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Abstract

We construct rational solutions of order N depending on 2N — 2 parameters. They can
be written as a quotient of 2 polynomials of degree 2N (N + 1) in , t and 4N (N + 1) in
y depending on 2N — 2 parameters. We explicitly construct the expressions of the rational
solutions of order 4 depending on 6 real parameters and we study the patterns of their
modulus in the plane (z,y) and their evolution according to time and parameters a1, as,
as, bl, bg, b3.

PACS numbers :
33Q55, 37K10, 47.10A-, 47.35.Fg, 47.54.Bd

1 Introduction

Johnson introduced a new equation in a paper written in 1980, [1] to describe waves surfaces
in shallow incompressible fluids [2, 3]. This equation was later derived for internal waves in a
stratified medium [4]. The Johnson equation is a dissipative equation and there is no soliton-like
solution with a linear front localized along straight lines in the (x,y) plane. We consider the
Johnson equation (J) in the following normalization

(ug + 6uty + Ugge + 2%)95 — 3% =0, (1)
where as usual, subscripts x, y and ¢ denote partial derivatives.
Johnson constructed the first solutions in 1980 [1]. Golinko, Dryuma, and Stepanyants found
other types of solutions in 1984 [5]. A new approach to solve this equation was given in 1986 [6]
by giving a connection between solutions of the Kadomtsev-Petviashvili (KP) [9] and solutions
of the Johnson equation. Another types of solutions were obtained by using the Darboux
transformation [7]. More recently, in 2013, extension to the elliptic case has been considered [8].
In the following, we recall that the solutions can be expressed in terms of Fredholm determinants
of order 2N depending on 2N — 1 parameters. They can also be given in terms of wronskians of
order 2N with 2N — 1 parameters. These representations allow to obtain an infinite hierarchy of
solutions to the Johnson equation, depending on 2N — 1 real parameters. We use these results
to build rational solutions to the equation, making go a parameter towards 0.
Here we construct rational solutions of order N depending on 2N — 2 parameters without the
presence of a limit.
That provides an effective method to build an infinite hierarchy of rational solutions of order N
depending on 2N — 2 real parameters. We present here only the explicit rational solutions of
order 4, depending on 6 real parameters, and the representations of their modulus in the plane
of the coordinates (x,y) according to the real parameters aj, b1, as, ba, as, bs and time ¢.



2 Rational solutions to the Johnson equation of order N
depending on 2N — 2 parameters

2.1 Families of rational solutions of order N depending on 2N — 2
parameters

We need to define some notations. First of all, we define real numbers A; such that —1 < A, <1,
v =1,...,2N which depend on a parameter ¢ which will be intended to tend towards 0; they
can be written as

Aj=1-26%2 Anyj=-X, 1<j<N, (2)

The terms &,,6,,7v, and z,, are functions of A\, 1 < v < 2N; they are defined by the formulas

R =2 /1= X & =rA, v = T
= (-, r =13 1 :—121/\5\/1—7@—41'(1—/\3),/1—@, 3)

— — _ 1
EN+j = Kjy  ONgj = =05, I =75,
Ty N4j = —Trjy, TN+ =T; j=1,....,N.

e, 1 <v < 2N are defined in the following way :

. 1/2M-1 - \2k+1 . 1/2M-1 - \2k+1
ej =21 Zk/:l ax(je) i k/:l bk (je) " )7
ents =2 (T e AN T e ) 1< <, )
ap,bp €R, 1<E<N.

