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A posteriori error estimators based on constitutive relation residuals have been developed for 20 years, in particular at Cachan. This

approach has a strong physical meaning and is quite general. Here, we introduce an extended constitutive relation error estimators family
able to measure the quality of finite element computations of structures which exhibit plastic/viscoplastic behavior with softening. These
measures take into account, over the studied time interval, all the classical error sources involved in the computation : the space
discretization (the mesh), the time discretization and the iterative technique used to solve the nonlinear discrete problem.

1.

Introduction

Nowadays, numerical simulations are used to solve more and more complex problems. The control of such
computations has become a critical issue for their performance. Concerning a posteriori error estimate for the
finite element approximation of linear elliptic problems, a vast literature is available. Three main approaches
must be distinguished. Chronologically speaking, the first one is based on the concept of error in the constitutive
law [1]. This concept is a priori independent of the type of numerical approximation used. Its application in the
case of finite element approximations may be found in [l-3]. The second approach, introduced by Babuska and
Rheinboldt [4,5], then developed by Zienkiewicz et al. [6,7] and more recently by Oden et al. [8,9], uses the
equilibrium residuals through local problems to estimate the error. The last one, developed by Zienkiewicz and
Zhu [10-12], consists of comparing the finite element solution to a smoother one obtained by special averaging
techniques. A validation of these a posteriori error estimators may be found in [13,14].
Here, we are interested in plastic and viscoplastic problems with softening under the small strains, small
displacements and isothermal assumptions. These problems are time-dependent nonlinear problems. The
literature available is much narrower compared to the linear case. Also, it is important to distinguish between the
nonlinear time-dependent and time-independent problems. Concerning the later type, let us mention Babuska
[15] for the design of estimates for nonlinear elasticity problems of rods, Johnson [16] for Hencky-type
plasticity problems, and Verfurth for the proof of bounds on the error [17]. For nonlinear time-dependent
problems, viscoplasticity problems were treated in [18], strain localization problems in [19-21] and large strains
problems in [22-25]. In most cases, techniques devised for linear problems or time-independent nonlinear
problems are used at each time step so that the error due to the time discretization may hardly be taken into
account. Indeed, in nonlinear time-dependent problems, three error sources must be distinguished: the space
discretization, the time discretization and the iterative technique used to solve the nonlinear discrete problem.
Two major error estimators based on the constitutive law residuals have been introduced in Cachan for
nonlinear time-dependent problems: the Drucker error and the dissipation error. They have been applied to
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plastic and viscoplastic problems and have both in common the fact that they are able to take into account the
three error sources mentioned above. The Drucker error is based on a sufficient condition insuring the stability
of the material (Drucker' s inequality [26] ). This error was introduced in [27], first applied to plane stress
problems [28] and used in adaptive procedure in [29,30]. The dissipation error takes into account the more and
more common situation in which the material behavior is described by internal variables. It has been elaborated
in [31,32], first applied in [33], and used in adaptive procedure in [30,34]. It was named dissipation error since
the error is estimated through the residuals of the laws describing the evolution of the state of the material, thus
the dissipation process. In this approach the state laws are a priori satisfied allowing an extension of the
Prager-Synge theorem [32].
The Drucker error assumes that the functional law linking the present stress state to the strain history satisfies
Drucker' s stability condition. This assumption is true in general for stable visco-plastic behavior but it is not true
for softening material. On the other hand, by enforcing a priori the verification of the state laws, the dissipation
error is not flexible enough to handle material with softening. This is why we introduce a new constitutive
relation error estimators family able to take into account a general (visco)plastic behavior with softening. This
new family will have the viscoplastic case with no-softening, the elastic case with softening and the pure elastic
case as particular cases. The idea is to measure the error not only on the evolution laws but also on the state
laws. Thus, the state laws do not need to be satisfied a priori, introducing more flexibility.
The plan of the paper is as follows. In Section 2, the reference problem and the formulation of the material
behavior for (visco)plastic material with softening is detailed. Section 3 introduces the new family of
constitutive residual error estimators for general (visco)plastic behavior with softening. Then, in Section 4, the
implementation of the errors in the finite element framework is explained. numerical experiments are carried out
in Section 5; first without, then with softening. The influence of the numerical parameters (mesh, time step and
stopping criteria) on the value of the errors are also analyzed in this section.

