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RATIONAL REAL ALGEBRAIC MODELS OF COMPACT DIFFERENTIAL SURFACES WITH
CIRCLE ACTIONS

ADRIEN DUBOULOZ AND CHARLIE PETITIEAN

Dedicated to Lucy Moser-Jauslin on her 60th birthday

ABSTRACT. We give an algebro-geometric classification of smooth real affine algebraic surfaces endowed with
an effective action of the real algebraic circle group S' up to equivariant isomorphisms. As an application, we
show that every compact differentiable surface endowed with an action of the circle S admits a unique smooth
rational real quasi-projective model up to S!-equivariant birational diffeomorphism.

INTRODUCTION

A description of normal complex affine surfaces admitting an effective action of the complex multiplica-
tive group G,,, ¢ = (C*, x) was given by Flenner and Zaidenberg [9] in terms of their graded coordinate
rings. Generalizing earlier constructions due to Dolgachev-Pinkham-Demazure [7, 13, 6], they described
these graded rings as rings of sections of divisors with rational coefficients on suitable one-dimensional ratio-
nal quotients of the given action. This type of presentation, which is nowadays called the DPD-presentation
of normal affine surfaces with G,,, c-actions, was generalized vastly by Altmann and Hausen [1] to give pre-
sentations of normal complex affine varieties of any dimension endowed with effective actions of tori G, - in
terms of so-called polyhedral Weil divisors on suitable rational quotients obtained as limits of GIT quotients.

For normal affine varieties over arbitrary base fields £ endowed with effective actions of non necessarily
split tori, that is, commutative k-groups schemes GG whose base extension to a separable closure k° of k are
isomorphic to split tori Gy, ., only partial extensions of the Altmann-Hausen formalism are known so far.
Besides the toric case considered by several authors, a first step was made by Langlois [10] who obtained
a generalization to affine varieties endowed with effective actions of complexity one. In another direction,
Liendo and the first author [8] recently extended the Altmann-Hausen framework to describe normal real
affine varieties endowed with an effective action of the 1-dimensional non-split real torus, the circle

St = Spec(R[u, v]/(u? + v* — 1)) = SO5(R).

The common approach in these generalizations is based on the understanding of the interplay between the
algebro-combinatorial data in an Altmann-Hausen presentation of the variety with split torus action obtained
by base extension to a separable closure k° of the base field k£ and Galois descent with respect to the Galois
group Gal(k®/k). In the real case, this amounts to describe normal real affine varieties as normal complex
affine varieties endowed with an anti-regular involution o, called a real structure. The results in [8] then
essentially consist of a description of S'-actions on normal real affine varieties in the language of [ 1] extended
to complex affine varieties with real structures.

The goal of this article is to give a survey of this description and some applications in the special case of
normal real affine surfaces, formulated in the language of DPD-presentations of Flenner and Zaidenberg. The
first main result, Theorem 14, describes the one-to-one correspondence between normal real affine surfaces
with effective S'-actions and certain pairs (D, h) called real DPD-pairs on smooth real affine curves C,
consisting of a Weil Q-divisor D on the complexification of C' and rational function ~ on C. We also
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characterize which such pairs correspond to smooth real affine surfaces. A second main result, Theorem 20,
consists of a classification of real S'-orbits on a smooth real affine surface in relation to the structure of the
real fibers of the quotient morphism for the S!-action.

To give an illustration of the flavor of these results, consider the smooth complex affine surface

S = {zy? =1 — 22} C Spec(ClzT!,y, 2]).

The group G,, ¢ acts effectively on S by ¢ - (z,y,2) = (t?z,t" 'y, 2) and the categorical quotient for this
action is the projection m = pr, : S — Al = Spec(C[z]). All fibers of 7 consist of a unique G,,, c-orbit,
isomorphic to G, ¢ acting on itself by translations, except for 7~'(—1) and 7! (1) which are isomorphic
to G,,,c on which G,, ¢ acts with stabilizer equal to the group o of complex square roots of unity. The
composition of the involution ¢ — ¢~ of G, ¢ with the complex conjugation defines a real structure o on
Gy c for which the pair (G, ¢, 00) describes a real algebraic group isomorphic to S*. The composition of
the involution (z,y, z) + (=1, 2y, z) of S with the complex conjugation defines a real structure o on S,
making the pair (.5, ) into a smooth real affine surface. The G, c-action on S is compatible with these two
real structures and defines a real action of S' on the real affine surface (S, o). The quotient morphism 7 can
in turn be interpreted as a real morphism 7 : (S,0) — A} = Spec(RR[z]) which is the categorical quotient
of (S, ) for the St-action in the category of real algebraic varieties. A real DPD-pair (D, h) describing the
St-action on (S, o) is then given for instance by the Weil Q-divisor D = 1{—1} + ${1} on A{ and the
rational function b = 1 — 22 on A%. The fibers of 7 : (S, o) — AL over real points ¢ of A} all consist of a
single S*-orbit which is isomorphic to S*-acting on itself by translations if ¢ €] — 1, 1], to S* acting on itself
with stabilizer p if ¢ € {—1, 1}, and to the real affine curve without real point {u? + v? = —1} otherwise.

The set of real points of the above surface (S, o) endowed with the induced Euclidean topology is dif-
feomorphic to the Klein bottle K (see subsection 3.1.4). Furthermore, the S'-action on (S, ) induces a
differentiable action of the real circle S' on K which coincides with the standard S*-action on K viewed as
the S'-equivariant connected sum RP?f¢: RP? of two copies of the projective plane RP?. In other words,
(S, o) endowed with its S*-action is an equivariant real affine algebraic model of the Klein bottle & endowed
with its differentiable S'-action. By a result of Comessatti [5], a compact connected differential manifold
of dimension 2 without boundary admits a projective rational real algebraic model if and only if it is non-
orientable or diffeomorphic to the sphere S? or the torus T = S* x S'. It was established later on by
Biswas and Huisman [3] that such a projective model is unique up to so-called birational diffeomorphisms,
that is, diffeomorphisms induced by birational maps defined at every real point and admitting inverses of the
same type. As an application of the real DPD-presentation formalism, we establish the following uniqueness
property of rational models of compact differentiable surfaces with S! -actions among all smooth rational
quasi-projective real algebraic surfaces with S!-actions.

Theorem 1. A connected compact real differential manifold of dimension 2 without boundary endowed with
an effective differentiable S*-action admits a smooth rational quasi-projective real algebraic model with
St-action, unique up to S*-equivariant birational diffeomorphism.

The article is organized as follows. In the first section we review the equivalence of categories between
quasi-projective real varieties and quasi-projective complex varieties equipped with real structures and recall
the interpretation of S'-actions on such varieties as forms of G, c-actions on complex varieties with real
structures. We also describe a correspondence between S!-torsors and certain pairs consisting of a invert-
ible sheaf and a rational function on their base space which to our knowledge did not appear before in the
literature. The second section is devoted to the presentation of smooth real affine surfaces with S'-action in
terms of real DPD-pairs and to the study of their real S'-orbits. In the third section, we first present differ-
ent constructions of rational projective and affine real algebraic models of compact differential surfaces with
Sl-actions and then proceed to the proof of Theorem 1.
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1. PRELIMINARIES

In what follows the term algebraic variety over field & refers to a geometrically integral scheme X of finite
type over k. In the sequel, k£ will be equal to either R or C, and we will say that X is a real, respectively
complex, algebraic variety.

1.1. Real and complex quasi-projective algebraic varieties. Every complex algebraic variety V' can be
viewed as a scheme over the field R of real numbers via the composition of its structure morphism p : V" —
Spec(C) with the étale double cover Spec(C) — Spec(RR) induced by the inclusion R < C = R[i]/(i* +1).
The Galois group Gal(C/R) = pus acts on Spec(C) by the usual complex conjugation z — Z.

Definition 2. A real structure on a complex algebraic variety V' consists of an involution of R-scheme o of
V which lifts the complex conjugation, so that we have a commutative diagram

]
Spec(C) i Spec(C)
Spec(R).

When V' = Spec(A) is affine, a real structure o is equivalently determined by its comomorphism o* : A —
A, which is an involution of A viewed as an R-algebra.

A real morphism (resp. real rational map) between complex algebraic varieties with real structures
(V’,¢") and (V, o) is a morphism (resp. a rational map) of complex algebraic varieties f : V' — V such that
oo f = f oo’ as morphisms of R-schemes.

For every real algebraic variety X, the complexification
Xe=X xp C:=X X Spec(R) Spec((C)

of X comes equipped with a canonical real structure ox given by the action of Gal(C/R) by complex
conjugation on the second factor. Conversely, if a complex variety p : V — Spec(C) is equipped with a real
structure o and covered by o-invariant affine open subsets -so for instance if V' is quasi-projective-, then the
quotient 7 : V' — V/(o) exists in the category of schemes and the structure morphism p : V' — Spec(C)
descends to a morphism V/{o) — Spec(R) = Spec(C)/(z — Z) making V/{o) into a real algebraic variety
X such that V' 2 Xc. In the case where V' = Spec(A) is affine, the algebraic variety X = V/{o) is
affine, equal to the spectrum of the ring A" of o*-invariant elements of A. This correspondence extends to
a well-known equivalence of categories:

Lemma 3. [4] The functor X — (Xc,0x) is an equivalence between the category of quasi-projective
real algebraic varieties and the category of pairs (V, o) consisting of a complex quasi-projective variety V
endowed with a real structure o.

In what follows, we will switch freely from one point of view to the other, by viewing a quasi-projective
real algebraic variety X either as a geometrically integral R-scheme of finite type or as a pair (V, o) consist-
ing of a quasi-projective complex algebraic variety V' endowed with a real structure o. A real form of a given
real algebraic variety (V, o) is a real algebraic variety (V’,¢’) such that the complex varieties V and V' are
isomorphic. A real closed subscheme Z of a real algebraic variety (V, o) is a o-invariant closed subscheme
of V, endowed with the induced real structure o| .

The set V(C) of complex points of a smooth complex algebraic variety V' can be endowed with a natural
structure of real smooth manifold locally inherited from that on A%(C) ~ C" ~ R?" [14, Lemme 1 and
Proposition 2]. Every morphism of smooth complex algebraic varieties f : V/ — V induces a differentiable
map f(C) : V(C) — V(C) which is a diffeomorphism when f is an isomorphism. Similarly, a real structure
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o on V induces a differentiable involution of V' (C), whose set of fixed points V' (C)?, called the real locus of
(V, o), is a smooth differential real manifold. The real algebraic variety (V, o) is then said to be an algebraic
model of this differential manifold.

Definition 4. A birational diffeomorphism ¢ : (V',0’) --» (V, o) between smooth real algebraic varieties
with non empty real loci is a real birational map whose restriction to the real locus V’(C)? of (V’,0") is a
diffeomorphism onto the real locus V' (C)? of (V, o), and which admits a rational inverse of the same type.

Example 5. Let (Q1 ¢, 0q,) be the complexification of the smooth affine curve Q1 in A2 = Spec(R[u, v])
defined by the equation u? + v? = 1. The stereographic projection from the real point N = (0,1) of
(Q1,c,00,) induces an everywhere defined birational diffeomorphism

u

TN - (Ql,(C \ {N}v 0Q |Q1,C\{N}) - (A(%I = Spec((C[z]), O—Aulg‘)v (U,U) — 1— o

with image equal to A} \ {=}. Its inverse is given by

2z 22-1
22+1722+1
1.2. Circle actions as real forms of hyperbolic G,,,-actions.

