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Morita equivalences for cyclotomic Hecke algebras of type B
and D

Equivalences de Morita pour les algebres de Hecke cyclotomiques
de type B et D

Loic POULAIN D’ANDECY*! Salim RosTAM?

Abstract

We give a Morita equivalence theorem for so-called cyclotomic quotients of affine Hecke
algebras of type B and D, in the spirit of a classical result of Dipper—-Mathas in type A for
Ariki-Koike algebras. Consequently, the representation theory of affine Hecke algebras of
type B and D reduces to the study of their cyclotomic quotients with eigenvalues in a single
orbit under multiplication by ¢? and inversion. The main step in the proof consists in a
decomposition theorem for generalisations of quiver Hecke algebras that appeared recently
in the study of affine Hecke algebras of type B and D. This theorem reduces the general
situation of a disconnected quiver with involution to a simpler setting. To be able to treat
types B and D at the same time we unify the different definitions of quiver Hecke algebra for
type B that exist in the literature.

Résumé

Nous énongons un théoréme d’équivalence de Morita pour les quotients cyclotomiques
des algebres de Hecke affines de type B et D, suivant un résultat classique de Dipper—-Mathas
en type A pour les algebres d’Ariki-Koike. Ainsi, la théorie des représentations des algebres
de Hecke affines de type B et D se réduit a I’étude de leurs quotients cyclotomiques ou
les valeurs propres sont dans une unique orbite pour la multiplication par ¢? et I'inversion.
La preuve consiste notamment en un théoréme de décomposition pour des généralisations
d’algebres de Hecke carquois introduites récemment dans ’étude des algebres de Hecke affines
de type B et D, ramenant la situation générale d’'un carquois non connexe avec involution &
un cadre plus simple. Pour traiter simultanément les deux types, nous unifions les différentes
définitions d’algebres de Hecke carquois pour le type B déja existantes.

Introduction

Cyclotomic quotients of the affine Hecke algebra of type A, also known as Ariki-Koike
algebras, have been extensively studied since their introduction by Broué-Malle [5] and Ariki—
Koike [2]. Given a field K, a subset I C K*, an element ¢ € K* and a finitely-supported
family A = (A;);es of non-negative integers, the Ariki-Koike algebra H*(&,,) is defined by
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the generators go,...,g,_1 and the relations

9i95 = 959i, foralli,j € {0,...,n—1},]i —j| > 1,
9i9i419; = Git19i9i+1, forallie {1,...,n—2},
90919091 = 91909190,
(9 —q)(gi +q7 ) =0, forallie {1,...,n—1},
[T(g0 —i)* =o.

icl

We note that Ariki—Koike algebras are quotients, by the last relation, of affine Hecke algebras
of type A and that the study of their representations (for all choices of I and A) is equivalent
to the study of finite-dimensional representations of affine Hecke algebras of type A.

By an important theorem of Dipper-Mathas [3], we know that it suffices to study Ariki—
Koike algebras when the set I is ¢%-connected, that is, in a single ¢?-orbit (and even, up to a
scalar renormalisation of the generator go, when I C (¢?)). More precisely, if I = H?le () is
the decomposition of I into g2-connected sets then we have a Morita equivalence

HA(6n) Mcg}ta @ ®HA(J)(6nj), (*)

ni,...,nqg>20 j=1
ni+--+ng=n

where AU) is the restriction of A to 1), (Note that the assumption in [%] is slightly stronger
than the one above, but in practice it is this condition of ¢?-connected sets that is used.)
Hence, this Morita equivalence allows to use results that are only known when the set I is
g*-connected, in particular, the celebrated Ariki’s categorification theorem [1] that computes
the decomposition numbers of Ariki—-Koike algebras in terms of the canonical basis of a
certain highest weight module over an affine quantum group.

Another way to obtain this Morita equivalence was given by the second author [22, §3.4],
using the theory of quiver Hecke algebras. This is a family of graded algebras that was
introduced a few years ago independently by Khovanov—Lauda [16, 17] and Rouquier [23], in

the context of categorification of quantum groups. If I is a quiver, we denote by R, (T") the
associated quiver Hecke algebra (see §2.1). For a certain quiver I' depending only on the
order of ¢, Brundan—Kleshchev [6] and independently Rouquier [23] proved that a certain
“cyclotomic” quotient of R,,(T") is isomorphic to an Ariki—Koike algebra. This result is now
a basic tool in the study of Ariki—Koike algebras and their degenerations, including the
symmetric group and the classical Hecke algebra of type A. For instance, as consequences
first the Ariki-Koike algebra inherits the grading of the cyclotomic quiver Hecke algebra,
and second depends on ¢ only through its order in K*. Now if I is of the form I' = H;l:ll“(j )

where each T'Y) is a full subquiver, it was shown in [21, §6] that we have a decomposition

d
R,(T) ~ EB Mat( " ® Ry, @@y | . (W)
ni,...,ng >0 J=1
nl+---+nqg=n

This isomorphism of algebras is compatible with cyclotomic quotients, and combining with
the previous isomorphism of Brundan—Kleshchev and Rouquier allows to recover the Morita
equivalence (&). This Morita equivalence has been further generalised for the cyclotomic
Hecke algebras of type G(r,p,n) [11]. We indicate also the paper [12] where the Dipper—
Mathas result is studied and derived again from the point of view of affine Hecke algebras,
and where the question of a similar result for other affine Hecke algebras is evoked.

The main point of this paper is to prove a similar decomposition theorem for some
generalisations of quiver Hecke algebras and hence obtain an analogue of the Dipper—-Mathas
Morita equivalence for cyclotomic quotients of affine Hecke algebras of type B and D. Such
generalisations of quiver Hecke algebras were introduced by Varagnolo and Vasserot [25] (for



type B) and together with Shan [24] (for type D), in the course of their proofs of conjectures
by Kashiwara—Enomoto [9] and Kashiwara—Miemietz [15]. These algebras play for certain
subcategories of representations of affine Hecke algebras of type B and D a similar role as
quiver Hecke algebras for affine Hecke algebras of type A. Inspired by their results, the
first author together with Walker [19, 20] obtained an isomorphism theorem ¢ la Brundan—
Kleshchev between cyclotomic quotients of affine Hecke algebras of type B and D and certain
generalisations of cyclotomic quiver Hecke algebras.

The first step of this paper is to provide a definition of these generalisations of quiver
Hecke algebras for the type B which encompasses all the slightly different versions previously
defined. They are Z-graded algebras and they depend upon a quiver with an involution and
certain weight functions on the vertices. As for the type A case, that is, for usual quiver Hecke
alegbras, the algebra that we define admits a PBW basis and this is a key ingredient to prove
the decomposition theorem when the underlying quiver has several connected components.
The point of having defined a new algebra in Section 3 is that we can now use the main
results of [19, 20] at the same time. We deduce our main theorem for type B, Theorem 6.8,
that we state now. Write I C K* as [ = H?Zlf(j) such that each 1) is g>-connected and
stable by scalar inversion. As in the type A case, for A = (A;)ie;r € N we denote by
HM(B,,) the quotient of the affine Hecke algebra of type B by the relation

[T =it =0

iel
(see §6.1 for a precise definition).

Theorem. We have an (explicit) isomorphism

d
)
HMB,)~ B Mat( n QHY" (Bn) | .
n1yeeema >0 R e}
nitetng=n

in particular, we have a Morita equivalence

HA(Bn) Mgzta @ ®HA(])(Bn].).

ni,...,ng>0 j=1
ni+--+ng=n

We also deduce that a similar result holds for the cyclotomic quotient H*(D,,) of the
affine Hecke algebra of type D. Some technicalities typical to the type D situation result in a
formulation of the final result a bit more complicated than for type B in the Theorem above,
since it involves in addition a semi-direct product by powers of a cyclic group of order 2 (see
Theorem 6.19).

One motivation for considering cyclotomic quotients of affine Hecke algebras is that the
study of (finite-dimensional) representations of the affine Hecke algebra is equivalent to the
study of representations of all their cyclotomic quotients. As a consequence of our main
results, we obtain that, for affine Hecke algebras of type B and D, this study reduces to
considering the algebras H*(B,,) and H*(D,,) when the set I is ¢*>-connected and stable by
scalar inversion (see Corollaries 6.9 and 6.20 for more details and a complete description of
the finite number — up to four — of sets I to be considered). This generalises the classical
reduction for the affine Hecke algebras of type A (for which it is enough to consider I = ¢?%)
induced by the Dipper—-Mathas result.

Organisation of the paper. In Section 1, given an algebra A and a set of idempotents
satisfying certain properties we prove a general decomposition theorem expressing A in terms
of a direct sum involving matrix algebras on idempotent truncations (Corollary 1.13).

Let T" be a (possible infinite) quiver with no 1-loops, let I be its vertex set and let « C &,,
be a finite union of &,-orbits. In Section 2 we recall the definition of the quiver Hecke algebra
R, (T"). We then review the proof, based on the general theorem from Section 1, of the



decomposition isomorphism of [21] when T' has several connected components, generalising
it to the case where T" is not necessarily finite (as it is assumed in [21]). In §2.2.4, given a
finitely-supported family A of non-negative integers we define the cyclotomic quotient R (T")
of R, (T') and give the corresponding isomorphism when T" has several connected components.

Then we assume that I' is endowed with an involution 6 and let 3 C I"™ be an orbit for
the action of the Weyl group B, of type B and rank n. We begin Section 3 by defining the
algebra V;(I', A, ) depending in addition on A € N and v € K7 satisfying certain conditions.
This algebra generalises the constructions of [25, 19, 20], see Remarks 3.16, 3.17 and 3.18
respectively. The algebra V3(T', A, ) is Z-graded, and we prove in §3.2 that it admits a PBW
basis, using a polynomial realisation (the calculations are postponed to Appendix A).

Section 4 is the heart of the paper. We prove a decomposition theorem, similar to (),
for the algebra Vz(T', A,y) when the quiver I is a disjoint union of #-stable full subquivers
I'= H‘j:ll“(j) (Theorem 4.1). As in Section 2, we first use the results of Section 1 and then
prove that some idempotent truncation of V3(T', A,~y) can be expressed as a tensor product
on smaller algebras involving the quivers I'¥). Note here a technical difficulty comparing
with the type A case: for n; + -+ + ng = n, the group &,,, x --- x &,, can be seen as a
parabolic subgroup of &,, for its standard Coxeter structure, but it is no more the case for
B,, x---x By, C B,, although this is still a subgroup. We prove in §4.3 the cyclotomic
analogue of the decomposition theorem (Corollary 4.17).

The shorter Section 5 is devoted to quiver Hecke algebras Wz (I') for type D and their
cyclotomic quotients Wé\(F) Using a result of [20] that expresses W3(I') as the subalgebra
of fixed-points of a certain involutive automorphism of Vz(I',0,0) (Proposition 5.17), we
manage to give a decomposition isomorphism for W3(I') and its cyclotomic quotient when
the quiver I" has several §-stable full subquivers (Theorem 5.26).

Finally, in Section 6 we introduce the affine Hecke algebras H(B,,) of type B and H(D,,)
of type D, together with their cyclotomic quotients H*(B,,) and H*(D,,). We then use
the analogues of Brundan—Kleshchev isomorphism theorem in types B and D from [19,

] to deduce from our disjoint quiver isomorphisms the announced Morita equivalences:
Theorem 6.8 for type B and Theorem 6.19 for type D.

Acknowledgements The authors would like to thank Ruari Walker for many interesting
discussions initiating this work. The second author would like to thank Ruslan Maksimau
for explaining a proof of Proposition 2.12. The authors are very grateful to an anonymous
referee for many useful suggestions.

1 Decomposition in matrix algebras on idempotent trun-
cations

The results in this section, or some versions of them, are probably known to specialists, but
we could not find them in this precise form in the literature. So we state them in the form
we need and provide complete proofs. The framework presented here encompasses several
cases of proved isomorphism theorems such as in [13, 21].

Let A be a unitary algebra over a ring K. Let Z be a complete (finite) set of orthogonal

idempotents, that is:
e for all e € 7 we have e? = ¢;
e foralle, e €Z,if e # ¢ then ee’ = €e'e = 0;
e wehave 1 =) _;e.
For any e € Z, let ¢, . € A such that

(beql}ee =€, (11&)
epete = e. (11b)

Remark 1.2. Such elements necessarily exist, for instance ¢. = ¥, = e for any e € Z. However,
obviously this will not lead to interesting results.



Lemma 1.3. For any e € Z, the element V¥.ed. is an idempotent.

Proof. Using (1.1a), we have

(¢ee¢e)2 = ¢e6(¢e¢e€)¢e

= Y€’ Pe
= the€e,
as desired. O
Denote by J the image of the map  — A and write Z, for the fibre of any
e > Yeede

element € € 7. We have
I = {6 €L :peep = 6}7

|_|IE:I.

eeJ

and

By Lemma 1.3, the set J consists of idempotents, however it is a priori not related to Z.

Proposition 1.4. For any e € J and any e € I, we have

ePe = PeE, (15&)

6'(/)6 = l/)ee- (15b)
Proof. We have

PYe€Pe = €, (1.6)
thus (¢ethee)de = dee. Using (1.1a) we obtain the first equality. We also obtain 1. (eget)e) =
etpe from (1.6) thus by (1.1b) we obtain the second equality. O

Proposition 1.7. For any e € J and any e € I, we have

we(bee =€, (18&)
ewe(be = €. (18b)

Proof. By (1.5a) we have ¢.€ = e¢., thus

we¢e€ = ¢ee¢6v

and we conclude that (1.8a) holds since Y.e¢. = € by definition of Z.. Similarly, by (1.5b)
we have

EYePe = e€Pe = €,
thus (1.8b) holds. O

If J is any finite set and B any K-algebra, we denote by Mat;(B) the K-algebra of
matrices with rows and columns indexed by J with entries in B.

Definition 1.9. For any € € J, we define the idempotent

€= e.
.

