient numerical
methods have been established (see, e.g., [27]) and used
in order to exhibit approximating viability kernels for
numerous examples coming from different fields (see,
e.g., [4], [7], [29], [25], [22], [26]). We would like to
underline that these algorithms are developed for set-
valued maps with convex values. Two steps are needed
to extended these numerical methods to delay differential
inclusions: adapt the viability algorithms to this case and
obtain relaxation theorems under state constraints. This
latter point is the purpose of this paper.

To our knowledge, NFT estimates for delay differential
inclusions are not yet obtained in the literature. Here, we
propose to extend such results to this case. Inspired by
the viability condition given by (3), we propose to adapt
the inward pointing condition (4) to delay differential
inclusions.

Let A > 0. Define the set

Ky :={¢ € C([-7,0],R™) : ¢ is A-Lipschitz

and 1(0) € IK} , )

and consider the following relaxed inward pointing con-
dition:
Vit e [0, T,V € Ky,Vv € F(t, )

such that max (n,v) >0,

neN}((w(O))
Jw € Liminf (g 4y, 4)c0 F (s, )
(n,w—wv) <0.

(IP)

rel

satisfying max

n€N (1(0))

Assuming (IP2),), we give a relaxation result stating
that the set of feasible trajectories is dense in the set of
relaxed feasible ones. This is proved by using several
preliminary results. The first one is an extension of the
Filippov theorem, given by [12], to delay differential
inclusions, which is an essential step to construct feasible
trajectories. Then, we provide NFT estimates on the
distance of a given trajectory from the set of feasible
trajectories.

The paper is organized as follows. Section II presents
the list of notations, definitions and assumptions in use.
In Section III we state our main results. The proofs and
useful technical tools are postponed to Section V. In
Section IV we discuss an example, where the model
corresponds to the problem considered in the present
work.

II. PRELIMINARIES

In this section we list the notations and the main
assumptions in use.

A. Notations and definitions

Consider the Euclidean space (R™, || - ||), where n is
a positive integer. We denote by (-, -) the inner product,
by B(z,r) the closed ball of center z € R™ and radius
r > 0 and by B the closed unit ball in R centered at 0.
Let co A stands for the convex hull of a subset A C R".
For every pair (a,b) € R?, set a V b = max{a,b} and
a A'b = min{a, b}.

Given I C R, (C(I,R"™),| - ||¢) denotes the Banach
space of continuous functions from [ into R", where
Il - llc is the norm of uniform convergence. Given
7 > 0, Be(p,r) denotes the closed ball of center
v € C([-7,0],R™) and radius » > 0 and B¢ is the
closed unit ball in C([—7,0],R™) centered at 0. Given
t € R, we denote by B((t,¢),r) the closed ball
B(t,r) x Bo(p, 7).

We denote by p the Lebesgue measure on the real
line, and by £!(I,R™) the space of Lebesgue integrable
functions from I to R™.



Let K be a nonempty closed subset of R", Int K be its

interior and 0K its boundary, dg is the oriented distance
from x € R™ to K defined by

i ) Ak ()
dic(2) _{ —I;Rn\K(iU)

ife¢g K
otherwise,

where di (z) = infy ek ||z — y|.
We will use the following notion of solution:
Definition 1: Let 0 < tg < T, 7 > 0 and ¢ €
C([-7,0],R™). A function x € C([to — 7,T],R™) is
called an F-trajectory, if x(-) is absolutely continuous
on [to, T| and

i(t) € F(tz)

Tty = Y.

ae. telty,T], (6

(N
An F-trajectory which verifies the state constraint (2)

is called feasible F'-trajectory. A trajectory associated to
the relaxed differential inclusion

z(t) € coF(t,x),
Ty = P

a.e. t € [to, T), ®)

is called relaxed F'-trajectory, and relaxed feasible F'-
trajectory if in addition (2) holds true.

B. Assumptions

Let 0 < tg < T, 7 > 0 and F [to, T] %
C([-7,0],R™) ~» R™ be a set-valued map with non-
empty closed images. In our main theorems, we will
assume the following regularity conditions on F':

(H1) for every ¢ € C([—,0],R™)
the set-valued map F(-, 1)) is measurable;

(H2) the set-valued map F(t,-) is locally
Lipschitz in the following sense: VR > 0,
3¢r(+) € LY ([to, T],RT) such that, for
t € [to,T] and any ¢,% € RB¢

F(tv(P) C F(t,’L/J) + CR(t)”SO - wHCB;

the set-valued map F' has a sublinear growth, i.e.
there exists o > 0 such that, for a.e. ¢ € [to,T] and
any 1/1 € C([7T7 O]aRn)

F(t,y) Co(l+|¢le) B;

for a given A > 0, the set-valued map F' is
upper semicontinuous on [tg,T] x Ky, i.e. for all
t € [to,T) and all ¢ € Ky, we have F(t,p) # 0
and for every £ > 0 there exists § > 0 such that

F(s,¢) C F(t,p) +eB V(s,¢) € B((t,¢),9).

a.c.

(H3)

(H4)

III. MAIN RESULTS
A. Filippov’s Theorem

The following theorem extends the celebrated Filip-
pov’s theorem, given by [12], to differential inclusions
of type (6).