€y, 1 <v < 2N are real numbers defined by :
Ejil, €N+j:0 1§]§N (5)

Let I be the unit matrix and D, = (djr)1<;k<en the matrix defined by :

dyy = (—1)% H <W’> exp(kyx + (H’)y — 20, )yt + diTt + . +€)). (6)
Yo — Vu 12
nF#u
Then we recall the following result® :
Theorem 2.1 The function v defined by
n(z,y, t)[°
t)y=—-2—1"""— 7
U(IL‘7y, ) d(l’, y7t)2 ( )
where
n(z,y,t) = det(I + Ds(z,y,1)), (8)
d(z,y,t) = det(I + Dy(z,y, 1)), (9)
and DT = (djk)lgj,kSQN the matriz
dyy = (=1) H (W) exp(k,x + (@ — 20, )yt + diTt + 0, +€,). (10)
Yo — Vu 12

n#p

is a solution to the Johnson equation (1), depending on 2N —1 parameters ay, bp, 1 <k < N—1
and €.

1The proof of this result is submitted to a review



We recall another result on the solutions to the Johnson equation obtained recently by the
author in terms of wronskians. We need to define the following notations :

¢ry =8i00,,, 1<v<N, ¢, =cos0,,, N+1<v<2N, r=13, (11)
with the arguments

Oy, = = (=Y 4§, )yt —iT2 4 21t + pw — %, 1< v <2N. (12)

We denote W, (w) the wronskian of the functions ¢, 1, ..., ¢r2n defined by

Wr(w) = det[(aﬁ;_lqsr,u)u,,LLE[L...,QN]]~ (13)

We consider the matrix D, = (dyu)u, uef1,...,2n7 defined in (10).
Then we have the following statement :

Theorem 2.2 The function v defined by
o [Wa(ds.1, .., b32n5)(0)]
(Wi(d11- -, 612v)(0))°

is a solution to the Johnson equation depending on 2N — 1 real parameters ay, by and €, with

@7 defined in (11)

v(z,y,t) =

G = sin( =4 +i( =5 + 6, )yt — iT5 + 21t + pw —i%), 1< v <N,

Grp = cos(% +i(=5E + o)yt — i + 2t +w —i%), N+1<v<2N, r=13,

HV; (51/7 x’l‘,u: ’YV7 €y belng deﬁned Zn(‘?)} (2) a’nd (4)

From those two preceding results, we can construct rational solutions to the Johnson equation
as a quotient of two determinants.
We use the following notations :

X, = *“;”‘T i( 754”1’ +0,)yt — ix;’” + 27t +pw — Z%”
Yy = 22 (O gyt — i ot — i

for 1 <v < 2N, with x,, ,, 2, defined in (3) and parameters e, defined by (4).
We define the following functions :

o 45—1 . A
Cajr1,k =Y, sSin Xy,  @Qajrok =7y, cos X, 14
_ it x PP (14)
Paj+3.k = 7, SID Xk,  Qajyak = —7, ~ COS Xk,
for 1 <k <N, and
_ _2N-—4j-2 X - AIN-4j-3 .y
Paj+1,N+k = Vg, COSAN+E;, Paj+2,N+k = Vg SN ANtk 15
_ 2N —4j—4 X — AN E Gy (15)
P4j+3,N+k = — Vg COS AN+Ek, Paj+4,N+k = Vg SIN ANk,

for 1 <k <N.
We define the functions 1; for 1 < j < 2N, 1 <k < 2N in the same way, the term X, is only
replaced by Yj.

4i-1 . 45
Yajr1e =7, sinYy, i =7, cosYy, (16)
T IS Y 4t
Vaji3k = =Y, SinYr, Yajyar = —y, ~ cos Yy,
for 1 <k < N, and
IN—4j—2 IN-4j—3 .

Yajei Nk =V CosYNik, VajroNik =V, sinYnig, 17
_ L aN—4j-a oy _ N5y (17)

Vaj 13, N1k = —V; CoS YNk, Vajra,N+k =V sin Yk,



for 1 <k < N.

The following ratio
W3(0)
W1(0)

q(z,t) ==
can be written as

Az det(@jr)j,ke1,2n]
Ay  det(¥) k) kep 2N

qlx,t) = (18)
The terms \; depending on € are defined by \; = 1 — 2je2. All the functions ¢, and v, and
their derivatives depend on e. They can all be prolonged by continuity when € = 0.