Theorem 1.10. Let e € J. We have the following isomorphism of K -algebras:

€Aé ~ Matz, (eAe).



Proof. We first prove that for any ¢’, e € Z,, the maps

Ope: | €Ade — €AeM,,
a — we’a¢eMe/e
and
Nero & | €AeMy, — €' Ae

aMee +——  Gerarde,

are well-defined and inverse isomorphism of K-modules. Here, we denoted by M., €
Matz, (eAe) the matrix whose unique non-zero coefficient, which is 1, is at row e’ and
column e. The maps 6. and 7., are well-defined by Proposition 1.4. Indeed, for any
a € €' Ae then a = €’ae and

we’a(be = (d)e’e/)a(ed)e) = (Ewe’)a((bee) S GAea

S0 O is well-defined, and for any a € eAe then a = eae and

beratpe = (per€)aletpe) = (6/¢e/)a(¢e€) € ¢ Ae,

S0 Nere is well-defined. Now for any a € e’ Ae we have, using a = €’ae and (1.1),

Nere (Bere(a)) = ere(Perae Mere)
= o' (Yerage ) e
= (pertpere)a(eperbe)
= ¢cae

=a.
Moreover, for any a € eAe we have, using a = eae and Proposition 1.4,

Ocre(Nere(aMere)) = Ocre(derarpe)
= e Per e pe Mere
= (Verer€)aletede) Mere
= eae
= a.
We now want to extend 6./, and 7., to algebra isomorphisms. We have a direct sum
decomposition

ede= P €A (1.11)

e’ ecT,
We define two maps

0. : €Aé — Matz, (eAe),
Ne : Matz, (eAe) — éAé,

by
0 = @ Ocres
e’ ecl,
Ne == @ Te'e-
e’ e€l,

These two maps are inverse isomorphisms of K-modules. To prove that they are inverse
isomorphism of K-algebras, it suffices to prove that 0. is a morphism of K-algebras. Recalling
the decomposition (1.11), it suffices to prove that

Ge(alag) = 9€(a1)96(a2), (1.12)



for any a; € e} Ae; for any e; € Z,.. If ey # e} then the left-hand side is zero, and so is the
right-hand one since Mes e, Mere, = OMatz, (eae)- Thus, we now assume that e; = €. We have
a1 = are; and ajas = ajeras € € Aey, thus using (1.1b) we obtain
Oc(araz) = Oc;e,(araz2)

= we’la1(€1)a2¢e2Me;e2

= Yer a1(€10e, Ve, )a2pe, Mes e,

= (Yeya1€10e, ) (Ye, a20e, ) My e,

= (Ve @106, Mot e, ) (e, a2, Meyey)

= Oce, (a1)0c,e,(az)

= 0(a1)0(az).

This concludes the proof. O
Corollary 1.13. Assume that for all €,¢' € J we have
e#e = eAé ={0}. (1.14)
Then have the following isomorphism of K-algebras:
A~ @ Matz, (eAe).
eeJ
Proof. The assumption (1.14) implies that
A~ Peae
eeJ

We now use the result of Theorem 1.10. O

2 Application to quiver Hecke algebras

We here review and generalise the decomposition theorem from [21, §6] to the case of a
possibly infinite quiver. A careful analysis of the proofs in this section will be the starting
point of several proofs later in the paper.

2.1 Definition

Let T be a loop-free quiver, possibly infinite. We write I (respectively A) for the vertex
(resp. arrow) set. We have a map A — I x I given by A 3> a + (o(a),t(a)) € I x I. The
loop-free condition says that for all a € A we have o(a) # t(a). For any i,j € I, we write
|i — j| for the (finite) number of a € A such that o(a) = i and t(a) = j. We also define
i-j:=1i— jl+1i + j|. (We warn the reader that the usual quantity is —i - j.) For any

1,7 € I we define
d(i,j) = .
—2, otherwise.

Let u, v be two indeterminates over K. For any ¢, j € I, we define the polynomial Q;;(u,v) €
Klu,v] by

o EDEI =)
Quglu,v) = {0, otherwise, 21)
Note that

Qij(u,v) = Qji(v,u) = Qij(—v, —u). (2.2)

Let n € N and G,, be the symmetric group on n letters. We denote by r, the transposition
(a,a+1) € &, for any a € {1,...,n — 1}. We will consider the following two actions of &,:



e the natural action on {1,...,n}, given by r, - i := r,(i) for all a € {1,...,n — 1} and
ie{l,...,n};
e the action on I™ by place permutation, given by
L ("'7ia7ia+17~'~) = ("'7ia+1aia7"')7 (23)
for any 4 = (i1,...,i,) € ["and a € {1,...,n — 1}.
Let o C I"™ be a finite &,,-stable subset, that is, a finite union of &,,-orbits.

Definition 2.4 (Khovanov-Lauda [16, 17], Rouquier [23]). The quiver Hecke algebra asso-
ciated with the quiver I" and the finite stable &,,-subset o C I, denoted by R, (T"), is the
associative unitary K-algebra generated by elements

{Wat1<a<n U{s}t1<p<n—1 U {e(?)}ica,

and relations, for any ¢, € « and a,b € {1,...,n},
> eli) =1, e(i)e(g) = dije(d), Ya¥b = YoYas Yae(t) = €(2)Ya, (25)
i€
and
¢ae(i) = G(T‘a : 7:)7/}(17 (2'6)
—e(t), ifb=aand i, =igt1,
(Yaye = Yroy¥a)e(d) = q (@), ifb=a+1and i, =141, (2.7)
0, otherwise,

if a <n — 1, and finally

wawb = ¢b'(/}aa if |Cl, - b| > 1; (28)
1/)36(7,) = Qiaia+1 (yaa ya+1)e(i)7 2.9
Qiyipr (Ubs Yor1) — Qiyiyy (Ybr2, Yor1) (i

. 2)7 lf ib = ib+2,
(Vor1¥Vpb1 — Yotbpr1vp)e(d) = Yb — Yor2
0, otherwise,

(2.10)

fa<n—-—1landb<n-2.

We may form the direct sum R, (T) :== @, Ra(I"), where o runs over all the orbits of 1"
under the action of &,,. If T' is finite, the direct sum is finite and R, (T") is a unitary algebra,
with unit ) ;. e(#). Note that if n =0 then R, (I") = Ro(I') = K.

Proposition 2.11 ([16, 17, 23]). The algebra R, (T") is endowed with the Z-grading given by
dege(z) =0,
deg Ya = 2,

degpe(z) = d(ip, ip+1),
foralli € a and a,be {1,...,n} withb <n—1.

For any w € &,,, choose a reduced expression w = rg, - - - 14, and define 1, = g, - - - VYa, -
Note that the element v, may depend on the chosen reduced expression.

Proposition 2.12 ([16, 17, 23]). The algebra Ry (T') is a free K-module, and
{y1* - ypripye(d) s a; e Nyw € 6,4 € a},

is a K-basis.

Remark 2.13. We recall that there is a one-to-one correspondence between &,,-orbits aw C I"™
and maps & : I — N of weight n, namely such that ), ; &(i) = n (the number &(i) counts
the number of occurrence of 7 in any element in the orbit «).



2.2 Disjoint union of quivers

Let d € N*. Like in [21, §6.1.3], we assume that the quiver I' decomposes as a disjoint union
of full subquivers
d
r=||r9,
j=1

where there are no arrows between I'/) and I'(0") if j # 5. We denote by I = H‘}zll(j) the
subsequent partition of the vertex set. Note that Q; = 1 whenever i € 1Y) and i’ € I (")

with j # 5.
Now we consider a special class of finite unions of &,-orbits in I™. We let G be a finite
group acting on I and, for each j € {1,...,d}, we assume that I is stable under the action

of G. We denote
G,=G"x6G,,

the semi-direct product where &,, acts on place permutation on G™.
The semidirect product G,, acts naturally on I"™. For any g = (¢g1,...,9,) € G™ and
w € &, we have, for all (i1,...,4,) € I",

(gw) - (ir, - yin) = (91 G101+ - Gn - fw—1(n)) -

We fix o« C I"™ to be a G,,-orbit. Note that « is indeed a finite &,,-stable subset of I™ as
in §2.1.

2.2.1 Decomposition of orbits

For any i € a and j € {1,...,d}, let i) be the tuple obtained from % by removing the
entries that are not in 7). We denote by n,(4) the number of remaining entries, that is, the

number of components of i), 1t follows easily from the fact that each IU) is stable under
the action of G that:

the tuple (n1(%),...,nq4(¢)) is the same for each ¢ € . (2.14)

Thus, we denote, for each j € {1,...,d}, by nj(a) the unique value of n;(¢) for ¢ € «a.
We may simply write n; instead of n;(a) when « is clear from the context. Note that
ny+---+ng=n.
We define
auhz{ﬁﬁ:iEQ}g(ﬂﬂW¢

The set a9 is a finite &,,;-stable subset of (1)), We will see in (2.17) that it is in fact a
Gy, -orbit.
In addition to (2.14), we will need the following property of .

Proposition 2.15. Recall that o« C I™ is a G,,-orbit. We have:
oM x .o xadca. (2.16)

where we use implicitly the natural identification (by concatenation) of I X -+ x I with a
subset of I™.

Proof. Let us provide a proof which shows all the various elements explicitly. Since « is a
G,-orbit, it can be written of the form:

a:{(gl 'iw_l(l)v"'agn'iw_l(n)) |gla"'7gn €G7 ’LUGGn},

for some element (iy,...,i,) € I". By invariance under &,,, we can choose (i1,...,i,) in an
ordered form as follows:
1 1 d
(217 7177,17 """ U 7an)v



where i € IU) for all j € {1,...,d} and k € {1,...,n;}. Then it is clear that for each
j€{1,...,d}, we have simply

ald) = {(91 'Z.Zfl(l)""vgnj -ii,l(nj)) |gl,...,gnj eG, we an} .
Property (2.16) is now immediate to check. O

From the proof of the preceding proposition, it is easy to see that the map

d
{G,-orbits of I"} — |_| H{an—orbits of (I(j))nj }, (2.17)

niona>0 j=1
ny+-ng=n

given by a — (a, ..., a®) is a bijection. The inverse map associates to (a(V),...,a(®)

the smallest G,,-stable subset in I™ containing o) x --- x a4,

Remark 2.18. What we actually need for the results of this section is a subset « satisfying
properties (2.14) and (2.16). However, since we will use in all the paper only G,-orbits, we
find it more convenient to start directly with G,,-orbits. In fact we will only use the groups
G = {1} and G = Z/2Z, but considering an arbitrary finite group G does not lead to any
complication.

Remark 2.19. e Let Q) be the set of G-orbits of I. Generalising Remark 2.13, it is easy to see
that there is a one-to-one correspondence between GG,-orbits a C I and maps & : 2 - N
such that Y &(w) =n. If a CI™ is a Gy-orbit and w € €, then &(w) counts the number
of occurrence of the elements of w in any element of «.

e For each j = 1,...,d, let Q) be the set of G-orbits of 17). We have = H?le(j).

Then the bijection (2.17) in terms of maps simply associates to & : @ — N the restrictions
élgu : QY — N to each Q).
Ezample 2.20. Let us give an example of a subset « not satisfying property (2.16). Let n = 2
and o = {(a, A), (A, a), (b, B), (B,b)} where a,b € I") and A, B € I®). Then « is a union of
two Gy-orbits and it satisfies (2.14). It does not satisfy (2.16). Indeed, we have o) = {a, b}
and a® = {A, B} but, for example, (a, B) ¢ a.

2.2.2 Decomposition along the connected components of the quiver

We keep o C I™ a G,-orbit for some finite group G acting on each set 1), We may (and we
will) simply write n; instead of n;(«).

For each i € I, we set p(i) = j € {1,...,d} if i € IU). Then for each i = (i1,...,i,) € I",
we define its profile by p(i) = (p(i1),...,p(in)) € {1,...,d}™. Let

Prof® == {p(), i € a} € {1,...,d}"

be the set of all profiles of elements of . Note that (2.14) ensures that Prof® is also a single
orbit, now for the action of &,, on {1,...,d}" by place permutation.
A natural element to consider in this orbit Prof® is

= (1,...,1,2,...,2,. ... d,....d),

where each j € {1,...,d} appears exactly n; times. Then every element t € Prof” can be
reordered to obtain the distinguished element t*. More precisely, for any t € Prof®, the
set of elements w € &, such that w -t = t* forms a right coset in &,, for the subgroup
Gp, X -+ x &, (the stabiliser of t*). There is a unique minimal length element in this coset
(see e.g. [10]) and we denote it m¢. In particular, the element 7y is the unique minimal length
element of &,, such that m¢ -t = t*.

For any t € Prof®, we define the idempotent

e(t) = Z e(i) € Ra(T),
pzie)if
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and we set
7 = {e(t) : t € Prof*}.

n
N15eeesMd

It is a complete set of orthogonal idempotent and its cardinality is ( ) Then, for any

t € Prof” we fix a reduced expression m¢ = 74, - - - 74, and define

e = Ya, - Ya, € Ra(T), (2.21a)
¢ =V, - Y, € Ra(T). (2.21b)
In the following proposition, the grading on Matz (e(t*) Ry (I)e(t™)) is trivially induced

from the grading on e(t*)R,(I')e(t*) (an homogeneous element of degree N is a matrix
where all coefficients are homogeneous elements of degree N).

Proposition 2.22. We have an isomorphism of graded algebras:

Ro(l) = Mat( o (e(t") Ra(D)e(t?)).