Theorem 1: Let 3 > 0 and 6y > 0 and assume (H1),
(H2). Let y € C([to — 7, T],R™) be such that y(-) is ab-
solutely continuous on [tg, T]. Set R = teﬁnax - ly(t)

0—T

s
)

Y1(t) = dpey) (@(t)),

¢
Y2(t) = exp { CR+B(5)dS} , ©)

to

¢
ralt) =220 (0 + [ m(s)as).
to
If v3(T) < B, then for all ¢ € C([—7,0],R™) with
e — ytollc < 0o, there exists © € C([to — 7,T],R"™)
such that x(-) is an F-trajectory and for all t € [to, T

2t —yellc < vs(t)
and for almost every t € [to, T,

1£(t) = 9O < Crp()v3(t) +71(E)-

The following theorem establishes the possibility of ap-
proximating any relaxed F'-trajectory by an F'-trajectory
starting from the same initial condition.

Theorem 2: Let y(-) be a relaxed F-trajectory. Assume
(H1), (H2) and (H3). Then for every § > 0 there
exists an F-trajectory x(-) satisfying x:, = y, and
SuPyeit, 7] 2 (t) —y(@)] < 0.

B. Neighboring feasible trajectories theorems

Let A > 0. Consider the following inward pointing
condition:

Vte[0,T],V¢ € Kx,Vv € F(t, )

such that max (n,v) >0,

neENL
Jw € Liminf (5 ¢y, ¢,p) (5, P)

max (n,w—v) <0,

nENL ($(0))
where /C), is defined by (5). Before stating our first NFT
theorem, a crucial result is given by the following lemma
which shows that (I PC?*) implies an uniform inward
pointing condition on a neighborhood of K.

Lemma 1: Let A > 0 and assume (H1)-(H4)
and (IPC*). Then YR > 0, 3p > 0 and n > 0 such
that for every t € [0,T], ¥ € (Kx +nB¢c) N RB¢c and
for every v € F(t,v) with

satisfying

(n,v) >0

max
n€N}< (z),z€dKNB((0),n)



we can find w € F(t,) satisfying

(n,w) < —p and (n,w —v) < —p
Vn € Ni(z),Yo € 0K N B(¥(0),n).

The following theorem shows the existence of a feasible
F-trajectory and provides an estimate of the distance (in
the norm of uniform convergence) of this trajectory from
a specified F'-trajectory.

Theorem 3: Assume (H1)—(H3). Let 7 > 0, r¢g > 0 and
Ao > 0 and suppose that, for

(10)

A =max{\, (1 + (1 + X7 +70)e’ o}, (A1)

assumptions (H4) and (IPC?) hold true. Then there
exists a constant C > 0 such that for any to € [0,T] and
every F-trajectory &(-) on [tg — 7, T] with \o-Lipschitz
Ty, and &(tg) € K NroB, and for any g9 > 0, we
can find a feasible F-trajectory on [to — T, T] satisfying
Tty = Tty, ((to, T]) C Int K and

|zt — Tl < C (tmax dg (2(t)) + Eo) . (12)

E[to,T]
Theorem 3 together with Theorem 2 imply that under
the inward pointing condition (/PC*), the set of F-
trajectories lying in the interior of the constraint set K,
for t € (to,T) and starting at &,, is dense in the set
of feasible relaxed [F'-trajectories. This results from the
following corollary:

Corollary 1: Under all the assumptions of Theo-

rem 3, for any feasible relaxed F-trajectory Z(-) with
Xo-Lipschitz T, and T(tg) € K N roB, and any
0 > 0, there exists a feasible F-trajectory x(-) such that
Ty = Tty, T((t0,T)) € It K and ||z, — Tyllc < 0 for
all t € [to, T).
Now, assume the relaxed inward pointing condition given
by (IP2,). As before, we have the following lemma
which is similar to Lemma 1 but in the framework of
the relaxed set-valued map.

Lemma 2: Let N > 0 and assume (H1)-(H4)
and (IP),;). Then VR > 0, 3p > 0 and n > 0 such
that for every t € [0,T], ¥ € (Kx +nB¢) N RB¢c and
for every v € co F(t,4) with

max n,v) >0,
neENg (z),2€dKNB((0),n)

we can find w € co F(t,1) satisfying
(n,w) < —p and (n,w —v) < —p
Vn € Ni(z),Yz € K N B(¥(0),n).

The following theorem is related to Theorem 3, however
neither one is contained in another.

Theorem 4: Assume (H1)-(H3). Let 7 > 0, 79 >0
and Ao > 0 and suppose that, for \ given by (11),

assumptions (H4) and (IP2,) hold true. Then there
exists a constant C > 0 such that for any to € [0,T] and
every relaxed F-trajectory &(-) on [to — 7,T| with \o-
Lipschitz i+, and (tg) € K NroB, and for any g > 0,
we can find a relaxed feasible F-trajectory on [to—T, T

satisfying xi, = ., x((to,T]) C Int K and

lx: — 2]l < C ( max dg (&(t)) + 50) . (13)
te(to, T

The proof of Theorem 4 is a straightforward consequence

of Lemma 2, together with Theorem 3 applied with

coF' instead of F. Theorem 4 and the constructive

argument of [9, Proof of Lemma 5.2] imply the following

Corollary:

Corollary 2: Under all the assumptions of Theo-
rem 4, for any relaxed feasible F-trajectory Z(-) with
Xo-Lipschitz T, and T(tg) € K N roB, and any
d > 0, there exists a feasible F-trajectory x(-) such that
Ty = Ty, ((t0,T)) € It K and ||z, — Tyllc < 0 for
all t € [t, T).

