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Abstract

The ability of a single piezoelectric patch with a single negative capacitance
shunt for the multimodal vibration damping is used in this work to drastically
reduce the acoustic radiation of a vibrating plate. With a geometry fixed, the
elastic properties can be controlled using the resistance and the negative ca-
pacitance of the shunt: using a value of the negative capacitance close to the
instability domain of the circuit, the stiffness can be placed in the softening
region of the system, while the resistance tunes both the stiffness and losses.
By means of an optimal design, several modes with non-zero electromechanical
coupling factors can be simultaneously damped. As a consequence at these fre-
quencies the acoustic radiation of the plate is drastically decreased. The results
open prospects to tackle the vibration and acoustic problems in an industrial
context.

Keywords: Acoustic radiation suppression, Vibration damping, Negative

capacitance
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1. Introduction

The design of lightweight materials with robust mechanical properties and
reduced acoustic radiation is a scientific and technological challenge in several
fields as in automotive, aerospace or naval industries. While lightweight struc-
tures could considerably reduce the environmental impacts, their reduction of
mass inevitably leads to acoustic and vibration issues. Therefore, vibrations
damping and in particular the suppression of the sound radiation from struc-
tures with lightweight absorbers is a relevant topic of increasing interest.

Different possibilities have been proposed to damp vibrations. For instance,
tuned mass dampers [I], locally resonant phononic crystals [2], pillar-based
phononic crystals [3, 4], or phononic crystals composed by piezoelectric or
piezomagnetic materials [5, [6l [7]. However, systems using piezoelectric shunted
damping circuits [} [0, 10, 011 12} 13}, 14}, 15l 16l [17], introduce small additional
mass with a high tunability by only adjusting the properties of the shunt. The
pioneering work of Hagood and von Flotow [9] showed how a single shunted
piezoelectric patch acts as a vibration absorber at a single frequency. The
most used shunts are the resistive (single resistance) and the resonant (resis-
tance and inductance in series) ones [I0]. Numerous works have been published
[18] 19}, 20, 21] that present analysis of the capability and efficiency of a single
shunted piezoelectrical patch for structural stabilization and wave cancellation
at a single frequency. Extensions have been developed to design more complex
shunting circuits to extend the effectiveness over broader frequency bands, using
for example the multimodal shunts [I1], 12} 22] 23] 24]. Periodic distributions
of such piezoelectric shunted patches have also been proposed. Applications to
mitigate vibrations in a beam [25], [26] or a plate [13] over broad frequency bands
as well as to control the wave propagation in a thin plate [I4] have been studied.
Other methods of broadband suppression include state switching [27] 28] 29] or
synthetic impedance [30] among others.

Recently, shunt circuits with negative capacitance are receiving increasing

interest due to their ability for improving the vibration control [311, [32] [33] [34]
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30, [36]. Specially, attenuation performance of the shunt can be significantly
increased [32, 37]. This kind of systems increases the value of the effective
electromechanical coupling factor (EEMCF), resulting in better attenuations
[33]. However, the active nature of such electromechanical systems leads to re-
gions of instabilities described by De Marneffe and Preumont [32]. It is worth
noting here that the closest the circuit is to the stability limit, the highest vibra-
tion attenuation performance appears if the structure is in the softener domain
[33,137]. It is worth noting here that the "softener” and the ”stiffening” domains
are expressions which can be used in the vibration damping terminology with
piezoelectric patches shunted with a negative capacitance circuit [38] [39]. The
first domain denotes the region in which the stiffness decreases producing a shift
to the low frequencies of the eigenfrequencies. The second domain corresponds
to the opposite phenomenon.

When sound radiation is considered, the control of the vibration components
which radiate sound most efficiently is crucial for the reduction of the radiated
sound. In this sense, noise control techniques are often focussed on reducing the
amplitudes of vibration by either including damping treatments or using struc-
tural modification to mitigate the sound radiation. Passive solutions to tackle
the radiation problem have been used [40}, [4T], [42], however, these approaches
tend to be efficient only for high frequencies and they lead to a significant mass
increase. There is also a large interest for noise reduction systems based on
piezoelectric shunts [43] 44] [45] [46], (47, (48], [49]. These systems are likely to com-
pensate the lack of efficiency of passive methods and usually add less mass to
the overall system.