Proof. The proof follows the same steps as in [21] and we only give a sketch and the precise
references to [21]. First we have that the data {e(t), ¥, ¢(}reprot~ in Ro(T) enters the general
setting (1.1) of Section 1, namely we have, for any t € Prof® (see [21, Proposition 6.18]),
Pupie(t) = e()pethe = e(t). (2.23)
The main point to prove (2.23) is the following fact:
Yae(t) = e(t), (2.24)

forany a € {1,...,n—1} and t € Prof” such that t, # t,+1 (see [21, Lemma 6.15]). Similarly,
we obtain, for any t € Prof®,

Yee(t) o = Pedre(t™) = e(t). (2.25)

This last equality ensures that the set J in the notation of §1 is J = {e(t*)}. Since J is
reduced to one element, we deduce that the assumption (1.14) is automatically satisfied, and
we can use Corollary 1.13 to obtain the proposition. Finally, the fact that the isomorphism
is homogeneous follows from dege(t) = deg ¢re(t) = 0 for any t € Prof™ (see [21, Remark
6.29]). O

Remark 2.26. Similarly to (2.24), we have (see [21, Lemma 6.20])

ya¢te(t) = ¢tym(a)e(t)a (227)
for any a € {1,...,n— 1} and t € Prof® such that t, # t,11, and also (see [21, Lemma 6.15])
wa+1wa'¢)a+1e(t) = 1/)a1/1a+1¢a€(f)a (228)

for any a € {1,...,n — 2} and t € Prof® such that t, # t,42. In particular, (2.28) implies
that the quantities ¥e(t) and e(t)¢¢ do not depend on the chosen reduced expression for my.

2.2.3 Expression as a tensor product

We now want to write the algebra e(t*)R, (I')e(t%) as a tensor product. Recall that « is
a Gpr-orbit and thus satisfies properties (2.14) and (2.16). We have already used the first
property. The second will be explicitly used during the proof of the next result.

Note that, for any j € {1,...,d}, the algebra R, (T'")) is well-defined since a¥) consists
of n;-tuples of vertices I¥) of T() and is stable under permutations (see §2.2.1).

Theorem 2.29. We have an (explicit) isomorphism of graded algebras:

e(t)Ra(D)e(t®) ~ Ryoy TM) @ - -+ @ Ry (D).
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Proof. We construct an algebra homomorphism f from the tensor product to e(t*) R, (I')e(t*)
as follows. For any i) € o) C (I0))" with j € {1,...,d} we define

f(e(z(l)) R e(z(d))) — e(i(l), N ,i(d)),

Note that (i(l), ... ,i(d)) € a due to Proposition 2.15. Moreover, for any j € {1,...,d} we
denote y((f ) and wéj ) the generators of R ;) (F(j )) in the tensor product and we define
f(y((zj)) = e(ta)yn1+~--+nj71+ae(ta)7

F@) = (), 4im, 106 (),

for all a,b € {1,...,n;} with b < n; —1. By [2], Lemma 6.24], the map f is indeed a
homomorphism. Using the basis of Proposition 2.12, we can prove that f sends a basis onto
a basis and thus is an isomorphism (see [21, Proposition 6.25]). Finally, the isomorphism f
is clearly homogeneous. O

Combining Theorem 2.29 with Proposition 2.22, we obtain the main result of this section.

Corollary 2.30. We have an (explicit) isomorphism of graded algebras:

Remark 2.31. If a = I¥_, a; the decomposition of a into &,,-orbits, then we have R, (T') =
@®F_ | R,,(T). So of course, as far as the algebras R, (I') are concerned, taking « a single
&,,-orbit would be enough. However, we really needed a more general setting since we will
apply later the results above for orbits o C I™ of the Weyl group of type B.

We now show how to recover [21, Theorem 6.26], with the difference that the result we
obtain here is also valid if the quiver I" is infinite.

Corollary 2.32. We have an (explicit) isomorphism of graded algebras:

d
RTL(F) ~ @ Mat( n ) ®an (F(J))

ni,...,nqg>0
ni+-+ng=n

Proof. We write I"/&,, to denote the &,-orbits in I”. We apply the isomorphism of
Corollary 2.30 in each term of right-hand side of the equality R, (I") = @4 Ra(T"), where «
runs over I"/&,, (so we use the situation G = {1} here). Recalling the 1:1-correspondence
in (2.17), we obtain

R,I)~ P Ra()

acln/6,
d
- Mat " R (T
@ a (nl(a),...,nd(a)) ® cx(J)( )
acl™ /&, i1
d
N M " (7@
@ @ a‘t("l(a) ..... n,d(a)) ®Ra(1)( )
;- na 20 OéEIn/Gn j=1

N1t +tNa=N p;(a)=n;

R

d
@ Mat(n1 ") @ ®Ra(j>(1“(j))

ni,..,mg>0 a€l™ /6, j=1
ni+--+ng=n n;(a)=n;
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R

® vy @ @ QR

ni,...,ng>0 aMel™ /&, aldel™d /&,
ni+-+nqg=n

d
D  Mat oy [ Q)R T
ni,...,nqg>0 ' j=1

ni+--+ng=n

as desired. O

12

2.2.4 Cyclotomic case

We keep the above setting with the quiver T, its full subquivers ') and a G,,-orbit o. In
addition, let A = (A;);es be a finitely-supported family of non-negative integers.

Definition 2.33 ([23, 6]). The cyclotomic quiver Hecke algebra R2(T) is the quotient of
the quiver Hecke algebra R, (T) by the two-sided ideal 32 generated by the relations
A;
yrte(d) =0, (2.34)

for all 4 = (i1,...,i,) € .

Since the above relations are homogeneous, the cyclotomic quiver Hecke algebras is
graded, as in Proposition 2.11. Note that if A; = 0 for all ¢ then

RMT) = {0}, iftn>1,
K, ifn=0.

As in [21, §6.4.1], we want to state Corollaries 2.30 and 2.32 in the cyclotomic setting.
First, for any j € {1,...,d} let AU) be the restriction of A to IU).

Theorem 2.35. We have an (explicit) isomorphism of graded algebras:

d
RMT) ~ . A9 ()
( ) Mat(nl YYYYY "d) ®R (F )
Jj=1
Proof. The proof is similar to the one of [21, Theorem 6.30]. We provide details since it will

be used later in the paper.
Note that ®d_1RA(])( 7)) is the quotient of ®] 1R, (TW)) by the two-sided ideal

~A) .
HNeg=01® 0123 ele--®l, j=1,...,d

generated by the ideals JA ¢ in position j in the tensor product. We will identify the algebra
jleam( ()) with the algebra e(t*) R, (I')e(t*) thanks to the explicit isomorphism given

in the proof of Theorem 2.29. With this identification, the ideal T, o is generated by the
elements

Aq .
Yo be(z) )
where ¢ € « is of profile t*, and b is of the form b=mny +---+n;_ +1for j € {1,...,d}.

Now let € be the isomorphism of Proposition 2.22 and 7 its inverse. For convenience we
denote during the proof N := (m " nd). We will prove the following two inclusions:

0 (35) € Maty (35 5), (2.36a)
34 2 (Maty (35,5)) - (2.36b)

Let t',t € Prof®. First recall that for h € e(t') R, (I")e(t), we have

9(h) = wt’hqtht’t € Maty (e(ta)Ra(F)e(tO‘)) .
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while for h € e(t*) Ry (I')e(t*) we have

n (hMy¢) = e hipy

where the elements ¢, ¥; were introduced in (2.21).
e Let ¢ € v of profile t. By (2.23), (2.6) and (2.27) we have:

A A

Y (i) =y elie(t) =y e(§)dubie(t) = byt el - D) e().

Thus, to prove (2.36a) it suffices to show that
A,; . ~
0 (ym(ll)e(m : 'L)) € Maty (Jg)@)) .

By definition of m¢, we have that ¢’ := m - ¢ has profile t* and therefore y;\:(ll)e(i') €
e(t*)Rq(I)e(t™). Let b := m¢(1) so that we have i; = 4;, and moreover, by [21, Proposition
6.7], the element b is of the form ny +--- +n;_1 + 1. We conclude that

Ail . Ai; ./ ~N\
0 (ym(l)e(m . z)) =y, "e(i) M € Maty (35 5) -

e Let ¢ € o with profile t* and let b =n; +---+nj_1 + 1 with j € {1,...,d} such that
n; # 0. Let us prove that

A; .
n (yb be(@)Mt/t) €7}

Since My ¢ = My My for any t” it is enough to prove it for a single value of t'. So without
loss of generality, since n; # 0 we can assume that t' starts with j so that 7y (1) =b. We
conclude that

A; . A; . A; — . ~
Ui (yb be(l)Mt't) = duy, te(i)h = y; ve(ry ! i)dutb € T4,

. . ./ — . . .
since, if we denote i’ = 7, 1.4 then we have i = ip.

This concludes the proof of (2.36) showing that we have
0 (35) =Maty (35 5) -
Thus we can deduce the isomorphism of Theorem 2.35 from Corollary 2.30. O

Remark 2.37. o We saw that if AY) =0 on I')) for some j then, if moreover o) #
(that is, if nj(a) # 0), we have Rg:: (TW)) = {0} from the defining relations. So in turn,
Theorem 2.35 implies that R2(T") = {0}.

e The conclusion of the preceding item can in fact be seen more directly. Indeed the
cyclotomic relations in RA(T) imply that e(i) = 0 for all ¢ € a with i; € TU). So we
have that the idempotent e(t) is 0 for any profile t starting with j (and at least one
profile like this exists in Prof® when n;(a) # 0). Since:

be(t)ge=e(t”) and  ge(t) = e(t)
it follows immediately that if n;(c) # 0 then all idempotents e(t) are 0 and in turn all
idempotents e(i), i € a, are 0, which shows that R2(T) = {0}.
As in Corollary 2.32, we deduce the following corollary.

Corollary 2.38. We have an (explicit) isomorphism of graded algebras:

d

RAM)~ P Mat( o Q) RA (0

,,,,,

M1yeeey ndZO j=1
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Remark 2.39. It follows from Remark 2.37 that we can assume that A is supported on all
components of T', that is AU) # 0 for all j € {1,...,d}. In other words, we can replace
from the beginning T' by T' where we removed the components I'¥) such that A¢) = 0. In
particular, we have R2(T) = Rﬁ‘i (T'), where I denotes the vertex set of I'. We could have
done that but it turned out to be not really necessary to state Theorem 2.35 or Corollary 2.38.
For example, in Corollary 2.38, if AW = 0 for some j then all the summands with n; #0
are {0} and can thus be removed from the direct sum.

3 Interpolating quiver Hecke algebras for type B

The aim of this section is to unite the definitions of quiver Hecke algebras for type B that are
introduced in [25] by Varagnolo and Vasserot and in [19, 20] by the first author and Walker.

3.1 Definition

Let T be a quiver as in §2.1. We also adopt the notation of this subection. Let 6 be an
involution of I', that is, the map 6 is an involution on both sets I and A and satisfies

0(o(a)) = 1(6(a)), 3.1)

for all a € A. Note the following consequence: for any ¢, j € I we have |i — j| = [0(j) — 0(3)|
and thus

i = 00)-00)). (3.2)
It follows from the definition (2.1) of the polynomials @;; and from (3.1) again that
Qij (ua U) = QG(j)G('L') (ua U), (33)

for any 4,5 € I.

Let B, be the group of signed permutations of {£1,...,£n}, that is, the group of
permutations 7 of {£1,...,+n} satisfying m(—i) = —n (i) for all ¢ € {1,...,n}. We have a
natural isomorphism B, ~ (Z/2Z)™ x &,,. In particular we are in the setting of §2.2 with
G = Z /27, which acts on I via the canonical surjection G — (f). We have a natural inclusion
S, C B,, where r, is identified with (a,a +1)(—a,—a —1) for all a € {1,...,n — 1}. We
see B, as a Weyl group of type B by adding the generator rg := (—1,1). The action of B,
on I™ is given by (2.3) and

To - (il, e ,in) = (a(il),ig, . ,in),

for any ¢ = (41,...,4,) € I". Let 8 C I"™ be a By-orbit. In particular, the set § is a finite
S,,-stable subset of I"™.

Remark 3.4. The result of Remark 2.19 can here be written as follows. There is a one-to-one

corresponc}ence between ABn—orbits pciI™ andA maps 5 : I — N such that 5 = 06 and

3> ier B(i)+ Y ier B(i) = n (the number 3(i) counts the number of occurrence of both
0(i)#i 0(i)=i

i and 0(7) in any element in the orbit B). See also [19, Remark 2.5].
Let A € N! and v € K. Define

Ai Ao ’ if i — Yy
d(l) = + 0(1) ! ’y 0
-2, otherwise.

For any ¢ € I, we make the following assumptions:

9(2) 75’& = ;= 07 (35&)
v =0 = [8(i) # i or d(i) = 0). (3.5b)

Note that ~ is f-invariant, that is, we have

Yoy = Vi, foralli e I. (3.6)
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Remark 3.7. e Condition (3.5b) may seem strong; without it we encounter in §A.1 useless
complications for our means (see also Remark A.5).

e Similarly, one could consider a more general definition than the one below. As for
example in [23, §3.2], we could remove any reference to a quiver and start only with a
family of polynomials associated to the set I with involution 6 (namely, @Q;;[u,v] and a

polynomial replacing (—1)’\9(i1>y‘1i(i1) in the definition below). Then one should look for
conditions ensuring the existence of a polynomial representation. We do not pursue in this
direction to avoid adding another layer of technicalities.

Definition 3.8. The algebra Vz(T', A, ) is the unitary associative K-algebra generated by
elements

{Wat1<a<n U{¥b}o<b<n—1 U {e(d)}ies,
with the relations (2.5)—(2.10) of Section 2 involving all the generators but g, together with

toe(t) = e(ro - )vo, (3.9)
d)o’(/}b = 1/}(,1,[}0, for all b € {2, cee,n — 1}, (310)
(Yoy1 + y1tbo)e(t) = 27i, e(1), (3.11)
1poya = ya"bOa for all a € {2a o 7n}7 (312>
_1)NeGip) d(i1) /. . o
’(/}(2)6(1,) = {( 1) 1 yl 6(1), lf 721 ) Oa (313)
0, otherwise,
((oh1)? = (Y1¢00)?) e(i) = (3.14)
B /\9(77 )(_yl)d(il)_yg(il) . 'f o 0 . Iy
(=1)*oc e T Pre(i), if v;, =0 and 6(i;) = ia,
Vis Diziy (yl’iy‘,jl);fim (v1.92) (y1%o — 74, ) e(2) otherwise,

for all ¢z € 5.