2 (u,v) = (

).

Definition 6. The circle S' is the nontrivial real form (G, ¢, 00) of (G, ¢, 0g,, ) Whose real structure is
the composition of the involution ¢ + t~! of G,,, c = Spec(C[t*!]) with the complex conjugation. It is a
real algebraic group isomorphic to the group

S0, (R) = Spec(C[t1]70) 22 Spec(Ru, v]/(u? + v — 1)),
with group law given by (u,v) - (v/,v") = (v’ — vv', uv’ + v'v).
An action of S' on a real algebraic variety (V, o) is a real action of (G, ¢, 7o) on (V, o), that is, an action
:Gpe xV = Vof Gy, c onV for which the following diagram commutes

Gpme XV —L>V

Gme XV —L>V.

Letm : (V,0) — (C, ) be an affine morphism between real algebraic varieties and let yi : G, c XV — V
be an S'-action on (V, o) by real (C, 7)-automorphisms. Putting A = 7,0y, p is uniquely determined by
its associated O-algebra co-action homomorphism

P A= A®o, Octt].
The latter determines a Z-grading of A by its O¢-submodules
Ap ={feA p'f=fat™}, melZ,

of semi-invariants germs of sections of weight m.

The action p is said to be effective if the set {m € Z, A,, # {0}} is not contained in a proper subgroup
of Z, and hyperbolic if there exists m < 0 and m’ > 0 such that A,, and A,,  are non zero. The following
lemma is an extension in the relative affine setting of [8, Lemma 1.7].

Lemma7. Let : (V,0) — (C, 7) be an affine morphism between real algebraic varieties and let jv: G, ¢ X
V' — V be an effective S'-action on (V, o) by (C, 7)-automorphisms. Let A = @, ., An be the corre-
sponding decomposition of the quasi-coherent O¢-algebra A = 7, Oy into semi-invariants O¢-submodules.
Then the following hold:

1) The action i is hyperbolic and o* A, = T« A_, for every m € Z.

2) The O¢-module Ay is a quasi-coherent O¢-subalgebra of finite type of A. Furthermore, the restriction
o* : Ay — T.Ao of o is the comorphism of a real structure 1o on Specq(Ag) for which the induced
morphism g : (Specea(Ao), 70) — (C,T) is a real morphism.
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Proof. Since w : (V,0) — (C, ) is an affine morphism, o is equivalenty determined by its comorphism
o* : A — 7. A. Since i is a non trivial action, there exists a nonzero element m € Z such that A, # {0}.
The commutativity of the diagram in Definition 6 implies that for a local section f of A,,,

p (@ (f)) = (e" ®@ap)(f @t™) = o (f) @t™™

hence that 0*(f) € T A_p,. Thus 0*A,;, C 7 A_;,, and since (7.0*) oo™ = id 4, it follows that the equality
o* Ay = T A_,, holds. This shows that the action g is hyperbolic and that 0* Ay = 74.Ap. The fact that
Ay is a quasi-coherent O¢-algebra of finite type is well-known [1 1, Theorem 1.1], and the fact that o*| 4, is
the comomorphism of a real structure 75 on Spec(Ag) making o : (Spec(Ap), 70) — (C, 7) into a real
morphism is a straightforward consequence of the definitions. ]

Definition 8. In the setting of Lemma 7, the real affine morphism (V,0) — (Spec(Ag), 70) is called the
real (categorical) quotient morphism of the S*-action on (Vo).

1.3. Principal homogeneous S'-bundles. Recal that a G,, c-torsor over a complex algebraic variety C is
a C-scheme p : P — C endowed with an action i : G, ¢ X P — P of G, ¢ by C-scheme automorphisms,
such that P is Zariski locally isomorphic over C to C' x G, ¢ on which G,,, ¢ acts by translations on the
second factor.

Definition 9. An S'-torsor (also called a principal homogeneous S'-bundle) over a real algebraic variety
(C, ) is a real algebraic variety p : (P,0) — (C,7) endowed with an S'-action p : G, c x P — P for
which p : P — V is a G, c-torsor.

Recall that isomorphism classes of G, c-torsors p : P — C over C' are in one-to-one correspondence
with elements of the Picard group Pic(C) = H'(C, O,) of C. More explicitly, for every such P, there exists
an invertible O¢c-submodule £ of the sheaf of rational functions K¢ of C' and an isomorphism of Z-graded
algebras

Px OP = @ £®m’
meZ
where for m < 0, £L&™ denotes the —m-th tensor power of the dual £V of £. Furthermore, two invertible
Oc-submodules of K¢ determine isomorphic G, c-torsors if and only if they are isomorphic. For S'-torsors,
we have the following counterpart:

Lemma 10. For every S*-torsor p : (P,o) — (C,T) there exists a pair (L, h) consisting of an invertible
Oc-submodule L C K¢ and a nonzero real rational function h on (C,T) such that p.Op = @ Lem
and L @ 7L = h ' O¢ as O¢-submodules of Kc.

Furthermore, two such pairs (L1, h1) and (Lo, hy) determine isomorphic S*-torsors if and only if there
exists a rational function f € T'(C,K%) such that LY @ Lo = f~*Oc and hy = (f7* f)ha.

Proof. Let A = @, ., Am be the decomposition of A = p,Op into Oc-submodules of semi-invariants
with respect to the action p and let £ be an invertible O¢c-submodule of K¢ for which we have an isomor-

phism of graded O-algebras
U:A= @Ami @E@)m.
mMEZ meZ

By Lemma 7 1), we have 0* A,,, = 7. A_,, forevery m € Z. It follows that for every m € Z, the composition

Om TV oo*o gl p®m o p®—m

meZ

is an isomorphism of O¢-modules such that oy = 7% : O¢ = L& — 7,L970 = 7,0 and
Ormtm! = Pm ® P : E@(m-{-m') — £®m ® E@m’ N 7_*£®(—m+—m/) — T*£®(—7rz) ® T*E(X)(—'m’)
for every m, m’ € Z. Furthermore, since 7,.0* o 0* = id 4 and T*2 =idp,, we have

TePom © @ = idpem and  Tu@m 0 @_p = idpe-m)
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for every m € Z. For m = 1 and m’ = —1, the commutativity of the diagram
Q¢
Loy —2 s r VoL
evl \LT*CV
Oc - 7.0¢,

~

where ev : L ® LY = O is the canonical homomorphism f ® f’ — f’(f), implies that
o_1="o) LY = 1L

It follows that p,,, = gp?m for m > 1 and that ¢,,, = (t¢1)®(*m) for m < —1. The collection (., )mez is
thus uniquely determined by ¢ = 7* and an isomorphism ¢ : £ — 7,.£" satisfying the identity 7. (‘¢1) 1o
1 = id,, hence equivalently by an isomorphism ¢ = 7*p; : 7*£ — L such that (*¢)=1) o 7% = id,. An
isomorphism ¢ : 7*L 5 £V isin turn equivalenty determined by an isomorphism O¢ S L®7*L, that is,
by a rational function h € T'(C, KF,) such that L ® 7*L = h=10¢ as O¢-submodules of K. The condition
(*1p=1) o 7*1) = id, then amounts to the property that h=1(7*h) = 1, i.e. that h is a real rational function
on (C, 7).

Two invertible Oc-submodules £1, L2 C K¢ define equivariantly isomorphic Gy, c-torsors py : P, — C
and py : P, — C' if and only if there exists an isomorphism « : £ = Lo. When £ and L5 come with
respective isomorphisms 1, : 7*£; — L£Y and ¢y : 7F Ly — LY corresponding to S-actions on (P, 07)
and (Ps, 02), the condition that a given isomorphism « : £ = Lo induces an Sl-equivariant isomorphism
between (P;,01) and (Pa, 02) is equivalent to the commutativity of the diagram

7Ly sy

P

T*EQ — [:5/
The isomorphism « is uniquely determined by a rational function f € T'(C, K%) such that £Y @ Lo = f~1O¢
as O¢-submodules of K. By definition of h; and hs as the unique nonzero real rational functions on (C, 7)
suchthat £; ® 7*L; = h; 1O¢, i = 1,2, the commutativity of the above diagram is equivalent to the equality
hQ = (fT*f)hl O

Example 11. By Hilbert’s Theorem 90, every G,,, ¢-torsor over Spec(C) is isomorphic to the trivial one, that
is, to G, ¢ acting on itself by translations. In contrast, there exists precisely two non-isomorphic S!-torsors
over Spec(R) = (Spec(C), ogpec(r)):

1) The trivial one given by S' = (G,,,.c = Spec(C[t*!],00) acting on itself by translations. A corre-
sponding pair is (£, h) = (C, 1),

2) A nontrivial one S! = (Spec(C[u®!], 5¢) whose real structure 6 is the composition of the involution
u +— —u~ ! with the complex conjugation, endowed with the S'-action given by ¢ - u = tu. A corresponding
pairis (£, h) = (C, —1).

Note that the real locus of S! is isomorphic to the real circle S* = {z? + y? = 1} C R? whereas the real
locus of S! is empty.

2. CIRCLE ACTIONS ON SMOOTH REAL AFFINE SURFACES

In this section, we first review the correspondence between normal real affine surfaces (.5, o) with effective
S'-actions and suitable pairs consisting of a Weil Q-divisor and a rational function on smooth real affine
curves (C, 7), which we call real DPD-pairs. We characterize smooth affine surfaces in terms of properties
of their corresponding pairs. We then describe the structure of exceptional orbits of S'-actions on smooth
surfaces (.5, o) in relation to degenerate fibers of their quotient morphisms.
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2.1. Real DPD-presentations of smooth real affine surfaces with S'-actions. Recall that a Weil Q-divisor
on a smooth real affine curve (C' = Spec(Ag), 7) is an element of the abelian group consisting of formal
sums
D= Z D(c){c} € Q ®z Div(C)
ceC
such that D(c) € Q is equal to zero for all but finitely many points ¢ € C. The support of D is the finite set
of points ¢ € C such that D(c) # 0. The group of Weil Q-divisors is partially ordered by the relation

(D< D & D(c)<D'(c) VeeO).

Every nonzero rational function f on C' determines a Weil Q-divisor div(f) = .~ (ord.f){c} with
integral coefficients. For every Weil Q-divisor D on C, we denote by I'(C, O¢ (D)) the Ap-submodule of the
field of fractions Frac(Ag) of Ay generated by nonzero rational functions f on C such that div(f) + D > 0.
Given an automorphism « of C' as a scheme over R or C, the pull-back of D = ) .~ D(c){c} by a is
the Weil Q-divisor
@D =3 D(e{a ()} =) D(a(e){e}.

ceC ceC

Definition 12. A real DPD-pair on a smooth real affine curve (C, ) is a pair (D, h) consisting of a Weil
Q-divisor D on C and a nonzero real rational function h on (C, 7) satisfying D + 7*D < div(h).

We say that two rational numbers r; = p;/q;, i = 1,2, where ged(p;, q;) = 1, form a regular pair if
Ip1g2 — p2qa| = 1.

Definition 13. A real DPD-pair (D, h) on a smooth real affine curve (C, 7) is said to be regular if for every
¢ € Csuchthat D(c)+ D(7(c)) < ord.(h) the rational numbers D(c) and D(7(c)) —ord.(h) form a regular
pair.

