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CAPACITY OF THE RANGE IN DIMENSION 5

By BRUNO SCHAPIRA

We prove a Central limit theorem for the capacity of the range
of a symmetric random walk on Z®, under only a moment condition
on the step distribution. The result is analogous to the central limit
theorem for the size of the range in dimension three, obtained by
Jain and Pruitt in 1971. In particular an atypical logarithmic cor-
rection appears in the scaling of the variance. The proof is based on
new asymptotic estimates, which hold in any dimension d > 5, for
the probability that the ranges of two independent random walks in-
tersect. The latter are then used for computing covariances of some
intersection events, at the leading order.

1. Introduction. Consider a random walk (S,)n>0 on Z%, that is a
process of the form S,, = Sy + X; + --- + X,,, where the (X;);>1 are inde-
pendent and identically distributed. A general question is to understand the
geometric properties of its range, that is the random set R,, := {Sp, ..., Sn},
and more specifically to analyze its large scale limiting behavior as the time
n is growing. In their pioneering work, Dvoretzky and Erdés [DE51] proved
a strong law of large numbers for the number of distinct sites in R, in
any dimension d > 1. Later a central limit theorem was obtained first by
Jain and Orey [JO69] in dimensions d > 5, then by Jain and Pruitt [JP71]
in dimension 3 and higher, and finally by Le Gall [LG86] in dimension 2,
under fairly general hypotheses on the common law of the (X;);>1. Further-
more, a lot of activity has been focused on analyzing the large and moderate
deviations, which we will not discuss here.

More recently some papers were concerned with other functionals of the
range, including its entropy [BKYY10], and its boundary [AS17, BKYY10,
BY19, DGK18, Ok16]. Here we will be interested in another natural way
to measure the size of the range, which also captures some properties of its
shape. Namely we will consider its Newtonian capacity, defined for a finite
subset A C Z4, as

(1.1) Cap(A) := Y P,[H} = o0,
TEA

where P, is the law of the walk starting from =z, and HX denotes the first
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return time to A (see (2.1) below). Actually the first study of the capacity
of the range goes back to the earlier work by Jain and Orey [JO69], who
proved a law of large numbers in any dimension d > 3; and more precisely
that almost surely, as n — oo,

1
(1.2) ECap(Rn) — Yd,

for some constant -4, which is nonzero if and only if d > 5 — the latter obser-
vation being actually directly related to the fact that it is only in dimension
5 and higher that two independent ranges have a positive probability not
to intersect each other. However, until very recently to our knowledge there
were no other work on the capacity of the range, even though the results
of Lawler on the intersection of random walks incidentally gave a sharp
asymptotic behavior of the mean in dimension four, see [Law91].

In a series of recent papers [C17, ASS18, ASS19], the central limit theorem
has been established for the simple random walk in any dimension d > 3,
except for the case of dimension 5, which remained unsolved so far. The
main goal of this paper is to fill this gap, but in the mean time we obtain
general results on the probability that the ranges of two independent walks
intersect, which might be of independent interest. We furthermore obtain
estimates for the covariances between such events, which is arguably one of
the main novelty of our work; but we shall come back on this point a bit
later.

Our hypotheses on the random walk are quite general: we only require that
the distribution of the (X;);>1 is a symmetric and irreducible probability
measure on Z?, which has a finite d-th moment. Under these hypotheses our
first result is the following.

THEOREM A. Assume d = 5. There exists a constant o > 0, such that

asn — 0o,
Var(Cap(R,)) ~ o?nlogn.

We then deduce a central limit theorem.

THEOREM B. Assume d=75. Then,

Cap(Rn) —5n (2]
0,1).
ov/nlogn n—00 NO1)

As already mentioned, along the proof we also obtain a precise asymptotic
estimate for the probability that the ranges of two independent walks start-
ing from far away intersect. Previously to our knowledge only the order of
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magnitude up to multiplicative constants had been established, see [Law91].
Since our proof works the same in any dimension d > 5, we state our result
in this general setting. Recall that to each random walk one can associate
a norm (see below for a formal definition), which we denote here by J(-)
(in particular in the case of the simple random walk it coincides with the
Euclidean norm).

THEOREM C. Assume d > 5. Let S and S be two independent random
walks starting from the origin (with the same distribution). There exists a
constant ¢ > 0, such that as ||z| — oo,

P |Reo N (2 + Roo) £ @ NW'

In fact we obtain a stronger and more general result. Indeed, first we get
some control on the second order term, and show that it is O(||z|*~4Y),
for some constant v > (0. Moreover, we also consider some functionals of
the position of one of the two walks at its hitting time of the other range.
More precisely, we obtain asymptotic estimates for quantities of the form
E[F(S;)1{r < co}], with 7 the hitting time of the range x + R, for func-
tions F' satisfying some regularity property, see (7.1). In particular, it applies
to functions of the form F(z) = 1/J(x)®, for any « € [0, 1], for which we
obtain that for some constants v > 0, and ¢ > 0,

I

Moreover, the same kind of estimates is obtained when one considers rather
7 as the hitting time of z + R|0, £], with ¢ a finite integer. These results are
then used to derive asymptotic estimates for covariances of hitting events
in the following four situations: let S, S*, S2, and S3, be four independent
random walks on Z°, all starting from the origin and consider either

(i) A={RL NR[k,00) # @}, and B = {R% N (S, +R2,) # o},
(ii) A={R.L NR[k,00) # @}, and B = {(S,, + RL)NR[k+1,0) # &},
(iii) A= {RL NR[k,00) # @}, and B = {(Sy + R2) NR[0,k — 1] # o},
(iv) A={RL NR[1,k] # 2}, and B = {(S, + RL)NR[0,k — 1] # @}.

In all these cases, we show that for some constant ¢ > 0, as k — oo,
c
COV(A, B) ~ %

Case (i) is the easiest, and follows directly from Theorem C, since actually
one can see that in this case both P[AN B| and P[A]-P[B] are asymptotically



4 BRUNO SCHAPIRA

equivalent to a constant times the inverse of k. However, the other cases are
more intricate, partly due to some cancellations that occur between the two
terms, which, if estimated separately, are both of order 1/v/k in cases (i7) and
(131), or even of order 1 in case (iv). In these cases, we rely on the extensions
of Theorem C, that we just mentioned above. More precisely in case (ii) we
rely on the general result applied with the functions F'(x) = 1/||z|, and its
convolution with the distribution of S, while in cases (ii7) and (iv) we use
the extension to hitting times of finite windows of the range. We stress also
that showing the positivity of the constants c here is a delicate part of the
proof, especially in case (iv), where it relies on the following inequality:

1 1 1
ferees Clim=m 1) = 57w ] B L] ) >

with (B4)u>0 a standard Brownian motion in R®.

The paper is organized as follows. The next section is devoted to prelim-
inaries, in particular we fix the main notation, recall known results on the
transition kernel and the Green’s function, and derive some basic estimates.
In Section 3 we give the plan of the proof of Theorem A, which is cut into
a number of intermediate results: Propositions 3.3-3.7. Propositions 3.3-3.6
are then proved in Sections 4-6. The last one, which is also the most delicate
one, requires Theorem C and its extensions. Its proof is therefore postponed
to Section 8, while we first prove our general results on the intersection of
two independent ranges in Section 7, which is written in the general setting
of random walks on Z¢, for any d > 5, and can be read independently of
the rest of the paper. Finally Section 9 is devoted to the proof of Theorem
B, which is done by following a relatively well-established general scheme,
based on the Lindeberg-Feller theorem for triangular arrays.

2. Preliminaries.

2.1. Notation. We recall that we assume the law of the (X;);>1 to be a
symmetric and irreducible probability measure! on Z¢, d > 5, with a finite
d-th moment?. The walk is called aperiodic if the probability to be at the
origin at time n is nonzero for all n large enough, and it is called bipartite
if this probability is nonzero only when n is even. Note that only these two
cases may appear for a symmetric random walk.

'symmetric means that for all 2 € Z%, P[X; = x] = P[X; = —2], and irreducible means
that for all , P[S, = z] > 0, for some n > 1.
%this means that E[|| X1||%] < oo, with || - || the Euclidean norm.
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Recall also that for z € Z%, we denote by P, the law of the walk starting
from Sy = x. When z = 0, we simply write it as P. We denote its total range
as Roo := {Sk}r>0, and for 0 < k <n < 400, set Rlk,n] :== {Sk,...,Sn}.

For an integer k > 2, the law of k independent random walks (with the
same step distribution) starting from some z1,...,z; € Z5, is denoted by
Py, ...z, or simply by P when they all start from the origin.

We define

(2.1) Ha:=inf{n>0 : S, € A}, and HJf:=inf{n>1: S, € A},

respectively for the hitting time and first return time to a subset A C Z¢,
that we abbreviate respectively as H, and H;” when A is a singleton {z}.

We let ||z|| be the Euclidean norm of 2 € Z%. If X; has covariance matrix
I' = AA!, we define its associated norm as

T ()= |- Tl = A 2,

and set J(z) = d~Y27*(x) (see [LL10] p.4 for more details).

For a and b some nonnegative reals, we let a A b := min(a,b) and a V
b := max(a,b). We use the letters ¢ and C to denote constants (which
could depend on the covariance matrix of the walk), whose values might
change from line to line. We also use standard notation for the comparison
of functions: we write f = O(g), or sometimes f < g, if there exists a
constant C' > 0, such that f(z) < Cg(x), for all z. Likewise, f = o(g) means
that f/g — 0, and f ~ g means that f and g are equivalent, that is if
|f — g| = o(f). Finally we write f =< g, when both f = O(g), and g = O(f).

2.2. Transition kernel and Green’s function. We denote by p,(z) the
probability that a random walk starting from the origin ends up at position
x € Z% after n steps, that is p,(z) := P[S, = z], and note that for any
z,y € Z4, one has P.[S, = y] = pu(y — ). Recall the definitions of I" and
J* from the previous subsection, and define

2.2 Do) := ! g

( : ) pn(x) = (27rn)d/2 TotT e n

The first tool we shall need is a local central limit theorem, roughly saying
that p,(x) is well approximated by p, (), under appropriate hypotheses.
Such result has a long history, see in particular the standard books by Feller
[Fe71] and Spitzer [Spi76]. We refer here to the more recent book of Lawler
and Limic [LL10], and more precisely to their Theorem 2.3.5 in the case
of an aperiodic random walk, and to (the proof of) their Theorem 2.1.3 in
the case of bipartite walks, which provide the result we need under minimal
hypotheses (in particular it only requires a finite fourth-moment for || X;||).
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THEOREM 2.1 (Local Central Limit Theorem). There exists a con-
stant C' > 0, such that for alln > 1, and all x € 72,

_ C
]pn(x) _pn(x)‘ S n(d+2)/27

in the case of an aperiodic walk, and for bipartite walks,

_ C
[P0 () + Pry1(7) — 2P, (z)] < @

In addition, under our hypotheses (in particular assuming E[|| X1]|4] < o),
there exists a constant C' > 0, such that for any n > 1 and any x € Z% (see
Proposition 2.4.6 in [LL10]),

w2 i |l < VA,
el = if Jlzl] > vn.

It is also known (see the proof of Proposition 2.4.6 in [LL10]) that
(2.4) E[[[Sa]|") = O(n"?).

(2.3) pa(z) < O {

Together with the reflection principle (see Proposition 1.6.2 in [LL10]), and
Markov’s inequality, this gives that for any n > 1 and r > 1,

(2.5) P [Orgnlggn Skl > r] <C- <\{nﬁ)d.

Now we define for £ > 0, Gy(z) := }_,~,pn(x). The Green’s function is
the function G := Gy. A union bound gives

(2.6) Plx € R[¢,0)] < Gy(x).
By (2.3) there exists a constant C' > 0, such that for any x € Z%, and £ > 0,

C

(2.7) Gy(z) < .
|z]|9=2 +£5° +1

It follows from this bound (together with the corresponding lower bound
G(z) > c|z]|>~¢, which can be deduced from Theorem 2.1), and the fact
that G is harmonic on Z? \ {0}, that the hitting probability of a ball is
bounded as follows (see the proof of [LL10, Proposition 6.4.2]):

(2.8)

=2
Pw[nr<oo]:(’)<

We shall need as well some control on the overshoot. We state the result we
need as a lemma and provide a short proof for the sake of completeness.
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LEMMA 2.2 (Overshoot Lemma). There ezists a constant C > 0, such
that for all v > 1, and all x € Z¢, with ||z|| > r,

C
Py < o0, ISy || <7/2] < ————.
IE[UT H r” /] 1+Hx”d_2

Proor. We closely follow the proof of Lemma 5.1.9 in [LL10]. Note first
that one can alway assume that r is large enough, for otherwise the result
follows from (2.8). Then define for k& > 0,

r
Y=Y Hr+k<|Sul <r+(k+1)}

n=0

Let
g(z, k) = E,[Yy] = pr[r+ E<|Sull <r+k+1,n<mnl
n=0
One has

Paltr < 00, Syl < /2 = 3 Balne = n+ 1, |18, || < /2

n=0

o0 o0
=3 > Pl =n+1, S <r/2, r+ k< |[Sul <7+ k+1]
n=0 k=0

o oo r
<SSR s RISl S kAL [S0r1 = Sall 2 §+k}
k=0n=0

e e} o) [ee]
= Zg(x,k‘)[[“ [HX1|| > g —i—k] = Zg(:n,k‘)ZP [g—i—fﬁ X4l < g—!—ﬁ—{—l}
k=0 k=0 l=k
() L
=Y PS e IXl < S+ 0+1] Y gl k).
=0 k=0

Now Theorem 2.1 shows that one has P.[||Sp|| < 7] > p, for some constant
p > 0, uniformly in r (large enough), ¢ > 1, and r < [|z]| < r + £. It follows,
exactly as in the proof of Lemma 5.1.9 from [LL10], that for any ¢ > 1,

2

max Z g9(z, k) < Kp

ll2[I<r-+€ 0kt
Using in addition (2.8), we get with the Markov property,

(r +€)d_2 9
g(x, k) < Ot - 17,
O;KE L+ |42
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for some constant C' > 0. As a consequence one has

P, < oo, |5y, || <7/2]

C > r r
< SRS IX < S+ e+ 1] 0+ 1)
ST 2P sl < g e 0Ty
C C
< g (XX = /271X 2 2} < s
1 |42 L [J]|4=2
since by hypothesis, the d-th moment of X is finite. O

2.3. Basic tools. We prove here some elementary facts, which will be
needed throughout the paper, and which are immediate consequences of the
results from the previous subsection.

LEMMA 2.3.  There exists C' > 0, such that for all x € Z%, and ¢ > 0,

> Gil2)G(z — ) < ¢

sezd a4+ 5

PROOF. Assume first that £ = 0. Then by (2.7),

1 1 1
GG —2) < — _ 1 I S
2 CEI6E =0 S e Z:1+WW4+ T
ez =l <2]] lz—af<lzl
1
+ D> ToEEs S
(d=2) ~ 1 4+ [|z]|d—4"
FETRRS ” I

Assume next that £ > 1. We distinguish two cases: if ||z| < v//, then by
using (2.7) again we deduce,

1 1
ZGZ Ngd/Q Z || |4 T — a2t Z B ||2 S P

=€z [E IISQ\f llz>2v2

When ||z|| > v/4, the result follows from case £ = 0, since Gy(z) < G(z). O

LEMMA 2.4. One has,

(29) sup E[G(5, - 2)] = 0 (55 )

zeZd n 2
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and for any a € [0,d),

1 1
2.10 spE|———— | =0 —7+—].
210 w | 75— = ()
Moreover, when d =5,

E G(S, ’ O L

(211) (Sats)’| - (1)

ProOOF. For (2.9), we proceed similarly as in the proof of Lemma 2.3. If
|z|| < +/n, one has using (2.3) and (2.7),

E[G(S, — )] an G(z —x)

z€Z°%
1 1 2-d
’gnd/Q Z Yz — x| st D E ||2d2~”2’
||Z||§2\/5 llzl1>2v/n
while if ||z]] > /n, we get as well
1 1 2-d
ElG(Sh—2)] S 7 > et D (1 _ g ST
n |2 H 120141 + Iz = z])*=
Izl<v/n/2 ll2l1>v/n/2

Considering now (2.10), we write

1 C
B P e o e R D e
" |z—2||<||z||/2

(2.3) 1 1

1 1
< + < )
A F NP VR ey P CEl ey P T

Finally for (2.11), one has using the Markov property at the second line,

(L)) | =X C@CWE | Y 1(S: = 2.5, =)

n>k T,y nm>k

<2 G@)G(Y) Y Y palx)pely — —226’ (2)G(y — )
T,y n>k £>0

Lemma23 (27) 1

Z [z H4 s
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The next result deals with the probability that two independent ranges
intersect. Despite its proof is a rather straightforward consequence of the
previous results, it already provides upper bounds of the right order (only
off by a multiplicative constant).

LEMMA 2.5. Let S and S be two independent walks starting respectively
from the origin and some x € Z%. Let also £ and m be two given nonnegative
integers (possibly infinite for m). Define

Ti=inf{n>0 : S, € R[(,{+m]}.

Then, for any function F : 74 — R,

l4+m
(2.12) Eo.[1{T < 00} F(5,)] < > E[G(S: — 2)F(S))].
=0
In particular, uniformly in £ and m,
(2.13) Pog[r<oo]=O(— 1
| S T A

Moreover, uniformly in x € Z¢,

Olm- €¥) ifm < oo
(2.14) Py o[ < o0] = 4 '
O (L= ) if m = oo.
Proor. The first statement follows from (2.6). Indeed using this, and the
independence between S and S, we deduce that

+m 6) {+m
oo [1{T < 00}F(S,)] < > Eo.[1{S; € Rec}F (S Z E[G VF(S:)].
=

For (2.13), note first that it suffices to consider the case when ¢ = 0 and
m = 00, as otherwise the probability is just smaller. Taking now F' = 1
n (2.12), and using Lemma 2.3 gives the result. Similarly (2.14) directly
follows from (2.12) and (2.9). O

3. Scheme of proof of Theorem A.
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3.1. A last passage decomposition for the capacity of the range. We pro-
vide here a last passage decomposition for the capacity of the range, in the
same fashion as the well-known decomposition for the size of the range,
which goes back to the seminal paper by Dvoretzky and Erdés [DE51], and
which was also used by Jain and Pruitt [JP71] for their proof of the central
limit theorem. We note that Jain and Orey [JO69] used as well a similar
decomposition in their analysis of the capacity of the range (in fact they
used instead a first passage decomposition).

So let (Sy)n>0 be some random walk starting from the origin, and set

oy = Psk[H;En =00 | Ry], and Z}} := 1{Sy # Sk, forall =k +1,...,n},

for all 0 < k& < n, By definition of the capacity (1.1), one can write by
recording the sites of R, according to their last visit,

Cap(Rn) = Z 21 - Pk
k=0

A first simplification is to remove the dependance in n in each of the terms in
the sum. To do this, we need some additional notation: we consider (Sy,)nez
a two-sided random walk starting from the origin (that is (Sy),>0 and
(S_n)n>0 are two independent walks starting from the origin), and denote

its total range by Reo := {Sn }nez. Then for k > 0, let
(k) :=Pg, [H% =00 | (Sp)nez), and Z(k) := 1{Sy # Sk, for all £ > k+1}.

We note that ¢(k) can be zero with nonzero probability, but that E[p(k)] # 0
(see the proof of Theorem 6.5.10 in [LL10]). We then define

Co:=)Y_ Z(k)p(k), and W, :=Cap(R,)— Cn.
k=0

We will prove in a moment the following estimate.

LEMMA 3.1. One has
E[W?] = O(n).

Given this result, Theorem A reduces to an estimate of the variance of
Cp. To this end, we first observe that

Var(C) =2 Y Cov(Z(0)p(f), Z(k)p(k)) + O(n).

0<t<k<n
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Furthermore, by translation invariance, for any ¢ < k,
Cov(Z()p(0), Z(k)p(k)) = Cov(Z(0)p(0), Z(k — O)p(k — ),

so that in fact
¢
Var(Cp) =2 Y Cov(Z(0)p(0), Z(k)e(k)) + O(n).

Thus Theorem A is a direct consequence of the following theorem.