In this work, we use a single piezoelectric patch with a negative capacitance
shunt, working close to the instability domain in order to show the possibility
to damp simultaneously different modes of an aluminum square plate and re-
duce its acoustic radiation. To do that we use the concept of the multi-mode
damping by means of negative capacitance controller (already introduced by
[33, 37]) to propose a general procedure to obtain the optimal values of R and

Chreg that minimizes the vibrations of the system and the acoustic radiation in
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Figure 1: (Color online) (a) Top and (b) lateral schemas of the studied system: an aluminum
plate with a piezoelectric patch PZ26 with a negative capacitance shunt. Values of the physical

parameters are shown in the

terms of given objectives. In difference with the previous works we go further
and use this configuration to prove that the acoustic radiation is drastically
reduced by using these optimal values due to the fact that the kinetic energy of
the modes is reduced and therefore the power acoustic radiation is drastically
attenuated. The objective of this work is twofold: to investigate the effect of
the negative capacitance shunt on both the vibration a rectangular plate and
its sound radiation. Once the geometry is fixed, we choose a frequency range
in which several modes with non-zero EEMCF are excited. Then, the elastic
properties of the whole system can be controlled by tuning the resistance and
the negative capacitance of the shunt: by changing the negative capacitance,
the stiffness can be placed in the softener domain, close to the instability of the
shunt where better performances are predicted; the resistance is used to tune
the additional losses to reduce the vibration amplitude of the modes. Therefore
the sound radiation by the plate can be drastically reduced for these modes.
This work shows a procedure to obtain the values of the electrical components
of the shunt to simultaneously damp several modes of the system with a single

shunted patch, showing a strong reduction of the sound radiation. The problem
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is numerically solved and experimentally tested with good agreement.

2. Setup and governing equations

A schematic representation of the studied system is shown in Fig. [ Tt
consists of an isotropic aluminum plate with [ = 300 mm and A = 2 mm on
which a piezoelectric patch is placed in the center. The dimensions of the
ceramic piezoelectric patch PZ26 are [, = 50 mm and h, = 0.5 mm. The
electrodes of the patch are linked by a circuit in series with an impedance
Zsh = R+ 1/(jwChreq), where R represents the resistance and C., is the
capacitance of the shunt. We chose the series circuit because the damping
produced by this kind of circuit is bigger than the parallel one [33].

The dynamic behavior of this system is driven by the following partial deriva-

tive equations

pw(r,t) — Vo(r,t) =0, vrel, (1)
-VD(r,t)=0, Vrel, (2)

where p is the spatially dependent density, w(r,t) is the displacement vector,
o represents the spatially dependent Cauchy stress tensor and D the spatially
dependent electrical displacement. T' refers to the global system domain. The

piezoelectric material behavior is given by

o=CF(r)S —¢(r)E , (3)
D =c¢(r)S +e%(r)E , (4)

where E = —VV is the electric field vector, V being the voltage, C¥ the elas-
ticity tensor at constant electric field, e the piezoelectric coupling coefficients
tensor, S = 1/2[Vw!(r,t)+w(r,t)V?] the Green strain tensor (¢ in this expres-
sion is the mathematical transpose operation) and £ the dielectric permittivity
at constant strain. We take into account the electrical shunt, considering har-

monic excitation of the type e/, with another expression for the electric charge
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generated by the piezoelectric patch in the electrical circuit
q(w) = /z dt =i/(jw)=— | DmndS, (5)
Sy
where 7 is the current, n means the normal vector to the top electrode surface S;.
A potential V(w) = Zgp(w) jw q(w) is applied on the top electrode depending
on the total charge g(w) defined in Eq. (5).
The mechanical boundary conditions are considered free and the electrical

boundary conditions included in the formulation are

Vir,w)=0, Vresy,
V(r,w)=V(w), Vr e S, (6)
D.n(r,w) =0, Vr e S,

where Sy, is the grounded bottom area of the piezoelectric patch and S is the
lateral electrode area. The theoretical analysis of the system is done by solv-
ing these coupled equations with a Finite Element Method using COMSOL
Multiphysics® Software. We solve both the eigenvalue problem of the system
in order to have the modal response of the whole system as well as the forced
problem by introducing a point force source in the domain.