We use the following expansions

N—-1 1

82l i
Pik(@ .t e) =) it HE R + 02N, pall] = ngl’l($7y,t,0)7
1=0

0ial0] = ja(e,y,6,0), 1<j<2N, 1<k<N, 1<I<N-1,
N—-1

¢jN+k(T, Y.t €) = Z vl [k +O0(Y),  pjn4ll] =
=0

cpj7N+1[O]:gpj7N+1(x,y,t,O), 1<j<2N, 1<k<N, 1<I<N-1

82l90j,N+1 (

862l x?y? t70)7

We have the same expansions for the functions v ;.

2

(20)!

7/1y,1[0]:1/13,1(33vyat70)7 1S]S2Na 1SkSNa 1SZSN_1a

anij
Oe2!

i [R + 0(eN), ] = (z,y,t,0),

1/)j,k($7 Y, tv 6) =
l

I
<

- 1 21 21 2N O?; Ny
binir(z te) = @ Vi n+1[lE7 e + O(e™), Nl = W(%yﬂ%o),
1=0

Yynel0] = Yy (2,1,0), 1<j<2N, 1<k<N, N+1<k<2N.
Then we get the following result :
Theorem 2.3 The function v defined by
2

‘ det((njk)j,ke[LzN] )|

v(z,y,t) = — (19)

2
k)j,keu,zw])

is a rational solution to the Johnson equation (1), where

. 9%k~
njl = @j,l(xayato)’ 1 S J S 2N n]k = Ww(xakyvtao)a
) 52k—2,
NiN+1 = Spj,N+1(x7yat70)7 1 S J S 2N n]é\f—‘rk - %(l‘ayatvo)a
) §2k—2,,
djl = wj,l(xvyatao)v 1 S J S 2N d]k = &T%J(x7yat70)7 (20)

2k-2
djN+1 = ¢j,N+1(x7y7taO)) 1 S.] S 2N djN-‘rk = %(xayvtaox
2<k<N,1<j<2N

The functions ¢ and ¢ are defined in (14),(15), (16), (17).

Proof : In each column k (and N + k) of the determinants appearing in ¢(x,t), we can suc-
cessively eliminate the powers of € strictly inferior to 2(k — 1); then each common term in the
numerator and denominator is factorized and simplified; in the end, we take the limit when €
goes to 0.

First of all, the components j of the columns 1 and N + 1 are respectively equal by definition to



©;1[0] + 0(e) for C1, pjn41[0] + 0(¢) for Cny1 of Az, and v;1[0] + 0(e) for C1, ¥jn1[0] + 0(¢)
for Cy,, of Ay.

So we can replace the columns Cy by Cy, —C7 and Cy 4 by Cnikx—Cny1 for 2 < k < N, for Ag;
the same changes for A; are made. Each component j of the column Cj of Ajz can be rewritten
as Yo" ﬁ%,l[l](kﬂ —1)e? and the column Cyy, replaced by S0 7" ﬁ(pj,N_H[l}(le -
1)e2 for 2 < k < N. For A;, we make the same reductions, each component j of the col-

umn Cj, can be rewritten as leizl ﬁz/}j,l[l}(k:zl — 1)€?! and the column CY, replaced by

i (R = 1)e? for 2 <k < N.

The term %62 for 2 < k < N can be factorized in Az and A; in each column k& and N + k |
and so those common terms can be simplified in the numerator and denominator.

If we restrict the developments at order 1 in columns 2 and N +2, we respectively get ¢;1[1]4+0(¢)
for the component j of Cs, ¢jn11[1]+0(€) for the component j of Cnio of Ag, and 1 [1]+0(e)
for the component j of Cy, 1;n1[1] +0(¢) for the component j of C’y_ 5 of A;. We can extend
this algorithm up to the columns Cy, Caon of Az and Cly, Cp of A;.