THEOREM 3.2. There exists a constant o > 0, such that

02

Cov(Z(0)¢(0), Z(k)¢(k)) ~ o7

This result is the core of the paper, and uses in particular Theorem C
(in fact some more general statement, see Theorem 7.1). More details about
its proof will be given in the next subsection, but first we show that W,, is
negligible by giving the proof of Lemma 3.1.

ProoF OF LEMMA 3.1. Note that W,, = W,, 1 + W), 2, with

n n

Wai =Y (Z8 = Z(k)gk, and Wyua =Y (¢} — o(k)Z (k).
k=0 k=0

Consider first the term W, ; which is easier. Observe that Z;! — Z(k) is
nonnegative and bounded by the indicator function of the event {S; € R[n+
1,00)}. Bounding also ¢} by one, we get

EWai] <)Y EZ) — Z(0)(Z} — Z(k))]

£=0 k=0
<> > PS e Rn+1,00), S € Rln+ 1,00)].
=0 k=0

Then noting that (Sp+1-t — Sn+1)k>0 and (Sp4+14% — Sn+1)k>0 are two in-
dependent random walks starting from the origin, we obtain

n+1n+1 n+1n+1
E(W?2,] <) > P[Hs, < o0, Hs, <00 <2» Y P[Hg, < Hg, < ]
(=1 k=1 (=1 k=1

<2 > P[Hs, < Hg, < o] +P[Hs, < Hg, < .
1<0<k<n+1
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Using next the Markov property and (2.6), we get with S and S two inde-
pendent random walks starting from the origin,

EW?2,]<2 Y E[G(S)G(Sk — So)] +E[G(Sk)G(Sk — So)]

1<l<k<n+1

< 23" STE[G(S)] - E[G(Sk)] + EIG(Se + S1)G(51)]

2

We proceed similarly with W, 2. Observe first that for any k > 0,
0 < pp —p(k) <Pg, [Hr(—o0,0) < 0 | S] + Ps, [HRpn,o0) < 00 | S].

Furthermore, for any 0 < ¢ < k < n, the two terms Pg,[Hg(_s00 < o0 | 5]
and Pg, [HR[n,oo) < 0o | S] are independent. Therefore,

n 2
Z P(0) (e} — (k)] < 2 (ZP [Hrjgoc) < oo])

=0
(3.1) Z N(Se+RY) # @, RE, N (Sp + RL) # 2],
<k

0<l<k<n

where in the last term R., R% and R, are the ranges of three (one-
sided) independent walks, independent of (Sy),>0, starting from the origin
(denoting here (S_,,),>0 as another walk (S3),,>¢). Now (2.14) already shows
that the first term on the right hand side of (3.1) is O(n). For the second
one, note that for any 0 < £ < k < n, one has
PR3, N (Si+RY) # @, R, N (Sk+RE) # 2]
< E[JR% N (S + Reo)l - RE N (S + R
= E[E[|RS N (S + Reo)l | 8, 8§ B[RS, 0 (S + R | 8, §7]

Bk [( > GsE - 50) (D Gish - sm)] =
m>0 m2>0

1/2 1/2
<E[<ZG(Sm)>2] E (z;kc;(sm))z] (2;1)0(1+1\@>7

m>f
using invariance by time reversal at the penultimate line, and Cauchy-
Schwarz at the last one. This concludes the proof of the lemma. O

(3 Gsn—50) (X 6

sm))]
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3.2. Scheme of proof of Theorem 3.2. We provide here some decompo-
sition of ¢(0) and ¢(k) into a sum of terms involving intersection and non-
intersection probabilities of different parts of the path (S),),cz. For this, we
consider some sequence of integers (ex)r>1 satisfying k > 2¢y, for all k > 3,
and whose value will be fixed later. A first step in our analysis is to reduce
the influence of the random variables Z(0) and Z(k), which play a very
minor role in the whole proof. Thus we define

Zy:=1{Sy #0, Yl =1,...,er}, and Zj := 1{Sy # Sk, V0 = k+1,... k+e}.

Note that these notation are slightly misleading (as in fact Zy and Zj depend
on €g, but this shall hopefully not cause any confusion). One has

2.7)

E[|Z(0) — Zp|] = P[0 € Rlex + 1, 00)] (2;<6) G., (0) ‘= 0(623/2)’

and the same estimate holds for E[|Z(k) — Zg||, by the Markov property.
Therefore,

Cov(Z(0)¢(0), Z(k)p(k)) = Cov(Zow(0), Zup(k)) + Ole, ™).

Then recall that we consider a two-sided walk (Sy,)nez, and that ¢(0) =

}P’[H;g(_oo o) = | S]. Thus one can decompose ¢(0) as follows:
©(0) =0 — o1 — P2 — P33+ P12+ P13+ P23 — Y123,
with
: -
0o = IP’[HR[ cren] = P | S], ¢1: IE"[HR(_O<)7_5]C 1 < 0, H Rl-eper] = X | ST,
+ - +
2 1= P[H} Rient1h] <0 Hp o= =00 | 8], 3 :=P[H Rift1,00) < O Hpp o o= =00 | 5],
+ + +
p12:=P[H (—oo—ep—1] < 09 HR[e g < 00 HR[ cpen] = | S,
P + +
013 = ]P’[HR(iooﬁgk 1 < 0, HR[k+1 00) < 00, HR[ epen] = P | S,
— + + —
po3:=PHz, 4y <00 H R[k+1,oo) <00, Hpp g =015],
- + _
Y123 = IP’[HR( 1) < HR[e w1y <00 Hpg g oy <00, Hp 3= 00 | S].

We decompose snmlarly

o(k) = o — Y1 — Y2 — Y3+ V12 + Y13+ Y23 — Y123,

where index 0 refers to the event of avoiding R[k — ey, k + €|, index 1 to the
event of hitting R(—oo, —1], index 2 to the event of hitting R[0, k — ex — 1]



CAPACITY OF THE RANGE IN DIMENSION 5 15

and index 3 to the event of hitting R[k+ex+ 1, 00) (for a walk starting from
Si this time). Note that ¢¢ and v are independent. Then write

(3.2)

3
Cov(Zop(0), Zrp(k)) = = > (Cov(Zowi, Zktbo) + Cov(Zopo, Zithi)
i=1

3
+ > Cov(Zopi, Zuy) + Y (Cov(Zowi, Zrtbo) + Cov(Zowo, Zrtbi;)) + Rok,
ij=1 1<i<j<3

where Ry j, is an error term. Our first task will be to show that it is negligible.

PROPOSITION 3.3.  One has |Roy| = O (5,;3/2).

The second step is the following.

PROPOSITION 3.4. One has

N

(i) | Cov(Zogr,2, Ztbo) | + | Cov(Zogo, Zithas)| = O (%55 ).

(ii) | Cov(Zopr,3. Ziibo) |+ Cov(Zowo, Zxibr3)| = O ( Vo log(L) + 3/1\@)
k

(iii) ‘ COV(Zo(p273, kao)‘—i-‘ COV(Z()(/JQ, Zk’l’/}LQ)‘ =0 <l\cé£7; . log(i) + E?’/i\/ﬁ> .
k

In the same fashion as Part (i) of the previous proposition, we show:

ProPOSITION 3.5. Forany 1l <i<j <3,

= 1
‘ COV(Z()gOi, kaj)’ =0 (;{éE) ) ’COV(ZOSOjv Zklbz)‘ =0 <Ek) .

The next step deals with the first sum in the right-hand side of (3.2).
PROPOSITION 3.6.  There exists a constant o € (0,1), such that
Cov(Zop1, Zrto) = Cov(Zowo, Zxys) = 0,

£
| Cov(Zospa, Zibo)| + | Cov(Zogpo, Zxy2)| = O <l::é’7;> 7

EOC
| Cov(Zops, Zrtpo)| + | Cov(Zowo, Zryr)| = O (kl-k%a> :
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At this point one can already deduce the bound Var(Cap(R,,)) = O(nlogn),
just applying the previous propositions with say ey := |k/4].

In order to obtain the finer asymptotic result stated in Theorem 3.2, it
remains to identify the leading terms in (3.2), which is the most delicate
part. The result reads as follows.

PROPOSITION 3.7. There exists § > 0, such that if e, > k'™ and e, =
o(k), then for some positive constants (0 ;)1<i<j<3,

O-Z 7j

Cov(Zowj, Zyi) ~ Cov(Zowa—i, Zrpa—j) ~ o

Note that Theorem 3.2 is a direct consequence of (3.2) and Propositions
3.3-3.7, which we prove now in the following sections.

4. Proof of Proposition 3.3. We divide the proof into two lemmas.

LEMMA 4.1. One has

Elpr2] =0 <€ki/g> o and Elrzs) =0 <Elj/E> '

LEMMA 4.2. Forany1<i<j<3,andanyl </{ <3,

Elpigvd = 0 (5,%7), and Elpiy) Bl =0 (=,°%).

Observe that the (¢;;)i; and (v ;);; have the same law (up to reorder-
ing), and similarly for the (¢;); and (¢;);. Furthermore, ¢; ; < ¢; for any 4, j.
Therefore by definition of Ry the proof of Proposition 3.3 readily follows
from these two lemmas. For their proofs, we will use the following fact.

LEMMA 4.3. There exists C > 0, such that for any x,y € Z°,0 < £ < m,

m C 1 1
Z Z pi(2)G(z=y)pm-i(z—x) < 1+ |z + v/m)? <1 + ||y — || * 14+l + Hy”) '

i=f z€75
PRrROOF. Consider first the case ||z|| < /m. By (2.3) and Lemma 2.3,

[m/2]
> 3 BEG - i-1) S T 3 Gee)Gley) €

i={ z€Z5 2€75

(1—|—m)_5/2
L+ Ve+ |yl
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with the convention that the first sum is zero when m < 2/, and
- 1
Z Z pi(2)G(z—y)pm—i(2—2) 14 mb/2

i=|m/2| z€Z> z€Z5

NGl < (M)
> Gl—yGle—a) S T o

Likewise, when ||z| > y/m, applying again (2.3) and Lemma 2.3, we get

1 [
> > pi2)G(z = y)pmilz— 1) S > Gi(2)G(z—y) S :
= | g > L2l l=ll® 2 L+ v+ Iyl
=2
S o 1 N 1
pi(2)G(z = Y)pm—i(z —x) < 5 (z—y)G(z—2) < 1 )
2 2 ER> +y—al
llz—zlI<75 €

which concludes the proof of the lemma. O

One can now give the proof of Lemma 4.1.

Proor or LEMMA 4.1. Since @123 and 91 2,3 have the same law, it suf-

fices to prove the result for ¢ 2 3. Let (Sp)nez and (Sp)n>0 be two indepen-
dent random walks starting from the origin. Define

mi=inf{n>1: S, € R(—oo, —ex—1]}, 7 := inf{n > 1 : S, € Rlex+1,k]},

and N

m3:=1inf{n >1: 5, € R[k+1,00)}.
One has
(4.1) E[p123] < Z Pl <7y < 7).

i1 FigFis

We first consider the term corresponding to iy = 1, ie = 2, and i3 = 3. One
has by the Markov property,

(2.13)
Pnm<m<m<oo S

~

l{’]’l <1< OO}

(2.12) _k
= <
1+ |7 — Sk

~

G(S; — S;)1{r < oo}
1+ [|S; — Skl

=€y

Now define G; := o((5})<i) V o((Sn)n>0), and note that 7 is G;-measurable
for any ¢ > 0. Moreover, the Markov property and (2.3) show that

1 1
Ef—— |G| < .
[1+Hs¢—sk\'g]~ A~
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Therefore,
G(Si — 5r)
Pl <m<m<o S ZE 1{n < 0} - —
= €k 1 + B Z
k/2 k
s E[G(S; — 2)] E[G(S; — 2)]
SZP[T1<OO,S7—1:Z]‘ 274-27
ot = vk S 1 VE—i
(2<9) 1 Pl | (223) 1
P < o0 .
Vkeg, ! ~ 819\/%

We consider next the term corresponding to ¢; = 1, i5 = 3 and ¢3 = 2, whose
analysis slightly differs from the previous one. First Lemma 4.3 gives

(4.2)

Pln <1 <7m <o = ZE l{71<73<ooSTS—y,Sk—x}ZG —v)

z,yeZs =€y

:Z ZZ})Z Y)pk—i(x — 2) P[71§73<oo,573:y]5’k:x]

z,YELS \i=¢k z€ZP
P[T1§T3<OO‘S]€:{L‘] 1{71§T3<OO} ])
— Sp==x||.

Nmeﬁ ([l + f < VEK
We then have

1+ [|Sry — 2]

(2.13)
Pn<m<oo|Sp=z] < EM]
1+ ”STl - .7,'”
(2%2> > G, (y)G(y) Lemf%a 23 1 N G, (y)G(y)
1+ ly — 2| (1 + [lz])vey, L+ fly — ||’
yeL lly—z|| <1zl

Moreover, when ||z|| > /&, one has

Z G, (y)G(y) (257) 1 - Z 1 < 1 -,
o Ty =l > Jelf 2 T+ ly=al o]
Hy_CUHST ly—z||< S5

while, when ||z| < /e,
G., (y)G(y) @D 1
E M ) S (1 +[z])e, ~3/2 < —

T PR o
lly—el|< L2l
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Therefore, it holds for any x,

1
(4 llzl)ve,

(4.3) P <my<oo|Sp=1|

Similarly, one has

1{r < ~ S, -
{Tl _~7'3<OO} S, =z| <E Z G(y SI)G(y m)l{7'1<00}
1+ 18r — 4l 2T Tyl
(4.4)
L+ 1Sn —al? | ~ g L+ lly—=* ™ @+ [l2]*)ver
Injecting (4.3) and (4.4) into (4.2) finally gives
Pry <o < 75 < 00] § —
71 <71 <13<00 .
1S T2 S T3 ~ vk
The other terms in (4.1) are entirely similar, so this concludes the proof of
the lemma. O

For the proof of Lemma 4.2, one needs some additional estimates that we
state as two separate lemmas.

LEMMA 4.4. There exists a constant C' > 0, such that for any x,y € Z°,

ké‘k

) 1 1
ZZ Hz wH+xﬁ) <1+Ilz—x\|+\/ —i)

i=¢y 2€Z5

1 (1 1 1 : <
o (e + 2) ey el < VE

1 k .
e (U+ vt izl > VE

<C.

PRrROOF. We proceed similarly as for the proof of Lemma 4.3. Assume first
that ||z|| < vk. On one hand, using Lemma 2.3, we get

k/2

IR D

=€k €Z5

1
Ge, ( S 5=

2€75
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and,
k/2
3 PG —y) Z )
5/2 —
e Sl —al +VE =P+ 1z — ) k:/ 1+||Z ﬂ:H
1 Ge,(2)G(z —y) G., (2)G(z — )
< €k &
IIZ—fL"IIZ”%” llz—z|| S%

1 ( 1 1 > 1 ( 1 1 )
N + S +—.
TR+ lz)vEe T Tl ) T RS2 T l]? e
On the other hand, by (2.3)

k‘z’;‘k

Z Z z—y) <1 1 1 >5k12 v G g

Furthermore,
k—e
S S iy e X Ti R ST
i=k/2 lIz11<2vk llzlI<2vE
and
k—eg
2 2 _x\|f¢_y*>)1+||i_m”5 A X Tt
=3 ei<avi kT eavi
1 1

< .
T3P 14 ly -2

Assume now that ||z|| > v/k. One has on one hand, using Lemma 2.3,

k—eg
pi(2)G(z —y) 1 1 1
2 2 sl AT (vp=a* =) S

PER ||z ||>T

On the other hand,

kZ S _pGE—y) 1 5
oy (2 =zl + VE *>51+Hz—wu~||xu5s3/2 1+Hz—wll3

=k ||z—a| <12 €25

2

k
3/2 ’
~ 2|5 (1 + |y — )
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and
k—
ng 1 Z pi(2)G(z —y) < vk Z G(z—vy)
i=eg k- llo—a| < Lz (Ilz — = + \/m)5 ™ |lz|[ek o L+ ly — 23
z—z|| <5
P [ —
|z ]PPer (1 + [ly — =[])
concluding the proof of the lemma. O

LEMMA 4.5.  There exists a constant C > 0, such that for any x,y € Z°,

1 1 | 1 | 1
+ +
vgs (Ilv]l + Vk)® <1 +llz—of 1+ ||33H> (lz = vl + v/2x)® (1 Tly—=  1+y—v
1 (1 1 1 VEk .
<C k%’“gﬁ + e+ e o) 9 el < VE
=) les( ) 1 1 .
e (= + ) if ll2ll > V.

PROOF. Assume first that ||z|| < v/k. In this case it suffices to notice that
on one hand, for any « € {3,4}, one has

1

Z 1 _ a)(1 _ 4—a
e O T = o)+ Ty = o)

= 0(Vk),

and on the other hand, for any «, 8 € {0, 1},

1
-0 k—5/2—o¢—ﬁ )
R e (e R )

Assume next that ||z|| > V. In this case it is enough to observe that

1 1 1 1 k2
> (it ' = ,
Ltz —oll =) \1+[ly—=z| 1+|[y—2l (1+ [ly — =)

vk
HUHST

1=l
D S v )
e lv]|5(vex + |lz — v]]) |||
[lv]|>~5*

£

1 log(z0) /1 1
2 Hvllf’(\/@JrII»”v—vll)"’(lJrIIy—vll)5 (B4l <\/E+1+Hy—ﬂ:!>‘

k
lv]|>%E

O]

)
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PROOF OF LEMMA 4.2. First note that for any ¢, one has E[y);] = O(e,. 1/2)
by (2.14). Using also similar arguments as in the proof of Lemma 4.1, that
we will not reproduce here, one can see that E[y; ;] = 0(5;1), for any i # j.
Thus only the terms of the form E[yp; ;1] are at stake.

i

Let (Sn)nez, (gn)nZO and (§n)n20 be three independent walks starting
from the origin. Recall the definition of 7, 7 and 73 from the proof of
Lemma 4.1, and define analogously

—inf{n > 1: S4+8, € R(—o0, —1]}, 7 := inf{n > 1: S}+5, € R[0, k—ex—1]},
and R
=inf{n >1:5,+ 5, € Rlk+¢er+1,00)}.

When ¢ # i,j, one can take advantage of the independence between the
different parts of the range of S, at least once we condition on the value of
Sy. This allows for instance to write

Elp1,213] <P[m1 < 00, 70 < 00, T3 < 00] = P[11 < 00, 7 < 00]P[T3 < 00] < 5,:3/2,

using independence for the second equality and our previous estimates for
the last one. Similarly,

Elprsts] <Y Pln < 00, 73 < 00 | S = 2] x P[7 < 00, Sj, = ]
TEL

1 1 1 1
~ Z 1+ qu Ve (1+ |zl + V&) (H\lel " \/5) & exvk’

€Z5

using (4.3) and Lemma 4.3 for the second inequality. The term E[pg 31/1] is
handled similarly. We consider now the other cases. One has

(4.5)  Elpashs] <Pl <13 <00, T3 <00+ Pl <1 < 00, T3 < 0.
By using the Markov property at time 79, one can write

P[TQ < 713 < 00, ?3<OO]

Z (ZG —y+ 3:)) Z G(S)) | | Pl < oo,gT2 =y, Sk = z].

x,yE€Zs J=¢k
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Then applying Lemmas 2.3 and 4.3, we get

(et ven) (S e
=0

J=¢€k

:ZE

<ZG —y—I—:v)l{Sek:v}]E iG(SJ+U)

veZS j=0
<S> > pi(2)G(z =y + x)pe,—i(v — 2)
€W1+nw (
(4.6)

<y 1 ( 1 L1 > e /?
’“EW1+HW ol +ven)d \I+fo—y+a]  T+ly—a) 1+ y—al

Likewise,

00 0 G(z—y—i—m)
El[YGsi—y+a)] | aws) SZG%(Z)< Tz Tt e-y+al

=€y J=¢k 2€7Z5

1
: VeER(L+ lly —=ll)

Recall now that by (2.14), one has P[m < oo] < 5,;1/2. Moreover, from the
proof of Lemma 4.1, one can deduce that

. [1@ < oo}
157 — Skll

(4.7)

1
~ vk:ek'

Combining all these estimates we conclude that

P[7'2<T3<OO T3<OO]

akxf

We deal next with the second term in the right-hand side of (4.5). Applying
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the Markov property at time 73, and then Lemma 4.3, we obtain

P[73§T2<OO, ?3<OO]

<> Zﬁ: Y)1{S, = 2}] | Plr3 < 00,73 < 00, Sry =y | S = 2]
x,y€Z5 \i=¢k
Z < ! + 1)1[”[7 < 00,73 < 00, 8. y | Sk = x]
N 3 » 13 » P13 = k=
ez HwHJrf Ltly -2l Ve :
NZ (P[Tg<oo,73<oo]Sk:x]+E l{T3<OS’TS<OO} Skle)
ez Ul +f VEk 1 4[| S7y — 2|
(4.8)
1 1 l{T3<OO,?3<OO}
< + — Sk? = 5
éwwﬂﬂ(mwwm 1+ [|Sy, — ||

using also (4.6) and (4.7) (with y = 0) for the last inequality. We use now
(2.8) and Lemma 2.2 to remove the denominator in the last expectation
above. Define for r > 0, and z € Z5,

ne(z) == inf{n >0 : ||S, —zf <r}.