The acoustic radiation of the plate with the piezoelectric shunt can be cal-
culated theoretically from the total energy radiated to the far-field [50]. We
discretize the plate with I elements, therefore by using the Rayleigh method we
can calculate the radiated pressure over a semi-sphere of radius r discretized
with NV points. The pressure radiated by the plate to the n-th element of the
semi-sphere is given by

1 1kR;

e in
Ln—__k/700§4 w,i\ 4Ly dd7 q
P Z ‘ =1 271Ri,nv ,(-77 y) . ( )

where R;, presents the distance of the i-th element in the vibration plate to
the n-th element of the semi-sphere, v, ; is the point vibration velocity of the
i-th element at angular frequency w and k, pp and ¢y are the wavevector, the

density and the sound velocity in the air respectively. Therefore, the radiated
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power is calculated as

N 2
Wo =3 el oz i gagas, (8)

c
=1 Poco

3. Optimal capacitance and resistance

We start by making the modal analysis of the complete shunted electrome-
chanical system, which depends on the properties of the shunted circuit, i.e., on
R and C,.4. We will pay attention to a range of low frequencies where several
modes of the system coexist, here from 1300 to 2000 Hz. As shown in Fig. (a),
this system presents three modes in this region (mode A: 1550 Hz, mode B:
1710 Hz and mode C: 1960 Hz) with non-zero EEMCF defined by [10] [33]

w2 o —w?
kepri = ———a—", (9)

wsc,i

where woyc,; is the pulsation of the mode ¢ with the shunt in open-circuit case
and ws.; in short circuit case. Open-circuit condition is equivalent to applying
an infinite impedance Zs;, = oo, while the short circuit condition is equivalent
to applying a zero impedance Z,, = 0. To make an open circuit condition
with the numerical model, it is applied a V' =0 V condition only the grounded
electrode (Vr € Sy), and to make a short circuit condition it is applied a V =0
V condition on the both electrodes (Vr € S, and Vr € S;). This indicator
represents the level of controllability through the piezoelectric coupling. The
greater the coefficient the stronger the piezoelectric authority.

When this parameter is non-zero for a mode with the natural pulsation w;,
the displacement of this mode can be controlled [10, B3]. For these three modes
an optimal couple (R, Cheq) will be determined to simultaneously attenuate
their modal amplitudes.

Before starting our optimization procedure, we should analyze the instability
condition of the system in order to determine what are the limits of the physical
values for the Cy.y. We have revisited the instability condition following the

reference [32], [33]. There are two important capacitances to analyze in order to
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know the instability condition of the system. The first one is the capacitance of
the isolated patch, Cf = Sefs/h (where ei; = €33 .0, with g9 = 8.854 10712),
defined as the zero-frequency limit of the C),¢4 of the isolated patch; the second
one is the capacitance of the coupled system patch-plate, Cy, defined as the zero
frequency limit of the Cye4 of the coupled system. Figure [3[ shows the depen-
dence of the negative capacitance on the frequency. For the isolated system,
the Cg shows the instability limit of the isolated patch, while Cy shows the
instability condition of the coupled system. Then the instability condition of
the coupled system is given by |[Cheg| > Co. In our system C = 48.6 nF and
Cy = 42.7 nF are the obtained numerical values and therefore the instability
condition reads as |Cpeq| > 42.7 nF.

In a first step, we analyze the vibrational problem. By considering R = 0,
we study the dependence of the real part of the complex frequencies of the
modes (they are complex due to the structural damping, but with a very small
imaginary part) on the values of the negative capacitance (see Fig. b)) The
range of variation of C,c4 is chosen in the softener domain of the coupled system
and we chose Cpe, = —43 1072 F which is close to the instability region. The
instability |Cpeq] > Co condition is respected. The second step consists in
computing the real and imaginary parts of the frequencies of the modes with
Creg = —43 1079F for different values of the resistance R (in this case from 1
to 250 ). As soon as the resistance is introduced in the system, the eigenvalues
are complex due to the presence of damping in the system. Figure c), shows
the evolution of the damping parameter, £ = S(w;)/R(w;), for each mode as the
resistance increases (arrow direction in the different lines). For each mode, a
maximum value of the damping parameter, &,,4:, can be reached. Figure d),
following the left vertical axis, shows the dependence of the normalized damping,
defined as E; = &1 /&maw,1 (I = A,B,C) on R. Each mode presents a maximum
damping at different values of R in agreement with Fig. [c): R = 28.75 Q
for the mode A, R = 50 § for the mode B and R = 43.75 Q) for the mode C.
In order to reach a global effective damping of the three modes, a compromise