It is clear that the fraction in the first line of the right hand side in (3.14) is a polynomial
in y1,y2. Then we note that the second line in the right hand side of (3.14) is 0 when ;, = 0
or when i; = iy (recalling (2.1)), and is a polynomial in y;,ys when 7;, = 0. So for the
second line, if 7;, # 0 # 7;, and 41 # iz then by (3.5a) we have 6(i1) = i1 and 0(iz) = iq,
and thus we can use (2.2) and (3.3) so that

Qiria (U, —v) = Qiyiy (u,v) _ Qisig (v, —u) = Qogiz)o(i,) (U, v)

uv uv
_ Qiﬂ'z (U’ _u> - Qizh (u7 U)
uv
o Qi1i2 (vv _u) B Qi1i2 (U, u)
- Y
uv

is a polynomial.

Finally, note that when n = 0 then V3(T', \,v) = K.
Remark 3.15. Since (8 is a finite &,,-stable subset of I, we can also consider the algebra
Rg(T") as defined in §2.1. The subalgebra of V3(I', A, ) generated by all the generators but
1o is an obvious quotient of Rg(I") (see also Corollary 3.28).

Remark 3.16. If 6 has no fixed point in I then V3(T', A, ) is exactly the algebra defined
in [25]. In this case, by (3.5a) we necessarily have ; = 0 for any ¢ and (3.5b) is automatically
satisfied. In particular, in (3.14) the second line is always zero in this situation.

Remark 3.17. Assume that K is field of characteristic different from 2 and let p,q € K*
with g2 # 1 # p?. Let § : KX — K* be the scalar inversion. For any = € KX, we define the
set I, = {x¢q® : e € {£1},l € Z}. Let x1,..., 71, € K* such that the sets I, are pairwise
disjoint. Let T' be the quiver with vertices I := I1*_, I, and arrows between v and ¢?v for
all v € I. Finally let A be the indicator function of P := {£p} NI and define ; = 1 if
0(i) =i and ~y; := 0 otherwise (thus (3.5) is satisfied). Then V3(T, A, ) is exactly the algebra
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VI * defined in [19]. This is, together with the next remark, the situation relevant for the
applications to affine Hecke algebras, see Section 6.

Remark 3.18. The algebra of [20, §3.1] is obtained with the same choice of T', 0 as in the
preceding remark, together with ~; := 0 and \; := 0 for all . In particular, Condition (3.5b)
is satisfied since d(i) = 0 for all ¢ € I. We will come back to this particular situation in
Section 5.

The algebra Vz(T', A, ) is endowed with the Z-grading given by

dege(i) =0, (3.19a)
degy, = 2, (3.19b)
degpoe() = d(i1), (3.19¢)
degpe(i) = d(ip, tit1)- (3.19d)

The homogeneity of the defining relations that do not involve v is as in Section 2, the
other ones being a simple calculation. For (3.11) note that if v;, = 0 there is nothing to check,
and if v;, # 0 then by definition we have d(i1) = —2 thus deg¥oy1e(i) = degyivoe(i) = 0.
To check the last relation, let us write 7145 instead of ¢ and even a instead of 7, and a instead
of 6(i,). We have

(otp1)? = (V1%00)?) e(12) = Yhorb1tbotpre(12) — h1eboth1tboe(12)
= ope(12)¢1e(21)vpe(21)h1e(12) — wle(ﬁ)woe(ﬂ)wl6(12)(2/106(1)2).
3.20

We have:

dog Yoe(12) = deg Yoe(12) = d(1),
deg1ppe(21) = degippe(21) = d(2).

Moreover, by (3.2) we have

degyre(21) =d d ) = degpre(12),
dege(12) = d(1,2) = d(2,1) = d(2, T) = deg re(21).

NI
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~
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[l

=l N

Thus, the quantity ((¢ot1)? — (¥1¢0)?) e(4) is homogeneous of degree

d(ix) + d(iz) + d(i1, i2) + d(iy, 0(i2)).
A quick calculation now shows that the last relation is homogeneous (note that in the first
case we have v;, = 0 by (3.6)).

3.2 Basis theorem

We now want to give an analogue of the basis theorem Proposition 2.12 for quiver Hecke
algebras. As in [16, 17, 23], we will construct a polynomial realisation of Vz(T', A, 7). Let
(Pij(u,v)); jer be a family of polynomials satisfying

Pij(uﬂ 'U) = Pi'(—’l)7—u), (321&)
Pij (ua U) = P@(j)@(i) (uv ’U), (321b)

and such that
Pyj(u,v) Pji(v,u) = Qi (u, v). (3.22)

Note that P;;(u,v) := (u —v)P=" if i # j and P;;(u,v) := 0 if i = j is an example of such a
family, by (3.1). Now let (a;(y))ier be a family of polynomials such that

g (y)ai(—y) = (=1) 0?0, if 7; = 0, (3.23)
a;(y) =0, otherwise. (3.24)
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Note that if 7; = 0 we can just set a;(y) = y**@. We now consider the sum of polyno-
mials algebras K|z, 8] := ®;epK|[x1,...,2,]1;, where 1; denotes the unit of the summand
corresponding to ¢, so that

71, =1,f, for all f € K[z1,...,z,] and ¢ € 3,

1,;1j = 5@'1,’, for all 2,5 € 3.
The Weyl group By, acts on K[z1,...,z,] by “ f(z1,...,2,) = f(w™' - (z1,...,2,)) for any
w € B, and f € K[x1,...,2,], where the action of the generator rg on (z1,...,x,) is by
multiplying z; by —1, and the action of the generator r,, a =1,...,n— 1, on (z1,...,z,)
is by exchanging z, and z,41. The action of B,, on K[x1,...,z,] extends by linearity to

K|z, 8] by setting w* f1; :=* f1,,,; for any 7 € 3.
We now consider the linear action of Va(I', A,7) on K[z, (] given on the generators by

e(g) - fli =655 f1s = 04515 f,
Yo - fli =2 f13 = 2,15 f,

f—f
Yo fLi = 0iyipys mli + Py iyr (Tog1,25) " flry s

= (5ib,z'b+1 (zp — xp11) " (1o — 1) + Piy iy, (241, xb)?‘b) * f1s,
f - Tof e
Yo flg = (%11‘1 + 041'1($1) of 17“01'
= (fyilel(l —ro) + ail(ml)ro) * fls,

for any ¢,5 € S and f € K[z1,..., 2]
Lemma 3.25. The previous action is well-defined.

The proof of Lemma 3.25 is given in Appendix A. For each w € B,, we now fix a reduced
expression w = rq, « -+ 1q, and define ¥y, == g, - Vg, € Va(T, \,7). Note that the element
1, may depend on the chosen reduced expression.

Theorem 3.26. The algebra Va(T', A, ) is a free K-module, and
{y1* - yprpye(d) s a; € Nyw € By, i € 5},
is a K-basis.

Proof. As in [16, 17, 23], successively applying the defining relations of V3(T', A, y) we can
see that the above family is a spanning set, hence it remains to prove that it is linearly
independent. For any b € {0,...,n —1},4 € B and f € K[xy,...,2,] we can write

Uo- fls = (Ao + AL )« f1s,

where A", Ai’”’ € K(x1,...,x,) with A}* non-zero (recall that Pj; # 0 if ¢ # j). If < is the
Bruhat order on B,,, we deduce that for each w € B,, we can write

Yu - f1; = (Ai-”w + > A?/’ww'> * [,

w’ <w

where AY, A" € K(x1,...,%,) with AY non-zero. Thus,

Y fli = (Afx? et 30 AT w) * f1i,

w’ <w
for any a,...,a, € N. We now use the following basic Lemma 3.27 from field theory and
notice that the elements of B,, induce distinct field homomorphisms of K(x1,...,x,).
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Lemma 3.27 (Dedekind). If ui,...,u, : F — G are distinct field homomorphisms then
they form a linearly independent family over G.

So we can use reverse induction in the Bruhat order to show that the images of the basis
elements are linearly independent in End g (K[, 8]) and thus conclude the proof. O

As a corollary, we obtain the sequel of Remark 3.15.

Corollary 3.28. The subalgebra of V3(T', \,7) generated by all generators but 1q is isomor-
phic to Rg(T).

4 Disjoint quiver isomorphism

Let T be a quiver with an involution § and A € N/, € K! as in §3.1. Let d be a positive
integer and write I' = H?:IFU) such that

e cach I') is a full subquiver of T

e each ') is stable under 6.
We write I = H?zlf () the corresponding partition of the vertex set of I'. Recall that
B, ~ G™ x &,, with G = Z/2Z acting on I via G — (). In particular, each ) for
j€{1,...,d} is stable under the action of G so that we are in the setting of §2.2.

Let 8 be a By,-orbit in I"™. As explained in §2.2, both properties (2.14) and (2.16) are
satisfied. In particular, for any j € {1,...,d} we have an integer n;(5) = n; and we have a
B, -orbit B9 C (1)),

For any j € {1,...,d}, we define \U) € NIV (respectively ) e Klm) to be the
restriction of A (resp. ) to 1),

Theorem 4.1. We have an (explicit) isomorphism of graded algebras

d
Vs(T, )\, ) =~ Mat( . R Vs (pm, AG), W))

..... =

As in §2, will first apply the result of §1 and then prove an isomorphism with a tensor
product. Parts 4.1 and 4.2 are devoted to the proof of Theorem 4.1, which is a direct
consequence of (4.2) and Proposition 4.3.

4.1 Fixing the profile

As defined in §2.2.2, to each i € 8 we associate its profile p(¢) € {1,...,d}", and we write
Prof? C {1,...,d}" to denote the set of all profiles of elements of 3. Any element of Prof”
can be reordered so that we obtain

Y =@,...,1,....d,...,d),

where each j € {1,...,d} appears exactly n; times. To any t € Prof?, we define the
idempotent
e(t) = Y e(d) € V(I A7),
i€l
p(é)=t
and we define
T = {e(t) : t € Prof”}.

It is a complete set of orthogonal idempotents and its cardinality is exactly (nlnnd)
Since any reduced expression in &,, in the generators r1,...,7,_1 is also reduced in B,, for
these same generators, the definitions (2.21) make sense in V(I', A,7) for any t € Prof”.
Moreover, since the defining relations of Rg(I') are also satisfied in Vg(IT', A,y), we deduce
that equations (2.23) and (2.25) are still satisfied in V3(I', A, y) thus as in §2.2.2 we conclude
that

Va(T, A, y) ~ Mat(n " (e(tﬁ)Vﬁ(F,/\,y)e(tﬁ)) . (4.2)
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4.2 Embedding the tensor product

The aim of this section is to prove the following proposition.

Proposition 4.3. We have an (explicit) isomorphism of graded algebras
e(t)V5(T, A, 7)e ®V5<a> ( ro, ),V(j))-

4.2.1 Images of the generators

Set n =mn1 4+ --- + ng. We start by defining a map from the set of generators of the algebra
®1 Vs ([N, 40)) 0 e(t)V5(T, A, 7)e(t).

Let j € {1,...,d}. We denote w(()j),...,wflj)fl, Yy ),...,ygj), (zj) with #/ € ), the
generators of V) (I, A0) 41D} Then we consider the map

e(i)@---@ 6( ) e(d',...,i%), (4.4)
(tﬁ)'(/)n1+ Fngog o ¢1¢0¢1 s wn1+“‘+’ﬂj71e(tﬁ) ’ (45)

dJ(J) = e(t) Vi ogn,_rae(t®),  a=1,...,n; -1, (4.6)

(tﬁ)yn1+ i 1+b€(tB) s b = ].7 N ,’I'Lj s (47)

where each ¢/ € ) and (z Yoo ,id) is simply the concatenation. Note that (i',. .. ,id) ep
since (8 is a By-orbit, using Proposition 2.15. Moreover, the profile of (il, e ,id) is t? and

thus e(i’, ... ,id)e(tﬁ) = e(tP)e(i",... i) = e(it,. .., id). By convention, ny+---+nj_1 =0
if j =1 (and 1/)(()1) + 1p). Note also that the Formula (4.4) extended by linearity gives the
image of an idempotent e(#’) € V() (F(j), )\(j),w(j)):

d
N Y0 et i), (4.8)
j'=1 4i'epln
J'#i
Equivalently, the image of e(#/) is the sum of the idempotents e(#) where the sum is taken
over i € 3 such that the profile of ¢ is ¥ and moreover (in,4.qn;_y4+1,- - - s iny4otn;) = .

We will prove that the map given in (4.4)—(4.7) extends to an homomorphism of graded
algebras denoted p and that p is bijective.

4.2.2 Grading

We check that the map given in (4.4)—(4.7) preserves the grading given in (3.19). For the
images of the idempotents and of the generators ylgj ), there is nothing to check.

Let ¢’ € 8U) and i € B such that (ip, 4 gn;_y 41, -+ ing ety ) = 8. Leta € {1,...,nj—
1}. On the one hand, we have deg w((lj)e(ij) = d(iJ, iiH). On the other hand, we have

deg¢n1+~-+njf1+ae<i) = d(in1+~~+nj71+aain1+--~+nj71+a+1) = d(igvifﬂ-l) :

Finally, on the one hand, we have deg w(()j)e(ij) = d(z]l) On the other hand, we claim
that we have

deg ... %o ... Yre(d) = d(Jr+1)

for any k£ > 0 and any j € 3 such that jgy1 is not in the same component as ji,...,ji for
the decomposition of the quiver I" = H?zll"(j). Taking k =n; +---+n;_1 and j = 2, this
concludes the verification.