Given a smooth real affine curve (C, 7), a pair (£, h) consisting of an invertible O¢c-submodule £ C K¢
and a real rational function h on (C, 7) such that £ ® 7*£ = h~'O¢ as Oc-submodules of K¢ determines
a Cartier divisor D on C' such that D + 7*D = div(h), hence a regular real DPD-pair (D, k) on (C, 7). By
Lemma 10, every smooth real affine surface (.S, o) endowed with the structure of an S*-torsor over (C, ) is
determined by such a regular real DPD-pair (D, h). More generally, we have the following:

Theorem 14. Every normal real affine surface (S,o) with an effective S'-action p : Gpc x S — S
is determined by a smooth real affine curve (C,T) and a real DPD-pair (D, h) on it. Furthermore, the
following hold:

1) Two DPD-pairs (D1, hy) and (D2, ha) on the same curve (C, ) determine S*-equivariantly isomorphic
real affine surfaces if and only if there exists a real automorphism ¢ of (C, T) and a rational function f on C
such that

Y* Dy = Dy +div(f) and Y hy = (fT"f)h1.

2) The normal real affine surface (S, o) determined by a real DPD-pair (D, h) is smooth if and only if the

pair is regular.

The correspondence between normal real affine surface (S, o) with an effective S'-actions and real DPD-
pairs on smooth real affine curves (C,7) was established in [8, Proposition 3.2] as a particular case of a
general correspondence between S!-actions on normal real affine varieties and suitable pairs (D, h) on cer-
tain normal real semi-projective varieties [8, Corollary 2.16], whose proof uses the formalism of polyhedral
divisors due to Altmann and Hausen [ |]. Since this correspondence provides an explicit method to determine
the data (S, o) and (C, 1), (D, h) from each others, we will review it in detail using the DPD-formalism of
[9] in the next subsections.

Proof of Theorem 14. Assertion 1) follows from Corollary 2.16 in [8]. Note that if (D2, hs) is regular real
DPD-pair then for every real automorphism ¢ of (C, 7) and every rational function f on C, the real DPD-pair

(D1, h1) = (" Dy —div(f), (f7° )¢ " ha)
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is regular due to the fact that div(f) and div((f7* f)~14*hs) are integral Weil divisors on C'.

To prove 2), let (S, o) be the normal real affine surface with S'-action determined by real DPD-pair (D, h)
on a smooth real affine curve (C, 7) asin § 2.1.1 below. Let 7 : (S, 0) — (C, 7) be its real quotient morphism
andlet Dy = D and D_ = 7*D — div(h). By [9, Theorem 4.15], the singular locus of .S is contained in
the fibers of the quotient morphism 7 : .S — C over the points ¢ € C such that Dy (c) + D_(c) < 0.
Furthermore, for such a point ¢, S is smooth at every point of 7~ (c) if and only if the rational numbers
D, (c) and D_(c) form a regular pair. O

2.1.1. From real DPD-pairs to normal real affine surfaces with effective S'-actions. Given a real DPD-pair
(D, h) on a smooth real affine curve (C = Spec(Ay), 7), weset D, = D and D_ = 7*D, — div(h). The
condition D + 7*D < div(h) implies that D, + D_ < 0, so that for every m’ < 0 < m, the product

D(C, Oc(—m'D_)) - T(C, Oc(mD-.))

in Frac(Ay) in contained either in T'(C, Oc(—(m/ +m)D_)) if m’+m < 0orin I'(C, Oc((m' +m)D))
if m’ +m > 0. It follows that the graded Ap-module

AolD—, D4] = @ T(C, 0c(~mD_)) & T(C.0c) & @) T(C. Oc(mD-)

m<0 m>0

is a graded Ay-algebra for the multiplication law given by component wise multiplication in Frac(Ag). By [,
§4.2], Ag[D4, D_, h] is finitely generated over C and normal. The grading then corresponds to an effective
hyperbolic G,,, c-action i : G,,, ¢ X S — S on the normal complex affine surface S = Spec(Ag[D_, D4]).
The ring of invariants for this action is equal to Ay and the morphism 7 : S — C = Spec(Ayp) induced by
the inclusion Ag C Ag[D—_, D] is the categorical quotient morphism. Since D_ = 7D, — div(h), for
every m > 1, the homomorphism

72 i D(C,0c(mDy)) = (C, Oc(mD_)), f = h™7"f
is an isomorphism with inverse
75 T(C,O0c(—mD_)) = T'(C,Oc(—mDy)), f+— h™7*f.

Letting 79 = 7, these isomorphisms collect into an automorphism o* = €, ., 7, of Ao[D_, D ] which is
the comorphism of a real structure o on S for which we have o o y = p1 0 (¢ x o). It follows that (S, o) is
a normal real affine surface and that yi : G, c x S — S is an effective S'-action on (S, ) in the sense of
Definition 6.

Example 15. Let (C' = Spec(Ay), 7) be a smooth real affine curve with a real point ¢ whose defining ideal
is principal, generated by a real regular function h on (C, 7). Let D be the trivial divisor 0. Then (D, h) is
a real DPD-pair on (C, 7) for which we have D, = D = 0 and D_ = 7*D_ — div(h) = —{c}. It follows
that T'(C, Oc(mDy)) = A and that T'(C, Oc(mD_)) = h™ Ay for every m > 0. The corresponding
homomorphism

T (C,0c(mDy)) = Ag— W™ Ay =T(C,Oc(mD_))
is the multiplication by h™. The algebra Ay[D,, D_] is generated by the homogeneous elements
x=1€T(C,0c(Dy)) =T(C,0¢) and y=hel(C,0c(D-))=T(C,0c(—{c}))
of degree 1 and —1 respectively. These satisfy the obvious homogeneous relation xy = h, and we have
Ao[D+, D_] = Ao[z, y]/(zy — h).

The corresponding G, c-action pon S = Spec(Ao[D, D_]) is given by ¢ - (x,y) = (tx,t~'y) and the real
structure o for which y becomes an S!-action on (S, o) is the lift of 7 defined by 0*2 = y and 0*y = .
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2.1.2. From normal real affine surfaces with effective S'-actions to real DPD-pairs. Given a normal real
affine surface (S, o) with an effective S-action p : Gm,c x § — 9, it follows from Lemma 7 that the
coordinate ring A of S decomposes as the direct sum A = P, ., A, of semi-invariants sub-spaces such that
0*(Anm) = A_p, for every m € Z. The curve C' = Spec(Ay) is the categorical quotient of the G, c-action
on S. The restriction of o* to Ay induces a real structure 7 on C. Let s € Frac(A) be any semi-invariant
rational function of weight 1 and let h = so*s € Frac(A). Since o*s is a semi-invariant rational function
of weight —1, h is a o*-invariant rational function of weight 0, hence a 7*-invariant element of Frac(A).
For every m € Z, s™A,, is a locally free Ap-submodule of Frac(Ap). By [9, § 4.2], there exists Weil
Q-divisors D, and D_ on C satistying D4 + D_ < 0 such that for every m > 0 we have

sTMA, =T(C,0c(mDy)) and s™A_,, =T(C,0c(mD_))
as Ap-submodules of Frac(Ay). Since by Lemma 7 and the definition of h, we have
75T Ap) =hT (s ALy) YmEZ,

it follows that D_ = 7* D — div(h). So setting D = D, the pair (D, h) is a real DPD- pair on the smooth
real affine curve (C, 7). By construction, S 2 Spec(Ag[D—_, D, ]) and the real structure o on S coincides
with that constructed from (D, h) in the previous subsection.

Example 16. Let (C = Spec(R), 7) be a smooth real affine curve with a real point ¢ whose defining ideal
is principal, generated by some real regular function f on (C,7). Let A = R[z*! y]/(zy* — f) and let
S = Spec(A). The morphism p1 : Gy x S — S, (¢, (z,y)) = (t?z,t"y) defines an G, c-action on S
by C-automorphisms, which becomes an S!-action by (C, 7)-automorphisms when S is endowed with the
unique real structure o lifting 7 such 0*z = 27! and 0*y = zy. The ring of G,, c-invariant Ay is equal
to R[zy?]/(zy? — f) = R. Choosing s = y~! as semi-invariant rational function of weight 1, we have
h=ylto*(y=') =2 ly=2 = f~! € Frac(R). The decompositon of A into subspaces of semi-invariants
functions is then given for every m > 0 by

ST Ay = TR (3y)™ = R+ (35°)"™ = f"R = T(C,Oc(mDy),
s2mHA L ="M R (T = R (xy?) ™ = TR =T(C,0c((2m +1)D_)),
S*MA 9y =8""R-xT™ =R (z7 ™y ™) = fT"R=T(C,0c(2mD_)).
It follows that D = —r{c} for some rational number r €]0, 1] and that
D_ =71%(Dy) —div(h) = r{c} —div(f ') = (1 — r){c}.
Since fT"R =T(C,0c((2m +1)D_)) =T'(C,Oc(2mD_)) for every m > 0, it follows that

m+1 1 m—+1
d —<(1—
o1 M g =0-n<—

<(1-
o1 =)<

for every m > 0. Thus (1 —r) = £ and a real DPD-pair on (C, 7) corresponding to (S, o) endowed with the
S'-action pis (D, h) = (—3{c}, f71).

2.2. Real fibers of the quotient morphism: principal and exceptional orbits. Let (S, o) be a smooth real
affine surface with an effective S'-action y1 : G, c x S — S, and let 7 : (S, 0) — (C, 7) be its real quotient
morphism. Recall that 7 : S — C = Spec(I'(S, O5)®m¢) is surjective and that each fiber of 7 contains
a unique closed G, c-orbit Z and is the union of all G, c-orbits in S containing Z in their closure. In the
complex case, [9, Theorem 18] provides a description of the structure of the fibers of 7 in terms of a pair of
Weil Q-divisors D and D_ on C for which I'(S, Og) = Ag[D_, D] (see § 2.1.2). In this subsection, we
specialize this description to fibers of 7 over points in the real locus of (C, 7). We begin with the following
example which illustrates different possibilities for such fibers.

Example 17. Let S. C A2 = Spec(Clz, y, 2]) be the smooth complex affine surface with equation

zy =22 +e¢, where ¢ = £1,
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endowed with the real structure o defined as the composition of the involution (z,y, z) — (y, z, z) with the
complex conjugation. The effective G, c-action y on S: given by ¢ - (z,y,2) = (tz,t"'y, z) defines an
St-action on (Se, o) whose real quotient morphism coincides with the projection

m=pr, : (S,0) = (C,7) = (Spec(C[z], 041).

A corresponding real DPD-pair is for instance (D, h) = (0, 22 + €) where 0 denotes the trivial Weil divisor.

The morphism (z,y, z) — (—z, —y, —z) defines a fixed point free real action of Zs on (S, o) commuting
with the S'-action. The quotient surface S. = S./Z is smooth and o descends to a real structure & on it.
The morphism 7 descends to a real morphism 7 : (S.,5) — (C,7) = (Spec(C[22)), o 41) which coincides
with the real quotient morphism of the induced S!-action on S..

1) If e = 1, then since 22 + 1 = (2 — i)(z + i) = fr*f, it follows from Theorem 14 1) and Lemma
10 that 7 : (S1,0) — (C,7) restricts to the trivial S!-torsor over the principal real affine open subset
(Ch = Spec(Clz].241),7|c,) of C. In particular, for every real point ¢ of (C,7), (77 1(c), o)1) is
isomorphic to S' on which S!-acts by translations.