should be established: the value allowing to maximize the damping effect for
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Figure 2: (Color online) Numerical analysis of the modal response of the system. (a) Effective
electromechanical coupling factor of the modes. (b) Dependence of the eigenfrequencies of the
modes A (black continuous line), B (blue dot-dashed line) and C (green dashed line) on the
negative capacitance Cpeg (with R = 0). Dot dashed line represents the negative capacitance
value chosen in the softener domain and closed to the instability region ; Cpneg = —43 1079 F.
(c) Dependence of the real eigenfrequencies and the damping factor £ on the different values of
resistance R = [1, 250]  (with Cpeg = —43 107 F). Arrows shows the direction of increasing
R. (d) Dependence of the normalized damping parameter Z; (with Cpeg = —43 107° F) on
the different values of resistance R = [1, 250] Q (left vertical axis, in blue). Evaluation of the
ILgc for the configurations 1-5 in orange squares (right vertical axis, in orange). Blue dotted
line marks the threshold of 80% of vibration damping. Blue dots denote the value of the
normalized parameter for the optimal resistance, R = 36.25 2. Orange dotted line represents

the threshold of the I Ly, > 46 dB. 9
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Figure 3: Dependence on the frequency of the negative capacitance of the isolated patch (red

dashed line), and of the coupled system (continuous black line) numerically calculated.

the three modes is R = 36.25 2 (blue dot in Figs. [[c)-[2(d)). The criteria used
to chose the optimal for the vibrational problem is stablished as the normalized
damping factor should be bigger than 80% (= = 0.8) for the three modes A, B
and C simultaneously.

In a second step, we analyze the acoustic radiation problem in order to con-
sider it in the criteria to chose the optimal. From the radiated power, calculated
from Eq. , we define here the accumulated insertion loss, I L., defined as,

ILoe= Y, (WS9-w7) (10)

i=A,B,C

where W2 is the radiated power in the short circuit configuration (in dB)
and W/ is the radiated power in the full configuration for the mode i =A,
B, and C. Figure [2(d) (following the right vertical axis) shows the evaluation
of 5 different configurations shown in the Table [I The orange dashed line
represents the threshold of 46 dB of accumulated insertion loss. Among the
analyzed configurations, there are only two that have accumulated insertion
loss bigger than this value, the configurations 2 and 3.

The optimal values of R and C,,¢4 used to control the modes A, B and C have
been chosen by the configuration that simultaneously fulfill both the optimal
criteria for the vibration problem (normalized damping factor bigger than 80%)

and that of the acoustic problem (accumulated insertion loss bigger than 46 dB).

10
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Table 1: Configurations evaluated for the radiation problem

Configuration R Cheg

Number Q nF
1 21.75 43
2 36.25  -43
3 50 -43
4 85 -43
5 36.25 -48.6

The optimal values are R = 36.25 Q and Cjeg = —43 1079F. At this stage it is
worth noting that as our numerical model cannot consider the real conditions
of the experiment, as it does not take into account the effect of the glue and the
possible imperfections of the PZ26, the numerical optimization gives us a good

approximation to the optimal values.

4. Experimental setup

Figures a) and (b) respectively show a sketch and a picture of the ex-
perimental setup used to validate the previous numerical results. The plate is
excited by a shaker emitting a sweep sine in a corner of the plate. The harmonic
loading source is measured with an impedance head. The velocity is measured
with a Polytech scanning laser vibrometer in the opposite corner of the exci-
tation. The negative capacitance shunt is synthesized by an analog electronic
circuit organized around an operational amplifier (OPA) (for more details, see
the . This circuit allows us to set the negative capacitance close to
the instability region by tuning the potentiometers. However, there are several
factors that modify the physical parameters of the real system and make difficult
to find the same values as in the theory. On one hand, in the experimental set
up, the PZ26 is glued to the aluminum plate and this fact is not considered in

our simulations. In fact, the effect of the glue on the electromechanical coupling

11
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Figure 4: (Color online) (a) Schematic representation and (b) picture of the experimental

setup.

of the PZ26 cannot be controlled. On the other hand, the potentiometers have
not enough precision to set the negative capacitance and resistance precisely be-
cause we are very close to the instability region of the system. The experimental
values used in this work are C&2P ~ —45.6 10~?F and R®"? = 39.9 Q which are
not far from those numerically obtained. They have been found from the values

given form the numerical optimization procedure and then look around these

values in order to find the good performance in the experimental set-up.

