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ELLIPTIC REGULARITY THEORY APPLIED TO TIME
HARMONIC ANISOTROPIC MAXWELL’S EQUATIONS WITH LESS
THAN LIPSCHITZ COMPLEX COEFFICIENTS*

GIOVANNI S. ALBERTI' AND YVES CAPDEBOSCQ

Abstract. The focus of this paper is the study of the regularity properties of the time harmonic
Maxwell’s equations with anisotropic complex coefficients, in a bounded domain with C'! boundary.
We assume that at least one of the material parameters is WP for some p > 3. Using regularity
theory for second order elliptic partial differential equations, we derive W 1P estimates and Hélder
estimates for electric and magnetic fields up to the boundary, together with their higher regularity
counterparts. We also derive interior estimates in bianisotropic media.

Key words. Maxwell’s equations, Holder estimates, LP regularity, anisotropic media, bian-
isotropic media

AMS subject classifications. 35Q61, 35J57, 35B65, 35Q60

DOI. 10.1137/130929539

1. Introduction. Let Q C R3 be a bounded and connected open set in R3,
with Cb! boundary. Let e, 4 € L>(§; C**3) be two bounded complex matrix-valued
functions with uniformly positive definite real parts and symmetric imaginary parts.
In other words, there exists a constant A > 0 such that for any A\ € C? there holds

(1)
QAN <N (e +ET) N 20 NP <X (p+ A7) A, and |u| + || < A7! ae. in Q,

where a” is the transpose of a, @ = R(a) —iS(a), where i = —1, and |z| = Trace(z” )
is the Euclidean norm. The 3 x 3 matrix € represents the complex electric permit-
tivity of the medium €2: its real part is the physical electric permittivity, whereas
its imaginary part is proportional to the electric conductivity, by Ohm’s law. The
3 x 3 matrix p stands for the complex magnetic permeability; the imaginary part may
model magnetic dissipation or lag time.

For a given frequency w € C\ {0} and current sources J, and J,,, in L?(; C?) we
are interested in the regularity of the time-harmonic electromagnetic fields £ and H,
that is, the weak solutions F and H in H(curl, §2) of the time-harmonic anisotropic
Maxwell’s equations

curlH = iweE + J, in €,
(2) curltl = —iwpH + J,, in ,
Exv=Gxvond.

The boundary constraint is meant in the sense of traces, with G € H(curl,Q). Our
focus is the dependence of the regularity of £ and H on the coefficients € and u, the
current sources J, and J,,, and the boundary condition G. The precise dependence
on the regularity of the boundary of € is beyond the scope of this work. We refer
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the reader to [1, 9, 5] where domains with rougher boundaries are considered. For
N € N* and p > 1 we denote by W™P(curl, Q) and WV?(div, Q) the Banach spaces

WP (curl, Q) = {v e WN=IP (Q;C?) : curlv € WN=1P(Q;C?)},
WP (div, Q) = {ve wh=Lp (Q;C%) s divw € WN_l’p(Q;(C)},

equipped with canonical norms. The space W12 (curl, Q) is the space H (curl, ) men-
tioned above, whereas W12(div,2) is commonly denoted by H (div, ). Throughout
this paper, H(Q) = W12(Q;C?) and L?(Q) = L*(Q;C?).

It is very well known that when the domain is a cylinder Q' x (0, L), the electric
field E has only one component, F = (0,0,u)”, the physical parameters are real,
scalar, and do not depend on the third variable, then u satisfies a second order elliptic
equation in the first two variables

div (p~'Vu) + w?eu =0 in €.

In such a case, the regularity of u follows from classical elliptic regularity theory. In
particular, u is Holder continuous due to the De Giorgi-Nash theorem (at least in
the interior). The regularity of E and H is less clear when the material parameters
are anisotropic and/or complex valued. For general nondiagonal elliptic systems with
nonregular coefficients, Miiller and Sverdk [19] have shown that the solutions may not
be in W12+9 for any § > 0 . Assuming that the coefficients are real, anisotropic, suit-
ably smooth matrices, Leis [16] established well-posedness in H*(£2). The regularity
of the coefficients was reduced to globally Lipschitz in Weber [23], for a C? smooth
boundary, and C?! for a C*! domain in Costabel [10].