C. Neighboring feasible trajectories theorem: constant
delay case

Consider the constant-delay differential inclusion

{Jb(t) € F(t,x(t),z(t — 7)), ae. tel[ty,T],
Tty = ¥

(14)
where F : [0, 7] x R™ x R™ ~» R™ is a set-valued map
having closed nonempty images and ¢ € C([—7, 0], R™).
Let A > 0. Consider the following inward pointing
condition:

Vte[0,T],Va € OK,Vy € x + TAB,

Yo € F(t,x,y) such that max (n,v) >0,

neENL (z
(IP}) . i)
Jw € Liminf(, . ¢) (¢,2,4)c0 F (5, 2, §)

satisfyin max (n,w —v) <0.
ying  Imax )< )

Assume the following regularity conditions on F:

(A1) for every X = (z,y) € R™ x R" the set-valued

map F (-, X) is measurable;

(A2) the set-valued map F(t,-) is locally Lipschitz, i.e.

VR > 0, 3C¢r(-) € LY([to,T],RT") such that,
for ae. t € [to,T] and any X = (z1,11),Y =
(z2,y2) € RB x RB

F(t,X)C Ft,Y)+(r()|X - Y| B;

(A3) there exists o > 0 such that, for a.e. ¢t € [ty,T] and

any X = (z,y) € R" x R"
F(t,X) Co(l+|X|)B;



(A4) for a given A > 0, the set-valued map F is upper
semicontinuous on [to, 7] X (0K + 7AB).

Theorem 5: Assume (A1)—(A3). Let 7 > 0, 19 >0
and XNy > 0 and suppose that, for A\ given by (11),
assumptions (A4) and (1P,,) hold true. Then there exists
a constant C > 0 such that for any ty € [0,T] and every
F-trajectory Z(-) on [to—7, T| with Xo-Lipschitz &y, and
Z(to) € K NroB, and for any g9 > 0, we can find a
feasible F-trajectory on [to — 7, T] satisfying xi, = Z,,
x((to, T]) C Int K and

lx: — 3]l < C <f max dg(&(t)) + 50) . (15)

te(to,T]

IV. EXAMPLE: POPULATION DYNAMICS

Here, we present an example that motivated us for
this study. It concerns the management of urban pigeon
population. In fact, urban pigeon population can reach
high densities in cities and disturb the cohabitation with
urban citizens. In view of some ecological considera-
tions, this increased population may lead to a citizen
dissatisfaction. A model describing the evolution of
such population which is subject to some management
strategies is proposed in [22], and the urban citizen
tolerance formulated as a state constraint. The population
dynamics is given by!

&y = n(x2,u)rs — my(21,u)rs — p1(r1,u)T:
(16)

&y = —mg (w2, u) T2 + p1 (21, u)T1,

where x;7 and xo denote the size of juvenile and adult
pigeon populations and w is the control parameter rel-
ative to a management strategy (resource limitation,
egg removal, sterilization, capturing). The function n(-)
describes the reproduction of adult pigeon; mq(-) and
ma(+) describe the mortality of juvenile and adult pi-
geons. The function p;(-) represents the transfer rate
from juvenile to adult class. The urban citizen tolerance
is described through the following state constraints set

|

where M and M represent the lower (the presence of
some pigeons) and upper (not too many pigeons) limits.
Thanks to the viability theory, viability kernels describ-
ing the existence of efficient management strategies are
calculated (see [22] for more details).

The model (16) is not sufficiently precise, because it

M <z +x9 <M, Vt>0,

331207 xQZOa VtZO?

By abuse of notation, we omit writing explicitly the dependence of
Ti,x;, and v on t, for i = 1,2.

does not take into account the fact that juvenile pigeons
start to reproduce only after becoming adults. This leads
naturally to a model with time delay that we describe
next. Actually, the transfer from juvenile to adult class
is modeled as a function with a delay involving the adult
pigeons, taking into account the following observation:
the juveniles which born a time ¢ — 7 and survive to
time ¢ exit to adult pigeon class, where 7 is the time
from birth to maturity. This can be formulated by the
following equations (see [1] for more details)

1 = n(xg, u)xe — my(x1,u)x1 — poxa(t — 7)

Ty = —ma(z2, u)T2 + p2x2(t — 7),

a7
where po is the corresponding survival rate of juvenile
pigeons born at T-time ago, which is taken constant
in order to simplify the presentation (in fact, it de-
pends on zo(t — 7) and w). Let * = (x1,22) and
y = (y1,y2) € R% System (17) can be written in the
form of (14), where the set-valued map F : R? x R? ~~
R? is given by

}'(x,y) = U

uelU

n(z2, u)xs — my(T1,u)x1 — pays
—ma (z2,u) T2 + P2y2 '

To extend the study realized in [22] to the time delayed
case, Corollary 2 is crucial. Indeed, viability algorithms
are conceived for convex maps. In the case of (17),
in general, F is not convex. Knowing that n(-),mq(-)
and mq(-) are sufficiently regular then F fulfills the as-
sumption of Theorem 5. Thus, if condition (I P2,) holds
true on the boundary of K, Corollary 2 guaranties the
existence of feasible trajectories for (17), approximating
a feasible relaxed trajectory of the convexified problem.