To prove the claim, we use induction on k. For & = 0, this is the definition of the
degree of voe(j). For k > 0, we have degpe(d) = ji - jrr1 = ik — Jr+1l + |k <
Jra1| = 0 by assumption on j. Similarly, degre(j') = 0 where 5' =141 ...70...76_17%(5),
since (ji,Jry1) = (0(jrt1),Jx)- It remains to use the induction hypothesis, namely that
degr—1... %0 ... Yrp_1e(rp(d)) = d(jx+1), valid since r(7) has jry1 in position k.
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4.2.3 Bijectivity

We assume for a moment that the map given in (4.4)—(4.7) extends to an algebra homomor-

phism. We denote this map by p and we prove here that p is bijective. , 4
Forany j € {1,...,d}, we write BU) = By, and we rename its generators to r(()j), ceey rffj)fl.
We recall the following fact.

Lemma 4.9. We have an injective group homomorphism
B(l) X o« X B(d) _>Bn
(wh...,wd) = Wy ... W4

given on the generators by, for j € {1,...,d},

(4)
L) — Tn1+...+n371 ...T1TroT1 - - - Tn1+...+nj71 5

r((f) P Togdedng 1 4a s a=1,...,n; —1.

By convention, ny +---+mn;_1 =0 if j =1 (and rél) — 10). Moreover, any d-tuple of
reduced expressions is sent onto a reduced expression in B,.

Proof. Recall that B,, = (rq,...,r,—1) is the group of signed permutations of {£1,...,+n},
with 7o = (1,-1) and r, = (a,a 4+ 1)(—a,—a — 1) for a =1,...,n — 1. Let t; := 1o and

tar1 = Tatarq for a =1,... ,n — 1. The element ¢, corresponds to the transposition (—a,a).
For any i € {1,...,n} and a € {1,...,i}, we set by convention r,...7;—1 =1 if a = 4. It
is easy to see (for example [18, Figure 9]) that:

n
Bn == |_| Tq - - ~Tnlen71 (] |_| tara .. .rn,an,l .

a=1 a=1
So, if we define, for i € {1,...,n},
RW = {t¢ry...1ii1 |a € {l,...,i}, e€ {0,1}} ;

then we have that 4
{tn...uy | u; € R}, (4.10)

forms a complete set of pairwise distinct elements of B,,. Moreover this set consists of reduced
expressions in terms of the generators ro,r1,...,7,—1, since the polynomial >, axt®, where
ay, records the number of elements in (4.10) written as a product of k generators, is easily

found to be H?zl ll__ti which is the Poincaré polynomial ) . B, t4(w) of the Coxeter group
of type B, (see, for instance, [4, Theorem 7.1.5]).

Now, to prove the lemma, we note that the subgroup permuting only the numbers
+1,...,+n; is isomorphic to BM!), the subgroup permuting only the numbers +(ny +
1),...,%(n; + ny) is isomorphic to B and so on. These subgroups commute and therefore
we have an embedding of B x --- x B(@ inside B, (though not as a parabolic subgroup).
It is straightforward to see that this corresponds to the embedding described at the level of
the generators in the lemma.

For the statement about the reduced expressions, let us first recall that the length function

of the Coxeter group B,, can be expressed in terms on inversions as follows (see for example

[1, §8.1]):
Um)=t{l<i<j<n|n@)>7r()}+e{l<i<j<n|n(=)>n()} .

Using the notations of the lemma, we obtain that £(w; ... Wq) = (W) + - - -+ £(Wq), since W
permutes only the numbers +1, ..., £n;, Wy permutes only the numbers +(ny+1),...,+(n1+
ns), and so on. So it remains to show that a reduced expression in BY), j =1,...,d, is sent
to a reduced expression in B,,.
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Let j € {1,...,d}. We claim that it is enough to show our assertion for a single reduced
expression for each element of BU). Indeed the number of occurrences of 7o in different
reduced expressions of a same element remains constant (due to the homogeneity in rq of
the braid relations of B,,), and therefore, the number of generators in the images of these
different reduced expressions is also constant. So if one of these images is reduced, they are
all reduced.

Finally, to conclude the proof of the lemma, we observe that the set of reduced expressions
of the form (4.10) in BU) is sent to expressions of the same form in B,,, which are therefore
reduced as well. O

To prove that p is bijective, we use first that we know a basis of ®?:1 Vi (TW, A0, 4(9))
by Theorem 3.26. A basis element is of the form

d
(J) .
Q) D) pDe(), (4.11)
j=1
@

where a; (J ) ¢ N, # € ) and w; € BY) . Note that we have fixed a reduced expression

for each element w; € BY) for each j =1,...,d, in order to define wwj .

On the other hand, we also know a basis of e(t? )V@ (T', \, 7)e(t?) again by Theorem 3.26.
Indeed note that e(s ) (t%) = e(4) if the profile of 4 is t° and e(i)e(t’) = 0 otherwise.
Moreover, ,e(2) = e(w - 1)1),,. So it is straightforward to conclude that a basis element of
e(t?)V5(T, A, v)e(t?) is of the form

cymnabye(t) (4.12)

where ay,...,a, € N, i € 3 with profile t? and w is in the subgroup of B,, isomorphic to
BM x ... x B from Lemma 4.9 (the stabiliser of 7). We must fix reduced expressions
for such w in order to define %,,. We fix them as the images of the reduced expressions of
elements BMW x --. x B(® chosen in the preceding paragraph. That we can do so is the last
statement in Lemma 4.9.

Finally, the image of a basis element (4.11) under the homomorphism p is

b . .d

T VR PR /el ¢ AT A N (4.13)
where by, y..qn;_ 1k = a,(cj) and the notation w; comes from Lemma 4.9. The concatenation
(il, . ,id) has the profile ¢ since each # € ), and due to our choices of reduced
expressions, we have ¢, - - - Y5, = ¥, ..w,. S0 we conclude that the element (4.13) is of the

form (4.12). Further, it is immediate that we can obtain in this way all the basis elements of
e(t?)V5(T, A, v)e(t?). We conclude that the homomorphism p sends a basis onto a basis and
thus is bijective.

4.2.4 Homomorphism property

To finish the proof of Proposition 4.3, it remains to check that the map defined in (4.4)—(4.7)
extends to an algebra homomorphism. It is possible but quite lengthy to check explicitly that
all defining relations are preserved. Instead we are going to use the polynomial representation
introduced in §3.2. We keep in use the notations introduced in §3.2.

From the proof of Theorem 3.26, we see that the action of the algebra V3(T', \,v) on
K|z, 8] is faithful, or in other words, we have an embedding of V3 (T, A,v) in Endk (K[z, §]).
Therefore, if we denote ¢(e(t?)) the image of e(t”) by this embedding, we obtain an embedding
of the algebra e(t?)V3(I', A, 7)e(t’) in Endg (¢(e(t’)) K[z, 5]). We have immediately:

o) Kle. Sl = D Klov, o]l (4.14)

22



On the other hand, we also have an embedding of the algebra ®?:1 Vs (I‘(j), @) ,y(j))
in End K(®j:1 K[z, 39)]), and we have the natural identification:

d

Rkl s =® @ Kol sy = @ Ko mlli. (415)
j=1 Jj=14iepl) icep
p(i)=t’

The identification simply maps fil; ® -+ ® fal;a to f1... fal( [y

Through the identifications we just made, both algebras related by the map in (4.4)—(4.7)
are seen as algebras of endomorphisms of the same space, in (4.14) and (4.15). So in order
to check the homomorphism property, it is enough to check that both sides of Formulas
(4.4)—(4.7) are in fact the same elements in the endomorphism algebra.

This verification is immediate for (4.4)—(4.5) and (4.7). For the image of wéj ). we proceed
as follows. First, it is convenient to choose a polynomial representation as in §3.2 for which
Pij(u,v) = (u— )i if § # j and Pyj(u,v) =0 if i = j.

Let 4 € f such that p(i) = ’. It means that ¢ = (i',...,4%) where i/ € gU). Fix
j€{1,...,d} and set for brevity k = nq +--- +n;_;. Through the identifications explained

above, the action of w(()j ) is given by:

— 0 ()
flz — Vg1 f f + aik+1 (!L'k+1) 0 f 1 G) .z
Th41 To

where we recall that 7“(()]) =Tk...T1TT1 - .. Tk acts on ¢ simply by replacing ix11 by 0(igs1).

On the other hand, we need to calculate the action of ¥y ... 11191 ... 1. We note that,
with our choice of P;;(u,v), we have that P;;(u,v) = 1 if one index is among {i1, ..., } and
the other is ig41 or 0(ik,1). Indeed, ik is not in the same connected component of the
quiver than iy, ...,4 since p(i) = t°. This is also true for (ix 1) since @ leaves stable the
set 1(7),

Then the calculation is made in three steps, corresponding respectively to the action of
1 ... Yk, the action of 1y and the action of ¢y ...1:

fl't — Tlmrkf]-rl...rk 7
" ka ror f TOT1 ... Tk 1
= Vi + gy, (1‘1) f roT1... Tk %

T

[€)
)

f="of ()
N (” o e V10,
This concludes the verification of the homomorphism property and the proof of Proposition 4.3.

4.3 Cyclotomic quotients

Asin §2.2.4, let A = (A;);es be a finitely-supported family of non-negative integers. In the
same way as [25, 19, 20], we define the cyclotomic quotient of the algebra Vg (T, A, 7).

Definition 4.16. We define the algebra VBA(F7 A,7) as the quotient of V3(T', A\, v) by the
two-sided ideal J5 generated by the relations

y?ile(i)zo, fOI'aH?/:(zlaﬂZn)e/B

The above relations are homogeneous so that VﬂA(F, A,7) is graded. Note that if A; =0
for all 7 then
0}, ifn>1
K, ifn=0.
As in §2.2.4, for any j € {1,...,d} let AU) be the restriction of A to the vertex set ()
of T,
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Corollary 4.17. We have an (explicit) isomorphism of graded algebras:

d
(_7‘) . . .
VNI, )\,'y)zMat(mﬁmd) Qv (po)? Amﬁm)

Jj=1

Proof. Recall that the algebra Rg(T") is isomorphic to a subalgebra of V3(T', A,7) (see
Corollary 3.28). Moreover, if ¥ denotes the isomorphism of Theorem 4.1, its restriction to
Rg(T") is by construction the isomorphism of Corollary 2.30. Therefore it is immediate that
the calculations made in the proof of Theorem 2.35 can be repeated verbatim here. They
show that, if we denote 32’® the ideal of ®?:1V6(j) (T, A9, ’y(j)) such that the quotient is

®%, V,é\(;) (T AG) 4(7)) (see the proof of Theorem 2.35), we have

This concludes the proof. O

We define VAT, \,7) = D5 VBA(I‘, A,7) where the direct sum is over the B,,-orbits g
in I™. As in Corollary 2.32, using the bijection (2.17) we deduce the following corollary.
Note that we now use (2.17) with G = Z/2Z.

Corollary 4.18. We have an (explicit) isomorphism of graded algebras:

d
) . . .
VAT, A7) ~ @ Mat( ") ®Vé§ @) AGD) @)y

ni,...,ng>0 Jj=1
ni+-ng=n

Remark 4.19. As in Remark 2.39, we deduce that we can assume that A is supported on all
components of I'.

5 Quiver Hecke algebras for type D

To fit with the setting of [20], we now assume that K is a field with char(K) # 2.

Let T' be a quiver with an involution # as in §3.1 and let 8 be a B,,-orbit in I™. As before,
let A = (A;);er be a finitely-supported family of non-negative integers.

In this section, as in Remark 3.18 we consider the situation A\; =; =0 for all ¢ € I, and
we denote simply Vz(I') = V3(T',0,0) the resulting algebra, defined in Section 3.1 (note that
Conditions (3.5) are satisfied with this choice of A and «). The defining relations (3.9)—(3.14)
(those involving the generator 1g) become simply:

Yoe(t) = e(ro - £)vo, (5.1)
Yoty = Ypibo, forallbe {2,...,n— 1}, (5.2)
Yoy1 = —y1¢o, (5.3)
VoYa = Yato, forall a € {2,...,n}, (5.4)

g =1, (5.5)
(Yot1)? = (¢1100)” - (5.6)

So we see immediately that we have an homogeneous involutive algebra automorphism ¢ of
Va(T') given on the generators by:

o)== and (X)=X for X e {¢1,...,Yn-1,01,---,yn} U{e(@)}icp . (5.7)
Note that ¢ is the identity map if n = 0. We denote by V3(I')* the fixed-point subalgebra

of V3(I'), that is, Va(I')* = {x € V3(T') | t(x) = x}. The subalgebra Vz(I')" is a graded
subalgebra of V3(I') since ¢ is homogeneous.
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Cyclotomic quotients. We recall that VBA(I‘) is the quotient of V3(I") by the two-sided
ideal 32 generated by

yi\“e(i) =0, for all ¢ € S.

These relations are homogeneous so that the algebra VBA(F) inherits the grading of V3(T').
The same formulas as in (5.7) define an homogeneous involutive algebra automorphism of
VﬁA(I‘), and we make the slight abuse of notation of keeping the name ¢ for this automorphism.

The fixed-point subalgebra is denoted VBA(F)L.

5.1 Definition and main property of W;y(I)

We recall some definitions and the results we need from [20].

If n > 2, we identify the Weyl group D,, of type D as the subgroup of B,, generated by
80 = ToT1T0, 81 =11, ..., Sp—1 = rp—1. The convention we need here is that D,, = {1} if
n € {0,1}. The group D,, then acts on I™ by, if n > 2,

So - (il, ig, N ,in) = (9(22), 9(2’1),@'3, . ,in) 5
Sa (-vyiayiatts--) = (orylattylay-..) a=1...,n—1.