As far as the authors are aware, neither the H' nor the Hélder regularity of the
electric and magnetic fields for complex anisotropic less than Lipschitz media have
been addressed so far. Anisotropic dielectric parameters have received a renewed
attention in the last decades. They appear for example in the mathematical theory of
liquid crystals, in optically chiral media, and in metamaterials. In this work we show
that the theory of elliptic boundary value problems can be used to study the general
case of complex anisotropic coefficients.

Our first result addresses the H'(Q) regularity of E.

THEOREM 1. Assume that (1) holds, and that € also satisfies

(3) e e Wh3to (;C**3) for some § > 0.

Suppose that the source terms Jp,, Je, and G satisfy

(4) Jm € LP (Q;C?), J. € WP (div,Q), and G € WP (Q;C?)

for some p > 2. If E, H € H(curl,Q) are weak solutions of (2), then E € H*(Q) and

(5) 1Bl 1) < CUEN reunay + Gl ay + 19mll 220y + 1 ell mreaiv, )

for some constant C' depending on Q, A given in (1), w, and ||g|lw1s+s 0 c3x3) only.
Note that no regularity assumption is made on p, apart from (1). Our second

result is devoted to the H'()) regularity of H.
THEOREM 2. Assume that (1) holds, and that p also satisfies

(6) p€ WhHIT(Q;C3*3) for some § > 0.
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Suppose that the source terms J., Jn,, and G satisfy

Jo € LP (Q;C3), Jp € WP (div, Q) , Jp - v € WP (99;C),

7
@) and G € Whp (Q;(CS)

for some p > 2. If E, H € H(curl,Q) are weak solutions of (2), then H € H*(Q) and

1B 110y < € (1 ey + 161 )
1 el g2y + iy + m - Yl 2 onc) )

for some constant C depending on Q, A given in (1), w, and |||l w15+ uc3x3) only.

Naturally, interior regularity for H follows from the interior regularity of E, due to
the (almost) symmetrical role of the pairs (E,¢) and (H, ) in Maxwell’s equations.
The difference between Theorem 1 and Theorem 2 comes from the fact that (2)
involves a boundary condition on E, not on H. Combining both results, we then
show that when ¢ and p are both W13+% with § > 0, then £ and H enjoy the
regularity inherited from the source terms, up to W13+,

THEOREM 3. Suppose that the hypotheses of Theorems 1 and 2 hold.

If E and H in H(curl,Q) are weak solutions of (2), then E,H € W14(Q;C3)
with ¢ = min(p, 3+ ¢) and

||E||W1wQ(Q;(C3) + HHHWL(I(Q;(C?’)
< CIBl 2oy + 11l 2@y + Gl rcn

el iy + W llwsoai gy + 19 Ve tn o)
for some constant C' depending on Q, A, w, q, [|e]lw1.s+5(qsc8x3), and ||p][ w145 ic3x3)
only. In particular, if p > 3, then E, H € C%®(Q; C?) with o = min(1 — %, %),

As an extension of this work, we show in section 3 that, as far as interior regularity
is concerned, the analogue of Theorem 3 holds for more general constitutive relations,

for which Maxwell’s equations read

(8) { curlH = iw (eE+ &£H) + J. in Q,

curlE = —iw (CE + puH) + Jp in Q,

provided that ¢,& € L% (£2;C3*3) are small enough to preserve the underlying el-
liptic structure of the system—see condition (27). These constitutive relations are
commonly used to model the so called bianisotropic materials.

Our approach is classical and fundamentally scalar. It is oblivious of the fact that
Maxwell’s equations are posed on vectors, as we consider the problem component per
component, just like it is done in Leis [17]. A general LP theory for vector potentials
has been developed very recently by Amrouche and Seloula [2, 3]. Applying their
results would lead to similar regularity results for scalar coefficients. It seems our
approaches are completely independent, even though both are based on the LP theory
for elliptic equations.

Finally, section 4 is devoted to the case when only one of the two coefficients is
complex valued. We consider the case when ¢ € W13+9(Q; C3*3), with § > 0, and
p € L®(Q,R3*3). In that situation, a Helmholtz decomposition of the magnetic field
into H = T+ Vh, where T € H'(f) is divergence free, provides additional insight on
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the regularity of H. Indeed, the potential i then satisfies a real scalar second order
elliptic equation and therefore enjoys additional regularity properties.