Since the real point 0 € (C, ) is a fixed point of the Z-action on C, the fiber of 7 : (S1,7) — (C,7) over
the real point 0 € (C,7) has multiplicity two. When endowed with its reduced structure, it is isomorphic to
the quotient of Spec(C[z,y]/(xy — 1)) by the involution (z,y) + (—z, —y), hence to Al = Spec(C[w*']),
where w = 22. The real structure is given by the composition of the involution w + w™! with the complex
conjugation, and the group G, ¢ acts on it by ¢ - w = t?w. So (T~ *(0)yed, Gl7-1(0),0q) 18 iSomorphic to St
on which S! acts with stabilizer js.

2) If e = —1, then, in contrast with the previous case, there is no rational function f € C(z) such that
22 — 1 = fr*f. Consequently, there is no real open subset of (C,7) over which 7 : (S_1,0) — (C,7)
restricts to the trivial S*-torsor. For a real point c of (C, 7), h = 2% — 1 takes negative value at cif ¢ €] — 1, 1]
and positive value if ¢ €] — oo, —1[U]1, +-00|. The fiber (7~ (¢), 0| r-1()) is thus isomorphic to the nontrivial
St-torsor S* of Example 11 in the first case, and to the trivial S*-torsor S* in the second case.

The fiber of 7 over the point £1 is isomorphic to Spec(C|z, y]/(zy)) and thus consists of two affine lines
0" = Spec(C[z]) and O~ = Spec(C[y]) exchanged by the real structure o, intersecting at the real point
p = (0,0,0) of (S_1, ). The curves OF = 0" \ {p} = Al \ {0} endowed with the induced G,, c-actions
are trivial G,,, c-torsors and p is an S'-fixed point.

As in the previous case, since the real point 0 € (C,7) is a fixed point of the Zs-action on C, the fiber
of ¥ : (S_1,5) — (C,7) over the real point 0 € (C,7) has multiplicity two. When endowed with its
reduced structure, it is isomorphic to the quotient of Spec(C[z,y]/(zy + 1)) by the involution (z,y) +—
(—x, —y) hence to A! = Spec(C[w*?]), where w = 22. The induced real structure is the composition of the
involution w ~ w~! with the complex conjugation. The induced G, c-action is given by ¢ - w = t?w. Thus
(T~ (0)red, Tlz-1(0),.q) is isomorphic to S on which S'-acts with stabilizer /5.

Lemma 18. Let (S,0) be a smooth real affine surface with an effective S'-action yi : Gy c x S — S
determined by a regular real DPD-pair (D, h) on a smooth real affine curve (C,T), and let w : (S,0) —
(C,T) be the corresponding real quotient morphism. Then for every real point ¢ of (C,T) there exists a
principal real affine open neighborhood (U, T|u) of ¢ and a regular real DPD-pair (D', h') on (U, 7|y ) with
the following properties:

1) D'[t\(ey is the trivial divisor, D'(c) € [0, 1[ and h' € (U, Oy) NT(U \ {c}, Oy, (y)-

2) The surface (w=*(U), 0| x-1(1r)) is S'-equivariantly isomorphic to that determined by the real DPD-
pair (D', 1) on (U, T|v).

In particular, 7|1\ qop) - (71U N\ A{e}), ole-10\qep) = (U \A{c}, Tlongey) is an St-torsor.

Proof. Recall that by the construction described in § 2.1.1, we have

I'(S,05) = Ao[Dy, D] = @ I(C, Oc(-mD_)) & T(C,0¢) & @ T(C, Oc(mD..))

m<0 m>0
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where Ay = I'(C,O¢), Dy = D and D_ = 7*D — div(h). Let U = C, be a real principal affine open
neighborhood of ¢ for some real regular function g on (C,7), and let (S|y,o|y) = (7= H(U),0]-1 1)) be
endowed with the induced S!-action. The graded coordinate ring of S| is isomorphic to the homogeneous
localization

I'(S,05)(g) = @ (U, Oc(-mD_)) @ T(U,0p) & € T'(U, Oc(mD..))

m<0 m>0

of I'(S, Og) with respect to g € T'(C, O¢). It follows that (S|, o|y) is St-equivariantly isomorphic to the
real affine surface determined by the real DPD-pair (D|y, h|y) on the smooth real affine curve (U, 7|¢). For
a small enough such real affine neighborhood U of ¢, we have D(c¢’) = 0 forevery ¢’ € U\{c} andh € T(U\
{c}, (’)[*J\{C}). In particular, D¢ .} is a principal Cartier divisor such that D[ 1 + T|*U\{C}D|U\{c} =
div(h|\ (¢} ), which implies by Lemma 10 that 7 : (S|in\ (e} 0lin1e3) = (U \ {c}, 7o\ gey) is an S*-torsor.
Shrinking U further if necessary, we can ensure in addition that ¢ = div(f) for some real regular function on
(U, 7|v). Letting 6 = | D(c)] be the round-down of the rational number D(c), it follows from Theorem 14
1) that (S|, o|yr) is S'-equivariantly isomorphic to the surface determined by the regular real DPD-pair

(D', 1) = (Dly = div(f°), (F~°7"F~*)h),
on (U, 7|y). By construction, we have D’ = (D(¢) — §){c} where D(c) — ¢ € [0,1[and b/ € T'(U \
{c}, (9[*]\{0}). Since (D', h') is a real DPD-pair,
ord.(h") > D'(c) + 7*(D")(c) = 2D’ (c) > 0,

which implies that b’ € T(U, Oy) NT(U \ {c}, (9[*]\{0}). O

Definition 19. Let (.S, o) be a smooth real affine surface with an effective S'-action y1 : G, c x S — S. A
Gy, c-orbit Z is called principal if Z endowed with the G,,, c-action induced by p is the trivial G, c-torsor.
It is called exceptional otherwise. If Z is in addition irreducible and o-invariant, we say that (Z,o|z) is a
principal S'-orbit if Z is a principal G,, c-orbit, and an exceptional S*-orbit otherwise.

Theorem 20. Let (S,0) be a smooth real affine surface with an effective S*-action i : Gy c x S — S
determined by a regular real DPD-pair (D, h) on a smooth real affine curve (C, 7). Let 7w : (S,0) — (C, 1)
be the corresponding real quotient morphism and let ¢ be a real point of (C, 7). Then exactly one of the
following three possibilities occurs:

a) D(c) € Z and ord.(h) = 2D(c). In this case, there exists a real affine open neighborhood
(U,rlv) of ¢ such that ©| -1y = (7= (U),0l-1)) — (U,T|v) is an S*-torsor. The fiber
(7= Y(c), Olr-1(c)) is an St-torsor over (c, TSpec(R)) Which is either isomorphic to Stifr=(c) con-
tains a real point of (S, o), or to the nontrivial S*-torsor St of Example 11 otherwise.

b) D(c) € 3Z\Zand ord.(h) = 2D(c). Inthis case, (7~ (c), 0| -1(c)) is a multiple fiber of multiplic-
ity 2, whose reduction is an exceptional S*-orbit, isomorphic to S* on which S* acts with stabilizer
H2-

¢) D(c) € Z and ord.(h) = 2D(c) + 1. In this case, the fiber 7~1(c) is reduced, consisting of the
closures of two principal G, ¢ orbits O" and O~ exchanged by the real structure o, whose closures

—+
O™ in S are affine lines intersecting transversally at an S'-fixed real point p of (S, o).

Furthermore, in cases b) and c), for every real affine open neighborhood (U, T|y) of ¢ € C, the restriction
Tle-1@wviey) : (@ HUNAD), ole-10niepy) = U\ {eh Tlongey)
is a nontrivial S'-torsor.

Proof. By Lemma 18, there exists a real affine open neighborhood (U, 7|y;) of ¢ such that ¢ = div(f)
for some real regular function f on (U, 7|y) and such that (S|, o) is S'-equivariantly isomorphic over
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(U, 7|u) to the real affine surface determined by a regular real DPD-pair (D', h') such that D’ = D’(c)c
where D'(¢) € [0,1] and ' € T(U,Opy) NT(U \ {¢}, (’)U\{c}) Since D’(¢) + 7*D’(c) < ord.(h') by
definition of a real DPD-pair, this leads to the following dichotomy:

D) If 2D'(¢) = ord.(h') then since D’(c) € [0,1] and ord.(h) is an integer, we have either D'(c) = 0
and ord.(h') = 0 or D'(c) = 3 and ord.(h') = 1. In first case, D’ is the trivial divisor, and so is 7*D’.
Furthermore, since h’ does not vanish on U, 7| -1y : (Slv,olv) = (771 (U), 0|z=1(ry) = (U, 7|v) is an
S!-torsor by Lemma 10. By Theorem 14 1) and Example 11, (7~ *(c), 0| x-1(.)) is isomorphic either to S* if
he(c) € Ry, orto S! otherwise. This yields case a).

In the second case, we have D’ = 1{c} and it follows from [9, Theorem 18 (a)] that 7~ (c) = 2Z where Z
is an exceptional G, c-orbit isomorphic to a punctured affine line on which G,,, ¢ acts with stabilizer 5. The
real curve (Z, o|z) endowed with the restriction of 4 is thus isomorphic either to S! if it contains a real point
or to S! otherwise, on which S! acts with stabilizer 1. We claim that the case where (Z, o|7) is isomorphic
to S does not occur. Indeed, the real structure 7|y on U lifts in a unique way to a real structure 7 on
U = Spec(I'(U, Oy)[X]/(X2— f)) such that 7* X = X, for which the morphism ¢ : (U, 7) — (U, 7|¢/) the
induced morphism ¢ : (U,7) — (U, 7|y) is a real double cover totally ramified over ¢ and étale elsewhere.
The normalization over the fiber product S x ¢/ U is a smooth real affine surface (S U) and the action of the
Galois group Zs of the cover v : (U, 7) — (U, 7|y) lifts to a free real Zsy-action on (S, &) for which we have
(S|u,oly) =2 (S,5)/Zs, the quotient morphism W : (S,6) — (S|y,oly) = (S,6)/Z, being étale. The St-
action y on S lifts to an effective S*-action ji on (S, &), whose real quotient morphism 7 : (S,5) — (U, 7)
is equal to the composition of the normalization morphism v : S — S xy U with the projection pry;. Letting
¢ =91 (c), #1(¢) is reduced and (71 (), 7|7-1(z)) is an S'-torsor over (¢, Ogpec(r))- By Example 11, it
is isomorphic to Al \ {0} = Spec(C[u*!]) endowed with a real structure given as the composition of the
complex conjugation either with the involution u + 1~ or with the involution v — —u~!. Furthermore,
the Zy-action on S restricts to a G, c-equivariant free Zy-action on 7~ 1(¢) 2 Spec(C[u®!]) compatible
with the real structure |51z . The latter is thus necessarily given by u — —u, and the quotient morphism
¥ restricts on (ﬁ'_l(é),&lﬁ-—l(g)) to an étale double cover (7?_1(0),&|,—,71(5)) — (Z,0|z). We conclude
that Z = Spec(C[w*!]), where w = u? and that o is the real structure given as the composition of the
involution w + w~"! with the complex conjugation, which shows that (Z, o|z) is isomorphic to S*. Finally,
since ord.(h’) = 1, there cannot exist any rational function on U such that b’ = g7*g. It follows that for
every real affine open neighborhood (V, 7|v) of ¢ contained in (U, 7|7), the restriction of 7 over V' \ {c} is
a nontrivial S'-torsor. This yields case b).