Let § be a finite subset of I™ stable by D,,, that is a finite union of D,,-orbits.
Definition 5.8. Let n > 2. The algebra W;(I") is the unitary associative K-algebra
generated by elements

{Ya}t1<a<n U{p}t1<b<n—1 U{To} U {e(?)}ics,

with the relations (2.5)—(2.10) of Section 2 involving all the generators but ¥, together with

Woe(z) = e(so - ) Yo, (5.9)
Uothy = ¥y, forallbe {1,...,n — 1} with b # 2, (5.10)
. (i) if 6(iy) = iy,

(‘I/oya + yn(a)\pO)e(z) = { 0( ) othérlvgise, 2 for a € {1a2}7 (511)
Yoys = Ya Vo, forall a € {3,...,n}, (5.12)
Uie(i) = Qogir,in (—y1, y2)e(d), (5.13)

' Qoir),in (—y1,Y2) — Qoir) ia (yg,yz)e(i)’ £ 0(iy) = s,

(Yoo Wo — VaWorho)e(i) = Y1+ Y3
0, otherwise,

(5.14)

for all 7z € 6.

By convention, we set W5(I') = Rs(T) if n € {0,1}. Explicitly, Ws(T") = K if n = 0 and
W5(T') = > ;e Klyile(?) if n = 1. This choice for n € {0,1} is important for the statements
of the results in the next subsection.

Remark 5.15. With the choices of T, 6 and the notations of Remark 3.17, the algebra W;(T")
is exactly the algebra W7 defined in [20].

The algebra W;s(I') is Z-graded with
dege(z) =0,
degy, = 2,
deg Woe(i) = d(6(i1), i2),
degpe(z) = d(ip, ip+1).
Definition 5.16. The cyclotomic quotient W (I') is the quotient of the algebra Ws(I') by

the relations N
y; te(d) =0, for all 4 € 6.
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The algebra W2(T') inherits the grading from W(I') since the additional relations are
homogeneous. If A; = 0 for all 4 then

0}, ifn>1,
Wé\(F){;} ifn=0

Fixed-point isomorphism. Let 8 be a B,-orbit in I"™. Note that /3 is a finite union
of D,,-orbits, so that both algebras Vz(I') and Ws(I") are defined.

We recall the following results from [20]. Note that they were proved for a particular
choice of I" and 6 (the one relevant for the next section). However, the proof does not depend
on this choice and can be repeated verbatim in our general setting.

Proposition 5.17 ([20]).
(i) The algebra Wg(T') is isomorphic to the subalgebra V(') of Va(T').
(ii) Assume that A satisfies Aoy = Ay for all i € I. The cyclotomic quotient Wé\(F) 18
isomorphic to VﬁA(F)L.

In both cases, an isomorphism is given by Vo — Vo199 and X — X for all the
generators X but V.

Remark 5.18. Note that it is assumed in [20] that n > 2. With our conventions, the
statements are also true for n € {0, 1}, in which cases the verification is straightforward.

Remark 5.19. Recall the defining relations (5.1), (5.3) and (5.5) of VBA(F). Conjugating the
cyclotomic relations of VﬁA(F) by 1y, we obtain that yi\” e(ro-i) = 0 for any ¢ € 5. From
this remark, it is easy to see that we have in fact Vé\(I‘) = VBK (T"), where A is now given by
A; = min{A;, Ag;)}. This phenomenon does not necessarily occur also in Wé\(l“) (where g
is not present) and this explains the assumptions on A in Proposition 5.17(ii).

We note that the isomorphisms given in the preceding proposition are isomorphisms of
graded algebras. Indeed, in V3(I") we have deg o = 0 and so it is straightforward to check
that the given map is homogeneous.

From Proposition 5.17(i) and Corollary 3.28, one obtains immediately the following
statement.

Corollary 5.20. The subalgebra of Ws(I') generated by all generators but Uy is isomorphic
to Rg (F)

Semi-direct product. In this paragraph, assume that n > 1. Since ¢ is involutive, the
vector space V3(I') decomposes as

Va([) = V(D) @ Va(l') ™,

where V3(I')~ is the eigenspace of ¢ for the eigenvalue —1. Moreover, the generator vy is
invertible (in fact, 92 = 1) and satisfies ¢(1)g) = —t. So the multiplication by 1)y provides
an isomorphism of vector spaces between V3(I')* and Vg(I')~, so that V3(I')~ can be written
V(') 1po. Working out the multiplication in Vg(T')

(z + yo) (@' + y o) = xa’ + yhoy o + (yox' o + xy' )0 |

one obtains as a standard consequence that Vz(T') is isomorphic to the semi-direct product
Va(T')" x Cq, where the action of the cyclic group Cs of order 2 on V3(I')* is by conjugation
by 1. Recall that as a vector space V3(I')" x Cy is the tensor product V3(I')" ® K[Cs], and
the multiplication is given by

(@ v§) (@' @ vy) = (zhsa’ ) © ¥5T .

Then we formulate the preceding standard facts taking into account Proposition 5.17.
First we give explicitly the automorphism of W3(I') induced by conjugation by o in Va(T').
We denote this automorphism of order 2 by 7. It is given on the generators by:

™ Yo thy, 1=V, Yy —y1, e(i) — e(ro - 1) , (5.21)
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and the identity on all the other generators. As a consequence of Proposition 5.17 together
with the preceding discussion, we conclude that

V(') = Wy (') xt (m) ,

and similarly, for A as in Proposition 5.17(ii),
VAI) =~ W (L) x (m) (5.22)

where we still denote by 7 the automorphism of order 2 of Wé\(F) given by the same
formulas (5.21). This is indeed an automorphism since A satisfies the assumption of Proposi-
tion 5.17(ii).
With these descriptions as semi-direct products, the involution ¢ on V3(T') (and on V3*(T))
is simply given by:
(z@n) = (-1)z@7°, (5.23)

where € € {0,1} and z € W(T') (or x € WE}(F))

5.2 Disjoint quiver isomorphism for Ws(I")
Now let d be a positive integer and assume that the quiver I' admits a decomposition
I'= H;lzlf‘(j) as in §4. Let 8 be a By-orbit in I"™. As in §4, for any j € {1,...,d}, we have
an integer n;(8) = n; and a B, -orbit ) in (1())".

If n;(8) = 0 for some j € {1,...,d} then consider I' the quiver where we removed the

component @), Tt is immediate from the definitions that Wjs(T') is the same algebra as
W5(I'). So we lose no generality by assuming that n;(5) # 0 for all j € {1,...,d}.

Fixed points of tensor products. Since n;(3) > 1 for all j € {1,...,d}, by the
preceding section we have Vj() (TW) ~ Wai) (PG)) % Cy for all j. Hence,

®V5m (® Wi (T r@) ) xCy

where C¢ acts on the tensor product by the automorphism 7 from (5.21) on each factor.

We would like to describe the fixed points of ®;-l:1 Vi) (D)) for the involutive auto-
morphism (% given by the tensor product of ¢ for each factor. From Formula (5.23), it is
immediate to see that

Vi (D) Wy (DW)) x =1 | (5.24)
(® ) (® 0 (1)

where Cgfl is seen as the subgroup of “even” elements of C¢, namely
Co=t = {(z%,...,7%) € C¢ suchthat e+ ---+¢e,=0 (mod?2)}. (5.25)

Disjoint quiver isomorphism. We can now formulate the main result of this section.
Recall that n;(8) # 0 for all j € {1,...,d}.

Theorem 5.26. We have (explicit) isomorphisms of graded algebras:

d
Wp(L) = Mat( = <® Wﬂm(F(”)) x| (5.27)
j=1
and, assuming d > 1,
d A ;
WD) = Mat( o (@ Wi (FU))) SReutl I (5.28)
j=1

where A = (/NXZ»)Z»GI is defined by Kl = min{A;, Ay }-
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Note that in both formulas above, the group 0371 is as given in (5.25). Moreover, the
semi-direct product in Formula (5.28) is well-defined since each A satisfies the condition
/~\§j) = Kéj(z) of Proposition 5.17(ii) (see (5.22)).

Remark 5.29. The reader may have noticed that the assumptions d > 1 and n;(8) # 0 (which
do not reduce the generality as explained above) were not present in the preceding section

for the type B in Theorem 4.1 and Corollary 4.17. Indeed those statements are more uniform
in the sense that they are also valid as they are, even if some n;(8) are 0 or if d = 1. In

particular, for d =1 we do not necessarily have Wé\(F) = Wé\(I‘) (cf. Remark 5.19).

Proof. e Recall from Theorem 4.1 that we have an isomorphism between Vg(I') and the
algebra Mat( ") (®;l:1 Vi (F(j))). This isomorphism was obtained with the following

MNYyennsy ng

two steps:

d
Vs(T) ~Mat )(e(tﬁ)Vg(F)e(tB)) and  (X) Vi) (I9) ~ e(t”) V3 (De(t?) .

j=1

For the first isomorphism, see §4.1, the construction of the idempotent e(t?) does not
involve 99, and neither does the construction of the matrix units (that is, the construction
of the elements 1y and ¢, given by Formulas (2.21)). So we deduce immediately how the
automorphism ¢ of Vg(I') behaves with respect to this isomorphism, namely we have that

Vp(T)" ~ Mat( (e(t?)V(I) e(t)) .

According to Formula (5.24) (that we can use since n;(5) # 0), to prove (5.27) it remains
only to show that

d ®
e(t?) V() e(t?) ~ (@ Vi 00))

So if we denote p the isomorphic map from ®?:1 Vi) (D9) to e(t?)Vs(D)e(t?), it remains
to check that
pol®=10p.

This is immediately verified from Formulas (4.4)—(4.7) giving the map p in the proof of
Proposition 4.3. Moreover, the isomorphism (5.27) is graded since it is the restriction of a
graded isomorphism (to a graded subalgebra).

e To prove (5.28), we start exactly as in the proof of Corollary 4.17, namely we repeat
the calculations in the proof of Theorem 2.35. We can do so since Rg(I") is a subalgebra of
Ws(T") by Corollary 5.20.

Let ¢ denote the isomorphism in (5.27) and let ﬁg denote the ideal of Wg(T') giving the

cyclotomic quotient Wé‘(I‘) The proofs of Corollary 4.17 and Theorem 2.35 show that

D(RY) = Mat

where ﬁg‘@ is the ideal of <®?:1 Wi (F(j))) X C’g_l generated by the elements

vy reld) (5.30)

where 4 is of profile t*, and b is of the form b=ny +---+mn;_1 + 1 for j € {1,...,d}. Note
that, as in the proof of Theorem 2.35 we slightly abuse notations: if ¢ = (il, e ,id) with

i" € B we identify yé\ibe(i) € Wg(T') with the element of ®§l:1 W5<j>(F(j)) which is e(i")

in the k-th factor with k # j and (yy))/\(”)1 e(#’) in the j-th factor (where yy) denotes the
generator y1 of W) (D).
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Contrary to the type A and B, we need to show something more here to prove (5.28).

In particular, we cannot consider the semi-direct product (®?: L Wé\:)) (F(i))) x C4~1 since

the elements AY) do not necessarily satisfy the stability condition of Proposition 5.17(ii).
Thus, let ﬁg@ be the ideal of (®‘;:1 Wsa (F(j))) x C471 generated by the elements

yrive(i) (5.31)
where i € 8 is of profile t?, and b is of the form b=mn; + - +n;_y + 1 for j € {1,...,d},
and where A is defined in Theorem 5.26. We will show that

A _ gA
Rse =Rs0 -
First, since /~\Z < A; for all 4 € I, we have .ﬁg’@) C ﬁ/ﬁ\,@. For the reverse inclusion, take

an element yé\ibe(i) as in (5.30). If /N\ib = A;, then y;\ibe(i) € ﬁ/ﬂ\@, thus we assume that

Kib = Ag(i,)- Let & € 0371 such that the component of £ in position j is 7. Such an element
exists since we assumed that d > 1. Then, using Formulas (5.21) for the action of 7 on
Wi (D)), we have, where i’ € 3 of profile t* is such that i}, = 6(i),

& (beibe(i)> = () V(@) = (—y) o e(d) = () (i)

A, . .
Since the action of £ is invertible, we thus deduce that y, “e() € J%‘@. Finally, we showed

that all elements in (5.31) are in ﬁ§7®, and thus ﬁg@ C Rg’@,. This concludes the proof. [

We define W,,(I") :== @sWs(I"), where J runs over all the orbits of I™ under the action
of D, and similarly W2(T') = @;WA(T'). In the type D situation, the statements below
are less clean that those of Corollary 2.32 or Corollary 4.18. Nevertheless, it still explicitly
reduces the study of W, (I') and W2 (T) to the situation of a quiver with a single component.

For (ni,...,nq) € (Z>0)?, we denote I(n1, . ..,ny) the number of its non-zero components.
Assume that n > 1 to avoid a trivial situation.

Corollary 5.32. We have (explicit) isomorphisms of graded algebras:

d

Wam) = @ Mat o [ (@ Wa, () x|
n1yeng >0 Tond =1
nit-+ng=n n; #0

wAD) ~ D Mat(mw.@.md)(W(nl,...,nd)) ,

ni,...,ng >0
ni+--+ng=n
where:
o Ifl(ny,...,nqg) =1 then W(nq,...,ng) = Wsj(j)(F(j)) where j is the component such
that nj = n.
o Ifl(ny,...,ng) >1 then

d o ‘
W(ny,...,ng) = <® W,f;”(ﬂ”)) p Cé(nl"”’nd)_l .

j=1

7”‘#0
Proof. We write W, (T') = @3Wp(') and WM (') = @gW3 ('), where § runs over all the
orbits of I"™ under the action of B,. We note that if some n;(3) are equal to 0 then, as
explained at the beginning of this subsection, we can remove the corresponding components
of I' to obtain another quiver I' for which the assumptions of Theorem 5.26 are satisfied.
Then the proof is a repetition of the proof of Corollary 2.32, using Theorem 5.26 for each
orbit f. O
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Remark 5.33. As in Remarks 2.39 and 4.19, we deduce that we can assume that A is supported
on all the components of T'.