THEOREM 4. Suppose that the hypotheses of Theorem 1 hold for some p > 3.
Assume additionally that Q is simply connected and that Spu = 0.

If E and H in H(curl,Q) are weak solutions of (2), then there exists 0 < «
min(1 — %, 3;4{6) depending only on Q and A given in (1) such that E € C%%(Q;C
with

CIN

)

1Bl gow@csy < CUIEN L2y + 1G] wrmcsy + 1ellwrraiv.) + 1 Tmll Lo ucs))

for some constant C' depending on Q, A, w, and ||e]|w1.3+5;c3x3) only.

This is a generalization of the result proved by Yin [24] who assumed instead
e € Wh(Q;C) and p € L>=(Q;R): this is not the minimal regularity requirement to
prove Holder continuity of the electric field.

We do not claim that requiring that one of the parameters is in W3+9 for some
0 > 0 is optimal. We are confident that it is sufficient to assume that the derivatives
are in the Campanato space L3 with A > 0, for example. However, as we do not
know that these are necessary conditions, it seemed that such a level of sophistication
was unjustified in this work. Assuming simply W3 regularity (i.e., § = A = 0) does
not seem to work with our proof: the bootstrap argument we use stalls in this case.
A completely different approach would be required to handle the case of coefficients
with less than VMO regularity.

Our paper is structured as follows. Section 2 is devoted to the proof of Theorems 1,
2, and 3. At the end of section 2 we prove Theorem 9, the WY counterpart of
Theorem 3, with appropriately smooth coefficients in a domain with C>! boundary.
Section 3 is devoted to the statement of our result for the generalized bianisotropic
Maxwell’s equations; the proof of this result is given in the appendix. Section 4 focuses
on the particular case when p is real valued and is devoted to the proof of Theorem 4.

2. WP regularity for E and H. Our strategy is to consider a coupled elliptic
system satisfied by each component of the electric and magnetic field, where in each
equation, only one component appears in the leading order term. In a first step, we
show that the electric and magnetic fields are very weak solutions of such a system.
This system was already introduced, in its strong form, in Leis [17], and was used
recently in Nguyen and Wang [20].

PROPOSITION 5. Assume that (1) holds. Let E = (Ey,Eq, E3)T and H =
(Hy, Ho, H3)T in H(curl, Q) be weak solutions of (2).

o If (3) and (4) hold, for each k =1,2,3, Ey, is a very weak solution of

(9)
—div (eVEy,) = div ((Oke) E — € (e X (Jp — lwpH)) — iw ™ 'epdive) in Q,

where ey, is the unit vector in the kth direction. More precisely, Ey satisfies
for any o € W22(Q;C)

/ Epdiv (€7VP) dz
Q
(10) :/aﬂ(ak@gE.uda—/ (ex x (E x 1)) - (£TV) do

[2}9)

+/ ((Oke)E — € (e X (Jyy, — iwpH)) — iw™ 'epdivl.) - VP da.
Q
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e If (6) and (7) hold, for each k =1,2,3, Hy is a very weak solution of

(11)
—div (uVHy) = div ((Opp)H — p (g x (Je + iweE)) + iw ™ exdivy,) in Q.

More precisely, Hy, satisfies for any ¢ € W*2(Q; C)
/deiv (uTVE) dx
Q

(12) = /ag(ﬁka)uH cvdo — /8Q (ex x (H x v)) - (uI'VP)do

+/ ((Okp)H — p(ex x (Je + iweE)) + iw ™ 'erdivdy,) - Vo dz.
Q

Proof. We detail the derivation of (10) for the sake of completeness. The deriva-
tion of (12) is similar, thanks to the intrinsic symmetry of Maxwell’s equations (2).

We multiply the identity curlE = —iwpH + J,, by ® = ge; for some g €
W12(Q; C), integrate by parts, and multiply the result by e;. We obtain

el/g(—iwuH—l—Jm)-eldx:el/E-(VXE)dw—el/ (E xv)-®do,
Q Q o9

which can be written also as

/ g (—iwpH + J) dx—!—/
Q

J(E xv) da:/ExVﬁdw.
I9) Q

Note that since E € H(curl, Q) by assumption, E x v is well defined in H~2 (99; C?)
and this formulation is valid. Next, we take the cross product of this identity with
ey, and take the scalar product with e;. Using the vector identity a x (b x ¢) =
(a-c)b— (a-b)c on the right-hand side, we obtain

elw/gek X (—iwpH + Jp,) da:+ei~/ ger X (E xv) do
(13) Q o0

:/Eiakg—Ekﬁigdx
Q

for any i and k in {1,2,3} and g € W12(Q; C). In view of (3), we have that 7 Vg €
HY(Q) for any ¢ € W22(Q;C). Thus, applying (13) with ¢ = (ETVyp); for any
i=1,2,3 and ¢ € W?2(Q;C) we find that