Then we take the limit when € tends to 0, and ¢(z,y,t) can be replaced by Q(z,y,t) defined by

¢1,1[0] e11[N =11 ¢1,841[0] p1.N+1[N —1]
©2,1[0] 2,1 [N —=1] 2 n11[0] o, N+1[N —1]
Qla,y.t) = %021\1.,1[0} ¢2N,1[N —1] 902N,]\'/+1[0] (PQN,NJri[N —1] e
¥1,1[0] Y1a[N =1 P1,§41[0] Y1n41[N —1]
2,1[0] Pa1[N —1] 9o n41[0] Yo, Ny1[N — 1]
1/}2]\7.,1[0] 1/J2N,1[N —1] 7/}2N,]\.7+1[0] w2N,N+i[N —1]

So the solution to the Johnson equation takes the form :

U(x7 Y, t) = —2@(.13, Y, t)

and we get the result. O

3 Explicit expression of rational solutions of order 4 de-
pending on 6 parameters

We explicitly construct rational solutions to the Johnson equation of order 4 depending on 6
parameters.

Because of the length of the expression, we only give the expression without parameters in the
appendix.

We give patterns of the modulus of the solutions in the plane (z,y) of coordinates in function
of the parameters ay, as, as, by, ba, bz, and time t.



Figure 1. Solution of order 4 to (1), on the left for ¢ = 0; in the center for t = 0, as = 10%; on
the right for t = 0, a; = 103; all other parameters not mentioned equal to 0.

Figure 2. Solution of order 4 to (1), on the left for t = 0,01, a; = 10?; in the center for
t = 0,01, ag = 10; on the right for ¢ = 0,01, b; = 10; all other parameters not mentioned equal
to 0.

Figure 3. Solution of order 4 to (1), on the left for ¢t = 0,1, a; = 10?; in the center for
t=0,1, by = 10; on the right for t = 0,1, as = 10%; all the other parameters to equal to 0.
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Figure 4. Solution of order 4 to (1), on the left for t = 1, ay = 10%; in the center for t = 10,
a; = 102%; on the right for ¢t = 10, a; = 103; all the other parameters to equal to 0.

In these constructions, we note that the initial rectilinear structure becomes deformed very
quickly as time ¢ increases. The heights of the peaks also decrease very quickly according to
time ¢ and of the various parameters. Because of the structure of the polynomials, one notices
that the modulus of these solutions tend towards value 2 when time ¢ and variables x and y
tend towards the infinite.

4 Conclusion

From the previous results giving the solutions to the Johnson equation in terms of Fredholm de-
terminants and wronskians, we succeed in obtaining rational solutions to the Johnson equation
depending on 2N — 2 real parameters. These solutions can be expressed in terms of a ratio of
two polynomials of degree 2N (N + 1) in z, ¢ and 4N (N + 1) in y. That gives a new approach
to find explicit solutions for higher orders and try to describe the structure of those rational
solutions.

In the (z,y) plane of coordinates, different structures appear.

It will be relevant to go on this study for higher orders to try to understand the structure of
those rational solutions.
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Appendix : Because of the length of the complete expression, we only give in this appendix
the explicit expression of the rational solution of order 4 to the Johnson equation without pa-
rameters. They can be written as

v(z,y,t) = —2% with n(z,y,t) = A(z,y,t)+iB(z,y,t), d(z,y,t) = C(z,y,t)+iD(x,y,t)
with

A(.’E,y7t) = Ziozo ak(yvt)xkv B(m,y,t) = iO:o bk(yvt>xk7 C(xvyvt) = Zi():() Ck(y,t)fbk, D({I,'7y7t) =
0.

ago = 3833759992447475122176, ajg = (6389599987412458536960 y2+1840204796374788058644480)t, ajg = (5058433323368196341760 y*+
2760307194562182087966720 y2 + 419566693573451677370941440)t2 4 28753199943356063416320, ai; = (2529216661684098170880 yb +
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