On the event when r/2 < ||§m(m) —z|| < r, one applies the Markov property
at time n,(z), and we deduce from (2.8) and Lemma 2.2 that

]P’[T3<OO,§'\3<OO’S]€=Z‘]

].{7'3<OO7 ’/7'\3<OO} <
- 1+ [|l]|

L+ |8y, — 2|

Sy, ==

g2 I P [ 5 < 00, 7 < 00, 2 < |18y — 2 <24 | S =
2i

_|_

=0
1 ~
1 Ogif” P [ngi+1(z) <13 < 00, T3 < 00 | Sk = 7]

L ——. .
VER(+ 2?) T & 2
e'? PR < oo

SRt e T X TP

] log, ||z || 221'

x Poo. |Hpiey o0) < 00, Hro, <oo},

where in the last probability, H and H refer to hitting times by two inde-
pendent walks, independent of S, starting respectively from the origin and
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from z. Then it follows from (4.6) and (4.7) that

<
™ VER )?)

1{r3 < 00,73 < 0}
14 |57, — ||

(4.9) Sp=u

Combining this with (4.8), it yields that

1
Pl < 713 < 00,73 < 0] < .
[ ] I~
The terms E[¢1 31)3] and E[pq 391] are entirely similar, and we omit repeat-
ing the proof. Thus it only remains to consider the terms E[pz312] and

E[e1,21)2]. Since they are also similar we only give the details for the former.
We start again by writing

(4.10)  Elpaathe] <Plm <13 <00, o < 00| + P13 <1 < 00, To < 00].
Then one has

(4.11)

Plrs < 19 < 00, T2 < 9]

k‘—&k

k .
<D EDGSi—y | | D] G(S; —2) | 1{Sk = a}| Plrs < 00, S, =y | Sk = 2]

m,yGZE =€k j:()
k k—eg

< Z Z Z Z P[S; = 2,85 = w, S, = z]G(2 — y)G(w — x)

x,yeZ5 \i=¢r j=0 zweZ>

X Plr3 < 00, S, =y | S = ).



26 BRUNO SCHAPIRA

Now for any z,y € Z°,

k— Ekk €k

ZZ Z P[S; =z, 8j = w, S, = z]G(2 —y)G(w — x)

1=¢k j=€k z,wELO

k—ep k—ep,
<2} 3 ()G —) ( > 3 byl = G = D)@ - w>)

i=€y, 2€7Z5

k—ep k
=2) ) pi(2)G(z—y) (Z > pi(w)Gw)pg—i—j(w + x — z))

i=€p z€Z5 Jj=¢k weLd

Lemma 4.3

k—eg
— ) 1 1
2.2 Hz—$||+\/ — )’ <1+Hz—w!!+\/m>

i=€p 2€7Z5
A (1 . 1 1 .
Lemrga 4.4 k5/2 <1+||xH2 + Ek) + W2 (5 y—al) if |z]| < VEk
~ 1 k :
Teler (1 + m) if [z > V.

We also have

k k—eg
Yoz, y) := Z P[S; = 2,8; = w, Sk, = ]G(2 — y)G(w — x)
i=k—ej, j=0 zweZs
k k—ep
= Z P[S; = w, Sk—e, = 0,5 = 2,5, = z]G(z — y)G(w — x)
i=k—e 7=0 z,0,wEZ5
k—eg
= ( pj(w)pk—ek—j(v - w ) (Z Z pl pEk 1('77 - Z)G(Z - y)) )
veZ5 \ j=0 weZ5 1=0 z€Z5

and applying then Lemmas 4.3 and 4.5, gives

Ya(z,y)
e ———
T ( \v|!+f L+l —vf| T4zl ) (lz—vll+vE)> \1+lly—=z[ 1+ |y—v
1 (1 1 1 VEK :
- k%klgr + wle + e ) el < VE
S sl

)
VEE 1 .
lPver (1+||y o T f) if (|| > V.
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Likewise, by reversing time, one has

Y3(z,y) = Z Z Z P[S; = 2,5; = w, Sk, = z]G(z — y)G(w — x)

=€y j=0 z,weZb

€k k
Z Z PlSi=2z—2,S¢ =v—21,5 =w—21, 5% =—2]G(z —y)G(w — x)

—€k 2,0,WEZS

Il
gM

= sz 2= T)Ph—ey—i(v — 2)G(2 — y) Z > piw = v)pe—j(w)Glw — x)
2€75

veZs \ =0 J=0 wez5

<Z 1 ( 1 n 1 ) 1 ( 1 n 1 )
(fo—al + VAP \L+Ty—oll 1T+ y—al) (ol + van? \I+ [zl 1+ e -0l )’

veZbd
and then a similar argument as in the proof of Lemma 4.5 gives the same
bound for ¥3(x,y) as for Xa(x,y). Now recall that (4.11) yields
Plrs <7 <00, <o) < Y (Si(x,y) + Da(x,y) + Bs(,9)) Plrs < 00, Sr, =y | Sk, = ).
RNYAL
Recall also that by (2.13),

1

Plrs <oo | Sp =a] S />
14 |||

and

1{rs < oo} ’Sk —2| <Y Gy)Gly —x) < 1 .
1+ S — z| s Ty —all ™ 14l
Furthermore, for any « € {1,2,3}, and any 5 > 6,

[l [zl
1 5= log( ) log(\gr) _ 552
e Sk, < S :
2 L+ (| 2 e 2 1 o
x| <vk ]| >V lzll>/Ex
Putting all these pieces together we conclude that

~ —3/2
P[T3§T2<OO, T2<OO]§6k3/ .

We deal now with the other term in (4.10). As previously, we first write
using the Markov property, and then using (2.12) and Lemma 2.3,

Pl <13 <00, s <oo] <E

1+ 187 — Skl

1{m <00, T2 < oo}]
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Then using (2.8) and Lemma 2.2 one can handle the denominator in the last
expectation, the same way as for (4.9), and we conclude similarly that

Plry < 73 < 00, T < 00] S &, /2.
This finishes the proof of Lemma 4.2. O

5. Proof of Propositions 3.4 and 3.5. For the proof of these propo-
sitions we shall need the following estimate.

LEMMA 5.1.  One has for all x,y € Z°,

k
Z E[G y)1{Sk = z}]
i=k—eg
log(2 + 7”2'/;—:“) log(2 + %)

(lzll + VEP(lly = =]l + v/Er)? R Ve lyll + Vk)?
PROOF. One has using (2.3) and (2.7),

k
Z E[G y)1L{Sy = x}| = Z sz Y)pk—i(T — 2)
i=k—

€k i=k—ey, z€7Z5
€k

(Il + VEP @+ Iz = yl*) Iz — 2]l + VEr)®

)

z€Z5

1 1
3/2 Z 1 IE
(lzll + V&) o2 o L+ 2=l

€k 1
MR IR e E i E
VeErRs|lz—al| <

€k 1
+(ch\|+\@) Z (2l + VEP 1+ [z —yl®)’

=l
2
Then it suffices to observe that
5/2

D E
—_ |3 ~ _ 37
G2 e LTl =yl (ly = all + V&)
ly—=ll
Z 1 _ log(2+%)

A+ llz=yl®)A 4z =zl®) ~ (ly — 2l + VEr)?’
VEe<llz—z|| <1zl VEE
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Z 1 _ log(2+”%/£).
(=l + VEP A+ 11z = yl1®) ™ (lyll + VE)?

2€75

O]

PROOF OF PROPOSITION 3.4 (1). This part is the easiest: it suffices to
observe that ¢12 is a sum of one term which is independent of Z;1y and
another one, whose expectation is negligible. To be more precise, define

:oo,H£ <oo,H7'£[ <oo|S|,

R[islwsk] (700778.%71] Sk+17k78k71]

P, =P [H+
and note that Z()QO%Q is independent of Zp1yg. It follows that

| Cov(Zop1,2, Zibo)| = | Cov(Zo(p1,2 — ¢1.9), Zitbo)| < P < 00, 7 < 00],

with 71 and 7, the hitting times respectively of R(—o0, —ex] and R[k — e, k]
by another walk S starting from the origin, independent of S. Now, using
(2.3), we get

k
Pl <7 <o0] <E | 1{r < o0} Z G(S; — Sr,)

i:k—{;‘k
k ~
< Z Z Z pi(2)G(z —y) | Pl < o0, Sy, =]
YEZLS \2€Z5 i=k—¢y

(2.14)
Ek \/57]4

Likewise, using now Lemma 2.3,

Plr. <71 <oo] <E [1{r, <oo} | Y G(S_i—85,,)

i:€k

< Z Z Ge,(2)G(z —y) | Plm < o0, Sr. =]

yEZS \z2€Z5

iy

1
< oo < X =
= T ]P)[T*< ]N k3/2’
and the first part of (i) follows. But since Zy and Zj, have played no role

here, the same computation gives the result for the covariance between Zypq
and Zp1o 3 as well. ]
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PROOF OF PROPOSITION 3.4 (11)-(111). These parts are more involved.
Since they are entirely similar, we only prove (iii), and as for (i) we only
give the details for the covariance between Zyps 3 and Zj)g, since Zy and
Zy, will not play any role here. We define similarly as in the proof of (i),

0
$2,3 ::P[HR[ eper] O Hy

< oo, Hf <oo|S]7

Rlek,k—eg) Rlk+ek,00)

but observe that this time, the term @873 is no more independent of ¥g. This
entails some additional difficulty, on which we shall come back later, but
first we show that one can indeed replace @2 3 by @813 in the computation of
the covariance. For this, denote respectively by 79, 73, 7 and 7. the hitting
times of Rley, k], R[k,0), R[k — ek, k], and R[k, k + ;] by S. One has

El|p23 — 90873|] < Plre < 00, Tux < 00] + P13 < 00, T < 00].
Using (2.3), (2.12) and Lemma 2.3, we get

L <o} | _ Zk: [ G(S;) }
L+ [|Sn, — Skll] ~ .2 L+ [1S; — Skl

=

Plr <m3 <oo] <E

_Ek

(]

k k
<Y E [ G(5i) ] < pi(Z)G(Z).
i=k—ey, L+ vk —1i 2€75 i=k—ey, L+ vk —i

1 €k

< < Vok
N\FZ(H |+ Vk)> ()Nk3/2

Next, applying Lemma 5.1, we get

Plrs < 7 < 0]

k
< D E Y] GSi—y) | 1{Sk =a}| Plrs < 00,5, =y | Sk = 2]
x,y€ZS i=k—ey,
1Sz —a||
1{m3 < co}log(2 + —=—)
S €k Z VR ’ =z
el (lzll + VE) (Vex + 1S — )

=
(lll + VER3 (Vi + 1155 1)?

1{r3 < oo}log(2 + HST3H) ‘
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Moreover,
1{73 < oo}log(2 + I }x”) (2.12) Z —x)log(2 4+ 7”%”)
=x <
(vei + 55, — al)? f+ PEEIE
S S—
ex(1+ [|=)3
and
S
1{rs < oo} log(2 + 122l s @12 Z — ) log(2 + 141)
= k=X
(VE + |5 )3 f+||y||)

_ 1
T VR ) (VR + )

Furthermore, it holds

1 1
2 (]| + VE)S(1 + ||z)3 ~ k3/2’

x€Z5

> ; <
el + VERPQ + e VE+ )2 ™ VA

HASYA
which altogether proves that

ey

Plms < 7 < 00] S 137

Likewise,

Plre < T < 0] < Z [7‘2<OO,§7—2:y,Sk:.%'],

z,yE€ZLs

ZG —y+x)

=0

and using (2.7), we get

ZG —y+x)

G _
S Y GEGE-y+) e S W
lei<ver BV

ch log (2 + H‘i'/—x”)
(Ily—w\|+\f)( Fly—al) My — 2l + &)
. log (2+”y%/€—::“> ‘

(ly — 2l + vEr)* (1 + ||y — =)

€k

= Z Z pi(2)G(z —y +x)

1=0 z€Z>
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Therefore, using the Markov property,

log (2 + ”S?ﬁsk”> - 1{7 < oo}

(157 = Sell + VER)2 (L + 157, = Skl)

P[TQST**<OO]§E]€‘E

1k

log (2 + 1=l

<ngE ) -E ( e )
([[Sk—ill + v2x)*(1 + [1Sk—ill)

Furthermore, using (2.3) we obtain after straightforward computations,

llSk—l —i
ISk—ill + VER)* (L + 1Sk—ill) | ~ VE —i(er +k — i)’

and using in addition (2.9), we conclude that

N
Plro < T < 00] S w52 og(é_k).
Similarly, using Lemma 4.3 we get
Pl < 7o < 0]
= Z P[Tis < 00, S, =y|Sk= x] Z G(S; — y)1{Sy = =}
x,yE€Zs =€
{7 < 00} ‘ . Plrus < 00 | S = 7]
® 2 +f 1+ 15, —al Ver
Moreover, one has
£k €k 1
Plrys <00 | S = x] < G(S; + x)]
Z; 0% (142 + V)P (1 + ||z + )
1 Ek
S 2 + 2
(1+ 1+ |z+ |3 231+ [z + |3
S R+ ) T 2 T+ e+ )
exlog(2 + lzl

< VEE
~ (VR D2+ [lel)
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and likewise

M)sk:x]gi !

1+ [|Sr, — x| S (L ll2ll + Vi + N1z = 2lI3) A + [l2])

0
1 r
DY + >
~ 1 1 — 6 — 3
e O A=) | & TP+ [ = l)
VEk

< .
™ (2l + vER) A+ [l2]?)

Then it follows as above that

VEK k
]P)[T** S Ty < OO] k3/2 10 (gk)
In other words we have proved that
0 \/Ek k
Efjp2,3 — <P2,3|] S 1372 -log(g).

We then have to deal with the fact that Zogpg3 is not really independent of
Zrg. Therefore, we introduce the new random variables

Zi = 108 # S Vi=k+ 1.2k}, Go = Poy [Hy o oy = 001 ],

where (g}, )k>0 is another sequence of integers, whose value will be fixed later.
For the moment we only assume that it satisfies €}, < e5/4, for all k. One
has by (2.7) and (2.14),

-~ 1
(5.1) E[|Zro — Zkbo|] < =
k
Furthermore, for any y € Z°,
(5.2)
E (093 | Skter = Skeep = 4] = > B[00 31{Sk—c, =} | S, — Sz, =]

TEZS
<Z ['R NRlex, k —6k]§£®,7€ooﬁ($+y+7/€00)7é®7Sk—ak:x}7

YAl

where in the last probability, ﬁoo and ﬁoo are the ranges of two independent
walks, independent of S, starting from the origin. Now x and y being fixed,
define

m=inf{n>0:5, € Rler, k—cpl}, 7o:=inf{n>0:5, € (z+y+Roo)}-
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Applying (2.12) and the Markov property we get

Plr <1 <00, Sp—e, =2 <

1{r < o0, Sk—g, = x}]
L+ |87 = (z +y)ll
k—eg
<3 TR
i=e) z€L5
1

1 1
S (el + Vo) <@<1 et 1T lel2> ’

using also similar computations as in the proof of Lemma 4.3 for the last
inequality. It follows that for some constant C' > 0, independent of v,

1
k&k.

Z ]P)[Tl < 1 < 09, Sk—ak = .Z'} S
TE€Z5

On the other hand, by Lemmas 4.3 and 2.5,

1 1{m < oo} Plre < 0]
Pl <1 <00, Ske, = 2] S E = +

1 1 1
. (]l + V&) <J67«(1+ fetol) "1+ lel2> ’

and it follows as well that

1
Z Plr <711 < 00,8k, =] S .
k&k
z€ZS
Coming back to (5.2), we deduce that
0 < 1
(53) ]E [@2,3 ‘ Sk'+€k - Sk,‘gk = y] ~ k )
€k

with an implicit constant independent of y. Together with (5.1), this gives

E [@8,3’%% — Zk%@

=Y E[¢s ] Skte, — Sk—e, =y] ‘E [IZWO — 210l L{Sk1e, — Sk—ey, = y}]
y€eZs
1

V kerel, .

<
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Thus at this point we have shown that

~ ~ € k 1
Cov(Zow2,3, Zko) = Cov(Zogh 3, Zktbo) + O (ﬂ -log(—) + ) :

k3/2 Ek Vkere),

Note next that

Cov(Zops 3 Zyabo) = Z E [Z0<p2 5| Skiep — Sh—er = y}
y,2€L5

x E [kaol{sk+e§€ - Sk—a; = Z}} (psk—e;C (y - Z) - pek—i-egC (y)) .
Moreover, one can show exactly as (5.3) that uniformly in y,

1
VEker

Therefore by using also (2.5) and Theorem 2.1, we see that

E [90[2),3 ‘ SkJrEk - Slc—«s;C = y] 5

| COV(ZOSDS 3 Zxtbo)|
5 _ 1
3 D YD VG TR B PI0IE
Ioll<e® eli<et /2T

Now straightforward computations show that for y and z as in the two sums
above, one has for some constant ¢ > 0,

_ i Bl
Py 0= Py 15 (L 4+ %) (e

VEk €k

at least when 62 < €k, as will be assumed in a moment. Using also that
> 1zllpae (2) S €}, we deduce that

/
Cov(Zo@Y 5, Zitho)| = O Vek .
| Cov( 0¥2,3 ko) (Ek\/E

This concludes the proof as we choose €}, = [\/Ex]. O
We can now quickly give the proof of Proposition 3.5.

PROOF OF PROPOSITION 3.5. Case 1 <i < j < 3. First note that Zyyp
and Zp1y3 are independent, so only the cases i =1 and j = 2, or i = 2 and
J = 3 are at stake. Let us only consider the case i = 2 and j = 3, since the
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other one is entirely similar. Define, in the same fashion as in the proof of
Proposition 3.4,

3 =P | H — o0, H},

Rl-crer] = <oo|S|.

[5k+17k7€/€]

One has by using independence and translation invariance,

Ell2 — ©5]th3] < PlHRr—c, 1 < 0] - P[HR[e, 00) < 0] S

)

N
72

which entails

€k €k
Cov(Zopa, Zibs) = Cov(Zogy, Zyhs) + O (;{;;) N ]:é;,

since Zogpg and Zyy3 are independent.
Case 1 < j <11 < 3. Here one can use entirely similar arguments as those
from the proof of Lemma 4.2, and we therefore omit the details. O

6. Proof of Proposition 3.6. We need to estimate here the covari-
ances Cov(Zppi, Zio) and Cov(Zypo, Zxths—i), for all 1 <7 < 3.

Case ¢ = 1. It suffices to observe that Zyp; and Zgiy are independent, as
are Zypo and Zis. Thus their covariances are equal to zero.

Case 1 = 2. We first consider the covariance between Zypo and Zpiy,
which is easier to handle. Define

Oy =P |H

R[—ek,k—er—1 < | S] )

] = %% H%[k—ak,k]
and note that Zy(p2 — @2) is independent of Zy1)y. Therefore

Cov(Zop2, Zktho) = Cov(Zop2, Zibo)-
Then we decompose g as ¥y = wtl) — wg, where
vy ="Ps, [H;g[k,k—l-sk] = 00| 8, ¢ ="Ps, [H7—£[k,k+ek] = OO’H;;[k—ek,k—l] <oo| 5]
Using now that Zki/)(l] is independent of Zyps we get

Cov(Zopa, Zitho) = — Cov(Zo@a, Zihg).