6 Morita equivalence for cyclotomic quotients of affine
Hecke algebras of type B and D

In this section, we will combine our previous results Corollaries 4.18 and 5.32 with [19, 20]
to obtain Morita equivalences theorems for cyclotomic quotients of affine Hecke algebras
of type B and D. We emphasize that these Morita equivalences will be deduced from
isomorphisms. As they combine the isomorphisms of [19, 20] with those of the previous
sections, these isomorphisms can be written down explicitly even though they are rather
complicated.

Recall that K is a field with characteristic different from two. Let p,q € K \ {0} such
that ¢> # 1. As in Remark 3.17, for any # € K \ {0} we define the set

I ={2°¢* e € {£1},1 € Z} .

Then we take d > 1 and z1,..., 24 € K* such that the sets IU) == I, are pairwise disjoint,
and we set
=11, .
The quiver I' with involution that we will be considering in this section is the following:
e The vertex set of I' is I as above.
o There is an arrow starting from v and pointing to ¢?v for all v € I. These are all arrows.
e The involution @ on I is the scalar inversion 6(z) = z~! for all z € I.
The partition I = H?zll () induces a decomposition of I into full subquivers I' = H?zlf(j )
as in Section 4, in particular each I'Y) is stable under the scalar inversion #. We also choose
a finitely-supported family A = (A;);es of non-negative integers. Finally, let L be a free

veey

n

L::@Zq.

i=1
6.1 Morita equivalence for cyclotomic quotients of affine Hecke al-
gebras of type B

We set
ap ‘= 2€1 and i =€41—€,1=1,...,n—1.

For n > 1, the Weyl group B,, of type B acts on L by
ro(e1) = —e,
To(Ei) =€ if 4 > 1,

Ta (62) = €ry(3)s

fori=1,....n—1landa=1,...,n— 1. R
We denote qp :=p and ¢; := ¢q for i = 1,...,n — 1. The affine Hecke algebra H(B,) is
the unitary K-algebra generated by elements

90s91,-+-,9n—1 and X, we L.

The defining relations are X° =1, XeXe = Xo+e' for any x,z’ € L, and the characteristic
equations for the generators g;:

@ =(g—q g +1 fori e {0,...,n—1}, (6.1)
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with the braid relations of type B

90919091 = 91909190 (6.2)
9i9i+19i = Gi+19i9i+1 forie{l,....,n—2}, (6.3)
9i9; = 9i9i for i,5 € {0,...,n — 1} such that |i — j| > 1, (6.4)
together with
i XT X”‘l(I)
giX" = X" g = (¢ — g 1)ﬁ ,

for any z € L and i = 0,1,...,n — 1. Note that the right-hand side is a well-defined element
since there exists k € Z such that r;(z) = 2 — ka,. Note also that H(By) = K.

Let X; == X< for i =1,...,n. An equivalent presentation of the algebra ];T(Bn) is with
generators

go, g1, - - - 7gn—17X1il7' .. 7Xr:::1a
and defining relations (6.1)—(6.4) together with

XZ‘XJ'ZX]‘XIL' for i,jE{l,...,n},

90X g0 = X1,
giXigi = XiJrl for i € {1, oo, — 1},
9:X; =X;9 fori €{0,...,n—1} and j € {1,...,n} such that j #i,i+ 1.

Definition 6.5. The cyclotomic quotient H*(B,,) of type B associated with A = (A;)scr is
the quotient of the algebra H(B,,) over the relation

[[xi =it =o0.
el

Note that if A; = 0 for all ¢ then

HA(B,) = {0}, ifn>1,
" K, ifn=0.

We recall the main result of [19, 20] concerning H*(B,,).

Theorem 6.6. Let A\, be as in Remarks 3.17 and 3.18 if p> # 1 and p*> = 1 respectively.
The algebras H*(B,,) and VT, \,7) are (explicitly) isomorphic.

Remark 6.7. Theorem 6.6 is proven for n > 1, but is also trivially true for n = 0.
We now state the first main application of the results of the preceding sections.

Theorem 6.8. We have an (explicit) isomorphism of algebras:

HYB,) ~ P Mat, .
N1yeeyg >0 ny,...,
ni+-+ng=n

d
HA(J') Bn
o)) g (Bn;)

d
In particular, HM(B,,) is Morita equivalent to @ ® gAY (Bn,)

ni,...,nqg>0 Jj=1
ni+tng=n

Proof. Note that the statement is true if n = 0, thus we now assume n > 1. Let us first
assume that p? # 1. Let A be the indicator function of {£p} NI and (v;)i;er be given

if (1) =1
by v; = » 1F00) . z, as in Remark 3.17. By Theorem 6.6, we have an isomorphism
0, otherwise,
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HX(B,) ~ VAT, \,7). For any j € {1,...,d}, the restrictions AU) and vU) of X and ~
respectively to 1) satisfy, by Corollary 4.18,

d
vimaA = @ My o @V VA0 40

T ey

ni,...,ng>0 ' j=1
ni+--+ng=n

Since A) and ) are still of the above form with respect to the quiver I'¥)| by Theorem 6.6
we have VTf;,(]}(F(j), NG ~0)) ~ HA(j)(an) for any n;. We thus deduce the isomorphism
of the theorem. We deduce the statement of Morita equivalence since Maty(A) and A
are Morita equivalent for any algebra A and N € N*. The case p?> = 1 is similar, still by
Theorem 6.6. O

We obtain the following corollary.

Corollary 6.9. To study an arbitrary cyclotomic quotient of the affine Hecke algebra PAI(B,L),
it is enough to consider cyclotomic quotients given by a relation

H (Xy —2¢*)™1 =0,
ec{£1}
leZ

for any finitely-supported family of non-negative integers (Me1)ee{+1},ez, where x € K*
satisfies one of the following four cases:

(az=1 (bz=q (e=p (d)z¢+"Utp™'¢”.

Proof. We sketch a proof, in the same spirit as in the introduction of [19]. By Theorem 6.8,
it is clear that it suffices to consider cyclotomic quotients given by a relation

[ - =0,

i€l,

where I, = {2¢¢? : e € {£1},] € Z} with 2 € K* and A = (A;)ies, is a finitely-supported
family of non-negative integers. By Theorem 6.6 and Remark 3.17, this cyclotomic quotient
is determined by:
o the quiver I' with vertex set I, arrows v — ¢?v for all v € I, and involution 6 : v — v™1!
on I;
e the set {£p} N I,.

A first distinction arises when looking at the number of connected components of T'. It
has exactly one (respectively two) connected component(s) when 22 € ¢*% (resp. x2 ¢ ¢°%).

The first case, 22 € ¢%2, is equivalent to 2 € £¢*. We can switch between z and —z
by the variable change X; < —X; for all i € {1,...,n}, replacing I, by —I, = I_, and
A = (Ni)ier, by N = (A)jer_, given by A} == A_; for all ¢ € I_,. Thus, it suffices to
consider = € ¢%, but now a simple shift of A (that is, setting A} = A2~ for appropriate V)
shows that it suffices to consider the cases x = 1 (this is case (a)) or x = ¢ (this is case (b)),
according to the parity of the power of q.

We now consider the case 22 ¢ ¢°%, that is, ¢ +q¢%. If {£p} NI, = (), then = ¢
+q¢% U £pT1¢?%, and all these choices of 2 lead to isomorphic algebras since moreover 6 has
no fixed points (if z71¢%* is fixed by 6 then 22 € ¢** thus x € +¢?%). This is case (d). Now
if {£p} NI, # 0, using the variable change X; + —X; for all i € {1,...,n} we can always
assume that p € I, that is, z € p¥1¢?2. It suffices in fact to consider = € pg?Z, since the
variable change go < —go exchanges p and p~'. This case reduces to x = p by shifting A as
above, and this is case (c). O

Remark 6.10. We make additional final remarks on the four cases (a)—(d) to be considered.
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e Cases (a) and (b) correspond to a quiver with a single connected component (an infinite
oriented line or a finite oriented polygon depending on whether ¢ is a root of unity or
not). This quiver is stable by the involution #, and then Case (a) corresponds to
having a fixed point, while Case (b) generically corresponds to the situation where there
is no fixed point. This latter situation cannot occur if the number of vertices is finite
and odd, that is, Case (b) is not present (or more precisely, is not necessary since it is
equivalent to Case (a)) when ¢? is an odd root of unity.

e Cases (c) and (d) (generically) correspond to a quiver with two identical connected
components (two infinite oriented lines or two finite oriented polygons depending on
whether ¢ is a root of unity or not), which are exchanged by the involution 6. Then
Case (c) corresponds to the situation where one of the special values +p~! is present,
while Case (d) corresponds to the situation where no such values occur. We see that
Case (c) is not necessary (more precisely, it reduces to one of Cases (a) or (b)) when p?
is a power of ¢2.

e To summarise, there are at least two cases to consider in general: (a) and (d), while
the additional two cases (b) and (c) are to be considered or not depending on p and g.

6.2 Morita equivalence for cyclotomic quotients of affine Hecke al-
gebras of type D

Let n > 2. We set
ap=¢€+e and ai=€p1—¢€,i=1,....,n—1.

The Weyl group D,, of type D acts on L by

80(61) = —€2,

so(€2) = —eq,

so(€i) = €, if 1> 2,
Sa(ei) = Era(1)a

fori=1,...,n—landa=1,...,n—1.
The affine Hecke algebra H(D,,) is the unitary K-algebra generated by elements

{9ih1<i<n—1U{Go} U{X" }ser.

The defining relations are X° = 1, XX = X7+’ for any z,2’ € L, and the characteristic
equations for the generators g; and Gy:

@ =q-q¢He+1 forie{l,...,n—1},

6.11
Gi=(¢—q )Go+1, (611

with the braid relations of type D
Gog2Go = 92Gog2, (6.12)
Gogi = 9:Go forie {1,...,n—1}\ {2}, (6.13)
9i9i+19i = Gi+19igi+1 forie{l,...,n—2}, (6.14)
9i9; = 9j9i for i,5 € {1,...,n — 1} such that |i — j| > 1, (6.15)

together with

Xz _ Xsl(l’)
X X0 g = (g )
9 9i=0-0 )T w
X _ Xso(:r)
T so(x) _ -1
GOX X GO (q q ) 17X7a6 )
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for any x € Land i = 1,...,n — 1. Note that the right-hand sides are well-defined elements
since for any ¢ € {0,...,n — 1} there exists k € Z such that s;(z) = x — kaj.
An equivalent presentation of the algebra H(D,,) is with generators (where again X; :=
X€)
{gih1<icn—1 U{Go} U{X; " hicicn,
and defining relations (6.11)—(6.15) together with

XiX; = X;X; fori,5 € {1,...,n},

GoX1'Go = X,

GoX; = X;Go forie {3,...,n—1},

9:Xi9i = Xit1 forie{l,...,n—1},

9:X; = X9 forie{l,...,n—1} and j € {1,...,n} such that j #14,i+ 1.

By convention, we set that H (D,,) coincides with the usual affine Hecke algebra of type
A, if n € {0,1}, that is, we have H(Dy) = K and H(D;) = K[X{].

Definition 6.16. The cyclotomic quotient H*(D,,) of type D associated with A = (A;)ier
is the quotient of the algebra H(D,,) over the relation

[[x =it =o0.
iel
Note that if A; = 0 for all 7 then

0}, ifn>1,
Hmm:{; bl

We recall the main result of [20] concerning H*(D,,). Recall that the quiver I' was defined
at the beginning of Section 6.
Theorem 6.17. The algebras H(D,,) and W2 (T) are (explicitly) isomorphic.

Remark 6.18. Theorem 6.17 is proven for n > 2, but it is immediate with our conventions
that it remains true for n € {0,1}.

Expression as a semi-direct product. We assume here that n > 1. Assuming
p? = 1, we now can see H(D,,) as a subalgebra of H(B,). Namely, we have an inclusion (see,
for instance, [20, §2.3]) H(D,,) C H(B,), given on the generators by

Go — 909190, 9i = 9is X e X

forany i € {1,...,n—1} and j € {1,...,n}. Another way to sce H(D,,) as a subalgebra of
H(B,) is to write H(D,,) as the subalgebra of fixed points of H(B,,) under the involution 7
given by

90 = —9o, gi = i, X X5

for each i € {1,...,n—1} and j € {1,...,n} (note that since p?> = 1 the defining relation for
the generator g is g2 = 1). In particular, as in §5.1 we have a vector space decomposition
H(B,)=H(D,)® H(D,)go and thus an isomorphism of algebras

H(B,) ~ H(D,) x Cs.
Note that the action of the generator of C; on the generating set of H (D,,) is given by

Go — g1, g1 = Go, 9i ¥ Gi,
X XY X te X, X X5,
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forallie {2,...,n—1} and j € {2,...,n}.

The involution 7 on H(B,) is compatible with the cyclotomic quotient HA(B,,). Now if A
satisfies the stability condition of Proposition 5.17(ii) (which is here A;-1 = A; for all i € I),

the previous action of Cy on H (D,,) is compatible with the cyclotomic quotient H*(D,,) and
as above we have

HM(B,) ~ HN(D,)) x Cs.

Morita equivalence theorem. Let ny,...,ng > 1. If A satisfies A;-1 = A; for all
i € I, the previous action of Cy on H*(D,) extends to a (diagonal) action of C§ on
®?=1HA(]) (D). As in §5.2, we restrict this action to the subgroup C4~1 of even elements
given in (5.25). Recall also the definition of A= (Ki)iel given in Theorem 5.26.

We now state the second main application of the paper. As in Corollary 5.32, for any
(n1,...,n4) € (Z>0)? we denote by I(ny,...,ngq) the number of its non-zero components.