5. Results

In order to compare the theoretical results with the experimental measure-

ments we evaluate the mobility, H(w) = ;((:)) ,

that represents the transfer func-
tion between the point vibration velocity v(w) at some place in the plate with
respect to applied force of the harmonic excitation source F'(w) at the excitation
point. Figures a) and b) respectively show the theoretical predictions and
the experimental measurements of the mobility in open-circuit case, short cir-
cuit case and in case with the optimal resistive and negative capacitance shunt.
The presence of the negative capacitance shunt reduces the mobility of the plate
around the frequencies of the three selected modes. It is worth noting here that

the modes with k.sy = 0 are not affected by the presence of the shunt.

12
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Figure 5: (Color online) (a) Theoretical and (b) experimental mobility functions H(w) in
open-circuit (blue dashed line), short circuit (green dot-dashed line) and negative capacitance
shunt circuit (red continuous line). The parameters in (a) are Cpey = —43 107°F and
R =36.25 Q and in (b) Creh ~ —45.6 10~9F and R°®P = 39.9 Q. (c) Theoretical (black line)
and experimental (red circles) IL. (d) Theoretical sound power radiation for the open-circuit
(blue dashed line), short circuit (green dot-dashed line) and negative capacitance shunt circuit

(red continuous line).
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The attenuation of the system, produced by the presence of the shunted

piezoelectric patch with the optimal values of the resistance and the negative ca-

pacitance, is evaluated by using the insertion loss (IL), defined as 20log (|Hsc|/|He,., ),

where Hgc is the mobility in short circuit configuration and Hg,,, is the one
with the shunt connected to the piezoelectric patch. It represents the reduction
of the vibration level brought about by the shunt, compared to the short circuit
configuration. Figure c) shows the experimental and the theoretical results.
The increase of the attenuation around the eigen frequencies of the plate is
evidenced (with more than 3 dB in average). The discrepancies between the
theory and the experiments are due, first to the differences in the values of
the parameters of the shunt between the theoretical and experimental circuits
(producing mostly a shift in frequencies of the maxima of this ratio); second,
to the imperfections in the experimental setup (producing the slightly different
magnitudes between the theoretical predictions and the experimental results).

Figure d) shows the radiated power for the three analyzed cases: in open-
circuit case, short circuit case and in case with the optimal negative capacitance
shunt. The presence of the optimal resistance and the negative capacitance
reduces the sound radiation of the plate around the frequencies of the three
selected modes. For the three modes we can observe an average reduction of 10
dB of the acoustic radiation power of each mode. Again, the sound radiation of
the modes with k.ry = 0 is not reduced.

Finally, in order to see the effect in the profiles of vibrations, we have eval-
uated the theoretical and the experimental maps of mobility defined and mea-
sured on a mesh of 29x29 points, also known as the operational responses of
the system, for the mode A in the controlled and uncontrolled cases (for the
other modes, see the . Figures @(a) and |§|(c) show respectively the
theoretical and experimental maps of mobility for the case without the piezo-
electric shunted patch (uncontrolled). The mode distribution is clearly shown in
both cases in good agreement. Figures @(b) and |§|(d) respectively represent the
theoretical and experimental mobility maps for the controlled case, i.e. with the

negative capacitance active. A significant reduction of the mobility is produced.

14
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Figure 6: (Color online) Mobility profiles (m.s~!/N) for the mode A. (a) Theoretical, (c)

experimental uncontrolled. (b) Theoretical, (d) experimental controlled.

6. Conclusions

A piezoelectric patch shunted with a negative capacitance circuit has been
used to simultaneously damp several modes of a square aluminum plate, reduc-
ing the sound radiation of the plate at low frequencies. Once the geometry is
fixed the system has two degrees of freedom, dominated by the electrical pa-
rameters of the circuit: the resistance and the negative capacitance. We tune
both the value of the negative capacitance, in order to place the structure close
to the instability in the softener region, and the resistance of the circuit in such
a way that the losses are enough to damp the several modes of the structure.
Therefore, as the kinetic energy of the modes at these frequencies is reduced,
the power acoustic radiation is drastically attenuated. The problem is solved
numerically and tested experimentally with good agreement. The results show
the possibility of controlling the modal response of the system with a single
shunted patch, opening prospects to improve the acoustic comfort. Moreover,

the method shown in the article opens discussions about the direct optimization

15



s  of the overall acoustic radiated power for the vibro-acoustic problems.
Appendix A. Elastic and electric properties of the materials used in
this work

A detailed list of the elastic and electric parameters of the materials used in

this work is shown as follows:

Table A.2: Elastic properties of the Aluminum.