Let (S,,)n>0 and (§n)n20 be two independent walks starting from the origin,
and define

7 =inf{n > 0: Sp_n € R[1,00)}, 7 :=inf{n >0: Sp_n € (Sp+R[1,0))}.
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We decompose
Cov(Zop2, Zi})

=E [Zo@2Zk051{m1 < 72}] + E [Z0@2Zk0051{m1 > 72}] — E[Zo@2|E[Z315).-

We bound the first term on the right-hand side simply by the probability
of the event {m] < 7o < &1}, which we treat later, and for the difference
between the last two terms, we use that

< 1{n <1 < ex}.

€k
— ot
<7 <ep}-— E 1 {7’2 =1, HR[k—Ek,k—i—l] < oo}
i=0

Using also that the event {7, = i} is independent of (S),)n<k—i, we deduce
that

| Cov(Zo@a, Zibg)|

€k

<ol <m<el+ ) Bl =i [Py, g <oo] <P [Hiy ., 4y <]
=0
€k

<2P[m <1 <eg] + ZP[7‘2 =i]-P [H;Q_[kfi K< oo}
1=0

(2.14) C

< Wn <m <ep)+ 55 Y Pl =]

(2.14)

C &1 C\/ex
< 21?[71gfggak]JrW;ﬂng[ﬁgrggak]Jr

k3/2

Then it amounts to bound the probability of 7 being smaller than 7o:

€k
Plr <1 <ei) = Z ZP[H =4,1 <1 <éep, Sy =2, Sp—i =+ Y]
welb i=0

€k
<> >p [n =i, Sp_i=x+y, (z+Roo) "Rk — 1,k — ] # &, Sy :az}
2yezs i=0

€
< Z iP{ﬁwﬂ(aquR[O,il]) =2,5 =, :EerG'ﬁ,oo}
wyels i=0

xP{ﬁooﬂ(y+R[O,sk—i])#@,Sk_i:—x—y},
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using invariance by time reversal of S, and where we stress the fact that in
the first probability in the last line, R and R are two independent ranges
starting from the origin. Now the last probability can be bounded using
(2.6) and Lemma 4.3, which give

P [ﬁoo N(y+R[0,ex —i]) £ D, Sk = —a — y} < Y E[G(S; +y)1{Ski = —z — y}]
=0
ep—1 k—1i
=YD pi)GE+i Gy = Y Y pi(2)G(—)prij(z —x —y)
j=0 275 Jj=k—ep 2€75

_ 1 ( Lo, 1 )
Tyl +VEP AL+l Ve 2l

It follows that

Pln<m<eals Y. i Gz +y)pi(y) < 1 1 >’

+
e S e+l + VR \ LTl Vi le]

and then standard computations show that

€k
(6.1) P[Tl < T < 5k] S ]:;/3;

Taking all these estimates together proves that

G
Cov(Zop2, Zio) S ]:;/3;

We consider now the covariance between Zywg and Zii2. Here a new prob-
lem arises due to the random variable Zj, which does not play the same role
as Z, but one can use similar arguments. In particular the previous proof
gives

€k
Cov(Zopo, Zkth2) = — Cov((1 — Zo)o, Zitp2) + O <]::/3;> :
Then we decompose as well pg = p§ — 2, with
1. + _ 2. _ + _ +
o = PlHgp,_, g = | 8], wi = PlHgy . i = 00 Hy oy e < 0 151

Using independence we get

Cov((1 = Zo)ey, Zeb2) = Elpg] - Cov((1 — Zo), Ztba).
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Then we define in the same fashion as above,
=inf{n>1:8, =0}, 7 :=inf{n>0:5, € (Sk + R[1,00))},

with R the range of an independent walk starting from the origin. Recall
that by definition 1 — Zy = 1{7p < e }. Thus one can write

Cov((1-20), Zik2) = E[Zpp21{Ta < 7o < ep}|+E[Zppo1{Ty < T2}|—P[70 < ex]E[Zpabo].

On one hand, using (2.6), the Markov property, and (2.9),

E[Zpol{T <Tp < e} <P <7y < e) < Z Pl < ek, Sz =yl - G(y)
yeZd
o

1 1 1
< ZE (S5 = $)G(S)) < Y EIG(Sk-0)] - BIGESI £ 157 > 173 S -
i=0 =0

On the other hand, similarly as above,
E[Zi21{70 < T2}] — P[70 < ek - E[Zpyo]

€k
<Pl < <o + > PR = i] (P [(Sk + RI1,00)) NR[i+1,2] # @] ~ Pl < o]
1=1
1 (2.14) 1 1 €k o ‘
S o +ZPTO =iPR<] S S5+ szp[m =]
i=1

(6. 2)
(2.6),(2.7) 1 1 1
k:3/2 l<;3/2 ZP (SIS 32t 13 ; 11 32 S ETeR

In other terms, we have already shown that

1

| Cov((1 - ZO)‘Ptl)v Zip2)| S 1372

The case when ¢} is replaced by @3 is entirely similar. Indeed, we define
=inf{n >0:S, € R[1,00)},

with R _the range of a random walk starting from the origin, independent of
S and R. Then we set 791 := max(7p, 71), and exactly as for (6.1) and (6.2),
one has

- _ €k
PlTo <701 < er) S ];é,/;,
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and

E [(1 - Zo)pi Zipal{To1 < T2}] — E[(1 — Zo)3] - E[Zito]
< ]P’[7~'2 < ?071 < €k] + ZP[?OJ = Z] ']P)[%:Z < Z] S
i=0

N &

k3
Altogether, this gives

NG

| Cov(Zowo, Zr2)| S 2372

Case ¢ = 3. We only need to treat the case of the covariance between Zyps
and Zg, as the other one is entirely similar here. Define

e + _ +
3=l [HR[—ak,sk1uR[k+ek+1,oo> =00, Hppjopiey <01 5]
The proof of the case i = 2, already shows that
~ €k
| Cov(Zops, Zitho)| S ;ﬂé;
Define next
— =~ _ + _ +
hsg = w3 — @3 =P HR[—Ekﬁk] = 00, HR[k-{—ek-i-l,oo) < 00 ‘ S| .

Assume for a moment that g > %20, We will see later another argument
when this condition is not satisfied. Then define €}, := LE}CO/ K /EY?], and note
that one has ¢} < ej. Write 1o = 9, + ho, with

Yo =P H%[kfs;v+l,k+s;€fl] =[5,
and
ho :=P H’E[kfs;CJrl,kJrs;vfl] =0, H;g[kfek,kfz-:;]UR[k+s§c,k+ek} <oo|S].
Define also
Zp :=1{Sy # Sk, forall { =k +1,....k+¢, — 1}.
One has

Cov(Zohs, Zitho) = Cov(Zohs, Zyihy)+Cov(Zohs, Ziho)+Cov(Zohs, (Zi—2Z,) o).
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For the last of the three terms, one can simply notice that, using the Markov
property at the first return time to Sy (for the walk S), and then (2.6), (2.7),
and (2.14), we get

Elhs(Zk — Z1)) < EZ), — 23] X P[Roo NR [k, 00) # 2]
s—1 <L <
(ep)32VE ™ 313 T

using our hypothesis on ¢ for the last equality. As a consequence, it also
holds

13

| COV(Z()hg,, (Zk — Z]/C)I/Jo)‘ g k™12

Next we write

(6.3)  Cov(Zohs, Zpho) = Y (Ph—aey(z — y) — pr(@)) Hi (y) Ha (),
z,yeZs
where

Hi(y) := E [Z;ho1{Skte, — Sk—c, = y}], Hao(x) :=E[Zohs | Spye, — Se, = ]

Define 1y, := (k/ 5;6)1/ 8. By using symmetry and translation invariance,

> Hy <P [HR[—ak,—sgun[e;,ek] < 00, [|Se, = S—,ll = \/;k?”k}
lyll> 2Tk
Tk Tk
<2P |:HR[€;C,€)C} < o0, HSEkH > \/55} + 2P |:H72[€;€,5k} < o0, HS—EkH 2 \/55}
(2.14),(25) Tk C
< 21@[}1 <00, |8 > E —}Jri.
Rl ek H €k H \/TC 2 @rz
Considering the first probability on the right-hand side, define 7 as the first

hitting time (for S), after time ¢}, of another independent walk S (starting
from the origin). One has

Tk
P [Hrpe ey < 00, (150, = Ve
Tk -
<SPS > ver, T < e + PlISe, = Sl = Ve, T < el
Using then the Markov property at time 7, we deduce with (2.14) and (2.5),
1

/
LT

\
P(ISe, — Sl > Ve, T < el S

i
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Likewise, using the Markov property at the first time when the walk exit

the ball of radius |/g;ry/4, and applying then (2.5) and (2.13), we get as
well

Tk 1
P[||S-|| > —,7< < X
5712 Va7 <ol £
Furthermore, for any y, one has
S b (- ) S 1 =
k—2¢e - 2 ~ ~ T
= P (Ut [+ ) (ol + VRP ~ VE

with an implicit constant, which is uniform in y (and the same holds with
pr(z) instead of pr_oc, (z —y)). Similarly, define 7}, := (k/egg)flo One has for
any y, with [[y|| < /g,

Z (2.5),(2.13) 1
Pr-2e,(x —y)Ha(z) S =
el >VEr, V(r})

Therefore coming back to (6.3), and using that by (2.13), Zy Hi(y) <
1/y/¢)., we get
COV(Zth, Z]::ho)

1 1
= —2¢,\ & — — x))H Ho(x O —— + :
Z T el nmn ( o - mz)

7\ —

= > (Pr-2e (2 — y) — pe(x) Hi(y)Ha(x) + O <(5k1)1“’ ) _
)| <vEr, IWII<VERTE

k10

Now we use the fact Hi(y) = Hi(—y). Thus the last sum is equal to half of
the following:

Z Z (Pr—2e, (T — Y) + Pr—2¢, (x + ) — 2pp(x)) H1(y)Ha ()
|zl <vEr, IYII<vERTE

Theorem 2.1,(2.13)

< Yo Y s @ y) FBrae () — 2 (@) Hi (y) Ha(x)
llz|| <vEr, lVII<vEETs

+0 (Wl>
k3/2\/‘% ’
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(with an additional factor 2 in front in case of a bipartite walk). Note that the
error term above is O(k~11/19) by definition of r7.- Moreover, straightforward
computations show that for any = and y as in the sum above,

2
_ _ _ Y|I©+ek\
Bz 0= 0) 4 Bz o4 0) = 2] 5 (555 ) e

In addition one has (with the notation as above for 7),

S lyl? Hiy) < 2E [|ISe, — S—c, I21{r < &1}]
YA

< AE[|[S:, IPJPIT < ex] + 4E [|ISe, IP1{r < ex}]

(2.5),(2.14) r ) )
S e PE[ISPLr < ] +E [k — 5o < <))
k
(2.5),(2.14) (2.5),(2.13)
S St Y PlS Az r<al s £

Ve Ve

using also the Markov property in the last two inequalities (at time 7 for
the first one, and at the exit time of the ball of radius r for the second one).
Altogether, this gives

Ek ()10 < (61@)%
k3/2\/ei k1o ko

/20

| Cov(Zohs, Ziho)| <

+
2

In other words, for any sequence (g)x>1, such that e, > k%720 one has

1
£L)9 1
Cov(Zohs,wa=Cov(zoh3,z,zw’o>+0<(’il + )

9 k12

One can then iterate the argument with the sequence (¢}) in place of (ey),
and (after at most a logarithmic number of steps), we are left to consider a
sequence (gi), satisfying e < k%/20_ In this case, we use similar arguments
as above. Define ﬁ[l(y) as Hi(y), but with Zyiy instead of Zjhy in the

expectation, and choose ry, := \/k /ey, and ), = %16 Then we obtain exactly
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as above,

Cov(Zohs, Ziio)

= > > (pree2e(w—y) — pr()) Hi(y)Ha(z) + O ( g
lzll <V, llyll<v r

= > X <pkzsk<a:—y>—m(m))ﬁfl(y)Hz(x)w(kl)
| <vEri llyl<vk I

€k 1 1
B T
Nk:3/2+k% ~ k3

which concludes the proof of the proposition.

7. Intersection of two random walks and proof of Theorem C.
In this section we prove a general result, which will be needed for proving
Proposition 3.7, and which also gives Theorem C as a corollary. First we
introduce some general condition for a function F : Z¢ — R, namely:

there exists a constant Cr > 0, such that

|F(y) — F(x)] < Cp qq;\lll <|F(x)|, forall z,y e 7.

(7.1)

Note that any function satisfying (7.1) is automatically bounded. Observe
also that this condition is satisfied by functions which are equivalent to
¢/ J(x)®, for some constants « € [0, 1], and ¢ > 0. On the other hand, it is
not satisfied by functions which are o(1/||z||), as ||z|| — oo. However, this
is fine, since the only two cases that will be of interest for us here are when
either F' is constant, or when F(x) is of order 1/||z|. Now for a general
function F : Z% — R, we define for r > 0,

F(r):= sup |F(x)|
r<||z||<r+1
Then, set
log(2+7r) [T — * F(s)log(2 + s)
IF(’I”) _7“d_2/0 SF(S)dS‘i‘/T Sd—_3d8,

and, with xq(r) := 1 + (log(2 + 7)) 1{4-5},
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THEOREM 7.1. Let (Sp)n>0 and (Sp)n>0 be two independent random
walks on Z¢, d > 5, starting respectively from the origin and some v € Z°.
Let ¢ € NU {00}, and define

T:=inf{n >0 : S, € R[0,/]}.

There exists v € (0,1), such that for any F : Z¢ — R, satisfying (7.1),

l
(7.2) Eogu F(§T)1{r<oo}} - %-E 3 G(Si - @)F(S)
=0
A R
0 (R 4 @ n el (el

where vq 1s as in (1.2), and k is some positive constant given by

k:=E

(DG(Sw) B HE = +00 | Ruc| - 1{8, #0, V0 > 1}] ,

neL

with (Sp)nez a two-sided walk starting from the origin and Reo := {Sn nez.

REMARK 7.2. Note that when F(z) ~ ¢/J(z)*, for some constants a €
[0,1] and ¢ > 0, then Ir(r) and Jp(r) are respectively of order 1/rd=4F,
and 1/r?=3+ (up to logarithmic factors), while one could show that

L

> G(Si — x)F(S))

=0

C/

~ ———— as ||z]| = co and £/||z||* = oo,

E j(x)d—4+a’

for some other constant ¢’ > 0 (see below for a proof at least when ¢ = co
and a = 0). Therefore in these cases Theorem 7.1 provides a true equivalent
for the term on the left-hand side of (7.2).

REMARK 7.3. This theorem strengthens Theorem C in two aspects: on
one hand it allows to consider functionals of the position of one of the two
walks at its hitting time of the other path, and on the other hand it also
allows to consider only a finite time horizon for one of the two walks (not
mentioning the fact that it gives additionally some bound on the error term).
Both these aspects will be needed later (the first one in the proof of Lemma
8.2, and the second one in the proofs of Lemmas 8.3 and 8.4).

Given this result one obtains Theorem C as a corollary. To see this, we
first recall an asymptotic result on the Green’s function: in any dimension
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d > 5, under our hypotheses on u, there exists a constant cg > 0, such that
as ||z|| — oo,

(7.3) G(z) = ﬁ O(||z)*9).

This result is proved in [U98] under only the hypothesis that X; has a finite
(d — 1)-th moment (we refer also to Theorem 4.3.5 in [LL10], for a proof
under the stronger hypothesis that X; has a finite (d + 1)-th moment). One
also needs the following elementary fact:

LEMMA 7.4. There ezists a positive constant ¢, such that as ||x| — oo,

c 1
2 T J( P J(x)d—4+0<uxud—3>'

y€ZN{0,2}

ProOF. The proof follows by first an approximation by an integral, and
then a change of variables. More precisely, letting u := z/J (x), one has

1 1 )
Z J () 2T (y — x)?=2 B re J(y)3 2T (y — x)?2 dy + O(||z|* d)

GZd\{o z}
1
fv)d‘4 gs J(1)42T (y — u)di2

dy + O(|[z*~),

and it suffices to observe that by rotational invariance, the last integral is
independent of z. ]

Proor orF THEOREM C. The result follows from Theorem 7.1, by taking
F =1 and ¢ = oo, and then by using (7.3) together with Lemma 7.4. O

It amounts now to prove Theorem 7.1. For this, we need some technical
estimates that we gather in Lemma 7.5 below. Since we believe this is not
the most interesting part, we defer its proof to the end of this section.

LEMMA 7.5. Assume that F' satisfies (7.1). Then

1. There exists a constant C' > 0, such that for any x € Z2,
(7.4)

B ZG - syl ) IFS)IG(S— ) | < Cr (el
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2. There exists C > 0, such that for any R > 0, and any x € Z2,

(7.5) i
21@ lj%;Rcwj—si) F(S)IGS: =) | < Ri‘*'”(”:””)’
(76) 7
21@ lj;RG<5j—si>\F<sj>| 6(5:-2)| < g Iella)

One also need some standard results from (discrete) potential theory. If
A is a nonempty finite subset of Z?, containing the origin, we define

rad(A) := 1+ sup ||zl
TEA
and also consider for = € A,

ea(r) =P, [HY =o00], and ex(z):= Ce;\;(x[i)

The measure €, is sometimes called the harmonic measure of A from infinity,
due to the next result.

LEMMA 7.6. There exists a constant C' > 0, such that for any finite
subset A C Z4 containing the origin, and any y € Z%, with ||y| > 2rad(A),

Cap(A)
7.7 P,[Hp\ < <C.—_r_.
(7.7) y[HA < oo] < 1+ [y[le2

Furthermore, for any x € A, and any y € Z¢,

rad(A)
(7.8) P,[SH, =2 | Hy < 00] —€p(z)| < C - ———.
e 1+ [ly
This lemma is proved in [LL10] for finite range random walks. The proof
extends to our setting, but some little care is needed, so we shall give some
details at the end of this section. Assuming this, one can now give the proof
of our main result.

PROOF OF THEOREM 7.1. The proof consists in computing the quantity

l

(7.9) A:=Ey, Z i 1{S; = S;}F(S)| ,

i=0 j=0
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in two different ways®. On one hand, by integrating with respect to the law
of S first, we obtain

(7.10) A=E [Z G(Si — x)F(5i)

1=0

On the other hand, the double sum in (7.9) is nonzero only when 7 is finite.
Therefore, using also the Markov property at time 7, we get

¢ o
A=Eoq || DD 1{8; = S;}F(S) | 1{r < o0}

i=0 j=0
0 l _
= Fou || Y. G(S; = S)F(S)) | Z - 1{r < 00,5, = S}

where we recall that Z! = 1{S; #5;,Vj =i+ 1,...,4}. The computation
of this last expression is divided in a few steps.
Step 1. Set

L /¢
B:=Y Eo. || Y G(S; - S) | F(S)Z - 1{r < 00,5, = 5}

and note that,

L L

(7.1) S;— S ~
=B S or 3 | o0 -8) Wiy | P € Ruc)
=0
(2.6) ¢ S; — S (7.4)
d oy E ZGS - sy B rs)iecs - | @ 0 (el
1=0

Step 2. Consider now some positive integer R, and define

¢
Dp = ZEo,x [gi,R,eF(Si)Zf 1{r < 0,5 =8},
=0

3This idea goes back to the seminal paper of Erdés and Taylor [ET60], even though
it was not used properly there and was corrected only a few years later by Lawler, see
[Law91].
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with G; g/ = Z;Z:(i)?f)vo G(S; — S;). One has

=0 l7—i|>R

¢
3Dy < S E K ) G(Sjs») F(&-)G(six)] "2 ezl

Step 3. Let R be an integer larger than 2, and such that ¢ A ||z|? > RS.
Let M := [¢/R®] — 1, and define for 0 < m < M,

In = {mR>+R3,..., (m+1)R°—R>}, and J,, := {mR°,..., (m+1)R°—1}.