2. The model problem

Concerning the notations, vectors are underlined (!!, Q, . . . ) and second-order tensors are bold Greek. For
instance, the stress and strain tensors are denoted by u and E, respectively. This notation is also used to denote
the additional internal variables. More complex operators are in capital bold (e.g. K for the Hooke's tensor). Tr
stand for the trace operator and t in exponent for the usual transposition. The dot
denotes the scalar product
between vectors and the colon ':' the dot product of second-order tensors. Vy_ defines the gradient of the vector
!:!_. In an orthonormal basis, we have [VQ];j= v; r Finally, the first derivative of a function/ with scalar argument
.
is denoted by f'.
The solid medium under study occupies a domain {}, bounded by an, which is independent of the time t
(small strains and displacements assumption). The environment of the medium is schematized for all t E [0, T],
with an imposed displacement !! d on a part a 1 {} of the boundary, a traction f.J on a2{} (complementary to a 1 {}),
and a body load f.t on the domain n. The partition of an in a 1 {} and a 2{} is assumed constant in time. VU
denotes the space of the displacement field !! defined on {}, 'if: the Space of strain field E defined on {} and !J' the
space of the stress field u, also defined on n. The extensions of these three spaces to the entire time range [0, T]
will be denoted VU [O,TJ, 'ifiro.TJ and yro.TJ, respectively.
The model problem involves the kinematic constraints, the equilibrium equations and the constitutive
equations describing the behavior of the material.
'

·

•

2.1. Kinematic constraints and equilibrium equations
Under the small displacement and strain assumptions, the kinematic and static constraints are:
•

the displacement solution,
uE

-

g,

must belong to the space

VU10·TJ = f1.!:::v: E VU10.T1: v=u
ad

-

-d

on

a l {}X [O,T]}
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VU�dTJ:
(1)

•

the strain solution,

E, must belong to space

?E�';TJ:
(2)

•

the stress solution,

u, must belong to space

9'�';T1:

where we have used the condensed notations

i(VQ + (VQ)') and

E(Q)

i1JL0= fu. E ilJL:Q """0 on (J1J1}
2.2. Constitutive relation for plastic and viscoplastic material
The state of the material is characterized at each point by the total strain E, the (visco)plastic strain EP and a
set of additional internal variables denoted by a. The associated variables are the quantity f3 for a and the stress
u for E, EP and E0• The expression of the dissipation is given by

(3)
The second term specifies the contribution of ({J,a) to the dissipation. If a denotes a column of Rn, then f3 is
also a column of Rn and we have fJ oa= /3'a. More precisely, two spaces e and f are associated by the
dissipation duality pairing:

[ fiPa·J , [ :]

eXf

P

�
�

u:iP-po a
R

As we work with the small strains assumption, we also have the additivity relation of the elastic strain rate ie
and the (visco)plastic strain rate fiP (i= e• + fiP) . The material behavior is described in term of state laws,
evolution laws and initial conditions.

2.2.1. The state laws
According to the first principle of thermodynamics, a scalar function, called the free energy 1/f, which depends
only on the state variables E, EP and a may be introduced. The following classical modeling assumptions are
made
•

•

•

1/1 depends only on the elastic strain E0 and the internal variables
elasticity is decoupled: I/I(E0, a)= I/I,(E0) + 1/!P(a)
elasticity is linear: 1/1/Ee)= tKee:e• where K is Hooke's tensor.

a

The derivation of 1/1 yields the state equations

{u= d"ei/I(E0, a)= KE0
f3=

(4)

aal/f(e•, a)= /(a)

where I(a) is the derivative of 1/!P with respect to a. K is a positive definite operator and l( ) is supposed to be
such that (l(a1) -l(a2))o (a
�):;;;: 0 for all ap a2• Then, the free energy 1/1 is a convex function.
·
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2.2.2. The evolution laws
The second principle of thermodynamics, written as u:iP- f3 o a :;;;: 0, imposes a constraint on the evolution
laws relating (eP,-a) to (u, /J). This law can be written

(5)
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where B is an operator relevant to the material. It must be positive to satisfy the second principle of
thermodynamics. A typical way to define the operator B is to give a scalar function rp*(u,fJ),generally convex,
called the dissipation potential and to write

(EP ) (
-a

E

aurp*(u, fJ)

)
(6)

a11q:;*(u, fJ )

iJ

where ( iJ uiP *, 11q:; *) denotes the subdifferential of rp* at (u, fJ). This defines a standard material. When the
potential is differentiable, the subdifferential becomes a classical gradient and the belonging an equality. The
interest of a standard model lies in the following classical property. The second principle of thermodynamics is
fulfilled if the potential satisfies

rp*(O, 0)

rp* convex,

0,

lP *(

. . ) ;a 0

(7)

'

Concerning the initial conditions, we assume that the material is virgin at

E'P 0,
=

a =

at t

0

=

t=0:

0

(8)

Finally, note that by eliminating the internal variables in the state laws and evolution laws, one can always, at
least formally, associate a stress-strain functional law to an internal variable formulation.