1) Otherwise, if 2D’(c) — ord.(h) < 0, then since by hypothesis (D, h) whence (D’, h’) is a regular real
DPD-pair, the rational numbers D’(c¢) and D’ (7(c)) —ord.(h') = D'(¢)—ord.(h’) form a regular pair. Since
D'(c) € [0,1] and ord.(h’) > 2D’(c) is an integer, the only possibility is that D’(c) = 0 and ord.(h') = 1
By [9, Theorem 18 (b)], the fiber 7—'(c) is then reduced consisting of the closure of two principal G, c-
orbits OF and O~ whose closures 5i in S are affine lines intersecting transversally at a G,,, c-fixed point p €

~1(c). The defining ideals of O and O in the graded coordinate ring I'(S|v, Os)®rw,0,) (LU, Ov)/ f)
of the scheme theoretic fiber 7~ (c) are the positive and negative part respectively. Since by Lemma 7, o*
exchanges the positive and negative parts of the grading of I'(S|y, Og), it follows that o exchanges 0" and
O , hence that p is a o-invariant point. As in the previous case, the fact that ord.(h’) = 1 implies that for
every real affine open neighborhood (V, 7|v) of ¢ contained in (U, 7|7), the restriction of 7 over V' \ {c} is
a nontrivial S!-torsor. This yields case c).

Since the only proper algebraic subgroups of G, ¢ are cyclic groups, the exceptional orbits of a G, c-
action are either G, c-fixed points or closed curves isomorphic to the punctured affine line A} \ {0} on
which G, ¢ acts with stabilizer isomorphic to a cyclic group (i, of order m > 2. While there exist smooth
complex affine surfaces S endowed with hyperbolic G, c-actions admitting 1-dimensional exceptional orbits
with stabilizers p,,, for every m > 2, for instance (AL \ {0}) x AL = Spec(C[z*!,y]) endowed with the
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Gy c-action t - (z,y) = (t™z,t~y), the possible types of exceptional S'-orbits on smooth real affine
surfaces with effective S!-actions are much more restricted:

Corollary 21. The exceptional S*-orbits on a smooth real affine surface (S, o) with an effective S*-action
are either real S'-fixed points or closed curves isomorphic to S* on which S* acts with stabilizer 1.

Proof. Let : (S,0) — (C,7) be the real quotient morphism for the given S!-action. The image by 7 of a
real exceptional S'-orbit (Z, o|7) is a T-invariant proper closed subset of C, which is irreducible since Z is
irreducible. So 7(Z) is a real point ¢ of (C, 7). Since Z is an exceptional G, c-orbit, the assertion follows
from Theorem 20, cases b) and ¢). ]

The following proposition records the possible structures of fibers of the real quotient morphism 7 :
(S,0) — (C, 1) over pairs of non-real complex points ¢ and 7(q) of C. Its proof, which is similar to that of
Theorem 20, is left to the reader.

Proposition 22. Let (S, ) be the smooth real affine surface with effective S*-action p : G, c x S — S
determined by a regular real DPD-pair (D, h) on a smooth real affine curve (C,T). Let 7w : (S,0) — (C, 1)
be its real quotient morphism, and let q and 7(q) be a pair of non-real complex points of C exchanged by the
real structure T. Then exactly one of the following possibilities occurs:
(1) D(q) + D(7(q)) = ordg(h) = ord,(q)(h) and:
a) Either D(q) and D(7(q)) both belong to Z and then ©—'(q) and 7= (7(q)) are principal
G c-orbits. Furthermore, there exists a real affine open neighborhood (U, T|v) of ¢ U 7(q) such
that 7| -1y « (7Y (U), 0|=11r)) — (U, 7|v) is an S -torsor.
b) Or D(q) and D(7(q)) both belong to Q \ Z and then 7= (q) and 7= (7(q)) = o (7~ 1(q)) are
1-dimensional exceptional G, c-orbits of multiplicity m > 2 on which G, ¢ acts with stabilizer [i,.

(2) D(q) + D(7(q)) < ordg(h) = ord,(q)(h). Then 7' (q)rea = 53_ U O, , where O and O are
I-dimensional G, c-orbits whose closures 5q in S are affine lines intersecting transversally at a
Gy, c-fixed point p. Furthermore, the fiber m=(7(q))rea = 0(m 1 (q)rea) is equal to

_ —+ —— —— —+
T 1(T(Q))red = OT(q) U Or(q) = O'(Oq ) U O'(Oq )

Example 23. Let (S., o), where € = 41, be the smooth real affine surface with equation zy = (2% + 1) in
A2 = Spec(C[z, y, z]) endowed with the real structure given by the composition of the involution (z, y, 2) +
(y, z, ) with the complex conjugation. The G,,, c-action p on S given by t - (z,y, z) = (tz,t "'y, z) defines
a real action of S on (S;, o). The categorical quotient for the G, c-action is the affine line C' = Spec(Ay),
where Ay = Clzy, z]/(xy — (2% + 1)) = C[2], and the quotient morphism 7 : S. — C is a real morphism
for the real structures o and 7 = oaL 0N S and C respectively. The decomposition of the coordinate ring A,
of S¢ into semi-invariant subspaces if given by

Ac=PAn=PA-ymode @A 2"
mEZL m<0 m>0
D o e A0 ) o
m<0 m>0
=@ A (P +1) "o Age P Ao 5™
m<0 m>0
where s = . A corresponding real DPD-pair on (C, 7) is thus given by (D, h) = (0,z0*z) = (0,2(22+1)).
Noting that 1 + 2% = (1 +i2)(1 — iz) = f7* f, we deduce from Theorem 14 1) that (S, o) is also given by
the real DPD-pair (D', h') = (D — div(f),e) = (1 - {i},e).
It then follows from Lemma 10 and Example 11 that the restriction of w : (S.,0) — (C,T) over the
real affine open subset U = C'\ {44} is either the trivial S'-torsor (U, 7|¢s) x St if ¢ = 1, or the S!-torsor
(U, 7|y) x St if e = —1. On the other hand, 7! ({£i}) = Spec(C[z, y]/(xy)) is the union of two copies



RATIONAL REAL ALGEBRAIC MODELS OF COMPACT DIFFERENTIAL SURFACES WITH CIRCLE ACTIONS 14

—+ . —— . L . .
O, ={x=zFi=0}and Oy, = {y = zF i = 0} of the complex affine line intersecting at the point
. . —+ —=
{r =y =2z7F1i=0}, and since c*z = y, we have 0 (O ;) = OL.
3. RATIONAL REAL ALGEBRAIC MODELS OF COMPACT DIFFERENTIAL SURFACES WITH CIRCLE
ACTIONS

This section is devoted to the proof of Theorem 1. We first construct explicit rational projective and affine
real algebraic models of compact real manifolds of dimension 2 without boundary endowed with effective
differentiable S*-actions. Then we show that each rational quasi-projective real algebraic model of such a
manifold is S'-equivariantly birationally diffeomorphic to one of these models.

3.1. Rational affine models with compact real loci. Itis a classical result (see e.g. [2, 1.3.a]) that a compact
connected real manifold of dimension 2 without boundary endowed with an effective differentiable S*-action
is equivariantly diffeomorphic to one of the following manifolds: the torus 7 = S* x S!, the sphere S2,
the projective plane RP? and the Klein bottle K. We now describe smooth rational projective and affine real
algebraic models with S'-actions of these compact differential surfaces.

3.1.1. Equivariant rational models of the torus. The group S' acts on the torus T’ = S' x S' by translations
on the second factor. All the orbits are principal, and the orbit space is equal to S*.

A rational projective model of 7" is the complexification (P¢, x Pg,0p1,p1) of Py x Py on which S!
acts on the second factor via the projective representation induced by the representation S' — SO (R) in
Definition 6. The action of S* on (PL = Proj(Clu, v]), op1) induced by the representation St — SO1(R)
has a pair of non-real fixed points [1 : 4] and [1 : —i] exchanged by the real structure op: . Their complement
is isomorphic to the trivial S!-torsor. The affine open subset

Sy = (Pg x P, op1wpn) \ {[1: 4] x Pp UPE x [1: +i]}

is op1 , p1-invariant and S'-invariant. Furthermore, letting o be the restriction of Op1 xp 1O S1, the inclusion
(S1,01) < (P& x P, 0p1 p1 ) is an S'-equivariant birational diffeomorphism. It follows that (51, 01) is a
rational affine model of 7', equivariantly isomorphic the product (Q1.c, 00, ) x S* of S! with the complexifi-
cation of the smooth affine quadric curve Q1 C Spec(R[u, v]) with equation u? + v? = 1, on which S! acts
by translations on the second factor.

The projection

™ =prg, . : (S1,01) = (Qic,09,) X S' = (C1,m) = (Q1.c,00,)

is the trivial S'-torsor. A corresponding real DPD-pair on (Cy, 1) is (D1, h1) = (0, 1), where 0 denotes the
trivial Weil divisor. The image by 7, of the real locus of (S, 1) is equal to the real locus S* of (C1, 7).

3.1.2. Equivariant rational models of the sphere. The group S! acts on the unit sphere S? in R? by rotations
around a fixed axis. All the orbits are principal, except for the two fixed points where the axis meets the
sphere, and the orbit space is a closed interval, each of its ends corresponding to a non-principal orbit.

A rational projective model is given by the complexification of the smooth quadric

Q = {v* +v* + 22 —w? = 0} C P§ = Projp(Ru, v, 2, w])

endowed with the restriction of the S'-action on (Pé, O'Ip]%) defined by the projective representation induced
by the direct sum of the representation S' — SOo(R) with the trivial 2-dimensional representation.

The S!-invariant real hyperplane section H = {w = 0} of (Qc, o) has empty real locus. Its complement
is S'-equivariantly isomorphic to the complexification (S2, 02) = (S%, os2) of the smooth affine quadric S?
in Spec(R[u, v, 2]) defined by the equation u? 4+ v% + 22 = 1, on which S! acts by the restriction of the direct
sum of the representation S! — SO, (R) with the trivial 1-dimensional representation. By construction, the
inclusion (Sa, 02) < (Qc, o) is an S'-equivariant birational diffeomorphism.

The real quotient morphism of the S*-action on (Ss, 02) is the projection

Ty = pr, : (S9,09) = (Co, 7o) = (AL = Spec(Clz], o41)
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and a corresponding real DPD-pair on (Cy, 72) is (Da, ha) = (0,1 — 22), where 0 denotes the trivial Weil
divisor. The image by 7> of the real locus of (S2, 02) is the segment [—1, 1] of the real locus R of (A}, OpL)-
The restriction of 7 over the principal real afine open subset (AL \ {£1}, oa|a1\(+1y) is a nontrivial St-
torsor. The fibers of 75 over the real points 1 of (Ca, 72) are of type ¢) in Theorem 20. Their respective real
loci consist of a unique point p+ = (0, 0, &1), which is an S*-fixed point.

FIGURE 1. Projection of the real locus S? of (Sa, 02) onto the interval [—1, 1]. The dashed
lines represent the closures 6i of the two principal G,,, c-orbits in 7, ! (£1) exchanged by
o and intersecting at the unique S'-fixed point p+ C 7, ' (£1).