Define further

M
Ep:= Z Z Eo . [gi,RF(Si)Zf r < 0,5, = Si}|,

m=0 iEIm

with G; g := Stk r G(S; — S;). One has, bounding G; g by (2R + 1)G(0),

j=i-

IDg — Eg| < (2R + 1)G(0)
l

M
X{Z Y. EIFS)GS —o)]+ Y E[F(Si)G(Sil‘)]},

m=04€Jm\Im i=(M+1)R5

with the convention that the last sum is zero when / is infinite. Using ¢ > RG,
we get

¢ (M+2)R5
S ERS)GES -0 < S IFGIGE-2) Y. pie)
i=(M+1)R5 z€74 i=(M+1)R5
(2.3),(2.7) RO F(z RS
<& Ry )
T2 Tr DA 2D ~

2€Z4
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Likewise, since ||z||? > RS,

>3 EUF(&)\G(&—@KZH,,Z xHMZ > pilz

m=04€Jm\Im 2€74 m=04i€Jm\Im
(2.7) 1 1
< - - -
S T ”ZR Y
i <|=* | 1{i> HZHQ})
N < MR
= ey, 5 (R
(7.11)
R® 1
S T+ a2 + R Ip(|[z]),

using for the last inequality that the proportion of indices ¢ which are not
in one of the I,,,’s, is of order 1/R2.
Step 4. For 0 <m < M + 1, set

R™ .= R[mR®, (m + 1)R® —1], and 7, :=inf{n >0 : 5, € RU™}.
Then let
M ~
Fr:= Z Z EO,:(: [QLRF(SZ)Zf . l{Tm < 00, STm = Sl}} .
m=0i€l,,
Since by definition 7 < 7,,,, for any m, one has for any i € I,

Poo[T < Ooagr = 5i | S| — Pog[rim < 00, g =S| 9]

< Poolm < Tm < 00,87, =8i | S] < D Poulr < 7 < 00,8 =8, 8, =Si| 5
JEIm

< > G(S; - 2)G(Si — 5j).

J&Im
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Therefore, bounding again G; g by (2R + 1)G(0), we get

M
|Er—Frl SRY Y E || Y G(Si—S5)G(S; —x) | -|F(S)]
m=0i€lp, j¢JIm i
SRY E K > G(Si— 8)G(S; x)) |F(S)]
i=0 jili—il>R? ]
(el = I
= SR lE [[]])-

Step 5. For m > 0 and ¢ € I,,,, define

m + =m . __ e;n
€; ]P |:H'R,(m) =0 | S:| s and €, = W
Then let
M
Hp:=Y S Eo. [QLRF(SZ-)ZfET 1{7m < 00} .
m=0i€l,,

Applying (7.8) to the sets A,, := R(™ — S; . we get for any m > 0, and
any @ € I,

rad(Ay,)

712)  |Po.[Ss, = Si | Tm Sl—e"| < C ————a—.
(1.12)  [BoulS, = il 7 < 00.8] 7| < € o E S
By (7.7), it also holds

5
Py o[mm < 00 | S] < CR

1 i || < 2rad(A,
STTe—s.2 {llz = Si,, || < 2rad(Am)}

< R® + rad(A,,)*2
~ 1t [l = S, 197

(7.13)

using that Cap(A,,) < |An| < R®. Note also that by (2.4) and Doob’s
LP-inequality (see Theorem 4.3.3 in [Durl0]), one has for any 1 < p <d,

(7.14) Efrad(An)?] = O(R?).
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Therefore,
(7.12)

\Fp— Hp| < RZ S Eo. [1+”| rad(Ay, )1{m<oo}]

m=0iel,  Pim ”

I IF(S;,,)] - rad(A,,)>
< REY E e 1
SR 0@[ T+ 2= S, {Tm<°°}]

m=0
(7.13),(7.14) s M IF(S; )| 5d |F(2)|G(z)
ST pors IE[ i ]51%6*2 e
,7;) L+ [z = S;,, 72 Z%H”m—zlld‘l
27) R6+%
-1
< oy el
Step 6. Let

— % Z [ngZZ m] E[F(S;,,)1{7m < oo}].
m=0iel,,

One has, using the Markov property and a similar argument as in the pre-
vious step,

(r1y M F(S. 1

m=0i€ly 1+ HSzmH
T RO+ 3 E | F(Sii)| < g6+ g
’ 2 .
b mzzo [(1 + 1185, 1D (1 + ||z — Sz'm||d_2)] ~ F([z]]).

Step 7. Finally we define

A= Ko, [F(§T)1{T < oo}} .
Yd
We recall that one has (see Lemmas 2.1 and 2.2 in [AS19)]),
(7.15) E [(Cap(R,) — 'ydn)ﬂ = O(n(logn)?).
It also holds for any nonempty subset A C Z¢,

(7.16) Cap(A) > c|A""7 > ¢|A]%,
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using d > 5 for the second inequality (while the first inequality follows from
[LL10, Proposition 6.5.5] applied to the constant function equal to ¢/|A[*/,
with ¢ > 0 small enough). As a consequence, for any m > 0 and any i € I,

a1 E| |Cap(R(™)) — 74R?|
{—m
E [gi,RZi € ] - ~aR5 ~ R

Cap(R(™))

1/2
(19 log R [ 1 ]1/2 (716) log R <]P’[Cap(7e(m)) < v4R°/2] L L ) /

~ R3/2 Cap(R(m))Q ~  R3/2 RS R0
7.15 2 1/2
(<)logR ((logR) +1> <i'

~ R3/2 R11 R10 ~ R6

Next, recall that Z(i) = 1{S; # S;, Vj > i}, and note that

0 m e 2627
E|GirZiel’| ~EGirZ(@)ef)] S

Moreover, letting e; := Pg, [H% = 00 | Roo] (Where we recall Ry is the

range of a two-sided random walk), one has

(2.14)
|E [Gi.rZiej'] — E[GirZiei]| <

5~

(29 1
|E [Gi,rZiei] — k| <2E Z G(S)| S ﬁ

>R
Altogether this gives for any m > 0 and any ¢ € I,

1

K
YaR?

’E [gi,RZféﬂ _

and thus for any m > 0,

(Z E [Qi,RZfe;nD _5

1€1m Vd

S

5~

Now, a similar argument as in Step 6 shows that

f: (o [F(Si,,) 1 < 00}] = Bo [F(Sr,)1{7m < o0}] | $ B¥ Jr(lle])).
m=0
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Furthermore, using that

~ M+1 B
F(S)1{r < oo} = > F(5,)1{r = 7 < o0}
7;1?
= Z N1 {7 < 00} — 1L{T < 7 < 00}),

(with the convention that the term corresponding to index M + 1 is zero
when ¢ = 00) we get,

Z Eo . [ N, < oo}} Eo 4 [F(gT)l{T < oo}]'

M
S Poalrarss < ool + 3 Bo ||F(S5,)11{r < 7 < 00} .

m=0
Using (7.13), (7.14) and (2.10), we get

5(d—2)
2

P T < 0 < 07 -
0,z[TM+1 IS T+ 22

On the other hand, for any m > 0,

[\F( VLT < 7 < oo}] 3 3 E(IF(S)G(S; - S5)G(S; — )]

jEJm Z%Jm

<Y > E[F(S)IGS: — 8)G(Si — )]

J€Im |j—i|>R3

+ Y D EIF(S)IGS; — $;)G(Si — x)].

]GJm\Im ¢ Jm
The first sum is handled as in Step 4. Namely,

ZZ > E[F(S)|G(Si — 8;)G(Si — x)]

m=0jElm |j—i|>R3

(7.6) .
<Y BIRSIGE: - )0 - a) £ ),

Jj=0|j—i|>R3
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Similarly, defining J,, := {mR®,..., mR5+ RYU{(m+1)R* = R,...,(m+
1)R® — 1}, one has,

Z ST ST E[F(S)IGS: - 85)G(S; — x)]

m= OJEJm\Im i&Jm

<Z S ) E[F(S)IG(Si — 55)G(S; — x)]

m=0jeJp,\Im |i—j|>R

M
£ Y E[RS)IGS - S)G(S; - )]

m=0 jGJm\Im iéjmy |Z._j‘<R

(T.6)(7.1) po( H:p” Z 3 > E[IF(S)IG(Si — )]

S
m=0j€Jm\Im i¢Jm, [i—j|<R

IF IxH < Ir(l=]) R
+ R E[|F(S;)|G(S + )
ZO ZJ: IFENGES: = ol S = 2= + T e
m= 1€ m

using for the last inequality the same argument as in (7.11). Note also that

E[|F(S)[1{r < 00} ZE [F'(S — )] S Ip(|lz]))-
>0

Therefore, putting all pieces together yields

5(d—2)

7 < Lellzl) | pse R >
Kp— A < +R%.J P h—
’ R ‘N 'R F(HxH) 1+ Hde_Q

Step 8. Altogether the previous steps show that for any R large enough,
any £ > 1, and any x € Z%, satisfying £ A ||z||> > RS,

. 1 RY R*TY
A-Al<|—+—— 1 - | .
AR VR ) D g D

The proof of the theorem follows by taking for R a sufficiently small power
of ||z|| A ¢, and observing that for any function F' satisfying (7.1), one has
liminf|, o0 [F(2)]/]|2]| > 0, and thus also Ir(||z|]) > W. O

It amounts now to give the proofs of Lemmas 7.5 and 7.6.
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PROOF OF LEMMA 7.5. We start with the proof of (7.4). Recall the def-
inition of x4 given just above Theorem 7.1. One has for any i > 0,

E iG(S—S)u\S Dk i ! S,
R AR Il PPN e A R )
<Y G 1 D xallSil)

ot 1+|!2|!d‘3)(1+H5i+2H) OIS

and moreover,

x DhalSi) xalllzl)
2" [ T+ S ] 2 Gk 1+nw Gz

=0 z€74

(2.7)

xa(llzl} F(2)| F(2)xal2I)

< _AGNNTHS _ = A 1= A\ZJIAGNI~ I

ST 2 TrEt 2 T
||| < 1zl [l 21> Lzl

xa(llzl) 3 |F'(2)]

e 2o TH]e—al
z—z|| <5
(7.17)
(7.1) F(z)|xa(||z
< (el /o) + E@alzl) < 5,

L =2~

where the last inequality follows from the fact that by (7.1),

[ Tl gy VPN allel) M
| |

o2 S%72 L+ 23 7 1+ [lz)|972 Jygy 2

Thus

0o oo PN R . R .
> > efos S IPS e )| = 0U(lal,
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On the other hand, for any j > 0,

E| Y G(S;—S)S; = Sill - [F(S)|G(Si —x) | S;
i=j+1
27 & |F(S)|G( @n |F(S; + 2)|G(S; + 2z — )
< E
S TS s 19 = D vy M

T 5 F(S;) R 0
Y S AP NS +e—al ) T ISP L T u—a] T

COIFS)IxalllS; —2l) - L{US;I < llll/2} - [F(S;)]
R o L O 16 i [Q e o 1 )

HUSEZLAZE (1P @10+ 1) + F (S0 + 15512)

I
(7.18)
NES)DallS; —l) | LS50 < NelHFEH | LS = [l3ES))]
LIS - i 1+ |22 L+ |8l

where for the last two inequalities we used that by (7.1), if ||u]| < ||v]|, then
|F(u)] S |Fv)|[(1+ ||v]])/(1+ |lu]l), and also that d > 5 for the last one.
Moreover, for any r > 0

LIS <1 FS)] _ = CEIFE @0 g ( [Tr .
ZE[ 1+ 151 ]_Z 1+ 2] _O</OF(”>’

lzlI<r
=[S =1} IFS)I] _ §~ CRIFG) @n , ( [ZF(s)
;E[ AT ]—”ZZ%HWA Do([TEa).

Using also similar computations as in (7.17) to handle the first term in
(7.18), we conclude that

Y B [ - >W\F<si>|e<si—x>}=0<JF<Hx||>>,

7j=01i=75+1

which finishes the proof of (7.4).
We then move to the proof of (7.5). First note that for any i > 0,

3 G(Sjsi)si] —E | Y G(s)) :9’(9(1%%),

j>i+R Jj>R
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and furthermore,
(7 .19)
(7.1),(2.7)

ZE (S =Y IF(R)G(z—2)G(z) = Oe(|l2]))),
2€74

which together give the desired upper bound for the sum on the set {0 <
i < j — R}. On the other hand, for any j > 0, we get as for (7.18),

E| D GSj—S)F(S)|G(Si —2) | S;| = Y G)IF(Sj+2)|G(S; + 2 —2)Gr(2)
i>j+R zeZ4

Yy |F(S; +2)]

SRS S U AN+ 18) + 2 — 2] )

= [F(S))] L [ ()]

< J 4 AT
~ RY {ZZ: L+ 1D+ 185 +2 —2]92) ~ 1+ 181 ||u|§sj|1+uu—xud-2
o1 {|F<Sj>uog<2+||Sj—oc||>+ F(S;)] }

~ RS e Lt 422 + 11812

Then similar computation as above, see e.g. (7.19), give

o) You|FEREEE G ] — o))
j>0
FG) 1 ol
%" [T ] — o)

which altogether proves (7.5).
The proof of (7.6) is entirely similar: on one hand, for any ¢ > 0,

E
j=i+R j=i+R

o0 (7.1) 0
)3 G(SjsnF(Sj)S@-] < E[Z 615, - S0 T |81 1F(S0)
J

|F'(S3)|
< Y Grlz 1+ 12]]93) (1 + ||S; + =)

z€7Z4
< Z [ F(S:)| < |F(S))]
T 221+ 2|3 (L + 1S R%
 ( 2 + {243 A+ [1Si + =) T

and together with (7.20), this yields

S S B, - S)FE)EES - ) g )

i=0 j=i+R R
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On the other hand, for any j > 0, using (2.7),

_ loo (2 _
S G- S)GS -0y | 5| < 3 Gt 2%( 18 —=l)
i>j1R SR (14|21 = (14|85 — z[|2)

and we conclude the proof of (7.6) using (7.20) again. O

PROOF OF LEMMA 7.6. The first statement follows directly from (7.3)
and the last-exit decomposition (see Proposition 4.6.4 (c) in [LL10]):

Py[Hp < 00] = ZG —z)ep(x).
TEA

Indeed if ||y|| > 2rad(A), using (2.7) we get G(y — z) < C|ly||*>~¢, for some
constant C' > 0 independent of x € A, which gives well (7.7), since by
definition ) .\ ea(x) = Cap(A).

The second statement is more involved. Note that one can always assume
J(y) > Crad(A), for some constant C' > 0, for otherwise the result is
trivial. We use similar notation as in [LL10]. In particular G 4(x,y) denotes
the Green’s function restricted to a subset A C Z?, that is the expected
number of visits to y before exiting A for a random walk starting from z,
and Hy(z,y) = Py[Hae = y]. We also let C,, denote the (discrete) ball of
radius n for the norm J(-). Then exactly as in [LL10] (see Lemma 6.3.3 and
Proposition 6.3.5 thereof), one can see using (7.3) that for all n > 1,

]

1L [Jw]

for all z € C, 4, and all w satisfying 2J (z) < J(w) < n/2. One can then
derive an analogous estimate for the (discrete) derivative of Hg, . Define
Ap = Cp \ Cp o, and p = HX%. By the last-exit decomposition (see [LL10,
Lemma 6.3.6]), one has for 2 € C,, /3 and z ¢ Cy,

(7.21) |Ge, (x,w) — Ge, (0,w)| < C Ge, (0,w),

|He, (z,2) — He, (0,2)| < Y |Ge, (x,w) — Ge, (0,w)] - Py[S, = 2]
wWEC 2

(721),27) |1 .
2 [zl He (0,2) + 3 | Clll B[S, = 2
n ]|
27 (2)<J (w)< 2

1 1
P,.[S, = z|.
D (1+|rw—x||d—2+1+uw||d—2> wlSp =]

J(w)<27 (x)
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Now, observe that for any y ¢ Cy,, any w € C,, /4, and any A C Z4,
> Gal 2)PulS, =21 £ D PulS, = 2 SPulT(S1) > T SPIT(X1) > 7] S
2¢Cp, 2¢Cn

using that by hypothesis J(X1) has a finite d-th moment. It follows from
the last two displays that

(7.22)

5 Galy M, (2.2) = | 32 Galw2)tie, 0.2) | (1+0(12) ) o (L),

z¢cn chn

Now let A be some finite subset of Z% containing the origin, and let m :=
sup{J (u) : Jjul]] < 2rad(A)}. Note that m = O(rad(A)), and thus one
can assume J(y) > 16m. Set n := J(y) — 1. Using again the last-exit
decomposition and symmetry of the step distribution, we get for any = € A,

(723) Py[SHA =, HA < OO] = Z GAC(ya Z)PI[STn =2z, Tp < H;{]a
2¢Cp,

with 7, :== Hee. We then write, using the Markov property,

P.[Sr, =2, Tn < Hy] = Z Pulrm < HY, Sr, = 2'] - Pw[Sy, = 2, 7o < HY]
I/ecn/g\cm
(7.24) +P, [J (Sr) > g Sr = z] ;

with 7, := Hee . Concerning the last term we note that

n

Z GAC y’ |: (STm) > g’ STn = Z:|
z¢Cn
(2.6)
< S G-y {PS, =2+ S B[S, = uG(z —u)

2¢Cn UEC\Cn /s
Lemma 2.3 P AST _

S Y GRS, =4+ Y u[—mwli]

chn ’u,ECn\Cn/S Y
n
SPT(Sr,) > n/8 S > Ge, (@, u)PL(X1) > 5~
u€Cm

2

(7.25) E o <T:d> —0 (%) ,



CAPACITY OF THE RANGE IN DIMENSION 5 61

applying once more the last-exit decomposition at the penultimate line, and
the hypothesis that J(X1) has a finite d-th moment at the end. We handle
next the sum in the right-hand side of (7.24). First note that (7.22) gives
for any 2’ € C,, /s,

S Cacly. D PulSr, = 21 = 3 Caely. ) He, (' 2)

2¢Cn 2¢Cn

(726) = | Y Gacly.2)He, (0, 2) (1 + 0(”‘2”)) +0 < de’lb

2¢Cn

Observe then two facts. On one hand, by the last exit-decomposition and
symmetry of the step distribution,
(7.27)

(2.6),(2.7)
Z Gac(y,2z)He, (0,2) < Z Gza\joy(y: 2)He, (0, 2) = P[Hy < o] < n*=4
2¢Cnp z2¢Cn

and on the other hand by Proposition 4.6.2 in [LL10],
(7.28)

Z Gae(y, 2)He, (0, z)

2¢Cn
= 3 Gungop w2V He, (0,2) + Y (Gae(y:2) = Gao g0y (0, 2) ) He, (0,2)
Z¢Cn Z¢Cn

> P[H, < oo] — O | Py[Hx < o0] Y G(2)He, (0, 2)
z2¢Cn

(2.8) (7.3)
> P[H, < o0 n*4 Z G(z >

2¢Cnp

This last fact, combined with (7.26) gives therefore, for any ' € C,, /s,
(7.29)

> Grely, 2)PySr, = 21 = | Y Gae(y,2)He, (0, 2) (1 + 0(||x/‘|)> .

n

By the Markov property, we get as well

ZGAC Y, B[S, = 2 | Hy <] = [ 3 Gacly, 2)He, (0, 2) (1+0(%)),
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since by definition A C C;, C C,, /5, and thus

> Gacly, 2)Pu[Sy, = 2, Hy < 7]
z2¢Cn

m
= Po[Hx <] | Y Gacly, 2)He, (0.2) | (1+0(2)).
2¢Cn
Subtracting this from (7.29), we get for 2’ € C,, /5 \ Cm,

Z Gac(Y, 2)Pu[Sr, = 2, 7 < HA
2¢Cn

= Pulra < Hal | Y. Gacly, 2)He, (0, 2) <1+O(Hm’||>)7

n
2¢Cn,

since by (2.8), one has P,/[r, < Hp] > ¢, for some constant ¢ > 0, for
any 2’ ¢ Cp, (note that the stopping time theorem gives in fact P/ [Hpy <
oo] < G(2')/inf|y|<rad(a) G(u), and thus by using (7.3), one can ensure
P,/ [Hy < o] < 1—c¢, by taking ||2’|| large enough, which is always possible).
Combining this with (7.23), (7.24) and (7.25), and using as well (7.27) and
(7.28), we get

Py[Sh, = =, Hy < 00] = Pyr, < Hy| (Z GAC(yvz)HCn(OaZ))
z¢Cn

1 m
+ O W Z Px[s‘rm :xl] : ||J),|| +O<nd—1>
x/ECn/g\Cm

n/8 9

2¢Cp, r=2m

=ea(z) | D Gacly, 2)He, (0, 2) (1 + O(%)) ’

2¢Cn

using the same argument as in (7.25) for bounding P,/[J (S5, ) > 7], when
r > 2m. Summing over x € A gives

Py[Hy < o] = Cap(A) | D Gacly, 2)He, (0,2) | (1+ o(%)) ,
2¢Cn,

and the proof of the lemma follows from the last two displays. O

=’ep(x) ZGAc(y,z)ch(O,z) (1—1—(’)(%))4_() % Z % +(’)(%>
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8. Proof of Proposition 3.7. The proof is divided in four steps, cor-
responding to the next four lemmas.