2.2.3. Example: The Prandtl-Reuss model
As an example of plastic material behavior described by internal variables, consider the Prandtl-Reuss model.
In addition to the plastic strain, the model involves another scalar internal variable p that can be interpreted as
the cumulative plastic strain. The free energy is of the form

1 K e e
e
1/J(E , p)=2 E :E' + g(p)

(9)

g is a function characterizing the hardening law. By derivation, we obtain the state laws
iJE'ei/J(E'e, p)=KE'e
U=

where

(10)
(l l )

Relation (11) defines the variable R , the associate variable to
exponential:

p. Classical hardening laws are linear, power and

R=kvP• R=kyp11"', R=RM(l-exp(-yp))

(12)

kY, m, RM and y are strictly positive constant material parameters; then g and 1/J are convex functions.
Prandtl-Reuss materials are standard with a dissipation potential given by

r.p*(u, R) =Pcp (u,R)
where we have used the notation

{0

if

�(a)= +oo if

(13)

� (a) for the indicator function associated to the convex domain A:

a EA
aEA

(14 )

and

(15)

u0 is the deviatoric part of the stress tensor, 1Ju0JJ (u0:u0)112 and R0 is the initial yield stress. The
introduction of the condition R ;a 0 is explained in (33]. A viscoplastic version of the Prandtl-Reuss plastic
model is obtained by regularizing the plastic potential. For instance, using a power law type regularization, the
potential reads

r.p*( u,R)= n

k
V

�l

( Jiu0IJ-(R+R 0)):'+1 +1fl'c,(u,R)
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(16)

where

Cv={(u,R)Ef,R�O}

(17)

kv, nv are strictly positive constant materials parameters and (a)+ denotes the positive part of a: (a)+
l al ) /2.

(a+

2.2.4. Dual potentials
As indicated earlier, in the standard case, the evolution laws are described in terms of the subdifferential of
the dissipation potential, see (6). As a matter of fact, we could also write the evolution in terms of the dual
potential
-a) as

tp(Er,
( ) E(at�rtfl(E�; ! )
tp
tp(Er,
u

a_a:tfl(E ,

fJ

-a
-

a)

(18)

The potentials *(u, fJ) and
a) are linked through the Legendre-Fenchel transform. See Appendix A
for a summary of the properties associated to this transformation. For instance, the dual potential associated to
(13) is given by

(19)
where

(2 0)
and the dual potential to (16) is given by
•p

tp(E

.

-

, -p ) -

( ) ' '+ 1+

11 . P II _
k v- _!___
·p
Rol lt: 11+
n�+ 1 kv
__

n

p

Pc(E• , -p• )

(21)

where n� i s the inverse of nu.
Similarly, the state laws (4) may be written in the dual form

{

Ee= dui/J*(u, /J)
a
iJprfJ*(u,fJ)

(22)

For instance, the dual potential to (9) is

1 -1
1/J*(u, R)=2 K u: u + g * (R)
where g*(R) is the Legendre-Fenchel transfonn of

2.3.

(23)
g( p).

Constitutive relation for softening material

We shall first consider elasticity coupled to isotropic damage. More complex damage models and coupling
with (visco)plasticity will be described later.

2.3.1. Elasticity coupled to isotropic damage
Let us consider the simple elastic model with softening described below.

{

i

u= l

d)K0E, O:o;;;;d:oE;l
(2 4)

Y=2K0e:E

d=h'(< Y

Y0

w(d) > +)

where

h'(O)

0, w(O)=0,

h'(x)�O. w'(x)�O,

Vx�O
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{25)

The scalar d is the damage variable whose value must stay between 0 (non-damaged material) and l
(completely damaged material). K0 is the elastic stiffness of the non-damaged material. It is a positive definite
symmetric tensor. The evolution of d is driven by the strain energy Y through the positive material function h'.
The damage may only grow (irreversible phenomena). The material parameter Y0 is the threshold under which d
may not grow. As the damage proceeds, this threshold rises through the scalar material function w( ) which
introduces a 'hardening' effect. Characterizing the 'hardening' effect by the additional internal variable a and
denoting its associate variable by {3, we may rewrite an equivalent form to the model (24) in which we
distinguish the state laws
·

(26)
from the evolution laws

{d= h'(<Y-Y0- {3> +)
a=

h'(<Y

Y0

(27)

{3>+)

and the initial conditions:

d=a = O at t=O

(28)

Choosing (E, d, a) as independent variables, we were unable to come up with a convex free energy potential
1/J(E, d, a) such that the state laws (26) may be written in the form

E iJ,I/I(E, d, a)
Y E iJ dif!(E, d, a)
{3 Edaif!{E, d, a)

{lT

(29)

On the other hand, by choosing
PROPERTY

(u, d, a) as the independent variables, it is possible to prove:

1. If y( ) is a convex function and K0 is a positive definite operator, the free energy given by
·

1

(u,d, a)� if!(u,d , a)= 2

K0-I u:
_ + �.. (d) + y(a)
(1 d)
1

lT

(30 )

is a convex function.
PROOF. if!(u, d, a) is of the form if!d(o; d)+ y(a). y(a) being convex, we need to prove the convexity of
if!iu, d)
1 u:u
1
2 (1 d) + � �,(d)
For

(31)

d<I, The second differential of if!d is
2

o if!d =

x;; 1 ou :ou
x;; 1 u :ou
x;; 1 u:
2
3 (od)
+
2
2 od +
(I - d)
(1- d)
(1- d)

=0

lT

1

_

3Ko- 1 (uod + (1 - d)ou):(uOd + (1 -d)ou)
d)

which is positive since K0 is a positive definite operator. 0
Defining y(a) as y(a)=f:; w(a' )da ' , the state laws (26) are expressed by

6

(32)
Note that the choice of (u, d, a) as independent variables is natural to model more complex softening
mechanisms [35,36]. Concerning the evolution laws, the two pairs of variables (d,
a) and (f, /3) are
associated through the dissipation duality pairing

(33)
Defining the dissipation potential as

rp*( Y, /3)

h( < Y

Y0

f3 > + )

(34)

the evolution laws (27) may be written in the standard form

EXAMPLE. In the numerical experiments, we shall consider the following expressions for the free energy
1/r(o; d, a) and the dissipation potential rp*(Y, /3)
ifJ(u, d, a)

1
1 u: u
l al3
2 (1 _d) + �,1(d) + Yc-3-

k

rp*(Y, /3) =-;;-< Y - Y0 - f3 >

+

k
+ :;z<exp( -a < Y - Y0 - f3 > + ) - 1) + �,0(/3)

where Ye, k, a are strictly positive material parameters. The condition f3 ;a. 0 is introduced for the same reason as
the introduction of R ;a. 0 in (13), see [33]. The corresponding dual potentials are ifJ*(E, Y, /3) and rp(d, -a)
2
y )3/
ifJ *(E, Y , /3)- Y + 1T'
'�'c/E, Y ) + � fc(�
3
c

(35)

_

a.
.
.
.
k
a.
d
rp(d, -a)= Y0d + 1f.'q(d, -a)+ 2 ln(l - kd) + -;;-0 - ln(l - kd))
a
where the convex sets Cd and

cd

{(E, f): 2 KoE: E
1

et are

(36)

given by

y

� 0}

ct={(d, -a): o�d�kla, d-a�O}
2.3.2. More complex damage model
In the case of anisotropic damage, the damage need to be expressed in a more complex manner than with a
scalar d, for instance by a vector d· The free energy in terms of the variables (u, d. a) takes now the general
form

1
-!
ifJ(u, !1, a) = 2(K(!l) )u: u + 1f.'0(!l) + y(a)
where 1f.'0(!l) is a generalization of

(37)

� "' 1 (d). D is the convex set of admissible damage vector !1 defined by

D = {!!. : K(d) is a positive operator }

(38)

Concerning the convexity of the free energy function (37), we have the following property.
PROPERTY 2.

y(

·

If the relation d �--+ K(d) is linear and such that K(Q) = K 0 is a positive definite operator and, if
) is a convex function, then, the free energy given by

7

(u, g_, a)

}

� 1/J(u, rJ., a)=2 (K(g_) - )u:u+ P'0(4)+y(a)
I

(39)

is a convex function.

PROOF. The second differential of !(K(4) -I )u: u is
o2
I

(� (K(4) -1u:u )=K-1ou:ou+K-1 (oKK-1u):(oKK-1u)- 2K-\oKK-1u):8u-

282K (K-1u):(K-1u)=K-1 (ou

oKK-1u):(8u

I

oKK-1u)-282K (K-1u):(K-1u)

Since K-I is positive for 4 E D, the convexity of 1/1 is insured if

�

- 82K (K-1u):(K-1u);:;;;;: 0
which is true if 4

(40)

� K(g_) is linear since 8 K=0.
2

D

2.3.3. Viscoplasticity coupled to damage
Concerning the evolution laws, a natural way to couple (visco)plasticity and damage is to introduce the
effective quantities iT, EP (see [35,36])

u
u=
(1- d)'

( 4 1)

and to write the viscoplastic part of the model in terms of these new quantities instead of the classical ones u,
1/, eP For instance, for the Prandtl-Reuss model described in Section 2.2 coupled to the isotropic, the two set
of variables involved in the duality pairing are ( iP, p, d, a) and (iT, R, Y, {3). The dissipation reads

.