/ E; O (sTV¢)i dr = / EL 0, (sTV¢)i dr+e; - / (aTV¢)iek x (E x v) do
Q Q a0
+e; / (ETVG)iek X (—iwpH + Jp,) dz.
Q

Summing over 4, this yields

/QE-ak (e"VP) da = /QEk div (e" V) dx+/BQ (er. x (E x 1))
(14)

(eTVP) do —|—/ e (ep X (—iwpH + Jy,)) - Vo da.
Q
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We then use the second part of Maxwell’s equations. We test curlH — J. = iweFE
against V(9,9) 4 for ¢ € W22(€;C) and obtain

/ cE -0, (V) dx
Q
= —iofl/ curl(H) - V (0xP) dx+iw’1/ Je -V (0kp) dx
Q Q
= —iw! (/ (Oxp)curlH - vdo —/ (0xP) Je - vdo —I—/ divJeakﬁdx)
oQ o0 Q

= —jw ! (iw/ (OxP)eE -vdo —|—/ divJeakﬁdx) .
90 Q

Since J. € H(div, (), the boundary term is well defined. Writing the left-hand side
of the above identity in the form

/ eE -0 (Vp) do = / E -0 (aTV¢) dx — / (Ore) E - Vodz,

Q Q Q

we obtain

—/(akE)E-V@dx—k/ E-0 (aTV@ d:c:/ (aka)aE-l/da—iw_l/divJ€8k¢dx.
Q Q o0 Q

Inserting this identity into (14) we obtain (10). O

To transform the very weak identities given by Proposition 5 into regular weak
formulations, we shall use the following lemma. Given r € (1,00), we write 7/ the
solution of % + % =1

LEMMA 6. Assume that (1) and (3) hold. Givenr > 6/5, u € L?(Q; C)NL"(2;C),
F e (WH'(Q;Q)), let B be the trace operator given either by Bo = o on dQ or by
Byp =eTVE - v on 09 for o € W22(Q; C).

If for all o € W22(Q;C) such that By = 0 there holds

(15) / wdiv(eTVF) do = (F. o),
Q
then uw € WL (€;C) and

(16) IVullzr .oy < ClUF [l wre .oy

for some constant C' depending on Q, A given in (1), [le]lw1.3(q;coxs), and r only.

Proof. We first observe that, since » > 6/5, both terms of the identity (15) are
well defined as W22(;C) ¢ W6(Q;C) and § + % = 1. Let ¢ € D(Q2) be a test
function and fix i = 1,2, or 3. Let ¢* € W2(Q;C) be the unique solution to the
problem

div(eTVp*) = 91 in Q,
Be* =0 on 0f).
In the case of the Neumann boundary condition, we add the normalization condition

Jo@*dx = 0. Since e € WH3(Q,C?*?), it is known [4, Theorem 1] that for any
€ (1,00) there holds

(17) HSD*HWL(I(Q;(C) <C ||¢||Lq(g;(c)
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for some C' = C(q,Q, A, |le||wraq,caxay) > 0. In particular, ¢* € Wh4(Q;C) for all
g < oo. The usual difference quotient argument (see, e.g., [15, 13]) shows in turn that
©* € W22(; C), as 1 is regular. Thus, by assumption we have

/Quﬁﬂ/)dx = /QudiV(aTV?) dz| = [(F, ") < | Fllwrr i0)y 197l 0.c) -
which in view of (17) gives
‘ [ wbrwds| < C 1Py Wl
as required. 0

We now are equipped to write the main regularity proposition for F, which will
lead to the proof of Theorem 1 by a bootstrap argument.

PROPOSITION 7. Assume that (1), (3), and (4) hold. Assume that E,H €
H(curl, Q) are solutions of (2) with G = 0.