3.1.3. Egquivariant rational models of the projective plane. The group S* acts on RP?, viewed as the pro-
jective compactification of R? by adding a “line at infinity” RP' = S, by the extension of the linear action
of S' = SO(2) on R? to an action on RP? leaving the line at infinity invariant. All the orbits are principal,
except for two of them: one is a fixed point corresponding to the origin of R? and the other is the line at in
infinity, equivariantly isomorphic to S' on which S act with stabilizer ji3. An S'-invariant tubular neigh-
borhood of this second non principal orbit is isomorphic to the quotient (S* x R)/(z,u) ~ (—z, —u), that is,
to an open Moebius band B, endowed with the induced .S L_action. The orbit space of this S !_action on RP?
is a closed interval, each of its ends corresponding to a non-principal orbit.

A rational projective model is the complexification (P2 = Proj(Clu, v, 2]), opz) of PZ endowed with
the S'-action defined by the projective representation induced by the direct sum of the representation S! —
SO5(R) with the trivial 1-dimensional representation. The smooth conic A in P2 with equation u? + v? +
22 =0is apnz&—invariant and S'-invariant and has empty real locus. Its complement S5 = IP% \ A endowed
with the restriction o3 of op2 and the induced S'-action is thus an affine model of RP?. By construction, the
inclusion (S5, 03) < (PZ, O']p]%) is an S!-equivariant birational diffeomorphism.

Another rational projective model of RP? with S'-action is obtained by blowing-up the smooth quadric
Qc = {u* +v* + 22 —w? =0} C P,
endowed with the real structure o and the St-action defined in subsection 3.1.2, at the real S'-fixed point
p— = [0:0:-1:1]. Letting @ : (Qc,05) — (Qc,0q) be the blow-up morphism, with exceptional
divisor E_ = (P¢, op1), the S!-action on (Qc, o) lifts to an action on (Qc, o) for which the real locus of
( Qc, UQ) endowed with the induced S'-action is equivariantly diffeomorphic to the S*-equivariant connected
sum RP?fg1 52 ~ RP? endowed with the S'-action defined above. The proper transforms in (QC, O’Q) of

the curves {~ = {u+iv = z+w = 0} and /_ = {u —iv = 2z + w = 0} in (Qc,0q) are a pair of
non-real disjoint smooth rational curves with self-intersection —1, exchanged by the real structure o 5. Their
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union is an S'-invariant real closed subset F_ of (QC, O‘Q) and the contraction of F_ is an S'-equivariant
birational diffeomorphism o’ : (Qc, 05) = (P2, opz) which maps the proper transform H C Qc of the
curve H = {w = 0} C Q¢ onto the smooth conic A C P2 (see Figure 2).

-
S - P
H 7 :
PZ Qc Qc

FIGURE 2. A real birational map between (PZ, opz) and (Qc, 0@).

We obtain a diagram
(S3,03) = (PE\ A, 0p2) <-— (Qc \ (HU F_),05) — (Qc \ H,00) = (S2,02)

in which the left hand side induced morphism o is an S*-equivariant real isomorphism. The right hand side
morphism o realizes (Qc \ (HUFL), 04) as the S'-equivariant real affine modification of (S, 02) obtained

by blowing-up p_ and removing the proper transforms of the closures éi of the two principal G, c-orbits
inmy 1(—1) exchanged by o5 and intersecting at p_ (see Figure 1).

A real DPD-presentation of (S5, 03) can be determined as follows. The smooth real quadric (Qc,0q)
is isomorphic to the Galois double cover of (PZ, apﬁ) branched along the real conic A. The commutative
diagram

Sy = Qc \{w =0} —=Qc

l l[u:v:z:w]»—)[u:v:z]

S3=P2\A— > P2

then identifies S3 with the quotient of So = {u? 4+ v* + 22 = 1} C A} by the antipodal involution
(u,v,2) — (—u,—v,—z). This involution commutes with the real structure o5 on S and the quotient
morphism (Sa,02) — (S3,03) = (S2,02)/Zs is a real morphism, which is equivariant for the S'-actions
on (S3,02) and (Ss3,03). The real quotient morphism 7o : (S3,02) — (Cq,72) thus descends to a real

morphism
R (53,0'3) = (SQ,O’Q)/ZQ — (03,7'3) = (CQ,TQ)/ZQ = (A(lc = Spec((C[Z],UA%g),

where Z = 222 — 1, which is the real quotient morphism of the induced S!-action on (S3, o3). With this
choice of coordinate, a direct calculation shows that a real DPD-pair on (C'3, 73) corresponding to (S5, 03) is
(D3, h3) = (3{-1},1 - Z?).

The image by 73 of the real locus RP? of (S3,03) is the segment [—1, 1] of the real locus R of (Cs, 73).
The restriction of 73 over the principal real affine open subset (A{ \ {£1}, optl AL\ (+13) of (C3,73) is a
nontrivial S'-torsor. The fibers of 73 over the real points —1 and 1 of (C3, 73) are respectively of type b) and
¢) in Theorem 20. Their real loci consist respectively of a copy of S on which S* acts with stabilizer ji5 and
a unique point p, which is a fixed point of the induced S*-action on the real locus of (S3, 0'3).
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FIGURE 3. Projection of the real locus RIP? of (S5, 03) = (S%, 0s2)/Zs onto the interval

[—1,1]. The dashed lines represent the closures 5i of the two principal G, c-orbits in
73 '(1) exchanged by o3 and intersecting at the unique real S'-fixed point p C 75 *(1).

3.1.4. Equivariant rational models of the Klein bottle. The Klein bottle K with its S'-action is the S*-
equivariant connected sum RP?*#g1 RP? of two copies of RP? endowed with the S'-action defined in the
previous subsection. Namely, RP?#51 RP? is obtained by removing on each copy of RP? an S'-invariant
open disc containing the unique S'-fixed point and gluing together the resulting boundary circles in an S*-
equivariant way. Equivalenty, RP?# 1 RP? is obtained by the S'-equivariant gluing of two closed Moebius
bands

B = (8" x [-1,1])/(2,u) ~ (—2,~u)

with the S'-action as in the previous subsection along their boundary circles. The resulting S'-action on K
has two non principal orbits isomorphic to S with stabilizer yi2, and with S*-invariant tubular neighborhoods
diffeomorphic to open Moebius bands. The orbit space is again closed interval, each of its ends corresponding
to a non-principal orbit.

FIGURE 4. Two Moebius bands glued along their boundaries.

A projective rational model of K is obtained as follows: let (P2 = Proj(Clu, v, 2]), opz) be endowed
with the S!-action defined by the projective representation induced by the direct sum of the representation
S' — SO5(R) with the trivial 1-dimensional representation. The blow-up of (P, opz) at the real S'-fixed
point [0 : 0 : 1] is the real Hirzebruch surface (F1,c = P(Op1 @ Op1(—1)), 0r,) in which the exceptional
divisor £ = (Pg, 0p1) is the section with self-intersection —1 of the P'-bundle structure. The S'-action
on (PZ, opz) lifts to an action on (Fy,c, o, ) and the real locus of (Fic,or,) endowed with the induced
S'-action is diffeomorphic to K ~ RP?4 ¢ RP? endowed with the S'-action defined above.

An affine model of K is in turn obtained from (IF; ¢, o, ) by removing the union of the proper transform
of the conic A = {u2 +v2 422 = O} C ]P’% and of the proper transforms of the pair of non-real lines

{={u+iv=0} and opz(f) ={u—iv=0}
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of (PZ, op2 ) passing through [0 : 0 : 1]. Indeed, AU£Uopz (¢) is a real S!-invariant closed subset of (P2, op2)

C R R C R
with [0 : 0 : 1] as a unique real point, whose proper transform B in (F ¢, o, ) is an ample S'-invariant curve
with empty real locus. So (S4,04) = (Fi,c \ B, 0w, |5, \5) endowed with the induced S'-action is a real
affine surface whose real locus is diffeomorphic to K. By construction, the inclusion (S4, 04) < (F1,c, 0F,)
is an S'-equivariant birational diffeomorphism.

A alternative projective model of K is obtained from the quadric (Qc, o) of subsection 3.1.2 by blowing-
up the two real S'-fixed points p; = [0: 0 : 1 : 1] with respective exceptional divisors Fy = (PL, op1 ).
Letting 3 : (QC,UQ) — (Qc,0q) be the real blow-up morphism, the S'-action on (Qc,0q) lifts to an
action on (Qc, o) for which the real locus of (Qc, o) endowed with the induced S L_action is equivariantly
diffeomorphic to the connected sum RP?# g1 528 51 RP? ~ RP?*44:1 RPP?, hence to the Klein bottle K endowed
with the S'-action defined above. As in the previous subsection, the proper transforms in (Qc, o’Q) of the
curves ¢~ = {u+iv=z+w=0}and /_ = {u —iv = z +w = 0} in (Qc, o) are a pair of non-real
disjoint smooth rational curves with self-intersection —1, exchanged by the real structure o4 Their union is
an S!-invariant real closed subset F_ of (QC, O‘Q) and the contraction of F_ is an S'-equivariant birational
diffeomorphism 3’ : (QC,JQ) — (Fy ¢, or,) which maps the proper transform H c Qc of the curve
H = {w = 0} C Qc onto the proper transform in (F; ¢, oF, ) of the conic A = {u? + v + 22 = 0} C P4.
The proper transforms in (Qc, 0g) of the curves £ = {u+iv = z—w = 0} and lp ={u—iv=z2—w=0}
in (Qc, o) are also a pair of non-real disjoint smooth rational curves with self-intersection —1, exchanged
by the real structure o4 Their union is an S!-invariant real closed subset F; of (Q(c, O‘Q) whose image by
B (Qc, 05) = (Fi,c,0r,) is equal to the union of the proper transforms in (F1 ¢, o, ) of the lines £ and
opz (£) of (P, opz) (see Figure 5).

Ty = opa(0) | Bt -
NG By g 1 2

L= ‘ : £y

Fi o Oc Qc

FIGURE 5. A real birational map between (Fy ¢, oy, ) and (Qc, 0g).

We obtain a diagram

’

(S4,04) = (Fre \ Boow,) <—— (Qc \ (HUF_UF),05) > (Qc \ H.0q) = (S2,02)

in which the left hand side induced morphism 3’ is an S'-equivariant real isomorphism. The right hand side
morphism 3 realizes the real affine surface (Qc \ (H U F_ U F,), o) as the S'-equivariant real affine mod-
ification of (Ss, 02) obtained by blowing-up p_ and p and removing the proper transforms of the closures
O, of the two principal G,,, c-orbits in 7 ! (£1) exchanged by o5 and intersecting at p (see Figure 1).