-p --

•

iT:e -Rp+Yd- {3ti

(42)

and the potential of dissipation is

rp*(iT, R, Y, {3)

rpf(iT, R)+ rpt(Y, /3)

( 43 )

where tpr(u,R) is given by ( 13) in plasticity and (16) in viscoplasticity, (u, R) being replaced by (iT, R) , and
rpt(Y, {3) is given by (34).
Concerning the state laws, the following internal variables are involved: u, d, a and ft. The free energy reads

1/f(u, d,a,ft)

1

2

1u:u
+�.q(d)+y(a)+g(p)
(1 -d)

(44)

and the associated variable to p is R.

3. A new constitutive error relation family

The notion of error in the constitutive law has been introduced in [37]. The general concept is to split the
equations of the problem into two groups with different mechanical contents. The first group involves 'safe'
equations like the kinematic and static constraints whereas the second group involves less reliable equations:
constitutive relation related equations. A solution satisfying the first group is called admissible. An admissible
solution is the exact solution to the problem if and only if it satisfies the equations of the second group. Thus the
quality of the admissible solution may be evaluated through the residuals associated to the equations of the
second group. Since the second group is related to the constitutive relation, the terminology of error in the
constitutive law was naturally introduced.
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The splitting of the equations into the two groups is not always obvious. For instance , when the material
behavior is described using internal variables, the state laws may be seen as 'internal' equilibrium relations and
thus included in the first group, or, seen as constitutive law like the evolution laws and thus included in the
second group. The first choice was introduced in [3 1,32] and investigated in [30,33,34]. This choice leads to the
terminology of dissipation error since the error is measured through the residuals of the sole evolution laws, the
state laws being a priori satisfied.
Here we wish to investigate the second choice, i.e. consider the state laws as part of the second group. The
error now involves the residuals associated to both the state and evolution laws. We shall see that this second
choice allows to fit elasticity, plasticity, viscoplasticity with or without softening in the same framework. The
dissipation error is recovered as a particular case by enforcing strongly the state laws.
3.1.

Admissible solution

The model problem for a structure exhibiting (visco)plastic behavior with or without softening involve the
following equations (Section 2):
•

the kinematic and static constraints,
!!

•

•

•

•

the
the
the
the

m,[O,TJ
E -u
ad

•

EE

w[O,T J
0 ad

U

'

cp[O.T]
E .:7
ad

(45)

state laws;
evolution laws;
additivity of the elastic and (visco)plastic strain rates: E
initial conditions on the internal variables.

Ee + EP

We split these equations into two groups. The first group, which defines the admissibility of a solution,
gathers the kinematic and static constraints, the additivity relation and the initial conditions. The second group
on which the quality of the admissible solution will be evaluated involves the remaining equations, i.e. the state
laws and evolution laws. It is quite natural to put the relation E = E e + E P in the first group since this relation is
independent of the state and evolution laws and may be seen as an 'internal' kinematic constraint.
3.2.

Definition of the error

The error measures the non-satisfaction of the state laws and evolution laws by the admissible solution. Since
these laws are expressed in terms of a potential: free energy for the state laws and dissipation potential for the
evolution laws, we may use the property of the Legendre-Fenchel, equations (A.5)-(A.6), to compute the
residuals on these laws. For instance, in the case of the Prandtl-Reuss (visco)plastic model coupled to isotropic
damage, the residual on the state laws is based on the quantity

1/!*(E•,Y, {3, R) + l{J(u, d, a, p) u:E 0 Yd {Ja Rp

(46)

that we shall denote by

TJ.,(Ee, Y, {J,it u , d, a,p)

(47)

if!* and if! are dual potentials and their expressions depend on the specific law chosen, see Section 2. Concerning
the evolution laws, the residual is based on the quantity

':'

.,.

•

P -p,d,
<p $ (u,
R-, Y,{J )+<p( E,

a)

p

-

u:e- +Rp-Y
d+{Ja
•

(48)

or shortly

TJ<p(u,R,Y, f3 ;£P,

jj d -ci)
£P are given by

-

,

(49)

,

The d�finition of u and
(4 1 ).
For the admissible solution to be the exact solution, the following residual

9

TJ.p{Ee, Y, {3,R; u,d, a,p) l, + LTJ'i'(u,R, Y, {3; ip,

e;,,

p, d,

(50)

a) dt

must be zero for all x En and for all t E [0, T]. To define a global error in time and space, we globalize the
residual (50). First, we integrate over the space, see (51); then, we define the contribution to the error over [0, t] ,
see (52); and, finally, we define the absolute error e by taking the supremum over the time, see (53) .