V. PROOFS
A. Proof of Theorem 1

We need the following lemma from [14]:
Lemma 3: Let X be a separable Banach space, G be
a set-valued map from [ty, T] x X into closed nonempty
subsets of X and z : [tg,T] — X be a continuous
function such that
1) Vx € X the set-valued map G(-,x) is measurable.
2) 38> 0,(-) € LY([to, T), RY) such that for almost
all t € [ty, T] the map G(t,-) is ((t)-Lipschitzian
on z(t) + BBx, where Bx is the closed unit ball
in X centered at 0.
Let x € C([to, T], X) be such that ||z — z||c < 8. Then
the set-valued map t ~ G(t,x(t)) is measurable.
In addition to Lemma 3, the proof of Theorem 1 requires
the following two lemmas. The first one states that, for
every x € C([top — 7,T],R™) taken in a neighborhood



of the reference trajectory y, the map ¢t ~» F(t,x;) is
measurable.

Lemma 4: Let B > 0. Assume (H1), (H2) and let y
be as in Theorem 1. Let x € C([to — 7,T],R"™) be such
that ||z(t) — y(t)|| < B, for every t € [to — 7,T). Then
the set-valued map t ~ F(t,x;) is measurable.

Proof. Since = and y are continuous on [to — 7,7,
we can easily prove (see [23, Lemma 2.1] for more
details) that x; and y; are also continuous functions of
t on [tg,T]. By (H2), F(t,-) is ((t)-Lipschitzian on
y: + BB with the Lipschitz constant {() = Cryps(")-
Then, by Lemma 3 (with X = C([-7,0],R"), G = F
and z(-) = y(- +0), 8 € [—7,0]), we obtain that
the set-valued function [tg,T] > ¢t ~» F(t,x¢) is
measurable, which concludes the proof. O

The following lemma proves that, starting from a
reference trajectory y, we can construct a sequence
(%n),,>¢ in C([to — 7,T],R™) approximating a solution
of (6)(7).

Lemma 5: Let 8 > 0 and §y > 0. Assume (H1), (H2)
and let y, 1,72, 3 be as in Theorem 1. If v3(T) < f3,
then for any ¢ € C([—7,0],R™) with || — yi,|lc < do
there exist sequences x, € C([to — 7,T],R"™) and
fn € LY([to, T),R™), for n > 0, such that

To,t = Yt, fo=g9, telto,T], (18)
/1) = fo(D)l =1 (t), ae teto,T];  (19)
and for n > 1
ralt) = £(0) + / fuls)ds, teltT)
Tnto = ¥,
fu(t) € F(t,xn-11), tE€ [to,T), (21)

with
||fn+1(t) - fn(t)” S <R+B(t)||xn,t - xn—l,t“Ca (22)

for almost every t € [to,T).

Proof. By Lemma 4, the set-valued map ¢ ~ F'(t,y;) is
measurable. Since the function ¢ — ~; (¢) is measurable
(see, [14, Lemma 1.5]), the set-valued map U; defined
by

Ur(t) :={v e F(t,y) : [lv = fo(D)ll = n(8)}

is measurable (see, e.g., [3]). Hence, by the measurable
selection theorem the set-valued map U; admits a mea-
surable selection f; : [tg, T] — R™. From the definition
of Uy, we have fi(t) € F(t,y;) for t € [to,T] and

[1f1() = fo(®)|l = 71(2) a.e. t € [to, T].  (23)

Let ¢ € C([—7,0],R™) be such that || — y,llc < do
and define z, € C([to — 7, T],R™) by

l‘1(t)
T (to + 9)

te [to,T],
0 € [-1,0].

0) + / f1(s)ds,
)

o(
w(0

Observe that

t
||x1,t—yt||g50+/71(s)ds, Lefto, ] (24)

to

Indeed, for § € [—7,0] and t € [to,T] such that
t+ 60 > tg, we have

e (t+0) —y(t + 0)]

t+60
< 1pl0) =yt +1 [ fi(s) ~i(s)ds]
t+0
<o = ol + / 71(s)ds

t
< 4y +/ ~1(s)ds.

to

In the case when t + 6 < tg, we have
21 (t+0) = y(t +0)|| = Il — wiollo < do.
With x;, we associate the set-valued map
[to,T] >t~ Us(t) defined by Us(t) = {v €
Ft,or) o — &0 = dpge,@i(0)).
By (24), ||z14 — willc < B and, since F(t,-) is
Cryp-Lipschitz on y, + BBc, we deduce (using
the same arguments as before) the existence of a
measurable selection f3 : [tg, T] — R™ of Uy such that
1£2(t) = L®)] < Crap(®)are — woullc. for almost
every t € [to, T|. Then, we conclude that (20)—(22) hold
true for n = 1.
Assume that we already have constructed
x, € C({to — 7,T],R") and f, € L([to,T],R"),
forn=1,---, N, verifying (20), (21) and (22). Before
extending to n = N + 1, we prove that the constructed
sequence x,, verifies the following:

Claim I: ||[xne — yillc < B, Vt € [to,T],Vn =
1 N.
In fact, for n = 1, the claim follows directly from (24).
For n > 2, (22) implies the following inequalities:

I

t
lens — on1allc < / (1) — fs(s1)lldsy
to

t

S CR+,[3(51)||$71—1,51 - xn—2,slHCd517
to



which can be repeated recursively (see the proof of [14,
Theorem 1.2] for more details) to obtain the following

property:

<Go+ [ 1 (s)dsy 02O

n!