Suppose that E € L1(Q;C3) and H € L*(Q;C3), with 2 < q,s < oo, and write
r=min((3¢+qd)(q+3+6) ,p,s). Then E € WE(Q;C3) and

IEllwrr o) < CUIEN Lagacoy + 1H e oca) + el 12q)

(18) .
+ HJmHLp(Q;Cs) + HleJ@HLP(Q;(C))

for some constant C' depending on Q, A given in (1), w, [lelly1+s(q,coxsy, and T
only.

The corresponding proposition regarding H is as follows.

PROPOSITION 8. Assume that (1), (6), and (7) hold. Assume that E,H €
H(curl, Q) are solutions of (2) with G = 0.

Suppose that E € L*(Q;C3) and H € Li(2;C?), with 2 < q,s < 0o, and write
r=min((3¢+ qd)(q+3+6) ,p,s). Then H € Wh(Q;C3) and

[H .oy < O(”HHLQ(Q;(C3) + Bl s ey + 1 Imll 20y + el 1o oico)
+ ldivdiml o0y +

‘Jm : I/le—%,p(aﬂc))
for some constant C' depending on Q, A given in (1), w, ||pllwr.s+scsxsy, and r
only.

We prove both propositions below. We are now ready to prove Theorems 1, 2,
and 3.

Proof of Theorems 1, 2, and 3. Let us prove Theorem 1 first. Considering the
system satisfied by E—G and H, we may assume G = 0. Since H € L%(2; C3), we may
apply Proposition 7 with p = s = 2 a finite number of times with increasing values of
q. For q,, > 2 we obtain E € W17 (Q;C?), with r, = min(g,(3+6)(g, +3+8)71,2).
If r, = 2, the result is proved. If r, < 2, Sobolev embeddings show that FE &
Lan+1(Q; C3) with

o 5q? >0 4+ 49
qn+1 = Qdn 9+6(3_qn)_Qn 914’
using the bounds ¢, > 2 and 9+ §(3 — ¢,) > 0, which follow from 7, < 2. Thus the
sequence 1, converges to 2 in a finite number of steps. Note that in estimate (5), H
is bounded in terms of E and J,, using the simple bound

Alwl [[H| L2;c3) < llcurlE||2o;csy + [[Jmll2(0ic8),
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which follows from (2). The proof of Theorem 2 is similar, using Proposition 8 in lieu
of Proposition 7 to bootstrap.

Let us now turn to Theorem 3. Suppose first p < 3 and § < 3. From Theo-
rem 1 (resp., Theorem 2) and Sobolev embeddings, we have E € L5(Q;C3) (resp.,
H € L5(£;C?)). We apply Propositions 7 and 8 a finite number of times, with
q = s. Starting with ¢, > 6 = go we obtain F (and H) € W1 (Q;C3), with
rn = min(g,(3 +6)(3 + 3 + q,) ", p). If r,, = p, the result is proved. If r, < p,
Sobolev embeddings imply that E and H belong to Li+1(Q;C3) with

B 5q? < q:s < 126
Qn+1—Qn+m _qn+m _qn—|—m’
since gp, > 6,9 < 3, and 94+6(3—¢gy) > 0 (as r, < 3). Thus the sequence r,, converges
to p in a finite number of steps.

Suppose now p > 3 and ¢ € (0,00). The previous argument shows that E and
H are in W13(Q;C3). One more iteration of the argument concludes the proof if
p < 3+ 4, and shows otherwise that E and H are in L°°(Q;C?), and the result is
obtained by a final application of Propositions 7 and 8. O

We now prove Proposition 7.

Proof of Proposition 7. We subdivide the proof into four steps.

Step 1. Variational formulation. Since E x v = 0 on 02, identity (10) shows that
for every o € W22(Q;C) and k = 1,2, 3 there holds

(20) / Erdiv(eT V) da — / Fo- Vo dr + / (OnP)eE - v do,
Q Q o)

where we set
F. = (0re) E — e (e, x (Jon — iwpH)) — iw ey div.J,.

Since (Ope)E € Li1G3+9)(a+3+9) 1(Q;<C?’), we have that Fj, € L"(Q;C3).