Parameter Symbol  Units  Value
Young Modulus E GPa 70
Density 0 kgm™3 2700
Poison’s ratio I 0.33

Table A.3: Elastic properties of the PZ26.

Parameter Symbol  Units Value
Density p kg.m~3 7650
Poison’s ratio 0 0.33

Elastic constants CcE Pa 153.7 10°

CE Pa 82.3 10°

CE Pa 80.6 10°

Cc% Pa 137.4 10°

CcE Pa 45.9 10°

ck Pa 35.7 107

16
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Table A.4: Electric properties of the PZ26.

Parameter Symbol  Units  Value
Dielectric constant 5151,7" - 1142
€§3,r - 668

53T3’T - 1097

Voltage coeflicients es1 Cm=2 -6.18
€33 C.m—2 12.79
e1s Cm~2 12.88

Appendix B. Negative Capacitance circuit: Electronic circuit with

the operational amplifier

In this work, the negative capacitance has been implemented experimentally
by an analogical electronic circuit organized around an operational amplifier.
Figure [B.7] presents a picture of the circuit used in the experimental set-up and
a schematic representation of the equivalent electrical circuit. The main interest
of these circuits comes from the presence of potentiometers (blue components
in Fig. , that can be used to manually change the resistance values of the
circuit which, combined with an operational amplifier have the ability to gener-
ate "negative” capacitance values. The equivalent resistance and the equivalent
negative capacitance of the synthetic analogical circuit can be approximated

by[34]

2
R3R2 Wro

R., = R;-— ——=— = R®P B.1

a ! Ry whe + w? (B.1)
Ry  _ ex

C = —FCr=Ci, (B.2)

with wre = 1/R2Co, Ry = 40 Q, Ry = 15 MQ, Cy = 107 nF and w the
2
angular frequency. It is worth noting here that the ratio % quickly tends
w
toward 0 according to w since wrc = 6.231 1073, So R®*? ~ R,. In reality

in the circuit the resistances Rz and R4 do not exist. A potentiometer, with

17
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maximal resistance Rpot maez = 10 k) is used to control these two resistances.
In fact, by modifying R,.+ we change these resistances as Ry = Ry, and Rz =

Rpyot. Therefore, the values of R®*? and C5¢? can be considered as

Rpot,maac - neg

constants in the target range of frequencies.

A controlled circuit allows us to detect the system instability by monitoring
the saturation of the operational amplifier. The optimal value of the negative
capacitance is obtained close to the instability.

This circuit allows us to set the negative capacitance close to the insta-
bility region by tuning the potentiometers. However, they present experimen-
tal constrains that limit the values of Cc, and R close to the optimal val-
ues theoretically predicted. The experimental values used in this work are
Creh ~ —45.6 107°F and R®*? = 39.9 Q. They have been found from the
values given form the numerical optimization procedure and then look around

this values in order to find the good performance in the experimental set-up.

(@)
Potentiometer
Rl [ -
i e
Operational ) 'fla. !
Amplifier ¥ ]

Potentiometer
R3, R,

Potentiometer for
the instability detection

Figure B.7: (Color online) Picture (a) and schematic representation (b) of the analogical

electrical circuit of the negative capacitance synthesis.
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Appendix C. Control of modes B and C

In addition to the results shown in the main manuscript we have evaluated

the theoretical and the experimental maps of mobility for the modes at 1640

Hz (mode B) and 1950 Hz (mode C) for the controlled and uncontrolled cases.

20 Figures a) and (b) show theoretical maps of mobility for the mode B in
the uncontrolled and controlled cases respectively. Figures[C.§|(c) and (d) show
theoretical maps of mobility for the mode C in the uncontrolled and controlled
cases respectively. A significant reduction of the mobility can be seen for the

controlled case.

Figure C.8: (Color online) Velocity field normalized by the force excitation source v/F for the
modes B and C. (a) Theoretical uncontrolled for the mode B. (b) Theoretical controlled the
mode B. (c) Theoretical uncontrolled for the mode C. (d) Theoretical controlled the mode C.
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