! (25)
for every n € {2,---,N}. From (24) and the last
inequality, we get (see the proof of [14, Theorem 1.2]
for more details)

|n,t —

N
iz i

< —zi—1tllo
< () < B

||:EN,t _ytHC (26)

Again, define the set-valued map [tg,T] 2 ¢t ~ Uny1(t)
by Unsrlt) = {v € Fltang) : [lo— in()] =
dp(toy,) (EN (1))} Knowing that [[zn, — wille < 5

and wusing the same reasoning as before, we
deduce the existence of fyi1 [to,T] — R,
a measurable selection of Upyyj, such that

lfne1®) — vl < Cres@)llzne — 2n-1.4llos
for almost every ¢t € [tg,T]. The function zni1,
associated to fy41, is defined by (20), for n = N + 1.
O

Proof of Theorem 1. By (25), for each t € [tg,T],
the sequence {z,.} is Cauchy in the Banach space
C([—7,0],R™). Thus, for each t € [ty,T] we may define
x; € C([—7,0],R™) as the limit of x, .. In addition,
by (22), for almost every ¢ € [to, 7] the sequence
{fn(t)} is Cauchy in R™. Furthermore, from (22) and
(23), it follows that for n > 1

n—1
1) =5 < D I fira(®) = fi@)l]
=0
@7)
< (1) + Craslt an zi1illo

< (1) + Craplt >73< ) ae té€ i),

from which we conclude that the sequence {f,}
is integrably bounded. Thus we may define
fe Lt to, T],R™) by f(t) = lim, i fult).
By arguments similar to [14, Theorem 1.2], we obtain
that z(-) is an F-Trajectory satisfying &(t) = f(t) a.e.
in [tg, T]. Passing to the limits in (26) and (27) yields
the desired estimations on x and . ([

B. Proof of Theorem 2

Fix 0 > 0 and let R := max;e[y,—-1) [|y(t)]]. It is not
restrictive to assume that ¢ty = 0 and fo Crys(t)dt > 0.

Choose any positive « such that

0 0
a <min<g —, ) (28)
{ 2 295(T) foT Crys(t)dt }

where 73(-) is as in Theorem 1, with § = 4. Let
n > 1 be so large such that o(1 + R)/n < «/2,
where o is given by (H3). Let I; be the interval
(4 — 1)%,]%], for j = 1,--- ,n. By Lemma 4, the
set-valued map ¢ ~> F'(t,y;) is measurable. In addition,
by (H3), t ~ F(t,y:) is integrably bounded because for
almost every ¢ € [0,7], F(¢t,y:) C o(1 + R)B. Then,
by Aumann’s Theorem [5], there exists a measurable
selection f;(t) € F(t,y;) such that

/ fi(t)dt = / g,

Let f be the function which is equal to f; on I;, and

j=1,---,n.

define the continuous function z : [—7,T] — R"™ by
¢
) = 90+ [ 16ds, e
0
20 =

Observe that

2zt —yelle <o, Vtel0,T].

Indeed, for every ¢t € [0,T] and every 6 € [—,0] such
that ¢t + 6 > 0, there exists j € {1,---,n} for which
t+0¢cl;and

[

< /nf

If t +60 <0, then ||z(t +6) —y(t+ 0)|| = 0.
Since for almost every t € [0,T], F(t,-) is {rys(t)-
Lipschitz on y; + B¢, we obtain

dpt,z)(2(t) < supl{dp@ . (§) £ € F(t,y:)}

12t +60) —y(t + 0)]|

y(s)) ds||

s)|lds < a.

+dp(ty) (2()) (29)
< Cres®llze — yelle < alrys(t).
Inequality (29) together with (28) imply that

T) [, oCr+s(t)dt < /2. Then, by Theorem 1
applied with 5 = § and dg = 0, there exists a trajectory
z of (6) satisfying o = 29 = yo and

T
)
o = ztlle <7a(T) [ alras()ds < 5.
0
Finally, we obtain

56
5T3=0

which concludes the proof. ]

e = yelle < llze = 2tlle + 1z = yello <



C. Proof of Lemma 1.

We proceed in three steps.
Stepl. Let R > 0, t € [0,T] and ¢ € Ky N RBc
be fixed. Knowing that F' is locally bounded and using
exactly the same argument as [17, Lemma 3.5], we
prove the existence of p;; > 0 such that for all

v € F(t,v) with  max (n,v) > 0, there exists
nEN (¥(0))
w € Liminf(, 4, 7.) F(s, ¢) satisfying
max {(n, w), (n,w —v) | n € Nj(¢(0))} < —2pg.5-
(30)

Step 2. We show the existence of 7; ; > 0 such that for
every t € B(t,nz ), forevery ¥ € KxNBea (¢, m5.5)+
Nz, B and for every v € F(t,1)) with

(n,v) 20,

max
nENj (2),2€0KNB((0),17,5)

there exists w € F(t,) satisfying

(n,w} < —Ptp and <naw - U> < —Ptp

Vn e Ng(x),Ve e dK N B(0),n )
Suppose by contradiction that there exist ¢; — f,_i/)l- -
in C([-7,0],R™), v; € F(t;,:),x; —ox ¥(0) and
n; € Nj(x;) such that (n;,v;) > 0 and for every
w; € F(t,9;) we can find 2} —sx ¥(0),n; € Ni(x})
satisfying

€Y

(g, wi) V (g, wi — vi) > —pz g (32)

Since F' is upper semicontinuous at every point of
[0,T] x K,, taking subsequences and keeping the
same notations we may assume that v; converge to
some v € F(f,¢), n; — n and n, — n'
Since the map = ~» Nj(z) is upper semicontin-
uous, we have n,n’ € Nji(¢(0)) and (n,v) > 0.
Then  max (n,v) > 0. Consider w as in (30)

n€N [ ((0))

corresponding to this v and let w; F(t,v;) be
such that w; — w. From (32) we deduce that
(n',w) V (n',w —v) > —p; z, contradicting the choice
of w.