The S!-equivariant affine modification 3 : (S4,04) — (S2,02) can be made explicit as follows. Let
(Q2,0%) be the smooth surface in Spec(C[z,y, z]) with equation zy = 1 — 22, endowed with the real
structure defined as the composition of the involution (z,y, z) — (y,x, z) with the complex conjugation.
The isomorphism
rt+y r—yY

QQ — S2 C Spec(c[u7v7z])7 (I,y,Z) = ( 9 ) %

7Z)
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induces an real isomorphism (Q2, 0%) = (S2, 02) which is equivariant for the S!-action on (Q2, 05) given
by the hyperbolic G, c-action u(t, (x,y,z)) = (tz,t"'y,z). Via this isomorphism, the S'-equivariant
real affine modification of (S, 02) described geometrically above coincides with the affine modification of
(Q2, 0%) with center at the real S'-invariant closed subscheme with defining ideal I = (z,y)? and with real
S'-invariant principal divisor div(xy). It follows that (Sy, 04) is S*-equivariantly isomorphic to the complex
affine surface in Spec(C[z™!, y, z]) defined by the equation zy? = 1 — 22, endowed with the real structure
given by the composition of the involution (z,y, z) + (27!, xy, z) with the complex conjugation, equipped
the S'-action given by the hyperbolic G,,, c-action pu(t, (x,y,2)) = (tz,t "1y, 2).
We deduce from this description that the real quotient morphism of (Sy4, 04) is the projection

M4 =pr, 1 (S4,04) = (Ca,7a) = (Ag = Spec(Clz], 041)

and that a real DPD-pair on (Cy, 74) corresponding to (S4, 04) is (D4, ha) = (3{—1} + 1{1},1 — 2?). The
image by 74 of the real locus of (S4, 04) is the segment [—1, 1] of the real locus R of (Cl4, 74). The restriction
of 74 over the principal real affine open subset (A} \ {£1}, oatlar\qz1y) of (Cy, 74) is a nontrivial S!-torsor.
The fibers of 74 over the real points +1 of (Cy, 74) are of type b) in Theorem 20. Their real loci consist of a
copy of S' on which S acts with stabilizer 5.

AT TN

st

FIGURE 6. Projection of the real locus K of (S4, 04) onto the interval [—1, 1].

3.2. Uniqueness of models up to equivariant birational diffeomorphism. This subsection is devoted to
the proof of the following result which implies Theorem 1:

Proposition 24. Every smooth rational quasi-projective real surface with an effective S*-action and whose
real locus is a compact connected manifold of dimension 2 without boundary is S'-equivariantly birationally
diffeomorphic to one of the affine models constructed in subsection 3.1, summarized in Table 7 below.

Real locus St x St S? RP? K
Rational Mmodel S1=QicxSt| So=S% Sy = SZ/Zs Sy ={ry’ =1-2%}
Real categorical quotient (Q1c,00,) (AL, Op1) (AL, oa1) (AL, Oa1)
Image of real locus St [—1,1] [—1,1] [—1,1]
1 1
Real DPD-pair (D, h) (0,1) (0,1 —2%) | (3{-1},1—2?) (5{—1}+ 5{1},1—z2)

FIGURE 7. Rational affine models of compact surfaces with S!-actions. The notation
(Q1.c,00,) refers to the underlying real algebraic variety of S, that is, the complexifica-
tion of the smooth affine curve in A% = Spec(R[u, v]) with equation u? + v? = 1.
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The scheme of the proof is the following. In Lemma 25 below, we first establish that every smooth rational
quasi-projective model with S'-action of the torus 7', or the sphere S2, or the plane RP? or the Klein bottle
K is S'-equivariantly birationally diffemorphic to an affine one. Then in Lemma 26, we split the study of
the affine case into two subcases according to the nature of the image of the real locus by the real quotient
morphism. These subcases are finally studied separately in subsections 3.2.1 and 3.2.2.

Lemma 25. Let (X,Y) be a smooth rational real quasi-projective surface with an effective S*-action and
whose real locus is a compact connected manifold of dimension 2 without boundary. Then (X,¥) is S!-
equivariantly birationally diffeomorphic to a smooth rational real affine surface (S, o) with S*-action.

Proof. By Sumuhiro equivariant completion theorem [15] and equivariant desingularization results for nor-
mal surfaces with G, c-actions [12], there exists a smooth real projective surface (X,¥) with S'-action and
an S!-equivariant open embedding (X, ) < (X, X). Since (X, ¥) is rational, so is (X,Y). By a result of
Comessatti [5, p. 257], the real locus of (X,Y) is a connected compact smooth surface without boundary,
either non-orientable, or orientable and diffeomorphic to 7" or S2. Since the real locus of (X,¥) is itself
connected and compact, it follows that the real loci of (X, X)) and (X, X) coincide, so that (X, X)) < (X, )
is a birational diffeomorphism. By [I5, Theorem 1.6], there exists a very ample S'-linearized invertible
sheaf £ on (X,Y). This yields in particular a representation of S! into the group of linear automorphism
of H%(X, £). The underlying representation of G,, ¢ splits as a direct sum of n; > 1 non trivial diagonal
representations of the form

te (@i, ys) = (" wg, t™ ™ y;), my € Lso, i=0,...,n; —1

on which the real structure is given by the composition of the involution (z;, y;) — (y;, 2;) with the complex
conjugation, and ny > 0 trivial 1-dimensional representations. The G, c-equivariant closed embedding

y — P(HO(Y7 ‘C)) = PrOj((C[JJo,yO, Ty —1Yny—1521 - - - 7Zn2])

then becomes a real S'-equivariant closed embedding for the real structure ¥ on X and the real structure on
P(HY(X, L)) defined as the composition of the involution

(x()vyOa oo Tpy—1yYny—15 215 - - ';ZHQ) = (y071'(), oo Yni—1, Ty —15 %1 - - '72712)

with the complex conjugation. The quadric Q C P(H(X, £)) with equation 3" " ;y; + Y22 =0
is a real ample S'-invariant divisor on P(H°(X, £)) with empty real locus. Since the real locus of (X, X) is

not empty, X is not contained in Q. It follows that (S, o) = (X \ Q, |5 ) is a smooth rational real affine

surface with S'-action. By construction, the open inclusion (S, o) < (X, ) is an S'-equivariant birational
diffeomorphism. |

The following lemma divides in turn the study of the affine case into two sub-cases:

Lemma 26. Let (S,0) be a smooth rational real affine surface with an effective S*-action and whose real
locus is a connected compact surface without boundary. Let w : (S,0) — (C,T) be the real quotient
morphism for the S'-action. Then the following alternative holds:

a) (C, ) is a real affine open subset of (Q1,c, 0@, ) and its real locus is equal to that of (Q1,c, 00, )-

b) (C,) is a real affine open subset of the real affine line (AL, JA]%{) and its real locus is a closed interval.

Proof. The curve C is rational because S is rational. Since the real locus of (S, o) is nonempty, connected
and compact, its image by 7 : (S,0) — (C, 1) is a nonempty connected compact subset of the real locus of
(C, 7). The smooth real projective model of (C, 7) is thus isomorphic to the real projective line (Pg, op1). If
PL \ C contains a real point of (P, op1 ), then C' is isomorphic to a real affine open subset of the real affine
line. Being connected and compact, its real locus is then a closed interval. Otherwise, since the inclusion
(C,7) — (P, op1) is a real morphism and C is affine, PL \ C is not empty and consists of pairs of non-real
points of P& which are exchanged by the real structure OpL- Since the complement of a pair of such points ¢
and op1 (¢) is isomorphic to the real affine quadric (Q1,c, 0q, ), it follows that (C, 7) is isomorphic to a real
affine open subset of (Q1.c,0q, ), and since the real locus of P{. \ C'is empty, it follows that the real locus of
(C,T) is equal to that of (Q1,c, 00, ). O
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3.2.1. First case: (C, ) is a real affine open subset of (Q1 ¢, 0q, ) with real locus equal to S*.

Proposition 27. Let (S, ) be a smooth rational real affine surface with an effective S'-action and whose
real locus is a connected compact surface without boundary. Let 7 : (S,0) — (C,T) be the real quotient
morphism and assume that (C, T) is a real affine open subset of (Q1,c, 0q, ) whose real locus is equal to that
of (Q1,c,00, ). Then (S, ) is S'-equivariantly birationally diffeomorphic to (Q1,c,0q,) % S on which S!
acts by translations on the second factor.

Proof. Let (D, h) be a regular real DPD-pair on (C, ) corresponding to (S, o). Since h is a 7-invariant
rational function on C, it is also a o¢, -invariant rational function on @ c. We claim that by changing h
for some rational function of the form f7*fh, where f is a rational function on @) ¢, and changing D
accordingly by D + div(f|c), we can assume that h is the restriction to (C,7) of a real regular function
on (Q1,¢,0q,) whose zero locus on 1 ¢ consists of real points only. Indeed, since h is o, -invariant, its
poles on ); are either real points of (Q1,c,0¢,) or pairs of non-real points exchanged by og,. So up to
changing h for f7* fh and D for D + div(f|c) for a suitable regular function f on Q1 ¢, we can assume
from the very beginning that h is the restriction of a real regular function on (Q1,c, 0@, ). Let ¢ = (21, 22)
and 0@, (¢) = (Z1,Z2) = g be a pair of non-real points of Q1 ¢ at which h vanishes. The restrictions to Q1 ¢
of the regular functions

Fo=@w—2)—ilu—2z) and Fz=(v—7%2)+i(u—71)

on A% = Spec(Clu, v]) are regular functions f, and f7 on Q1 ¢ such that div(f,) = ¢ and div(f7) = q.
Furthermore, since o, f; = f7 it follows that for 6 = ord,(h) = ordg(h), fq_‘saglfq_‘sh is a real regular
function on (Q1 ¢, 0@, ) which does not vanish at ¢ and g. The pair

(D', 1) = (D — 6div(fyle), £, 05, f;°h)

is then a regular real DPD-pair on (C, 7) which defines a smooth real affine surface S*-equivariantly iso-
morphic to (S, o) by Theorem 14 1). The desired regular real DPD-pair is then obtained by applying this
construction to the finitely many pairs of non-real points of (Q1,c,0¢,) exchanged by o, at which h van-
ishes.

The set of non-real points ¢ of (C,7) such that either D(q) # 0 or D(7(q)) # 0 is a finite real subset
Z of (C, 7). Its complement (U, T|yy) is a real affine open subset of (C, ) and the restriction (D|y, h|y)
of (D, h) is a regular real DPD-pair defining a smooth real affine surface S'-equivariantly isomorphic to
(7= (U), 0|x=1(1)). Since Z consists of non-real point of (C,7) only, the inclusion of (7~ *(U), o|,-1 1))
in (S,0) is an S!-equivariant birational diffeomorphism. Replacing (C,7) and (D,h) by (U, 7|y) and
(Dlu, h|v), we can therefore assume that D(q) = ord,(h) = 0 for every non-real point ¢ of C. Now
let D be the Weil Q-divisor on Q; ¢ defined by D(c) = D(c) if ¢ € C and D(c) = 0 otherwise, and
let h = h. Since (C,7) C (Q1.c,0q,) is a real affine open subset with the same real locus as (Q1.¢, ¢, ),
Q1,c\ C consists of finitely many pairs {g, 0o, (¢)} of non-real points of Q1 ¢ exchanged by the real structure
0@, . For every such pair of points, we have by construction

ord(h) = ordy(h) = D(q) + D(0q,(a)) = D(q) + o, (D)(q)
and similarly for o, (¢). This implies that (D, h) is a real DPD-pair on (Qy.¢, 0, ) which is regular since
(D, h) is regular. Let (S,5) be the corresponding smooth real affine surface with S'-action and let 7 :

(S,6) — (Q1c,0q,) be its real quotient morphism. We then have a cartesian square of real algebraic
varieties

(S,0) —2— (8,5)
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in which the top horizontal morphism ¢ is an S!-equivariant open embedding of (.S, o) as the complement of
the fibers of 7 over the points of Q1 ¢\ C. Since Q1 ¢\ C consists of pairs of non-real points of Q1 ¢, the real
loci of (S, o) and (S, &) coincide, which implies that ¢ : (S, ) — (S, &) is a birational diffeomorphism.
By construction, (D, h) is a regular real DPD-pair on (Q1.c, 0, ) such that the support of D consists
of real points of (Q1,¢c,0¢,) and such that hisa regular function whose zero locus consists of real points
only. Furthermore, the image by 7 : (5,5) — (Q1.c,00,) of the real locus of (S,5) is equal to that of
(Q1.c,0q,). By Lemma 28 below, (S, &) is S!-equivariantly isomorphic to (Q1 ¢, 0g,) x S' on which S*
acts by translations on the second factor. This completes the proof. (]

In the proof of Proposition 27 above, we use the following auxiliary characterization of (Q1,c,0¢,) % S
up to S'-equivariant real isomorphisms:

Lemma 28. Let (D, h) be a regular real DPD-pair on (Q1,c,0q,) such that the support of D consists
of real points of (Q1,c,00,) and such that h is a real regular function whose zero locus consists of real
points of (Q1,c,0q,) only. Let (S, ) be the corresponding smooth real affine surface with S*-action and let
7 (8,0) = (Qi,c,00,) be its real quotient morphism. Then the following are equivalent:

i) The image by m of the real locus of (S, o) is equal to the real locus of (Q1,c,0q, ).

ii) The surface (S, o) is S'-equivariantly isomorphic to (Q1,c,0g, ) X S* on which S* acts by translations
on the second factor.