(51)
2

2

e10,,1 = sup er
TE[O,t)
e

2

=

(52)

2

(53)

sup e ro.n
tE[O.T]

The relative error,

e,

is defined by

(54)
where

d; = L

1/J*(Ee, Y , {3, R)

+ 1/J(u, d, a, p) d fl j , +

I: L 1/J*(u, R, Y, {3) + 1/1( JP,

- p, d, -a) d{J d t

(55)

REMARKS. The expressions (50) and (55), involve both state laws and evolution laws related quantities. We
have implicitly chosen to give an equal weight to these two influences. Of course, one can introduce a different
weighting. When some zones in the domain n are fully damaged (d 1 or 4 e D), they are removed from the
space integration appearing in (51).

3.3.

Particular cases

In the case of pure elasticity reference, the error defined above coincide with the classical error in the
constitutive law for elasticity [2,38]. Indeed, for pure elasticity, the strain coincide with the elastic strain and the
(visco)plastic strain is zero. The evolution laws do not appear in the model and the free energy involves only the
elastic energy. Thus, the relative error e defined above reduces to

2

€ =

sup,ero,TJ

fn2 Ke: + 2 K _,u: u u: edfl,I
f 21 Ke: E + 21 K-1u: u lr
E

1

sup,E[O.T]

1

(56)

d fl

n

Assuming a radial loading, we obtain

Jn2_!_ K-1(u Ke):(u-Ke)
1
Jn 2 Ke: E + 2 K u: u
I

_,

dfljr

dfJIr

Another particular case is the one in which the admissible solution satisfies a priori the state laws. The error
reduces to

(57)
which is similar to the dissipation error

[33].
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4. Implementation of the errors for the FEM
We consider the classical incremental finite element method. Let us give the main features of this method.
The problem to be solved on [0, T] is divided into a succession of resolutions over [t", tn+d (n 0, . . , N;
t0 = 0; tN+l = T). Assuming the solution is known up until the time instant tn, one must then build the solution
over [tn, tn+1]. Both time and space discretizations need to be performed. Then, the resulting non-linear
algebraic system is solved using an iterative technique.
.

4.1.

Time discretization

A common choice is to assume a linear evolution of the solution over [tn, tn+ J so that the problem reduces to
the search of the solution at t n+ 1• The equilibrium equations and kinematic constraints are written at t, + as well
1
as the decomposition into elastic and (visco)plastic strains:

(58)
The state and evolution laws are discretized in order to link algebraically the value of the field at
instance, we may impose the state laws to be satisfied at t" + 1:

tn+l and t". For
(59)

and we may use a generalized mid-point rule to discretize the evolution laws:
(60)
where we have used the notations
(61)

4.2.

Space discretization

Concerning the space discretization, the displacement space, !Jtl, is replaced by a finite element subset
!Jtlh C OU. The equilibrium condition appearing in (3) is imposed in the weak sense:
(62)
where

ouh,O = � E ouh such that !!. = 0 on

a

l

(63)

n}

The notation !J,., instead of n, in the first term of (62) expresses the fact that due to the nonlinear constitutive
relation, this term cannot be in general integrated exactly and therefore is expressed in term of a numerical
integration.

4.3.

Iterative technique

The system to be solved at each time step is algebraic and nonlinear. This system is solved using an iterative
technique, typically Newton's method. As the iterations proceed, two types of solutions must be distinguished: a
solution satisfying the discrete kinematic and static equations, and a solution satisfying the discrete kinematic
and constitutive relation. When the difference between the two types of solutions is under a given tolerance o10 ,
1
for instance in the L 2 norm of the difference in stresses (choice for the numerical experiments to be shown later),
the it:t<rative procedure stops and the finite element code generally gives the solution satisfying the discrete
constitutive relation.
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4.4. Construction of an admissible solution

The error cannot be directly measured on the finite element solution because it is not generally admissible.
For instance, the finite element stresses are only in equilibrium in a weak sense. Thus, we need to build an
admissible solution from the finite element one. The construction is similar to the one introduced for the
dissipation error in [33). We summarize the procedure below.
•
•

•
•

The finite element displacement and strain solutions are kept at each time-step since they are kinematically
admissible.
The finite element stress solution is in equilibrium in a weak sense at each time step. From these stresses, one
may build stresses rigourously in equilibrium using equilibration techniques. These techniques were fri st
introduced for elasticity problems [2,3] but may be extended with minor changes to other type of behavior
since they are intresically material independent. They were for instance used for plasticity problem in [28].
The admissible displacement, strain and stress fields built at each time-step are interpolated linearly in
between the time-steps. (The loading is assumed piece-wise linear.)
Concerning the internal and associate variables, a general strategy is to build them such that they minimize
the error. In this minimization, the stress and strain field history is known and the total strain must be the sum
of the elastic and (visco)plastic strain. In other words for given stress and strain history, we chose the
admissible solution minimizing the error. Since the internal variables are not involved in spatial partial
differential equation, the minimization may be carried out independently from point to point. For instance, in
the case of the Prandtl-Reuss model coupled to isotropic damage, the quantity to minimize is