LEMMA 8.1. Assume that e, — oo, and € /k — 0. There exists a con-
stant 01,3 > 0, such that
01,3

Cov(Zops, Zyi1) ~ k’ .

LEMMA 8.2.  There exist positive constants 6 and 01,1, such that when
€k > k:l_&, and 5k/k — 0,

g
Cov(Zop1, Zipr) ~ Cov(Zows, Ziipz) ~ ]1%1.

LEMMA 8.3. There exist positive constants § and o132, such that when
ex > k170, and e, /k — 0,
01,2
Cov(Zopa, Zri1) ~ Cov(Zows, Zyihz) ~ -
LEMMA 8.4. There exist positive constants 6 and o292, such that when
Ek = k:l_&, and 5k/k — 0,
2,2

g
Cov(Zopa, Zyiha) ~ k:’ .

8.1. Proof of Lemma 8.1. We assume now to simplify notation that the
distribution u is aperiodic, but it should be clear from the proof that the
case of a bipartite walk could be handled similarly.

The first step is to show that

(8.1) 2

Cov(Zops, Zitr) = p* 3 D m(a)e2 — | . prl(@)ea +0(>7

T€Z5 TE€Z5

where p and @, are defined respectively as

(82) p:=E [}P’ [H%Oo =00 | (Sn)nez} - 1{Sy #0, VL > 1}} ;

and B
0z =Py 2[Roc N Roo # 2.

To see this, one needs to dissociate Zy and Zj, as well as the events of
avoiding R[—¢g, ex] and R[k — &g, k + ] by two independent walks starting
respectively from the origin and from Sy, which are local events (in the sense
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that they only concern small parts of the different paths), from the events
of hitting R[k + 1,00) and R(—o0, —1] by these two walks, which involve
different parts of the trajectories.

To be more precise, consider (S!),>¢ and (S2),>0, two independent ran-
dom walks starting from the origin, and independent of (S, ),cz. Then define

1 = inf{n > e : S} € Rlk+ep,00)}, 7 :=inf{n > e, : Sp+5% € R(—o00, —x]}.
We first consider the term E[Zyps3]. Let
70,1 = inf {n >0 S)e R[—ak,ak]} ,
and
Nos:=E[Zy- L{R'[L,ex] N R[~¢p,ex] = @} - 1{r < o0}].
One has,

‘E[Zogpg] — A(),g‘ < ]P)[T()jl <00, T < OO] + P [RI[O,E,Q] N R[k‘, OO) 75 @]
+ PR N Rk, k +e1] # 2]

(2.14) £x
< P[Tl < 70,1 < OO] +P[7'071 <mn < OO] + O <W> .

Next, conditioning on R[—eg,ex] and using the Markov property at time

70,1, we get with X = S, — S!

70,17

Plros < 1 < 00] <E [PO,X[R[k, 00) N Roo # @] - L{ro1 < oo}]

(2.14) o ([P[Tm < oo]> (2.14) O( 1 >
VEk Vker)

Likewise, using the Markov property at time 7, we get

(2.12) ck
Pln<mi<od < E[[ Y G(S;—S)|1{n <o}

J=—¢k

e f: f: E [G(S; — S)G(Si — SL)]

i=k+eg J=—¢k
< (2er+1) sup ZE [G(S;)G(S; — z)]
s
(2.7), Lemma 2.3 €
< (2ep+1) sup 3" G()G(z - 2)Gi(2) o (kT’;Q) .
x 2€Z5
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Now define for any yi, v € Z°,
(8.3)
H(yhy?) =K [ZOJ-{RI [17616] N R[_ek‘a gk] =4, Ssk = Y1, Sﬁ}k = 92}] .

One has by the Markov property
Noz= > Y Hy,y2)pelz+y2 — 11)ea.

z€ZLP y1,y2 €L

Observe that typically ||y1]| and ||y2|| are much smaller than ||z||, and thus
pr(z 4+ y2 — y1) should be also typically close to pi(z). To make this precise,
consider (xx)r>1 some sequence of positive integers, such that 6kxi < k, for
all k > 1, and xx — 00, as k — 00. One has using Cauchy-Schwarz at the
third line,

S > Hyva)pe(m +v2 — y1)es

lz)12<k/xk y1,y2E€Z5

(213) T 1{||Skse, I < K/ x0}
< Z Z Doy (Y2)Phte, (T)Pz—yy, S E 1t Hg,ek — S
llz]|2 <k/xr y2€Z5 ktey €k

1 1/2 12 (2:3) 1
SE{] P [IS0rel? < k] S —
1+ | Spre, |12 [I9h+20 ] Vi

Likewise, using just (2.5) at the end instead of (2.3), we get

1
Z Z H(y1, y2)pe(® +y2 — y1) 9z S WAL

\/> . 5/4,
2l >kxk y1,y2€Z5 Xk

I

and one can handle the sums on the sets {||y1]|> > erxx} and {||y2]|?> > erxx}

similarly. Therefore, it holds

Noz= Y, > > Hyny2)pr(atyz—y)e.+O ( N 1X5/4>

k/xe<l|zl1?<kxk vl <erxr llv2l*<exxk

Moreover, Theorem 2.1 shows that for any x,y1,y2 as in the three sums
above, one has

Ipk(z 4+ y2 — 1) — pr(z)| = O (\/?ﬁ:Xk “pr(z) + k71/2> .

Note also that by (2.13), one has

(8.4) > H(y,y2)pe(@)es < > prlz %—O<

z,y1,Y2 €L° AL

i)
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Using as well that /exxr < v/k/xk, and Z\IwIIQSka o = O(K*x3), we get

1 X%
Nos=pr Y pk(l‘)wx+0< — + =275 2> ;
T€Z5 ke Xk kY

with

pri= Y, Hyi,y) =E[Zo- {R'L ] N R[—ek, e = 2}] .

y1,Yy2€2Z°

Note furthermore that one can always take xj such that yp = 0(\/%), and
that by (2.6), (2.7) and (2.14), one has |pr — p| < 5;1/2. This gives

(8.5) E(Zows] = p > pr(@)ps + 0 (%) :

By symmetry the same estimate holds for E[Zx1], and thus using again
(8.4), it entails

2

ElZoga] - ElZiir] = 7 | 3 pel@)es +(}€)

x€Z5

The estimate of E[Zyp3Z;11] is done along the same line, but is a bit more
involved. Indeed, let
A3 :=E[ZoZ L{R1,ex] N R[—¢ep, 1] = @}

x1{(Sk, + R*[L,e]) N Rk — e, k + k] = @, 71 < 00,72 < o0} .
The difference between E[Zyp3Z;11] and Aq 3 can be controlled roughly as

above, but one needs additionally to handle the probability of 7o being finite.
Namely one has using symmetry,

(8.6)
|E[ZowsZi1] — A1 3] <2(P 10,1 < 00, 71 < 00, T2 < 00
+P [R'[0,e] N Rk, 00) # @, T2 < 00| + P[RL N Rk, k + ex] # @, T2 < ) ,

with
Ty :=inf{n >0 : S, 4+ 52 € R(—o0,0]}.
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The last term in (8.6) is handled as follows:

P [Ri NRk,k +e] # 2,72 < 00| = ZP[R})OOR[k,kJrak] # 3,79 < 00, Sk, = 1]

T€Z5
(2.12) <2.7>,(2.13>,(2.1o> ou(z) G e
TEZ5 TEZS

The same arguments give as well

P [R'0,e,] N Rk, 00) # @, T2 < 00| < 1?
P[r0,1 < o0, 71 <00, Ty < 00] = P[r9,1 <00, 71 < o0, T2<OO]+O(Z];)
Then we can write,

P [T()J <7< o0, T < OO] =K [P07Sk+ek_s_ro7l [ROO ﬂﬁoo 7& @]1{7'071 < 00,79 < OO}}

1 G(S;—SL)
L+ [[Skre, — Sill T+ 1Sk — S—g, |

(2.12),(2.13) Ek
S

i——ak

1
: 3/2 Z [1+H51<—SH 1+HSk—S—skIJ

1_75
1 1 1
< — max sup E . < )
~ ek k—en<j<kier ue% [1 + 1S5 14 |1S; +U\] ~ ky/Ek

where the last equality follows from straightforward computations, using
(2.3). On the other hand,

1

(2.12),(2.13)

Plr <701 <o00,m < oq] S Z Z

i=k+e J=—¢€k

— S)G(S; — SL)
1 + 1Sk = S—z, |l

(2.7),(2.10) Sk 0

G(S; — Si)
DD E[<1+HSZ-H3><1+\sk—s_skm]

Jj=—ck i=k+ey,

G(z+ Sk — 5))
DI WNE [1+\|z+sk|13><1+||Sk—5—6k”>}'

J=—¢k z€Z4

Note now that for z,y € Z5, by (2.7) and Lemma 2.3,

At llz=2HA+ 1z =yllP) ~ 1+ l2lP \var  1+lly—=l/°

2€74
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It follows that

- 1 1 1
Pl < < E
smi<eon<eds 2, rEmaE = )]
(2.10) Ve ] 0 [ 1 }
SE|—YE LS R
Fe e R Y leea e Teea e e ey

€k 1
+;E [(1 + 1Sl (1 + HSJ'H)]

1 - 1 G
< | = E: Bl || <Mk
=€k

using for the third inequality that by (2.3), it holds uniformly in = € Z° and
J < ks

E [ ! ] <k? E [ ! Sk?
1+ Sy — Sj + z|* (L + [[SklP)(L + ISk + )

Now we are left with computing Aj 3. This step is essentially the same as
above, so we omit to give all the details. We first define for y1, y2,y3 € Z5,

H(yl>?/27y3) =K [Zol{R1[175k] N R[_Ek)ek] - ®7 SEk = Y1, Selk = Y2, S—Ek = ?/3}] )

and note that

Az = Z H(y1,y2,y3) H (21, 22, 23)Pk—2¢, (T—Y123) Pat 21 —yo Pt 20— ys -

Y1,92,Y3E€Z°
21,22,23 €75
x€Z5

Observe here that by Theorem C, @y ., —y, is equivalent to ¢,, when ||z1]|
and ||y2|| are small when compared to ||z, and similarly for ¢, ;,—y,. Thus
using similar arguments as above, and in particular that by (2.3) and (2.13),

8.7) et =0 (1)

we obtain

1
Arg=p? Z pr(2)@7 + 0 <k> :

TE€Z5
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Putting all pieces together gives (8.1). Using in addition (2.3), (2.13) and
Theorem 2.1, we deduce that

2

Cov(Zops, Zxh1) = p° Z Pr(2)p2 — Z Pr(2)0a +o <]1> _

x€Z5 x€Z5

Then Theorem C, together with (8.4) and (8.7) show that

2

P P 1
otz =3 i - | © o3 ) [ +e(r):
z€Z5 x€ZP

for some constant ¢ > 0. Finally an approximation of the series with an
integral and a change of variables gives, with ¢y := (27)7%/2(det ")~ /2,

2
oc 57 (2)%/2 =57 (2)%/2 1
COV(ZOQO:}, Zk’l)[)l) = TO s W dr — Co s W dx +o0 (k) .

The last step of the proof is to observe that the difference between the
two terms in the curly bracket is well a positive real. This follows simply
by Cauchy-Schwarz, once we observe that cg ng, e 5T @)?/2 gy = 1, which
itself can be deduced for instance from the fact that 1 = Y ;s pp(z) ~
co fR5 e=57(2)?/2 dx, by the above arguments. This concludes the proof of
Lemma 8.1. O

8.2. Proof of Lemma 8.2. Let us concentrate on the term Cov(Zyps, Zxtbs),
the estimate of Cov(Zyp1, Zk11) being entirely similar. We also assume to
simplify notation that the walk is aperiodic.

We consider as in the proof of the previous lemma (S}),>0 and (S2),>0
two independent random walks starting from the origin, independent of
(Sn)nez, and define this time

71 :=inf{n > k+e; : Sy € RY[ep,00)}, 7 :=inf{n > k+e, : S, € Sp+R3[Vey, 00)}.
Define as well
Tri=inf{n > k+ep: S, € RLY, To:=inf{n >k +e: S, € Sp +RZ 1.

Step 1. Our first task is to show that

(88)  Cov(Zops, Zits) = p* - Cov (L{F1 < 00}, 1{Fs < 00}) + 0 (;) 7
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with p as defined in (8.2). This step is essentially the same as in the proof
of Lemma 8.1, but with some additional technical difficulties, so let us give
some details. First, the proof of Lemma 8.1 shows that (using the same
notation),

1
E[Z =A O| ——=—+ =5

. . . . 2+1
and that for any sequence (xx)r>1 going to infinity with akaJr“ <k,

1
Aoz = Z Z H(y1, y2)pr(z+y2—y1)pe+0 <W) '
k

k/xx<llzl2<kxk |ly1]l*<erxn
lly2 |l <ewxr

Observe moreover, that by symmetry H (y1,y2) = H(—y1, —y2), and that by
Theorem 2.1, for any x, y1, and yo as above, for some constant ¢ > 0,

5 1
Ipr(x +y2 — 1) + pe(x +y1 — y2) —pr(z)| = O < kgkm(cw) + k7/2> ,

It follows that one can improve the bound (8.5) into

2
EkXk . Xk 1 1 Ek
E[Zows] =p >  pr(x)pe+O < + + + + )
xgz:ii E3/2 ' E3/2 N X2/4 [ken | k3/2
(59 =pPr<oioLM X 1 1 |
k3/2 k3/2 \/E Xz/zl /kEk k3/2

Since by (2.14) one has

1
E Z < E - O )
[Zitps] < Elts] (ﬁ)
this yields by taking x> /% := k /ey, and e > k¥ (but still e, = o(k)),
1
810)  Elopa]- Blziwn] = pPln < o] -ElZival + 0 ).

We next seck an analogous estimate for E[Zy13]. Define Z; = 1{Sk4; #
Sk, Vi=1,.. .,52/4}, and

Ag:=E [Z,; 1 {R[k: — e k4N (Sk + RL, VER]) = @, 7 < ooH .
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Note that (with R and R two independent walks),
IE[Ziab3] — Ao| < P [0 = R[e?’/‘*,ek]} +P [ﬁ[o, VR N Rlen, 00) # @}
+P [R ARV, ex] # B, Roo N R[ex, 00) # @}
P [ﬁ[\/a, 00) N R =2, ex] # 2, R[y/Er, 00) N Rk, 00) # @] .

Moreover,

(8.11)
(2.6),(2.9) _ (2.14)
P[OGR[ 3/4 ¢ ]} < e P[R[o,\@]mn[gk,oo) 7&@] < gl

Using also the same computation as in the proof of Lemma 4.1, we get

3_1

P [7:\’:00 ﬂR[eiM,sk] #+ &, Roo NReg, 00) # @} <e® 2,
(8.12)
- - 11
i [R[\/?k, 00) N R[—¢x, e1] # B, R[V/Er, 00) N Ry, 00) £ @] e 1R
As a consequence

(8.13) E[Zyts] = Ao+ 0 (5,°).

=

Introduce now
H(y1,y2) = E [Z} L{R[k — e, k + £, ] 0 (S, + R[L, VER]) = 2}
X l{SH — Sk =11,5 5 = QQ}}
and note that

Ag=> > H(y,yp, _ i/4(1‘ + Y2 — Y1) pa-

z€Z? y1,y2€2?

Let xi := 5,1!8. As above, we can see that

~ 1
Ag = Z H(ylay2)p€k_€i/4(x +y2 — Y1)z + O ( — 5/4)
ex/xu<lz|*<erxw Xk

2 <ey/*x
lly211? <v/ErXk

~ Xk Xk 1

= Z H(y1,y2) Z e (@)pa | +O | 377+ 35 + 5/4
y1,y2€L% x€Z4 €k Sk VERXE

= p-P[Fy < o0] + O, %),
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Then by taking e, > k%%, and recalling (8.10) and (8.13), we obtain

(819 Elues) Elute] = 7 Plry < o] Bira < ool +0 (7).
Finally, let
A3z :=E[ZoZ,1{R'[1,e] N R[—¢p, 1] = @}
x 1{(Sk + R*[1,/ex]) N R[k Ek,k+€k] @, 11 < 00, Ty < 00}.
It amounts to estimate the difference between Ag 3 and E[ZyZyp313]. Define
= inf{n > k+ey : S, € Rl[O,ak]}, To :=inf{n > k+ey : Sy, € Sk—l—Rz[O, VEK] -

Observe first that

P[?1§72<OO} N S

e [M} AN E |:G(Sz’1 - Sk+ak)}

1+ HS7~'1 - Sk” i—0 1+ HS,Ll - Sk”

SkJFE G(Z - SkJrs )
< —\"  TRTER/ k
Zzp’ E{HHz—SkH] ZHH 4 [HHz—SkH

1=0 z€Z5
(8.15)
(2<7)E[ VEk } (220)18[ NG ] (2<9) ek
LA ISk P)A NS ™ L ASKIP] ™ R

and likewise,

_ (2.12) Ck
PFi <7 <od] < Y Y E[G(Sk+ 57— S})G(S] — Sksey)]
j=0 =0

— Z > E[G(2)G(Sk + 57 — 2)G(z — Skie,)]

1=0 z€Z5

1 1
<C +
Z [1+|!5k+52H3 <1+H5k+sk|| 1+H5k+sk—5k—5¢2H>]
(2. )7<2.1o>
< CE [Ek} +CE [\/ET“] :(9(\/5)'

B 14 {5k 14 (Sl K3/

Additionally, it follows directly from (2.14) that

Ve
k32

P[72§?1<OO]§ and P[?2§71<OO]§

1
a?k;\/E7
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which altogether yields

_ _ f 1
|P[T1 < 00, Ta < 00| — Plmy < 00, 72 < o0]| S w32 ak\/E.
Similar computations give also
1
(8.16) P[T1 < 00, To < 00] < .
k&“k
Next, using (8.11) and the Markov property, we get
1
HZkJ - Zk|l{7-1 < OO}] ~ 9/8\/’

Thus, for e > k5/6,

‘E[Z()Zk(pg’(ﬁg] — A373| < ]P’[T()J <00, T <00, T < OO] +]P)[T0,2 <00, 71 <00, T < OO]

~ 1
+P[7’072 <00,7T1 <00, T < OO] +o0 (k) s
where 79 1 is as defined in the proof of Lemma 8.1,
To2 := inf{n > /e, : S, + S2 € R[k — ex, k + &1},

and

~ . 2 3/4 3/4

T2 :=1inf{n < /e : S + S, € Rk —ep, kb — €} JUR[k + ¢,/ ", k + ex]}.