Step 2. Interior regularity. Given a smooth open subdomain €y such that Qy C Q,
we consider a cut-off function x € C§°(£2;R) such that xy = 1 in . A computation
gives for ¢ € W22(Q; C)

/ XErdiv(eTVP) dx = / Erdiv(eTV(x®)) dz + Ti(p),
Q Q

where Ty (p) = — [, Ex(div(e"@Vx) +eVx - V@) dz. Thus, by (20) we obtain

/ XErdiv(eTVP) dx = / Fy. - V(x®) dx + Tk (p),
Q Q

since x is compactly supported. Using Sobolev embeddings and the fact that Fj is in
L"(Q;C?), we verify that ¢ — [, Fi - V(X®) dx + Ti(¢) is in (WL (€;C))’. Thanks
to Lemma 6 we conclude that yEj, € W7 (Q; C), namely, E € W (Qq; C3).

Step 3. Boundary regularity. Take now g € 0€). Since 9 is of class C'1'! there
exists a ball B centred in ¢ and an orthogonal change of coordinates ® € C1(B;RR?)
such that in the new system u; = ®;(z) we have ®(BN Q) = {us < 0} N B(0, R).
We can now express the relevant quantities with respect to the coordinates w1, us, us.
Let the components of vectors be marked by tildes if they are expressed in the u;
coordinate system. Denoting L = curlE we have (see [23, Lemma 3.1])

E = (VO)E, L= (VO)L = (dy,,04,,0u,) X E,
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and the corresponding identities for H, as V& is an orthogonal matrix chosen so that
det V® = 1. Therefore, using the notation V = (0, , Ouy, Ous ), (2) implies

V x H = iwék + Jo,
V x E = —iwjiH + J,
E1:E2:0 onu3:0,

where & = (V®)e(V®)T, J, = (V®)J., i = (VO)u(V®)T, and J,, = (V®)J,,.
Namely, Maxwell’s equations (2) in the new coordinates u; can be written in the
same form. Note that & and ji satisfy the ellipticity condition (1) for some A > 0.
Moreover, since V& € W1 (B;R3*3), the regularity assumptions (3) and (4)
hold for & and for the sources J,, J,,. Furthermore, E € Whr(B N Q;C?) if E €
W ({usz < 0} N B(0, R); C3).

We have shown that without loss of generality we can assume that around z the
boundary is flat. More precisely, suppose that BN Q = {z-e3 < 0} N B(0, R) and
take x € D(B;R) such that y = 1 in a neighborhood B of zy.

Let us first consider the two tangential components of £, that is, F; with j = 1, 2.
Proceeding as in step 2 we obtain for every ¢ € W22(Q;C) N W, ?(Q; C)

[ XEsiv(eVE) do = [ Ediv(e V@) do + T ()
Q Q

where Tj(¢) = — [, Ej(div(e"@VX) + eVx - V@) dz. In view of identity (20), since
X@ = 0 on 0f), we have

/ E;div(eTVE) do — / Fy - V(x®) de + T ().
Q Q

As in step 2, thanks to Lemma 6 we conclude that xE; € W7 (Q;C) for j = 1,2.

Let us now turn to the normal component F3. Consider the second part of
Maxwell’s equations (2), curlE = —iwuH + J,,, in the quotient space, where every
element of L"(B;C?) is identified with nought, that is, W~12(B;C3)/L"(B;C?). We
find 0 = —curlE = —curl(F3ze3) = ez x VEj3, since —iwuH + J,, € L"(Q;C?) and
Ey,Ey € WY (B;C). In other words,

(21) VE; =e3(e;- VE;) in W 1%(B;C*)/L"(B;C?).

Therefore, taking now the divergence of the first identity in Maxwell’s equations (2),
and using the fact that div.J, € L"(€; C) and E € L"(€; C?) we obtain, in the quotient
space W—12(B;C)/L"(B;C),

0 =div(eE) = div(Esce3) = VE3 - (ceg) = (e3 - VE3) es - (ces).

Hence, in view of (1) and (21) we obtain VE3 € L"(B;C?), and therefore E €
WL (B;C?).

Step 4. Global regularity. Combining the interior and the boundary regularities,
a standard ball covering argument shows E € WH"(Q;C3). The estimate given in
(18) follows from Lemma 6. O

We now turn to the proof of Proposition 8. The interior estimates can be obtained
in the exact same way, substituting the very weak formulations for the components of
E by the corresponding identities for the components of H. The boundary estimates
require different arguments, and we detail this step below.
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Proof of Proposition 8. Boundary regularity. First note that it is sufficient to
consider the case when J,, - v = 0 on 0.