Step 3. Consider a covering of [0,7] x (Kx N 2RBc) by
the open balls B((Z,v),n;,;) satisfying the following
requirement:

[0, 7] x
U(f,’lZ)E[O,T] xICxN2RBc B((ﬂ 77/;), Uh @Z)

such that for every ¢ € B(t,m;;), for ev-
ery ¢ € KxN Be(,n; ) +ngpBc and for every
v € F(t,1) with

(KxN2RB¢) C

max (n,v) >0,
nENE (x),z€dKNB((0),nz 5)

there exists w € F'(¢,) satisfying (31).

We claim that the set Ky N 2RB¢ is compact. Indeed,
Thanks to Ascoli’s Theorem, we know that a subset of
C([-7,0],R™) is compact if and only if it is closed,
bounded, and equicontinuous. The set /Cy is closed (the
uniform limit of A-Lipschitz functions is A-Lipschitz)
and equicontinuous (by assumption). The boundedness
follows from the fact that for all § € [—7, 0]

o @) < lv(9) —

Now, consider a finite subcovering

U é«tiawi)anti,wl‘)'

i=1- N

PO+ [[£0)] < A7+ R.

[0,T] x (KxN2RB¢) C

Then, for p = min{py, ,,¢ =1---, N}, for some 0 <
n < min{R,n, ,,@ = 1---,N} and for all (t,¢) €
[0,T] x (Kx +nB¢c) N RB¢, there exists 1 < ¢ < N
such that (t’ ¢) € B(tia nti,wi) X (’C/\ N BC(wia ntiﬂm) +
M, w; Bc). This complete the proof. O

D. Proof of Theorem 3.

The proof is inspired by the construction proposed
in [16].

Lemma 6: Assume (H1)-(H3). Let 7 > 0, r > 0
and \g > 0 and suppose that, for A\ given by (11),
assumptions (H4) and (I PC’\) hold true. Then there
exist positive constants § and c such that for every
t € [0,T] and every F-trajectory &(-) on [t — T, T with
Xo-Lipschitz &p and &(t) € K NrB, and for any € > 0,
we can find an F-trajectory on [t — 7, T] satisfying

Ty = Iy,
z(t) € Int K, Vte(t +)/\T]

L, (t
_ < 7
|zt — Zellc ¢ max d (2(t)) +

Proof. Let R := (14 X\o7 + 7)e’" R := (1 + R)o and
R := 2RT + R, where o is as in (H3). Fix € [0, 7]
and an F'-trajectory Z(-) on [{ — 7, T] such that &7 is Ag-
Lipschitz and #(f) € KNrB.Letd >0and 0 < 8 < p

be such that § < ﬁ (where p and 7 are given by
Lemma 1) and

3 T
v(6) := 2Rexp (/t CR+5(S)ds> wey(0) < B,

where (z() and gz 4(-) are as in (H2), and we, () is
the modulus of continuity of the map ¢ — ftf Cr(s)ds.
Consider I' > 0 such that I'(p — v(d)) > 1 and call
§:={F+0)AT.



We proceed in four steps.
Step 1. We have ||Z;||c < R for every t € [t,T]. Indeed,
for t € [t,T] and 0 € [—7,0], we have
t+6

2(t) +/E (s)ds,
if(t +0— Z)a

ift+0>¢
ift4+6 <t

B(t+0) =

Then,

max{t,t+6}
nﬂuwwswmm+/ o1+ ds]lc)ds.
t

Hence

max{f,t+0}
il < arle + [ 71+ 2. )ds.
7

Thanks to Gronwall’s Lemma, we can easily verify that
for any t € [t, T

Izl < (1+ 2dle)e”?, (33)
from which conclude that ||#:||c < R for every
telt,T).
Step 2. If dc (2(1)) < —Z, then z(-) = &(-) satisfies our

lemma. Indeed, if dg (2(f)) < —Z, then for all ¢ € [t, 4],
we have

dic(2(0)) < dxe (#(0)) + |dic (2(1)) — dic (a(D)]
<—ﬂ+mw—z®ns—g+énﬂgws

4
< —Z (1+ R)oé <0,
and z(-) = Z(+) is as required.
Step 3. It 72 < dg (2(f)) < 0, we define the measurable

S:={se[t,0]: Iz € OKNB(i(s),n),n € N (),
(n, &(s)) = 0}.