The unknowns are the history of (E e, Y, /3,

R; EP,

d,

a,

jj) over [0, T] and the constraints

u,E given over [0, T], E = Ee + EP on [0, T], initial conditions satisfied

are

Practically, we simplify this problem by assuming a piece-wise linear evolution of the unknowns and by
minimizing through a step by step strategy: knowing the the admissible solution at tn, the problem is to find
the admissible solution at tn+ 1 minimizing the function
sup

tE[I11,t11+d

(n"'(Ee, Y , f3, R; u, d, a, fi)l,+

r TJ<P(u, R, Y, f3; €p, - p, d, -a) d t)
111

The unknowns are the values of (Ee, Y, /3, R; EP, d, a, jj) at tn+I (linear evolution over [t,, tn+l]) under the
constraints: un+I• En·t-t given and E,+1 = E�+t + E�+l'
5. Numerical experiments

5.1. Numerical experiments for (visca)plastic structures without softening

We shall consider two plane stress problems: a frame under non-monotonic loading and a square plate under
volumic loading. The first problem is treated in plasticity: Prandtl-Reuss model with linear hardening whereas
the second problem is treated in viscoplasticity (also with a linear hardening). We consider the particular case of
the error in which the state laws are enforced a priori, see (57). The precise expression of the error for this case
may be found in [33].
The frame in plane stress state, Fig. 1, is submitted on its right side to a growing loading followed by a
decreasing loading (thin line, Fig. 2). Then, a growing pressure is applied to its upper part (thick line, Fig. 2).
The dimensionless material parameters are
ky = 8.16,

E and

v

E= 244.95,

lJ = 0.3

denote Young's modulus and Poisson's ratio, respectively. The mesh has been optimized in elasticity
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0.25

........
0.1
Fig. I. The geometry and applied loading on the frame.

Fig. 2. Evolution of the loading and the mesh: 194 six-node
triangles.

for an error of 10%, Fig. 2. It is composed of 194 six-node triangular elements. Three time steps are used and
the tolerance for the iterative technique is set to 0101 = 10-2• The dissipation error obtained is 28.15%.
The square plate, Fig. 3, is loaded on its right side under uniform tension. A uniform body force places this
tension in equilibrium. Owing to the symmetry, only the upper-half part of the plate is studied (Fig. 3). The
loading evolves monotonically (Fig. 4 ) . The dimensionless materials parameters are:

R0 = 0.7 ,

ky

=

8.16,

E = 244.95,

J! =

kv

0.3,

=

2.25

Three time steps are used and the tolerance for the iterative technique is set to 0101

..,.. _____

=

10-6• The mesh, Fig. 5,

F

L

2

r-------, --�
I

0.51
I

+
2
Fig. 3. The square plate problem.
Fig. 4. The loading.
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t

Fig. 5. The mesh: 16 three-node triangles.

contains 16 three-node triangular elements. The plastic computation is carried out with four identical time
increments. The error dissipation is 21.30% for this computation.
Table 1 shows the influence of the numerical parameters on the value of the error. First, for a given time
discretization and a given tolerance ( 0101 10-3), we consider a sequence of six meshes with an increasing
number of degrees of freedom as the mesh number increases. Second, for a given mesh and tolerance
(o101 10-3), the number of time steps is increased. Finally, for a given time-space discretization (fine or
coarse), the tolerance is reduced. We notice that in each of the three cases, the error drops but finally tends to
stabilize. The drop phase in the error evolution suggests that the error depends on the three error sources (mesh,
time discretization and iterative technique) through their respective parameter: mesh size, time step size and
tolerance. The stabilization phase suggests that the influence of a parameter on the error becomes negligible as
it's corresponding error source become negligible in front of the two other error sources. Table 2 summarizes
the numerical parameter influences for the square plate problem. The results follow the same trend as in Table 1.
=

=

5.2. First numerical experiments for (visco)plastic structures with softening
We consider a beam with a flaw, Fig. 6, fixed on its left end and submitted to a growing displacement on its
right end, Fig. 7. The length of the beam is 1 (dimensionless treatment of the problem). The behavior of the
Table I
Influence of the numerical parameters on the error for the frame problem
mesh

€

nb steps
e

8'"'
c (coarse)
e (fine)

mesh!
40.94

3

mesh2

6

25.74

0
10

16.36

25.74

23.96

20.80

12

24

48

13.85

!3.76

14.00

'
10�

'
10

mesh5

mesh4

mesh3

28.99

10�

3

mesh6
18.92

4
10�

26.60

16.42

16.36

16.37

16.37

16.37

12.40

6.05

5.37

5.36

5.36

5.36

Table 2
Influence of the numerical parameters on the error for the square plate problem
mesh

€

nb steps

€

mesh I

mesh2

mesh3

mesh4

mesh5

24.90

17.62

12.54

9.88

8.81

I
42.25

4

2

13.96

17.62

14

8
12.76

16
12.57

Ud
Udmax
=

L=l.