Applying (2.14) twice already shows that

1 1 1
P[?02<OO 7’1<OO}<~P[?02<00]<5:0<>.
) ) ~ ) ~ /8
k ‘/Efk k

Then, notice that (8.15) entails

P[R[k—i—&k, )ﬁR [0 7’01]#@

'ro 1 ~ [3/2
On the other hand,
P[R[k—l—ék, )ﬁR [O 0 1] + 3,8 To1 R[O,Ek]]
(2.12) Ck
< Z Z E[G(Si — Stj)G(Skaj — Sk)l = D Y E[G(S; — Sk + 2)G(2)Ge, (2)]
1=0 j=k+ep 1=0 z€Z5
Lemma 2.3 \/5>k
k:3/2 Z G(z S Ek3/2°

Z€7Z5
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By (2.12) and (2.9), one has with R an independent copy of R,

P[ro,1 < 00,72 < 00, R[k + ek, 00) N R [10,1,00) # 2]

1 _
<—— max Plrn <oo, R[k+ e, Si + Roo 2] < 5
Nﬂlek —ep<i<eg [ 2 [ k ) ( )# ] 5]{;\/%

where the last equality follows from (8.16). Thus

1
P[TOJ <00, 71 <00, T < OO] =0 <k) .

In a similar fashion, one has

(2.14) 1 812) 4
Plrop <00, <11 <o0] S —=Plrg2<oo,m<o0 S ———,
i Ev:

as well as,

P [TOQ < 00, 11 < 19 < 00, 57—2 S (Sk +’R2[0,7'072D]

k+eg _ _

TN S EGS - 8 — SHG(E, + S — SUGS! — Sei,)
i=k—eg 720 £>0

k+eg

> YD EIG()G(Si — Si — 2)G(z + S} = Sk)G(SE — Skie,)]

i=k—e}, £>0 2€75

Lemma23 k’fs Z |: Sk+5k) < 1 n 1 >:|
L T 57— SuP \TT ST S T T4 5, S
(2.9),(2.10) Ek —3/2
s o ()
2 2\ | THIST = Skl \T+ ST = Siell T T+ 1S — Sl
1 1 1
+E 1 3 1 3 1 +
LT TE =S+ TST = 50 \THTSF = Sl T TS = il

3/2

1 1
+
1+ ||51 Sk—il <1+ 1SF — Sk—ill 1 +\/ZT>

(1+14)~1/2
1+ ]S} — il

=0 £>0

+E

k3/27

N
iy
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and
P [7‘0,2 <00, 1 < T <00, Sy, € (Sk +7€2[TO,2, oo))]
(2.6) &k ~
< S E [G(Skﬂ- — 8 — 82)1{n < 00, Rlr1,00) N (S + Reo) # 2}
i:—Ek
(2.13) %k 1{m < oo}
2 1
. Z - [G(S’“” ~S e Sva)is, —Skﬂ»u}
i=—g)
(222) i Z . G(Sk+i — Sk — Sf/a)G(Sj)
S 2 118 — Sl
e  [GS = 8k - $%2)G(Sk + 2)G(2)
Niz(;z;ﬁ 1+ ||z + Sk — Sk
K G(Sk+i — Sk — 825G (Skri + 2)G(2)
1+ ||z]]
< k E G(Sk,z — S — 5\2/%) G(SkJrZ —SE — S\Q/a)
B 1+ [[Skl? 1+ [|:Shl 2
29,210 1 VEk [ L 1 } i E [G(S;H- —S1) . G(Skyi— Sk)
VoS ISP T+ (1Sl Lo L1+ 152 1+ | Sk+ill?

(2.3),(29) 1 L 1 1 1
N 1/4 +23/2E[ 3 T 2}5 1/4, "
B T+ Sl T T+ 1ISKI) ™~ 72y

Thus at this point we have shown that

1

(8.17) |E[ZoZypsips] — Assl =0 <k> :

Now define
H(z1, 20, 23) = P [0 ¢ R[1,e/Y, R[1, Ver] N R[—e/ /Y = &,
552/4 = 21, stz/zx = 23, 5\/5 = 23/,

and recall also the definition of H(y1,y2) given in (8.3). One has

Azg = Z H(y1,y2)H (21, 22, Z3)Pk_€k_€2/4(fc—y1+y2+2’3—22)1?€k_5i/4 (u—21422) Pz u,
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where the sum runs over all z,u, y1,y2, 21, 22, 23 € Z°, and
Opu =P[T1 < 00, Tog <00 | Sk =, Skte, = + .

Note that the same argument as for (8.16) gives also

1 1 1
8.18 S T '
(8.18) Pr S T (1 e+l T 1 HfﬂH)

Using this it is possible to see that in the expression of Az 3 given just above,
one can restrict the sum to typical values of the parameters. Indeed, consider
for instance the sum on atypically large values of x. More precisely, take xy,

such that skxiﬂ/‘l = k, and note that by (8.18),

E H(y1,y2)H(z1, 22, z3)p, . s/a(@—y1+y2tazz—22)p_ su(u— 21+ 22)0au
k€ ex—€y,
llz||?>kx
Uu,Y1,Y2,21,22,23

<P [HSIC_S;;CH > VEkxe, T <00, < 00:| <P [HSk —S;kH >V EkxE, T < 00,Te < 00

1{|1Sk — S|l > VExk} ( 1 1 >
SLl

N +
1+ [|Skte, — Skl L+ [[Sk = SLII - 14 [|Skye;, —

~

rg 5/41 Y
Xy Vkek

where the last equality follows by applying Cauchy-Schwarz inequality and
(2.5). The other cases are entirely similar. Thus Ag 3 is well approximated
by the sums on typical values of the parameters (similarly as for Ag for
instance), and then we can deduce with Theorem 2.1 and (8.18) that

1
A373:p2-P[?1 <OO,T2<OO]+O(k>.

Together with (8.17) and (8.14) this proves (8.8).
Step 2. For a (possibly random) time 7', set

710T :=1inf{n > TVey : S, € RL}, To0T := inf{n > TVey : S, € (Sp+R%)}.

Observe that

(8.19)

P[71 <To9 < OO] = P[?l <Tg9goT] < OO] —P[72 <T107T9<T90T10Tg < OO],
and symmetrically,

(8.20)

P[?Q <71 < OO] = ]P[?Q <T10T9 < OO] —P[?l <T90T1 <T10T90T] < OO]
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Our aim here is to show that the two error terms appearing in (8.19) and
(8.20) are negligible. Applying repeatedly (2.12) gives

Eq 2:P[?1 <T90T1 <T10T90T] <OO]

S0 D E[G(S] — Sk = SHG(Sk + 87 — $3)G(Sp, — Skee, )]

7>0 £>0 m>0
(2:10) 1 2 2 1 1
S Y Y D E[G(S] - Sk — S7)G(Sk + S7 — Sh)G(Sh, — Sk)]
>0 £>0 m>0
<Y N GRE[G(S] - S — 2)G(Sk + 2 — SL)G(SL, — Sk)] -
J20m>0

Note also that by using Lemma 2.3 and (2.7), we get

1 1 1
Z Gz —2)G(z —y)G(2) S 11 [z]? <1 + |yl 1 +lly — xH) '

2€75

Thus, distinguishing also the two cases j < m and m < j, we obtain

ErSY Y E

G(S} — Sy) 1 N 1
L+ {8} = Sell* \ 1+ (1S5 = Sell -~ 1+ 1S5, — S}l

j20m=>0
G(Z-i-sl —Sk) 1 1
S G(Z) E J +
JZZ%Z;ZE, { 1+HS;_S]€H3 1+‘|Z+S}_SkH 1+ 2|l

+E

<YE
720

G(S} — Si) 1 L1
L+ flz+ 8 = Sl \ 1+ 18] = Sl ~ 1+

. Fogm Hskm] _logk
~ 14+ |[Skll® |~ k3/2

1
L+ ||IS} — Sill®
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Similarly,
P7o <T10T9 <Tgo0T) 0Ty < X

SIS E[GSE + Sk — SHG(S] — Sk — S2)G(S, + Sk — Skr,)]
720 £>0 m>0
(2.9) (2 10)

S EYYYE

]>0 £>0 m>0
v j>0 m>0
f

1 1
_|_
z; (LIS + 1157 + Sell®) — X+ ISFIHA+ 1S3 + Sk|2)]
1 E[log( +HSkH)} < loghk
f L+ [ISell* |~ kyvEr

Step 3. We now come to the estimate of the two main terms in (8.19) and
(8.20). In fact it will be convenient to replace 7; in the first one by

G(S? + Sy, — SHG(S} — Sy — 52,)
L+ [|S3,]12

1 1 1
_|_
L+ [[SZIP) A + 157 + Sell?) (1 + 1S5 + Skl 1+ 1187 - 5]2|>

=inf{n>k:S, € RL}.

The error made by doing this is bounded as follows: by shifting the origin
to Sk, and using symmetry of the step distribution, we can write

P71 <To071 < o0] — P71 <Too7y <oo)| <P[RLNR[k,k+ep] # 2,72 < ]

(i G(S; — §k)> (Z G(S}-))

i=0 J=¢€k

(Z G(S; — ’s})) (Z G(2)G (2 + sek))]
=0 2€Z5

E G(Sigk)] @9 ¢ IE[ 1 ]<\/5

Lemma 2.3 Sk

~

L Se |~ 8372 7 [T+ 1801~ K372

i=0
Moreover, using Theorem C, the Markov property and symmetry of the step
distribution, we get for some constant ¢ > 0,

~ _ —~ . l{?ﬁ <fOO} 1
}P’[Tl§7-2071<oo]—cE[1+‘7(S?1_ )]+O<k>

:cE[m] <>—02pk )Eo [F )1{7‘<OO}]+0<]1§>,

TEZ5
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with 7 the hitting time of two independent walks starting respectively from
the origin and from z, and F(z) := 1/(1+7(2)). Note that the bound o(1/k)

on the error term in the last display comes from the fact that

{7 < OO}] (2.12) G(gj — Sk) |: (z — Sk):|
El- 2| < Y R[22 P8 GA2)Cz =9 | < 2
[1+~7(5a) ~ ; 1+ 5] %Z: Lrfell ™k

Then by applying Theorem 7.1, we get

71 <TooT <oo] =c¢ x Gllet: —v) ¢ :
(821) P[fi <7207 <o ngsz()ze% 1+J06) <k>

for some constant cg > 0. Likewise, by Theorem 7.1 one has for some con-
stant v € (0, 1),

P[Fy <7107 < o0] = cE [m} +O<IE [mb

Furthermore,

[ T <2

J=0

G(S? + Sk — Skie,,)
L+ |7 + Skt
2.9),(2.10

29210 1

Lt

1
= LA+ISHIP @+ 1187+ SkHH_V)]

< 1 o [log(L+[|Skl)] o logk
Ve L LISk ] kORI e

Therefore, taking e, > k'~"/2, we get

msnn<oi-a B ()

= e 3 pawBa | s o ()

u€”Zb

(8.22) =¢ Y pe(W)Eo, [ (S,)1{r < oo}} +o <]1§> ,

YAl

with 7 the hitting time of two independent walks starting respectively from
the origin and from u, and
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We claim that this function F' satisfies (7.1), for some constant C 7 which is
independent of k. Indeed, first notice that

~ 1 1 1
Flz) x —————, and E = ,
(2) L+ |zl + vk [1+J(Z—Sk)2] L+ 212+ &

which can be seen by using Theorem 2.1. Moreover, by triangle inequality,
and Cauchy-Schwarz,

L ly - =l
F(y) - F()| S E [<1 TP Y sm]

< HE[ ! ]E[ ! ]

— Z

~ 1Y U+ Iy — Sel2) L1+ [z — Sl

< ly — 2| BRI
(1 + [yl + VR + 2] + V&) ~ 1+l

which is the desired condition (7.1). Therefore, coming back to (8.22) and
applying Theorem 7.1 once more gives,

Plfa <T1oTy <od] =co Y pe(u) Y G(2)G(z —u)F(2) + 0 @)

NSy 2€75
3 o) S CEIGE w0 (1
(8.23) = Ougz;) xgzjspek( )pk( )Zgz:s 1—|—j(z—x) + <k-)

Similarly, one has

k3/2
(8,24) =y Z Z De,, (u)pk(x) Z W +o <]1{) )

UEZS TEL> 2€75

P[71 < oc] - P[T2 < 00] = P[71 < o0] - P[T2 < 00] + O <\/§>

Note in particular that the constant ¢y that appears here is the same as in
(8.21) and (8.23).

Step 4. We claim now that when one takes the difference between the two
expressions in (8.23) and (8.24), one can remove the parameter u from the
factor G(z —u) (and then absorb the sum over u). Indeed, note that for any
z with J(z) < J(x)/2, one has

2
1 1 2 |l

1+ 7G+2) " 147G-2) 117@ |~ 1+ |F
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It follows that, for any x > 2,

1 1 2
2 PG 0 | s T @
J(zy)sM
Z Z E[G(z — S,)] #1291
~ 3 ~ N
i 1+H$H AV L kxk

In the same way, for any z with J(z) > 2J(u), one has

Gz =)~ G() S 1

1 1
‘lJrj(zq:) 1+ J(x)
Therefore, for any i > 2,

2]l
A+ 2D+ [z =2l

1 1
1+J(z—2) 1+ J(x)

S ram@GEIGE ) - e

u,zEZP
T (2)>(T (u)xw)v 22

SVEY T

ISy

b 1L ewde

1+|| || Izl + 1z =) ~ K2

2)2J (x)/xk
On the other hand by taking x; = (k/ex)/%, we get using (2.3) and (2.5),

1 1 1 1
Z Pey, (W)pr(2)G(2)G (2 — u) (1 g P +7 +j($)> < NN =0 (k) :

x,2E€7Z°

T (u)2\/ExXk

> e (Wpk(@)G(2)G(z — ) (1 n jiz — ) L }7(9:)) —° (D '

u,z€ZP

T (@)<VE/xk

As a consequence, since J(u) < /Exxx and J(x) > Vk/xx, implies J (u) <
J () /xk, with our choice of xi, we get as wanted (using also symmetry of
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the step distribution) that
(8.25)

P[Te <71 072 < o0] —P[T1 < o0] - P[T2 < o0]

=co Y p(2)G(2)? <1+jzz_g;) - 1+}(x)> +O<’1>

x,2€75

=% 2 n(@ey <1+ng—x) i 1+j§z+x> B 1+25<l‘>> e <’1“> |

x,2€75

Step 5. The previous steps show that

<G(z)G(z—x) RO G(2)? >

Cov ({71 < oo}, {Ta<oo}) =co Y. pi(x) 76 117G-2 1+J@

,2€75

Now by approximating the series with an integral (recall (7.3)), and doing a
change of variables, we get with u := 2/7(x) and v := A~'u, and for some
constant ¢ > 0 (that might change from line to line),

G(2)G(z — x) G(2)? G(z)?
Z( 1+ J(2) +1+J(z—w)_1+7(x)>

2€7Z5

NC/IR5 {7(2)4-}@—35)3 " »7(12')6 (J(zl—ﬂf) - ji@)} *

B J(jc)? /R {J<z>4 : J1<z —up " J<1z>6 <J<z1— u) 1) } e
c 1 1 1
8:26) = 7y /R { EREEEAREE <||z —o ~ 1>} te

Note that the last integral is convergent and independent of v (and thus of
x as well) by rotational invariance. Therefore, since Y. s pp(x)/ T (z)* ~
o/k, for some constant ¢ > 0 (for instance by applying Theorem 2.1), it
only remains to show that the integral above is positive. To see this, we use
that the map z ~ ||z|| =2 is harmonic outside the origin, and thus satisfies
the mean value property on R%\ {0}. In particular, using also the rotational
invariance, this shows (with B; the unit Euclidean ball and 0B; the unit
sphere),

1 1 1
(8.27) / — —  __dz= dv / P
g T o= olF = 10B1] Jos, ™ Jis; o7 Tz = o

2/ 1d,7::c/001dr:c1
s 12117 R 2’
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for some constant ¢; > 0. Likewise,

1 cl 1 du
(8.28) / dz = / dr/ — =,
B 2% 1z —vf? 10B1| Jo o8, |lTu — o3

with the same constant c¢; as in the previous display. On the other hand

(8.29) / L /Oo L
. —F= azZ = C1 —- ar = Cy.
BS 2| 7

Furthermore, using again the rotational invariance,

(8.30)

1 < 1 ) / 1 ( 1 1 >
—1) dz = + —1)dz
/Bl 12[1° \llz — v B, 12118 \2/lz = vl]  2[]z+ 0|

1
c1 dr/ ( 1 1 )
= — + — 1) du.
0B1| Jo 7% Jop, \2[lv —rul|  2[lv+7rul

Now we claim that for any w,v € 9B1, and any r € (0,1),

(.31) 1( L, >> !

' 2\lv—rull ~fo+rull) = VI+r2
Before we prove this claim, let us see how we can conclude the proof. It
suffices to notice that, if f(s) = (1 + s2)~Y/2, then f/(s) > —s, for all
s € (0,1), and thus

1
Viie
Inserting this and (8.31) in (8.30) gives

1 1
[ e
g 121 \llz =] 2

Together with (8.27), (8.28), (8.29), this shows that the integral in (8.26) is
well positive. Thus all that remains to do is proving the claim (8.31). Since
the origin, v, v + ru, and v — ru all lie in a common two-dimensional plane,
one can always work in the complex plane, and assume for simplicity that
v=1,and u = €, for some @ € [0, 7/2]. In this case, the claim is equivalent
to showing that

(8.32) —1=f(r)— f(0) > — /0 sds > —r?/2.

1 1 1 1
a + Z )
2(\/1+r2+2rc089 \/1—i—r2—2rcos«9> V1472

which is easily obtained using that the left hand side is a decreasing function
of #. This concludes the proof of Lemma 8.2. O
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REMARK 8.5. Note that the estimate of the covariance mentioned in the
introduction, in case (i¢), can now be done as well. Indeed, denoting by

To:=inf{n>k+1: SnGSk—i-Rgo},

it only remains to show that

~ 1
IP[R < k + ex, 71 < 00] — B[R < ki + &4 - P[7y <°O”_O(k>'

Using similar estimates as above we get, with yz = (k/ex)*®,

’P[?z <k+e,T1 < OO] _]P)[?Q < /ﬂ—l—Ek] -P[71 < OO]|

D IPR, < b+ e, 1S5, — Sell < VERXR 71 < 0] — B[R < k + ey Pl7y < ool + O

z+y)+pp(x — =
pet y)zpk( D pia) P < k+ex, S5 — Sk = 4l + O

x€7Z°

Iyl <v/ExXk
1
5;%”3 (157, = SkllP1{[1S7, — Skll < vErxx}] +

1 1 VEEXE
5 S/ 5 + 3
Vi Ve ok

using that by (2.13) and the Markov property, one has P[||Sz, — S|l > t] < 1.

)

8.3. Proof of Lemma 8.3. We consider only the case of Cov(Zyp2, Zxth1),
the other one being entirely similar. Define

1 :=inf{n >0: S} € Rlep, k]}, 2 :=inf{n >0: 5, + 52 € R(—o0,0]},

with S and S? two independent walks, independent of S. The first step is
to see that

Cov(Zops, Zktha) = p - Cov(L{m < oo}, 1{m < 00}) + 0 <zlc> :

with p as in (8.2). Since the proof of this fact has exactly the same flavor as
in the two previous lemmas, we omit the details and directly move to the

next step.
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Let n € (0,1/2) be some fixed constant (which will be sent to zero later).
Notice first that

(26),(213)  k G(S;
P[S;, € R[(1—nk, k], 2 <o0] 3 = [1+(Ilg’)ll}

i=|(1=m)k] "
(2.9)

S E[G(S)] |
(8.33) < ~ L(lzn 1+\/T

#\5

Next, fix another constant 6 € (0,1/4) (which will be soon chosen small
enough). Then let N := [(1 — n)k/e,l;‘sj, and for i =1,..., N, define

=inf{n >0 : S} € Rlki,kit1]}, with ki :=ep+ile, ).

We claim that with sufficiently high probability, at most one of these hitting
times is finite. Indeed, for ¢ < N, set I; := {k;, ..., ki+1}, and notice that

Z P[Tf<oo,7'f<oo,7'2<oo]

1<i<j<N
< Z (P[7'1<7'1<oo Ty < oo] + P[r{ <7< o0, 7'2<<>o]>
1<i<j<N
(2.12),(2.13) _ 1
s X B[S g S B S0
i=1,...,N,j#i k i=1,...,N,j#i
KEIi,mEIj KEIZ,WLEI'

(2.9),(2.10)
2 1

1 N2

N Z < 0y <>

- ~ 3 2 5

VE iy S A m = ) A 0372 / VE k
eejiymefj

where the last equality follows by assuming e, > k'~¢, with ¢ > 0 small
enough. Therefore, as claimed

N
, 1
Plm < 00, 7o < ] :ZIP’[Tf < 00, T2 < oo]+o<k> )
i=1

and one can show as well that,

N—2
1
Plr1 < o0 - P2 < o0] = ZPTI<OO [7’2<oo]+0<>.
=1 k
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Next, observe that for any ¢ < NV, using Holder’s inequality at the third line,

0,018 L TGSk — Skill® 2 &%)

P[rf <00, m <00, ISk — Skl? 2 5] S

i+1

2 Y
29) 1 ki 9 1-5/2
S 7= 3 E[GE)L{ISk, - Sul® 2 5]

Jj=ki

kiy1 3/4

1 1 1 §/2]1/4

< E|— 0 P : 2>
S\ L Elrmm] ) Pl sz

(2.5 1-6
<) K 1 Y <1>
~ 3/2\[ 56/16 Nk’

by choosing again €, > k'~¢, with ¢ small enough. Similarly, one has using
Cauchy-Schwarz,

kiin 9 5/2
i 52 Si) LISk = Sk I° = ke "}
P|:T1 < 00, Ty < 00, HSk-_Skl+1||2 / :| Z]E ]_—’—HS]:‘l‘
kit1 1/2 1-4
1 1 € 1 1
S E |G(S))E [ S ] P <> ‘
el Z,; P TsE ]| S e o\

As a consequence, using also Theorem 2.1, one has for ¢ < N, and with
€= FKip1 — ki,

P[ri < 00, T2 < o0

=Y Y p@Pos [Ree RO # 2.5 = ] priy (= - )W*”O(le)

TELY |22 <key/?