Fix any € > 0 and & > 0 such that
€

1+ exp (foT Cmﬁ(S)dS) /OT CR(S)dS]

and let x € [£, ] be defined as follows:
o If u(S)<T m[zp%] dr(#(s)) + ¢ then set k = 4.
se|t,

0<e <

)

2R

o If u(8) > T max, di (2(s)) + €' then take k be
selt, _
the smallest number in [f, §] such that

w(S N[t k) =T max dr(i(s)) + €.
se|t,
For each s € S, we have &, € (Kx + nBc) N RBe.
Indeed, let z € 0K be such that ||z —2(s)|| = dx (£(s)).
Let us define the function ¢ € C([—7,0],R™) by

V() =2(s+0)—2(s)+2, 0¢€[-T1,0]

The function v belongs to [Cy. In addition, we have

[:(0) = (O)|| = [|Z(s) — 2] = dx (2(s))

< di(2(1) + |dx (2(s)) — dr (2(1))] <.
Then %5 € (Kx+nBc)NRBe. Thanks to Lemma 1, for
each s € S, we can find w € F(s, &) satisfying (10). By
the measurable selection theorem [3], there exists a mea-

surable function w : S — R™ such that w(s) € F(s, &),
and for ae. s € S

{ (n,w(s)) < —p, and (n,w(s) - i(s)) < —p

Vo € 0K N B(i(s),n),Vn € Nk (z).
(34)
Define the absolutely continuous function y : [t—7,T] —
R™ by yz = 27 and

in={ 40

() if
For ¢t € [t,T] and 6 € [—7,0], we have

te SNt k]
€ ([t, 71\ S) N [t, K]
(35)

o)z <1 [ (i)~ )

Sﬂ‘M@X—ﬂ@d&=LNHA”m@N—ﬂﬁMS

< 2Ru(S N[t AK])
implying that,
lye — @elle < 2Ru(SN[EtAEK]). (36)
Moreover, for ae. t € [t,T],
dr(t,y) (9(1) <
sup{dp(t,2,)(§) : € € F(t,y0)} + dp,a,)(9(t))
< Cr(t)|lye — 2el] < 2Ru(S N[t t A K])CR(E).

Hence, thanks to Theorem 1 applied with dg = 0, there
exists an F-trajectory z(-) on [t —7,T] such that z7 = y;
and for every t € [t, T

lze = yelle <
~ T — —_
2R exp (/0 CR+5(8)dS) weg (It = (S Nt EAK)).

By the definition of «, the inequality (36) and the triangle
inequality, we have

A

(S N )

< dyc (2 (t
< cmax k(2(t)) +¢,

lz: — 2lle <

for a constant ¢ independent from ¢ and Z(-).
Step4. We show next that {z(t) : t € (¢,d]} C IntK.
We distinguish two different cases:



Case 1. ¢ € (f,x]: The mean-value theorem (see, e.g., ||y*—a(s)|| < n, where 1 < m < n+1. Then, from (38),
[11, Theorem 2.3.7]), affirms the existence of some we obtain that

2(t) € [y(f),y(t)] and £(t) € GJK(z(t)), such that dic(2(t)) < dg (@) + v(O)u(S N[t A K))
d (1)) y(t) — y(t)). ™ .
Ix (y(t) = dxe (y(D) + (€(1), y(t) — y(D) N /\a/ (6 u(s) — 3(s))ds
Then, a=1 SN[t,t]
die(w(t) < dic((®) + [2(t) — y(0)] < de(@(0) — (SN + V(S N AR
< dic(y(t) + vOu(S NE A K] < (1) = (p = v(0) |T 1 dica(e) +
< dic(y() + (€0, y(t) —y@®) +vOuSNEEAR)  _ |
< s (€(t),w(s))ds This completes the proof. 0
s\ ds + v T tA R Proof of Theorem 3. Let r := (1 + AT +70)e’” and
Jr/[tt]\g (€@, &(s))ds +v@)u(S N L EAKD. d=46(r),c=c(r)>0 beeas in Lemma %. Fix 1?0 € [O,aT]

(37) and an F—trajectory () such that &, is Ao-Lipschitz
As in the proof of [16, Theorem 5], it follows that £(t) and #(t,) € K N roB. Let N be the smallest integer
is a convex combination of m vectors §o € N (y*). satisfying (to+NS)AT = T. Set t; = (to+i6) AT for all
with y* € mak (2(t)), such that for all s € [t,x] and =1 ... N. Fix any o > 0. Lemma 6 assures that, for