Proof. The implication ii)=-) is clear. We now proceed to the proof of i)=-ii). For every real point ¢ =
(c1,c2) of (Q1,c,0¢q, ), the restrictions to Q1 ¢ of the regular functions

F.=(w-c)—i(u—cy) and F.= (v—co)+i(u—cy)

on A% = Spec(C[u, v]) are regular functions f. and f, on Q1 c such that div(f.) = div(f,) = c. Further-
more, we have o7, fo = £ so that div( feod), fe) = 2c. Arguing as in the proof of Lemma 18, we obtain
that (S, o) is St-equivariantly isomorphic to the surface determined by a regular real DPD-pair (D', k') on
(Q1,c,00,) such that Supp(D’) is contained in the real locus of (Q1,¢c,0q,), b’ is regular and vanishes at
real points only, and such that for every real point ¢ of (Q1,¢, 0@, ) exactly one of the following possibilities
occurs:

a) D'(¢) =0and ord.(h') =0

b) D'(c) = § and ord.(h) = 1

¢) D'(¢) =0and ord.(h') = 1.

Consider the restriction h'|g1 : ST — R of the real regular function &’ to the real locus S* of (Q1.c, 00, )
If ¢ is a real point of (Q1.c,0q,) of type b) or ¢) then h'|s: is a continuous function on S' whose sign
changes at ¢q. It follows that there exists a real point c of (Q1,c, 0@, ) such that D’(¢) = 0 and A/(c) < 0.
But then, it follows from the proof of Theorem 20 1) that (77! (c), 0|r-1(c)) is S'-equivariantly isomorphic

to the nontrivial S'-torsor S! which has empty real locus. This is impossible since by hypothesis the real
locus of (S, o) surjects onto that of (Q1.¢,0¢0,). Thus D'(c) = ord.(h’) = 0 for every real point ¢ of
(Q1,c,00,). This implies in turn D’ has empty support and that k' is a nowhere vanishing real regular
function on (Q1,c,0q,). It follows that A’ is constant, with positive value A € R* at every point since the
real locus of (S, o) surjects onto that of (Q1.c,0q,). Writing A = at*a = o? for some real number «, we
deduce from Theorem 14 1) that the surface (.S, o) is S!-equivariantly isomorphic to that defined by the real
DPD-pair (D’,1) = (0,1) on (Q1,c,0¢,1). By subsection 3.1.1, the latter is S*-equivariantly isomorphic to
(Q1.c,00,) x S' on which S! acts by translations on the second factor. ]

3.2.2. Second case: (C,T) is a real affine open subset of the real affine line.

Proposition 29. Let (S, o) be a smooth rational real affine surface with an effective S'-action and whose
real locus is a connected compact surface without boundary. Let 7 : (S,0) — (C,T) be its real quotient
morphism and assume that (C,T) is a real affine open subset of (AL, oL ). Then (S, o) is St-equivariantly
birationally diffeomorphic to one of the affine surfaces (Sa, 02), (S3,03) and (S4,04) in Table 7.
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Proof. Let Al = Spec(C|z]) and let (D, h) be a regular real DPD-pair on (C, 1) C (A{, 1) corresponding
to (S, o). The image by 7 of the real locus of (S, o) is closed interval J of the real locus R of (A}, OpL)-

By Theorem 14 1), (S, o) is St-equivariantly isomorphic to the surface determined by a real DPD-pair of the
form

(D +div(fle), (f7°f)lch)

on (C,7), where f is any element of C(z). By choosing f € C(z) suitably, we can assume from the very
beginning that h € C(z) is a real polynomial whose zero locus on Al is contained in J. Then arguing as in
the proof of Proposition 27, we get that (S, o) is S'-equivariantly birationally diffeomorphic to the smooth
real affine surface (7~ (U), o|-1(¢)) determined by the real DPD pair (D|y, 2|¢7) on the open complement
(U, 7|v) in C of the set of non-real points g of (C, 7) such that either D(g) # 0 or D(7(q)) # 0. Then
(7Y (U), 0|x-1(1y) is in turn S'-equivariantly birationally diffeomorphic to the smooth real affine surface
(S, ) determined by the regular real DPD-pair (D, k) = (D, h) on (A}, o 1), where D is the Weil Q-divisor
defined by D(c) = D(c) if ¢ € J and D(c) = 0 otherwise.

By composing the real quotient morphism 7 : (S, &) — (AL, oa1) by areal automorphism of (A, oaL),
we can assume without loss of generality that J is equal to the interval [—1, 1]. For every real point ¢ of .J,
fe = z — cis a real regular function f. on (A}, oa1) such that ¢ = div(fc). Arguing as in the proof of
Lemma 18, we obtain that (S, &) is S'-equivariantly isomorphic to the surface (S, &) determined by a real
DPD-pair (D, k) on (AL, 041 ) such that Supp(D) is contained in .J, & is a regular function whose zero locus
is contained in J and such that that for every c € J exactly one of the following possibilities occurs:

a) D(c) = 0 and ord,(h) = 0

b) D(c) = 1 and ordg(h) = 1

¢) D(¢) = 0 and ord,(h) = 1.

By composing the real quotient morphism 7 : (S,5) — (A, o41) by the real automorphism z — —z
of (AL, 1), we can further assume without loss of generality that D(—1) > D(1). By Theorem 20, for a
real point ¢ of (Ag, 041 ), the real locus of (77 '(c), &]z-1(.)) is empty if and only if D(c) = ordo(h) =0
and h(c) < 0. It follows that D(c) = ord.(h) = 0 and h(c) < 0 for every real point ¢ of (AL, 041 ) outside
of J. On the other hand, the real locus of (#~*(c), &|z-1(.)) being nonempty for every real point ¢ € J by
assumption, we have h(c) > 0 for every ¢ € J. It follows that i € R[z] C C[z] is a nonzero real polynomial
with only simple real roots, whose restriction to the real locus R of (A}, o Al ) is negative outside J and non-
negative on J. This implies that h= A(1 — 22) for some \ € R’ which can be further chosen equal to 1 by
Theorem 14 1). It follows in turn that D(c) = 0 for every real point ¢ of (A, 041 ) other than —1 and 1, and
since ord+1h = 1 and D(—1) > D(1), the only remaining possibilities are the following:

(i) D(-1) = D(1) =0

(ii) D(~1) = L and D(1) = 0

(iii) D(—1) = D(1) = 3.

2
These pairs (D, h) correspond respectively to the model (S, 072) of S2, (Ss,03) of RP? and (S4,04) of
K in Table 7. This completes the proof. ]
REFERENCES

1. K. Altmann and J. Hausen, Polyhedral divisors and algebraic torus actions, Math. Ann. 334, 557-607 (2006). 1, 7

2. M. Audin, Torus actions on symplectic manifolds, Second revised edition, Progress in Mathematics, 93. Birkhéduser Verlag, Basel,
2004. 14

. L. Biswas and J. Huisman, Rational real algebraic models of topological surfaces, Doc. Math.12(2007),549-567. 2

. A. Borel and J.-P.Serre, Théorémes de finitude en cohomologie galoisienne, Comment. Math. Helv., 39:111-164, 1964. 3

. A. Comessatti, Sulla connessione delle superfizie razionali reali, Annali di Math.23(1914), no. 3, p. 215-283. 2, 20

. M. Demazure, Anneaux gradués normaux, Introduction a la théorie des singularités, 11, 35-68,Travaux en Cours 37, Hermann,
Paris, 1988. 1

. L.V. Dolgachev, Automorphic forms and quasihomogeneous singularities, Func. Anal. Appl.9(1975), 149-151. 1

AN AW

2



13.
14.
15.

RATIONAL REAL ALGEBRAIC MODELS OF COMPACT DIFFERENTIAL SURFACES WITH CIRCLE ACTIONS 24

. A. Dubouloz and A. Liendo, Normal real affine varieties with circle actions, arXiv:1810.11712. 1,4, 7
. H. Flenner and M. Zaidenberg, Normal affine surfaces with C*-actions, Osaka J. Math. 40, no. 4, 981-1009 (2003). 1,7, 8,9, 12
. K. Langlois, Polyhedral divisors and torus actions of complexity one over arbitrary fields, J. Pure Appl. Algebra 219 (2015), 2015-

2045 and Erratum on "Polyhedral divisors and torus actions of complexity one over arbitrary fields" (in preparation). 1

. D. Mumford, J. Fogarty and F. Kirwan, Geometric invariant theory, Ergebnisse der Mathematik und ihrer Grenzgebiete (2), 34 (3rd

ed.) (1994), Springer-Verlag Berlin, New York. 5

. P. Orlik and P. Wagreich Isolated Singularities of Algebraic Surfaces with C*-Action, Annals of Mathematics Second Series, Vol.

93, No. 2 (Mar., 1971),205-228. 20

H. Pinkham, Normal surface singularities with C*-action, Math. Ann.227(1977), 183-193. 1

J.-P. Serre, Géométrie algébrique et géométrie analytique, Ann. Inst. Fourier, Grenoble 6 (1955), 1-42. 3
H. Sumihiro, Equivariant completion I, J. Math. Kyoto Univ. Volume 15, Number 3 (1975), 573-605. 20

IMB UMRS5584, CNRS, UNIV. BOURGOGNE FRANCHE-COMTE, F-21000 DIJON, FRANCE.
E-mail address: adrien.dubouloz@u-bourgogne.fr

1.U.T. DUON-DEPARTEMENT GMP, BOULEVARD DR. PETITJEAN, 21078 DIJON, FRANCE.
E-mail address: charlie.petitjean@u-bourgogne.fr



	Introduction
	1. Preliminaries
	1.1. Real and complex quasi-projective algebraic varieties
	1.2. Circle actions as real forms of hyperbolic Gm-actions
	1.3. Principal homogeneous S1-bundles 

	2. Circle actions on smooth real affine surfaces
	2.1. Real DPD-presentations of smooth real affine surfaces with S1-actions 
	2.2. Real fibers of the quotient morphism: principal and exceptional orbits

	3. Rational real algebraic models of compact differential surfaces with circle actions 
	3.1. Rational affine models with compact real loci
	3.2. Uniqueness of models up to equivariant birational diffeomorphism 

	References