..,.

__

0.01/3

Ud(t)

_

T= 0.01

0.1 L

Fig. 6. Geometry and loading for the beam problem.

Fig. 7. Evolution of the loading on the beam as a function of time.

beam material i s elastoplastic coupled to isotropic damage and follows the equations (24). In fact, the initial
yield stres s R0 i s chosen high enough to avoid plasticity. The state laws and the evolution laws derives from the
potentials given in (34)-(36). The material parameter s are
E0= 6350,

Y0=0,

Ye=0.13,

k

7000,

a= I,

R0

IOOO,

ky= 22582,

m= I

where E0 is the young modulus of the non damaged material.
Fig. 8 give s the evolution of the damage for a computation carried out with 100 time steps and a uniform
mesh of 50 element s. A strong localization of the damage in the flaw region occurs as soon a s d reaches 0.5
Fig. 9 shows the space-time map of the local contributions to the error defined in (50). We note than the error
is localized in the vicinity of the rupture. The evolution of the contribution to the relative erorr through time is
given Fig. 10. Thi s quantity is defined by (52) and normed by the denominator appearing in (54).
Table 3 shows the influence of the numerical parameters on the error. First, for a given space di scretization
10
(10 elements) and a given tolerance for the iterative technique (o101= 10- ), the number of time steps is
increased. Second, for a given time-space discretization ( lO elements and 1 00 time- steps), the tolerance is
reduced. We o bserve that in the second case, the error decreases and then stabilizes because the time
discretization is becoming the predominant source of error. Provided that the mesh takes into account the
boundary of the flaw region, the number of elements has little influence on the error in this problem.

0.8
0.6
x
%0.4

100

0.2
0
0
Position

on

bar

Fig. 8. Damage scalar variable d as a function of the time and space location on the bar.
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3
b.5
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8

...J

1.5

100

1
0.5
0

Fig. 9. Local contributions to the error.
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Fig. I 0. Contribution to the relative error through time.
Table 3
Influence of the numerical parameters on the error
nb steps

2

3

5

7

10

50

100

150

E(%)

50.96

15.02

10.13

8.62

5.40

2.62

0.69

0.32

10-3

10-4

w-

19.71

4.99

1.02

8tol
E(%)

10-

1

59.64

10-

2

14.84

s

10

...

0.71

""'

JO

10"

0.70

0.69

6. Conclusions
The new constitutive relation error estimators family introduced has strong mechanical basis and allows us to
take into account general (visco)plastic behavior with softening. (Visco)plasticity without softening, elasticity
with softening or pure elasticity are particular cases. The dissipation error is also recovered by enforcing a priori
the state laws. Extensions to non standard material can be easily done using the concept of bipotential

16

introduced by de Saxce [39]. The implementation of the error in the framework of finite element computation
was detailed and the numerical experiments demonstrate that the error takes into account all the numerical
parameters of the computation (mesh, time step and stopping criteria). In the future, we plan to apply this error
to more complex structures and to introduce specific time, space and iteration indicators for this new family of
error estimator; for instance by using the systematic approach introduced in [30].
Acknowledgements

The second author gratefully acknowledges the support of this work by the U.S. Office of Naval Research
under Grant N000 14-95-l-0401 and the National Science Foundation under grant ECS-9422707.
A. Duality, convexity and Legendre-Fenchel transform

Let A and B be two spaces associated through the duality paring:
a,b

�

AXB

�

aob

R

The meaning of the o operator do not need to be specified. Let a relation between a E A and b E B be defined
by

(A. I)

b E aJ(a)

where f(a) be a real convex function of a. We recall that a real function f(a) is convex if
f(A a1 +(1

A)a2)�Af(a1)+(1

A)f(a2) VA E (O,l),

and strictly convex if the above inequality is satisfied in a strict sense, V a P a2 E A, a 1
Defining f*(b) as the Legendre-Fenchel transform of f(a):
f*(b) =sup (a' ob- f(a'))

(A.2)

V al'a2 E A
=F

a2•

(A.3)

a'EA

we may write (A.l) in the equivalent dual form
a E abj*(b)

(A.4)

where f*(b) is convex (property of the Legendre-Fenchel transform). A third equivalent form to (A. I) and (A.4)
is
f(a)+f*(b)

a ob= 0

(A.5)

Moreover, one can show that
f(a)+f*(b) -aob-;;.;. 0,

V (a,b) E A X B

(A.6)
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