a € {1,---,m} we have [y* — Z(s)| § 7, where any sequence of positive numbers €1, -+ ,ex_1, there
1 <m <n+ 1 Then, from (37) together with (34), we  exists a sequence of F'—trajectories {zo(-) = &(-), z;(") :
obtain that i=1,---,N} such that forall i = 1,--- | N
CZ ) < Ao . d «:l:q(t) :Ii_l(t), Vite [to—T,ti_l]
K(l’( )) - 042:31 /Sﬂ[f,t] <§ ,U)(S)> s x(t) € IntK, Vt e (to,ti]
m , (xi,l(t)) +&i—1.
. _ t€to,T]
F3h [ andle)ds 4SS N EEAR) - | |
ot [EA\S Lemma 6 is applied recursively on the interval
; [(ti1 — 7) AT, T)] with reference trajectory x;_1(-) re-
< —
< W) —p)uSNt1) <0. stricted to this interval, for ¢ = 1,---, N. Note that,
Case 2.t € (k, 0]: By the mean-value theorem, for some ~ at each stage of this recursive construction, the same
2(t) € [ (t),y(t)] and £(t) € 5dK( (), constant § and c¢ are used; this is justified by the fact
that x;_14, , € rBg, for all ¢ = 1,---,N. Call
di (y(t)) = dic(2(1)) + (€(1), y(t) — &(1). z(-) = an(-), then @y, = &, and z(t) € IntK for
every t € (to,T]. Using the same arguments as in [16,
Then, Theorem 5], we prove the existence of some C > 0,
NK(x(t)) < JK(y(t)) + (SN[t AK]) independent from ¢, &(-) and g such that
= dr (2(t)) + (€(1), y(t) — (1)) |2y — &4c < C (tenﬁaxT] dic (2(t)) + 50> .
+v(8)u(S N [E,t A K]) ”
. This completes the proof. ([l
= diG(0)+ [ €00 -F6ds
+r( ) (SN[t t A K] E. Proof of Corollary 1.
_ G (A ; Fix a relaxed feasible F-trajectory Z(-) such that
= z(t)) + t),w(s) —z(s))ds J ry to
K (@ () /Sm[tt] (&(8), wis) (s)) is Ao-Lipschitz and Z(tg) € K NroB, and § > 0.
oS N E A K)) Let C be as in Theorem 3. By Theorem 2, there exists

an F-trajectory Z(-) on [t — 7, T satisfying &, = Ty,
As in the first case, (t) is a convex combination of and ||&; — Zt||c < §/3C for all t € [to,T]. By
m vectors &, € Nk (y®), with y* € mox(2(t)), such Theorem 3, for every gy > 0, there exists a feasible F-
that for all s € [¢,k] and « € {1,---,m} we have trajectory x(-) such that xy, = &,, z((to,7]) € Int K

10



and ||z — &t|lc < C < max dg(Z(t)) + 60). Remark
telto, T

that di (2(t)) < dx(Z(t)) + |2 — Zellc < §/3C. Set
€0 = 6/3C. Then, ||z; — Zt||c < 6 for all ¢ € [to, T). O

F. Proof of Lemma 2.

Lemma 7: Let A > 0 and assume (H1)-(H4)
and (IP),). Then for every R > 0, 1 € Ky N RBc

and every t € [0,T] there exists p;; > 0 such that

Yo € coF(t,9)) with max (n,v) >0 we can find
nEN (4(0))
w € Liminf g 4)_, 7 5yc0 F(s, ¢) satisfying

max { (n,w), (n,w —v) | n € Ni((0))} < —2pz 5.
(39

Proof. The proof follows the same lines as [17, Proof

of Lemma 3.7]. ]

_ Proof of Lemma 2. Let R > 0, t € [0,T] and
1 € Kx N RBc be fixed and let p; ; be as in Lemma 7.
We claim the existence of 7; ; > 0 such that for every

t € B(t,ng ). every ¥ € Kx N Be(y,m5.5) + n;.Be
and every v € co F'(t,1)) with

(n,v) 20,

max
neN (z),z€dKNB(¥(0),n5,5)
there exists w € co F'(¢,) satisfying

<TL,’LU> < —Pitp and <TL7’LU - U> < —Pip
Vn € Nk(z),Vz € 0K N B((0),mz.5)-

Suppose by  contradiction  that  there  exist
ti =t =Y, vi € coF(ti, i), xi —oax P(0)
and n;, € Nj(x;) such that (n;v;) > 0

and for every w; € we can find

z —ox ¥(0),n] € N (z}

2

COF(L%)
) satisfying
(nlywi) V(nl, w; —v;) > —Pig (40)
Since F' is upper semicontinuous at every point of
[0,T] x Ky, so is coF. taking subsequences and
keeping the same notations we may assume that
v; converge to some v € coF(t,v), n, — n and
n; — mn'. Since the map = ~ N}((x)_ is upper
semicontinuous, we have n,n’ € Nx(¢(0)) and

(n,v) > 0. Then max (n,v) > 0. Consider w as

n€N (¥(0))
in (39) corresponding to this v and let w; € co F(¢,v;)

be such that w; — w. From (40) we deduce that
(n',w) vV (n',w —v) > —p; z, contradicting the choice
of w. The rest of the proof is similar to Step3 of
Lemma 1. O

11

G. Proof of Theorem 5.

The proof of Theorem 5 is a straightforward con-
sequence of Theorem 4. Indeed, fix ¢, € [0,7]
and let us introduce for every (t,¢) € [to,T] X
C([-7,0],R™) the set-valued map F defined by
F(t,v) F(t,¥(0),¥(—7)). It is easy to see
that under the assumptions (A1)-(A4), the set-valued
map F' verifies (H1)-(H4). In addition, we can show
that, under (IP), condition (IP);) holds true.

rel

In fact, let v € K. By definition of ), we
have ¥(0) € 0K and ¢(—71) € (0) + A\rB.
Then, from (IP}), for every v € F(t1))

F(t,¥(0),1(—7)) such that max (n,v) > 0 there
(t,(0),(~7)) (o)
exists w € Liminf(, . ¢y, (2,4(0),0(—7))C0 F (5, 2,§) sat-

isfying

max (n,w—v) <0.

n€Ng (1(0))
From the inclusion
Liminf s . ¢)— (¢,0(0),0(—7))C0 F (5, 2,§) C
Liminf(, 4)_(¢,4)c0 F'(s, #),

we deduce that (IP2,) holds true. Hence, Theorem 4
concludes the proof. (]
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