Theorem 6.19. We have an (explicit) isomorphism of algebras:

HA(Dn) ~ @ Mat(nl n nd> (H(nh e ,nd)> s

ni,..ma>0 7
ni+---+ng=n
where:
o Ifl(ni,...,ng) =1 then H(ny,...,ng) == HA(j)(Dnj) where j is the component such
that n; = n.
o Ifi(ny,...,ng) >1 then

In particular, HN(D,,) is Morita equivalent to EB H(ng, ... ,ng).

ni,...,nqa>0
n+-rng=n

Proof. We argue as in the proof of Theorem 6.8, using Corollary 5.32 and Theorem 6.17.
Note that the isomorphism of [20] is compatible with the semi-direct product since the
involution ¢ (respectively, the element 1y) of V.A(T') is sent to the involution 7 (resp., the
element gg) of H*(B,,) by the isomorphism of loc. cit. O

We obtain the following corollary. We note that the situation is a little bit more intricate
than for type B because of the presence of semidirect products with products of groups Cs.
So below, it is implicit that it is enough to consider some special cyclotomic quotients, up to
the application of standard Clifford theory to deal with the semidirect products.

Corollary 6.20. To study an arbitrary cyclotomic quotient of the affine Hecke algebra
H(D,), it is enough to consider cyclotomic quotients given by a relation

H (Xl _ xeq2l)m5,1 =0 7
ec{£1}
l€Z

for any finitely-supported family of non-negative integers (Me1)ee{+1},1cz, where x € K*
satisfies one of the following three cases:

(@) z =1 (b) z=gq (c) z ¢ £4" .

Proof. We sketch a proof, in the same spirit as in the introduction of [20]. We deduce from
Theorem 6.19 that it suffices to study the cyclotomic quotients of H(D,,) given by a relation

IT =i,

icly
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where I, and A are as in the proof of Corollary 6.9. By Theorem 6.17, this cyclotomic
quotient is only determined by the quiver I' and its involution 6 as defined in the proof
of Corollary 6.9. In particular, looking at the number of connected components of I" we
still have the two cases x € +¢% (which give cases (a) and (b)) and = ¢ ¢ (which is case
(c)). In the latter case all the choices of = lead to isomorphic algebras since 6 has no fixed
points. O

Remark 6.21. We make an additional final remark on the three cases (a)—(c) to be considered,
similarly to Remark 6.10. Cases (a) and (b) correspond to a quiver with a single connected
component (an infinite oriented line or a finite oriented polygon depending on whether ¢
is a root of unity or not), while (c) corresponds to a quiver with two identical connected
components exchanged by the involution 6. Case (a) corresponds to 6 having a fixed point,
while Case (b) generically corresponds to the situation where there is no fixed point. As
before, when ¢? is an odd root of unity, Case (b) is not necessary since it is equivalent to
Case (a).

A Polynomial realisation

We prove here Lemma 3.25. In this appendix, for any f € K[z, 8] we also systematically write
f for the the element of Endg (K|[z, 3]) given by left multiplication and we use concatenation
to denote the composition inside End x (K|z, ]). In particular, for any w € B, and f € K|z]
we have wf = (Y f)w inside End i (K|[x, 8]).

We now define some elements of Endg (K[, 3]) b

ple(d) =
P(yae(i)) =
o(Wpe(i)) = ( iv, zb+1($b —opp1) Hrp — 1) + Pib,ib+1($b+1,xb)7”b) 1;,
p(thoe(s)) = (%15”1 (1—7o) + Oéu(xl)To) 1;,

for any a € {1,...,n} and b € {1 — 1}, and extend these formulas to ¢(X) for
X e{yrs- s Yns Yo, Y1} by o ) Zzeﬁ‘P(Xe( i)).

We will prove that ¢ extends to an algebra homomorphism ¢ : V3(I', A,y) — End g (K|z, 3]),
which will imply Lemma 3.25. Indeed, the map ¢ is the homomorphism associated with the
action defined in §3.2. To prove that ¢ extends to an algebra homomorphism, we check the
defining relations of Vg(I', A, 7). Recall that P; ; = 0 when ¢ = j so that

x4l

(A1)

Py iy (Tpg1, )15, otherwise.

o(hpe(i)) = {(:Eb —xpe1) My — D)1y, if iy = iy,

Moreover, by (3.5a) and (3.24) we have
. i (T1)T015, if v;, =0,
plyuei)) = 1 TS T =
vi, 7 (1 —719)1;, otherwise.

The relations that do not involve 1)y are satisfied since the action is the same as in [23,
Proposition 3.12]. Relations (3.9), (3.10) and (3.12) are immediate.

To simplify the notation, for any v € V3(T', A, y) we also write v’ instead of ¢(v). Note
that the composition operation in Endg (K|z,(]) is denoted as a simple multiplication.
For example, ¥{z1 means composition of the multiplication by x; with the operator ¢(¢y).
Concerning (3.11), we have

(oyt + vivh)e(d) = Yprils + 21 (i, 27 (1 — o) + ay, (21)70) 14
= [(fyilxl_l(l —ro)x1 + oy, (xl)roxl) + (v, (1 —19) + xlail(xl)ro)} 1;
= [%1(1 +10) — 103, (T1)T0 + iy (1 — 70) + $1ai1($1)7“0} 1;
=2, 1; = ¢(27i,¢(3)) -
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For (3.13), if 7; = 0 then ~y¢;) = 0 by (3.6) and we have, noting that 1;ro = roly,.;
inside Endg (K [z, f]),

2 .
0 e(i) = Yoo, (x1)rols

= ag(,) (T1)r00s, (21)rols
= ag(iy)(T1)ag, (—21)1;
_ (_1))\9(i1)xf11(i1)1i
% ((*1)““”1/?(“)6(1')) :
by (3.23), and if 7;, # 0 then 7y(;,) # 0 and we have
2 . _
o €(d) = Yorner (1 —ro)ls
_ 2
= Yo(ir)Vir (27 (1=70))" 14
=0.

It remains to check (3.14). As in (3.20), we write 4142 and even 12 instead of 4, and a instead
of 0(iy). We have, using (3.9),

(Yov1)%e(12)" = (¥4112) (1 151) (Yo 121) (¥ 112), (A.2a)
(¥190)%e(12)" = (1 L57) (o 101) (1 L12) (¥ 112). (A.2b)

A1 Case v, =0=",,
First, recall that by (3.6) we know that if v;;, = 0 and 6(i1) = iz then ~;, = 0. Thus, we
want to prove that

Ve (—yi)du”—yéd“’l)
(—1)"ec i —

((wéwi)Z _ (wllz/)é)Q) 1i — {O wlli, if 9(’61) - i2a

(A.3)
otherwise.

Since v, = Yo(iy) = Yis = Vo(i») = 0, for any a,b € {1,2,1,2} the element vy acts on 14
as aq(x1)ro.

Assume that (1) = i1 and (i2) = iz. By (3.5b) we have d(i1) = d(iz2) = 0, thus (A.3)
becomes

((o1)? = (¥19p)?) 1 = 0. (A.4)

Since d(i1) = d(iz) = 0, by (3.23) we can assume «;, (y) = a;, (y) = 1, thus ¢ acts on 1, as
ro for any a,b. Hence, the same calculation as in [20, §3.1] proves that (A.4) is satisfied. In
the opposite case, if 0(i1) # i1 and 6(i) # i2 we know by the proof of [25, Proposition 7.4]
that (A.3) holds.

Thus, we now assume that 6(i1) =41 and (i) # i2, in particular iy # i and 0(i1) # .
As above, we have d(i1) = 0 thus ¢ acts on 11, as rg. We obtain from (A.2), omitting the
idempotents,

(Vo1)? = roPyy (w2, x1)r10n(z1)ro Pia(2a, 1)
= Py (22, —z1)roa(w2)r1m0 Pra(w2, T1)71
= Py (w2, —z1)a(x2) Pra(—21, —w2)r0T17071,

and

(¥190)* = Psi(x2, x1)r102(1)r0Pra (22, 21)r170
Py (w2, x1)az(@2)riro Prg (22, 21)r1m0

= Psq(x2, x1)as(x2) Pis(x1, —x2)r1roT170,
thus (Yhh)? = (Pg)? as desired, where we used 1 = 1 and (3.21). The case 0(i1) # i1 and
0(ig) = iy is similar.
Remark A.5. (See Remark 3.7.) Without condition (3.5b), we have to choose another, more
complicated, relation (3.14), if we want it to be compatible with the action on polynomials.
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A.2 Case v, =0#,
We want to prove that

((w6¢11>2 _ (wi¢6)2) 1; =i, Qizh (yl; y2)y/2 Qi2i1 (ylv y2)1/)61i7

that is,

Qigiy (1, —2) — Qiyiy (21, x2)

T2

((Wov1)* — (¥196)%) Ls = 73,

(675 (xl)roli.

By (3.5a) we have 6(iz) = i2. Note that v;, = 0 # ~;, implies i1 # i3. By (A.2) we have,
omitting the idempotents,

(bo})? = a1 (21)r0 Py (T2, 1) 17227 (1 — 10) Pra(z2, 1)1
= Oq(xl)Pgl(l‘g, —1‘1)’}/2.1‘2_17“07‘1(1 — To)P12(332, .731)7“1
= a1 (1) Py (w2, —21)70w5 " [Pra(—21, 22)rors — Pra(—21, —22)r0r170] 71
= oy "y (w1) Py (w2, —a1) [Pra(—21, w2)rors — Pra(—m1, —22)rorire|ri,
and
(V1) o, 1)r1y2wy (1= 70) Pra (@2, 21)rien (1)

)
332,331)72332_ r1(1 — 79) Pioy (w2, x1) g (x2)r1710
)

Ty, T1)YaTy [Prio(w1, 22)r1 — Pro(@1, —@2)r1m0| a1 (w2)rimo

= Pyi(
= Pyi(
= Pyi(
= Pyi(2,21)7y215 Lo (1) [Pro(1, 22)r1 — Pro(@1, —x2)rimo]|rimo
= 2%y lal(fﬂl)Pii(J?mm) [PD(?UL x2) — Pra(a1, —552)7“17“07"1]7“0~

Thus, recalling 2 = 2 and using the properties (2.2), (3.3), (3.21), (3.22) for the families P
and ) we have

(o})? — (V1Y) = yexy "ou (1) [Py (w2, —21) Pra(—21, 22) — Py (2, 1) Pra(21, 22) |70
= yowy " [Q21 (w2, —1) — Qo1 (w2, 21)] cr (21)r0

= Y015 ' [Q21 (21, —22) — Qa1 (w1, 2) | (1),

as desired.

A.3 Case v, #0=",
We want to prove that
((vh)? = (¥190)*) 15 = 0.
Similarly to §A.2 we have 6(i1) = i; # 2. By (A.2) we have, omitting the idempotents,
(Wov1)? = 71961_1(1 —10) P31 (22, m1)r10(21)r0 Pr2(22, 21)r1
= y127 " [Py (22, 1) — Psy (w2, —x1)r0] Qo (2) Pra(1, —2)r17m0m1
= yay g (2) [Py (w2, 21) Pra(1, —2) — Py (w2, —a1) Pra(—a1, —xa)ro] raror

= 71$1 as(x2) Py (22, 1) Pra(x1, —x2)(1 — ro)rirery

by (3.21), and

(1/’:/1%)2 = P§1($27331)7“1@2(301)7“01312(332,xl)rmlel(l — ro)

= iy 'ag(z2) Py, (22, 1) Pra(z1, —22)r17071 (1 — 70),

Thus (y])? = (Piabf)? as desired.

38



A4 Case v, £0#7%
We want to prove that (recalling from (2.1) that Q; = 0)

Q’L 3 9 QL i k]
((7%1/)1)2 - (¢1w6)2) 1; = {712 2 1(y1 y?jl)yz : l(yl v2) (y wO ’%1) 117 if Zl 7é 7’21
i =
0

)

otherwise,

that is, since 1 acts on 1; as v, 27 " (1 — 7g) (recalling that 6(iy) = 4, by (3.5a)),

Qigiq (1,22)—Qiqgiy (T1,—x2)

i1 Vin i if 2 o,
((7%1//1)2 - (7%1/)6)2) 11 = {'Y v T1T2 TO]- I 21 ?é 12

0, otherwise.

The next result is an easy calculation.

Lemma A.6. Let P be a polynomial in x1,x2 and let w € (rg,r1). Then
27 (1 = ro)Pw — Pwzy ' (1 —ro) = (z7' —“a7") Pw + "z Purg — 27" " Prow,

inside End g (K |z, f]).
By (3.5a) we have 0(iz) = ig. If iy # iz we obtain from (A.2)

Yo 112 = Poy (w2, x1)r1792] (1 — ro) Pra(w2, 21)r1 119
= 72I2_1P21($2,931)7’1(1 - T’O)Plz(m,l’l)ﬁllz
= Y225 " Po1 (22, 21)r1 [Pra(22, m1) — Pra(22, —21)r0]r1112

(

(

)
= Y015 " Po1 (2, 21) [Pra(w1, 22)r1 — Pra(w1, —22)riro|rilia
)

—1
= oxy  Poi(22,21) [Pra(x1, 22) — Pra(21, —22)riror1 | 112,

Since ¥{l1z = fylacl_l(l —10)112, we can apply Lemma A.6 for the two above summands.
We obtain that second summand will vanish in ((¢])? — (¥{9§)?) 112 since 27! € K(z1)
is invariant under r1rory and Poi(2a,21)Pia(z1, —x2) € Klz1, 2] is invariant under 1
by (3.21). Thus, we only consider the first summand, which is equal to Yox5 Qa1 (w2, 1),
and we obtain, omitting the idempotents and using (2.2) and (3.3),

(Yovh)? — (Yiho)? = mvewy 'ay ! [Qa1 (w2, 1) — Qa1 (22, —21) | o
= Y1702y ty ! [Q21(21, 2) — Qa1 (w1, —x2)]r0,

as desired.
Finally, assume that i; = i5. We have

(o11)* = (Yoh)” =17 [a7 (1= ro) (1 —w2) ™' (ry — Dy (1 —ro) (w1 — m2) ™
—(z1 —22) (1 — Dy (1 —ro)(z1 — 22) tzy (1 —19)] =0,

since this is just the braid relation for the divided difference operators 9y = xfl(l —rg) and
01 = (z1 — x2) " (r1 — 1) (see [3, 7]).
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