1-6/2
lyl2<e; ™

5 3 1
= Z Z pk‘i(x)]P)O,(E |:Roo N R[O,E] #+2,5 = y:| Dh—k; ( )¢x+z +o0 (Nk)
€L |yl2<e,

212 <hed/?

= > pu(@)Pos [Reo NRI0A) £ 8] i, ()pas +0 < le>

x,2€75



CAPACITY OF THE RANGE IN DIMENSION 5 87

Moreover, Theorem 7.1 yields for any nonzero x € Z°, and some v > 0,

(8.34)

l
log(1 + [|z])
PM[R N R0, z]?s@} Z (z+5)) +O(HwH(HwHA£)“>'

Note also that for any ¢ € [0, 1],

>, A - =E[ ! } <1
razs LT T L+ S+ 18D ~ VBTV

and thus

1
Z Z 1+ ”xH1+spk_ki(z)<pI+z =0 (W) .

1=1 x,2€7Z5

In particular, the error term in (8.34) can be neglected, as we take for in-
stance § = v/2, and g > k'~¢, with ¢ small enough. It amounts now to
estimate the other term in (8.34). By (2.3), for any x € Z° and j > 0,

B(G(a + )] = Gy(x) = G(x) ~ Oy )

As will become clear the error term can be neglected here. Furthermore,
similar computations as above show that for any j € {k;,..., ki+1},

Y @G @i (2)parz = Y pi(@)G(@)pr—j(2)purz + 0 ( ]ék>
x,2€Z5 x,2€Z5

Altogether, and applying once more Theorem 7.1, this gives for some ¢y > 0,
(8.35)

S Bl <oom <ol = 30 EGSeatto(L) 0 3 B[S T (2).

i=1 J=¢€k J=¢€k

We treat the first terms of the sum separately. Concerning the other ones
notice that by (7.3) and Donsker’s invariance principle, one has

R R REYRCTT D

e ) e (8)
7 - |4 -
ké Bl e B o\k)
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with (8s)s>0 a standard Brownian motion, and ¢5 > 0 the constant that
appears in (7.3). In the same way, one has

N . Lnk] 1
P[r{ < o0] - < = E[G E|l——Fss
2Pl <ocl Flm <ol = 3, EIG(S) el

“ [ e (] e ) o (8)
+k/n ElmarE B ) e relE)

with the same constant co, as in (8.35). We next handle the sum of the first
terms in (8.35) and show that its difference with the sum from the previous
display is negligible. Indeed, observe already that with xx := k/(neg),

Has)1{)1s] = n/4vE) G(SHLLSk] > VExe}] _ nt/
JZ;,CE 1+ J(Sk) ]+E[ 1+ J(Sk) ]5 k-

Thus one has, using Theorem 2.1,

(8.36)
Lnk]
3 e[| e = [ |

Lmk]

(o G z) B B 1/4 1/4
< Z Z pﬂ()()‘pk_j(z_x)—i-pk_j(z—kx)—Zpk(z)}+77k§77k.
1+ 2]
J=ek ||z <VEx
uzugnl/‘*ﬂ

Define now for s € (0, 1],

1 1 1
Hy:=E| —— | -E E .
[!/BSHW&II] Llﬂslli”} [Hﬁl”]

Let fs(-) be the density of 5 and notice that as s — 0,
H, = fs(@) fi—s(y) da dy _/ fs(@) f1(y) dz dy
R

rs Jrs [l2]*]lz + s Jrs [lz]Pllyl

1 fl(x)f1<y)< | | )
83/2/Rs w2l \vI—s+aval wl) &Y

o @AW [ (1, 22 | (@) e
=aa [ Tl {<z+2\yu2+ Tl )”0(53/2)}“@‘@*0(”’

with ¢ > 0. Thus the map s — Hj is integrable at 0, and since it is also
continuous on (0, 1], its integral on this interval is well defined. Since n can
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be taken arbitrarily small in (8.33) and (8.36), in order to finish the proof
it just remains to show that the integral of Hy on (0, 1] is positive.

To this end, note first that 81_5 := 81 — Bs is independent of 3. We use
then (8.31), which implies, with ¢ = E[1/|51]|%],

1 1 1
E [] _E [ _ ] >R
1811161 181131185 + Bisll 1813 184112 + 1Bl

5, 5,2
46

_ -
= dr du
83/2 / / \/sr (1 —s)u?

w2

_7 e~
583/2/ / \/57“2 (1— s)u? dr du.

We split the double integral in two parts, one on the set {sr? < (1 — s)u?},
and the other one on the complementary set {sr? > (1 — s)u?}. Call respec-
tively I} and I? the integrals on these two sets. For I}, (8.32) gives

l\D

1—3

Su 7‘2
ule T re 2 drdu
S_\/l—S/ /

1-s

o0 u2 S u 3 7‘2
—_— ue~ 2z r’e” 2 drdu
e A

_2(1— %) s> s  2-s5-—5

V1-—s +\/l—s_\/l—s_ Vi—s

For I? we simply use the rough bound:

1 oo 0 2 w2
2> / / e 2zu'e 2z 3 ]_{37"2 > (1 — S)U,z}dT’ du,

which entails

L |
[fros o[ 50 ([, 3e) o
uc4r

—1</ rzezdr> —1</Ooer22dr>2—7r >1
V2 \Jo V2 \Jo 2v/2 ’

where for the last inequality we use V2<3 /2. Note now that

1 1] 24
B [Hw] B [HBHJ = 5
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and

171 1 2

I; -2 _3/2 9 s 3s
/083/2ds>/05 (2—8—8)(14—54‘?)—2 ds

1

3 . Tam. 3 1 7 3 134

= [ Cysa! Sy ds = (-4 44 Dy= 00

/0(4\/§+88 e =-G gt ) T T

Altogether this shows that the integral of H, on (0,1] is well positive as
wanted. This concludes the proof of the lemma. O

REMARK 8.6. The value of H; can be computed explicitely and one can
check that it is positive. Similarly, by computing the leading order term in
I2, we could show that Hj is also positive in a neighborhood of the origin,
but it would be interesting to know whether H, is positive for all s € (0, 1).

8.4. Proof of Lemma 8.4. We define here
1 :=inf{n >0: Sé € Rlek, k—ek]}, 2 :=1inf{n > 0: Sk—i—STzL € Rlek, k—ek},

with S' and S? two independent walks, independent of S. As in the previous
lemma, we omit the details of the fact that

k

Then we define N := |(k — 3¢)/e] and let (Tf)izlw_,N be as in the proof
of Lemma 8.3. Define also (7’5)1:1 ~ analogously. Similarly as before one
can see that

Cov(Zypa, Zihs) = p* - Cov(L{r < 00}, 1{m < c0}) 40 <1> .

N N
. , 1
(8.37) Plr < 00,73 < 0] = Z:Z:]P’[Tlz < 00,75 < 0]+ 0 (k) .
i=1 j=1

Note also that for any ¢ and j, with |i — j| <1, by (2.6) and (2.9),
' 2(1-6)
Plri < o0, 7 <00l = O | —g b |,
1 2 (kf’”(k — k)2

so that in (8.37), one can consider only the sum on the indices i and j
satisfying |i — j| > 2. Furthermore, when i < j, the events {7{ < co} and
{rJ < o} are independent. Thus altogether this gives

Cov(1{r < oo}, 1{me < o0})

N-2 N 4 . . , 1
_ Z Z <}P’[Tf < 00,745 < o] — P[] < oo|P[13 < oo]) +o <k3) .

i=1 j=i+2



CAPACITY OF THE RANGE IN DIMENSION 5 91

Then by following carefully the same steps as in the proof of the previous
lemma we arrive at

Cov(1{r < oo}, 1{r < 00}) = / 78 dt+o< )

with ¢ > 0 some positive constant and,

~ ¢ 1 1 1
Ht"/o(E{nﬁs—mn&nﬁm]‘ [Hﬁs M'E{nﬁtw])d&

at least provided we show first that H, it is well defined and that its integral
over [0,1] is convergent. However, observe that for any ¢ € (0,1), one has

with ¢ = E[|| 817,

/t [ 1 ]E[ 1 }(f/t 1 d72q2(1—\/ﬁ)
18s = Bull® 1BIE] ~ B2 )y 0—spr ™ sryi—t

and therefore this part is integrable on [0, 1]. This implies in fact that the
other part in the definition of H, is also well defined and integrable, since
we already know that Cov(1{r < oo}, 1{m < co}) = O(1/k). Thus it only
remains to show that the integral of H, on [0, 1] is positive. To this end, we
write /Bt = /85 + Vi—s, and Bl = Bs + V—s + 61—75; with (7u)u20 and (5u)u20
two independent Brownian motions, independent of 8. Furthermore, using
that the map z ~ 1/||z||? is harmonic outside the origin, we can compute:

I, —E l:l{H/Bs” > |lye—sll > ||51—t||}} _E [l{Hﬁs\ > [|ye—sll > ||51—t”}]
1Bs = Bl - 1Bell [Ye—s + 0121 - (1851
_ ¢ E L{{[ve=sll = 61—} [ Te—grQ dr| = q E [l{H% sll > 1101 —¢|l} _i||% S|I? ]
53/2 [Ye—s + 0[P Sl 53/2 [[e—s + 11
¢ g [ Lol = 191-ell} 5 o2 5q” o Ea(ytms
_ E[ | - P g e Ir2HEES) o
3/2 3 3/2(+ _ &\3/2 161 —¢ll
53/ [ve—s| s3/2(t — 5)3/ Lt
2, oo
R G D= L A / O e = I S Gl
Vs(t —s)3/2t Vs(t — s)3/2t tAS/2
with

A=t(1-t)+st—s)=1—-1t)t—s)+s(1l—s).
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Likewise,
Iy = E [l{HﬂsH > |1y—slls |?|’51—t|| ? ||’Yt—s||}:| _ 4 [l{H%—s” < ||51—3t||}6255||%_s2]
1Bs = Bl - [ Bel 53/2 [Ye—s + 01—¢]]
_ 4 L{[[ye—sll < N101—ell} =D ve—sl? | — 5q2 — 2 lye—sl? > _5y2
=t [ 1614 c" B WE ¢ AN
Vit
@ g [e—%\msn?(gﬁ)} _ ?s(1-t)
$3/2(1 — )3/2 A5/2
Define as well
Iy = E [l{lﬁs\l < [lye—sll < ||51t||}]
1Bs = Bull® - 11 8e]? ’

— [l < IBs]l < H%—sH}] - [l{HﬂsH < Jl61—]l < H%—SH}]
Iy :=E Is :=E :
! [ 18s = Bull - 11Bel? o 18s = Ball® - [1Bell®

Note that by symmetry one has

/ I dsdt:/ I3dsdt, and / I4d8dt:/ Is ds dt.
0<s<tL1 0<s<tL1 0<s<t<L1 0<s<tL1

Observe also that,

2
_ 75
L+ 1= A2
Moreover, using symmetry again, we can see that
t
s—1/2
———ds =0,
0 A2
and thus
t @ [t1
/O<11+I2)d3:2/0 mds
Likewise,

2 AV 1 2 _
/ Ildsdt:/ qs(tg);)dsdt:/ %Ms)dsdt
0<s<t<1 0<s<t<1  tAD/ 2 Jo<s<i<1  AY/

2 2 2
(1= t)(t = s) / t(l—1t) / q
= dsdt = — 2 dsdt = ———dsdt.
/ogsgtgl 2A5/2 o<s<t<1 AAD/? 0<s<t<1 6A3/2

It follows that

2 2
/ (I, + I + I3) ds dt = q/ A=32 ds dt.
0<s<t<1 3 Jo<s<i<i
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We consider now the term I, which is a bit more complicated to compute,
thus we only give a lower bound on a suitable interval. To be more precise,
we first define for » > 0 and A > 0,

F(r) ::/ 546*552/2(13, and  Fy(\,r) ;:/ F(/\8)84e*552/2d5,
0 0

and then we write,

1 [l < 151 < bl :5q.E[1{r|ﬁT’||Zt<s|’rzt A (1L)]
= |pem (A )| - | S ()

I P (V) g [ (V)]

S (t—s)3 V11—t

<

(s | 832 VI—t

o0 {<t—8>3/%( VI8 e g OIS [T (VS
0 0

using that
1
Fy(\,r) < cr'F(wr)(1— e 512y,

Therefore, if t/2 < s <,

(5q)3 o0 3 t_s _5r2t
142[8(75—8)]3/2/ r°F (r T e 2s dr

_ (50’5 TS (r s(t — 3)) o512 g

t2(t — 8)3/2 Jo

- 92.52 3\[ ( /s(t S)) eing: 2-5q383(t—s) /oor4 __5r2A

e 2t(-t) dr

~ 2t )32 t1—1) t2[t(1 — )]>/2
_20%5°(t—s) _ q*s(t—>s)
- t2A5/2 = 2A5/2 ’

and as a consequence,

7 s(t — s)
Iydsdt > Iydsdt > — =73 ds dt
0<s<t<1 t/2<s<t<1 2 Jijp<s<i<1 A A2
2 2
q s(t —s) q ~3/2
= = dsdt = A ds dt.
4 /0<s<t<1 A5/2 12 Jo<s<i<1
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Putting all these estimates together yields

5

1 5
E dsdt = / Idsdt > = / A—32 ds dt.
/0<s<t<1 [\/35 — - H/BtH?’] ; 0<s<t<1 6 Jo<s<t<i
Thus it just remains to show that
—3/2 6 AN—3/2
(8.38) A dsdt > — A dsdt,
0<s<t<1 5 Jo<s<t<i

where A := (1 — s). Note that A = A + (¢ — s)2. Recall also that for any
a € R, and any z € (—1,1),

(8.39) (1+2)" = 1+Za(a_1)"lf,(o‘_i+1)xi.
i>1 ’

Thus

A3/2  A3/2 k! Ak

; . 1+Z(3/2)(5/2)-~-(k+1/2) (t — 5)2k

k>1

One needs now to compute the coefficients C}, defined by

Cp e B3/D/2). (it 1/2)/ (s
0

k! <s<t<1 AkRF3/2

We claim that one has for any k& > 0,
92k+2

(8.40) Cy = 1

(—1)Fxy,

with X9 =1, and for £ > 1,

Jk+1/2)(k—1/2)...(k—i+3/2)
il '

2k
S 143 )
=1

We will prove this formula in a moment, but let us conclude the proof of
the lemma first, assuming it is true. Straightforward computations show by

(8.40) that

2 3
00:4, Cl:g’ and CQZE,

and Cp + C1 + Cy > 6Cy/5, gives (8.38) as wanted.
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So let us prove (8.40) now. Note that one can assume k > 1, as the result
for k = 0 is immediate. By (8.39), one has

(-5t 14y (k+3/2)(k:+5/3!) kit 1/2)

i>1

Thus by integrating by parts, we get

[ L D% ey BHID - A1)
0

1 — s5)k+3/2 e (2k +i+ 1)! ’
and then
(t —s) E+3/2)...(k+i—1/2
//t’f+3/21—sk+3/2d8dt:(2k)!§( /(Q)k—i—z('—i—l)! &)
As a consequence,
2R (3/2)(5/2) ... (k+i—1/2)
k! ; (2k+1i+1)!
B (2k)! ((k+1/2)(k —1/2)...(=k — i+ 1/2)]
(k+1/2)(k—1/2)...(3/2)(1/2)% - k! Z (2k 4+ +1)!

_ 2%k2 ](k+1/2)(k—1/2)...(—k:i+1/2)]
_2k:+1i>0 (2k+1i+1)! ’

and it just remains to observe that the last sum is well equal to . The
latter is obtained by taking the limit as ¢ goes to 1 in the formula (8.39) for
(1 — t)*+1/2, This concludes the proof of Lemma 8.4. O

REMARK 8.7. It would be interesting to show that the covariance be-
tween 1/||8s — B1||> and 1/||3¢||? itself is positive for all 0 < s < ¢ < 1, and
not just its integral, as we have just shown.

9. Proof of Theorem B. The proof of Theorem B is based on the
Lindeberg-Feller theorem for triangular arrays, that we recall for convenience
(see Theorem 3.4.5 in [Durl0)):

THEOREM 9.1 (Lindeberg-Feller). For each n let (X,;: 1 <1i <n) be
a collection of independent random variables with zero mean. Suppose that
the following two conditions are satisfied
1) >, IE[X?”] — 02> 0 asn — oo, and
(i) Y0 E [(Xn,0)21{| Xn,i| > €}] = 0, as n — oo, for all e > 0.
Then, Sp = Xn1 + ...+ Xpn = N(0,02), as n — oo.
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In order to apply this result, one needs three ingredients. The first one is
an asymptotic estimate for the variance of the capacity of the range, which
is given by our Theorem A. The second ingredient is a decomposition of the
capacity of two sets as a sum of the capacities of the two sets minus some
error term, in the spirit of the inclusion-exclusion formula for the cardinality
of a set, which allows to decompose the capacity of the range up to time n
into a sum of independent pieces having the law of the capacity of the range
up to a smaller time index, and finally the last ingredient is a sufficiently
good bound on the centered fourth moment.

This strategy has been already employed successfully for the capacity of
the range in dimension six and more in [ASS18] (and for the size of the
range as well, see [JO69, JP71]). In this case the asymptotic of the variance
followed simply from a sub-additivity argument, but the last two ingredients
are entirely similar in dimension 5 and in higher dimension. In particular
one has the following decomposition (see Proposition 1.6 in [ASS19]): for
any two subsets A, B C Z¢, d > 3,

(9.1) Cap(AU B) = Cap(A) + Cap(B) — x(4, B),

where x(A, B) is some error term. Its precise expression is not so important
here. All one needs to know is that

X(A,B) <3Y > Gla,y),

z€AyeB

so that by [ASS18, Lemma 3.2], if R,, and R, are the ranges of two inde-
pendent walks in Z°, then

(9.2) E[x(Rn, Rn)*] = O(n?).

We note that the result is shown for the simple random walk only in [ASS18],
but the proof applies as well to our setting (in particular Lemma 3.1 thereof
also follows from (2.9)). Now as noticed already by Le Gall in his paper
[LG86] (see his remark (iii) p.503), a good bound on the centered fourth
moment follows from (9.1) and (9.2), and the triangle inequality in L*. More
precisely in dimension 5, one obtains (see for instance the proof of Lemma
4.2 in [ASS18] for some more details):

(9.3) E [(Cap(Rn) - E[Cap(Rn)})4 = O(n?*(logn)?).

Actually we would even obtain the slightly better bound O(n?(log n)?), using
our new bound on the variance Var(Cap(R,,)) = O(nlogn), but this is not
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needed here. Using next a dyadic decomposition of n, one can write with
T := |n/(logn)*|,

[n/T|
(9.4) Cap(R Z Cap( R(Z — Ry,

where the (Rg))izo,...,n /7 are independent pieces of the range of length either
TorT+1, and

-

L 2%~
2 2i+1
Ry = Z X(R;/QHREL/;} ),
(=1 i=0
is a triangular array of error terms (with L = logy(logn)?*). Then it follows
from (9.2), that

2t—1 I, 2¢-1
(24) 2'L+1 (24) (2i+1)
Var(R <LZVar > xRE) RES <LZZVar( X(REDRE, ))
i=1 (=1 i=1

= O(LQn) = O(n(loglogn)?).

In particular (R, —E[R,])/v/nlogn converges in probability to 0. Thus one
is just led to show the convergence in law of the remaining sum in (9.4). For
this, one can apply Theorem 9.1, with

Cap(R{) ~ E |Cap(RY)|
vnlogn '

Indeed, Condition (i) of the theorem follows from Theorem A, and Condition
(ii) follows from (9.3) and Markov’s inequality (more details can be found
in [ASS18]). This concludes the proof of Theorem B. O

Xn,i =
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