Indeed, as we assumed that J,,-v € Wl_%’p(aQ; C), there exists j,, € W1P(Q;C)
such that j,, = J,, - v in the sense of traces on 9. Since 9N is of class C1,
there exists h € C%1(Q,R?) such that h = v on 9. Now, notice that (E', H') =
(E, H +iw tu=1tj,,h) are solutions of a Maxwell’s system of equations with the same
boundary condition, but with the currents being changed to J/, = J,,, — jmh and
J, = J. +iw teurl(j,pth). We have J! € WP(div,Q) and J! -v = 0 on 99,
whereas J! € LP(Q;C3), with p = min(p,3 + J). Since iw 1u~tj,h € WHT(Q;C3)
the regularity of H’ will imply that of H.

We next observe that, as I/ x v = 0 on 0f), we may write

(22) 0 =divoq(F x v) = (curlE) - v = —iwpuH - v+ Jp, - v in H*%(('?Q);

see, e.g., [18, equation (3.52)]. In other words, uH - v = 0 in H~2(9Q). Then, by
(12), for every p € W22(Q; C) and k = 1,2, 3 there holds

(23) /Q Hediv(5 V) da — /Q G- VFdr — /a (e (H xv) - (uTVF) do

where
Gr = (Opp)H — pu (e x (Jo + iweE)) + iw terdivJ,, € L™(;C?),
—1
since (Opp)H € LIBHI(a+3+0) (. C3).

Take xo € 092. As in the proof of Proposition 7, we can assume that 92 is the
plane z - e3 = 0 in a neighborhood B of zy. Again let us focus on the tangential
components first. Take x € D(B;R) such that x = 1 in a neighborhood B of z¢ and
7=172.

We choose a test function satisfying a Neumann-type boundary condition, that
is, o € W22(Q; C) such that p7'Vp - v =0 on 9. We have

J xH (V) de = [ Hidiv(aV0@) do -+ R,
where R(p) = — [, H;(div(u'@Vx) + uVx - V@) dz. From identity (23) we obtain
(24) [ 3t de = | G0 do + Rie) + S(e)
where
S(e) = = [ ey x (1 x e0) - (479 02) dor
As before, the functional ¢ — [, G; - V(x@) dz + R(y) is in (WL (€;C)). We shall
now prove that S € (W' (€;C))". Since u"V@-v = 0 on dQ and v = e3 on B, we

have x(e; x (H x e3)) - (1T Vp) = 0, thus

S(p) = — /8 ey x (T x ) - (4T V) P
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By hypothesis we have H € Wb (curl,Q), whence H x v € WY (9Q;C3). Tt
follows that (e; x (H x e3)) - (u'Vyx) € W=7 (9Q;C3). As a result (see [15,
Theorem 1.5.1.2]),

1S()] < Cligl, s < Clellwrr @

" (09;0)
for some C' > 0 independent of ¢; in other words S € (W' (€;C))’. We can now
apply Lemma 6 to (24) and obtain xyH -e; € W7 (£2; C). The rest of the proof follows
faithfully that of Proposition 7. O

To conclude this section, we point out that higher regularity results follow natu-
rally under appropriate assumptions.

THEOREM 9. Suppose that (1) holds and take N € N*. Assume additionally that
0Q is of class CN°' and that

e, € WP (Q;C33) Jey I € WP (div, Q)
T v € WNT3P(0Q;C), G e WNr(Q;C?)

for some p > 3. If E and H in H(curl, Q) are weak solutions of (2), then E,H €
WHN-P(Q; C3) and there holds

HE”WNJD(Q;(C?’) + ”HHWNVP(Q;(C?’)

< C (1Bl 2oy + 1H 1l 20y + Gl wosyen

+ HJe”WN,p(div,Q) + HJm”WNvP(div?Q) + [ Jm - I/HWN—%,P(BQ;C))

for some constant C' depending on Q, A, w, ||ellyyv.p(o,coxsy, and [|ullyyv.oo;coxs)-

Proof. The proof is done by induction. Theorem 3 corresponds to N = 1. Assume
that for some N > 2, Theorem 9 holds for N — 1.

For simplicity, we shall consider (2) in its strong form, but every step can be made
rigorous by passing to the suitable weak formulation.

By using a change of coordinates as in the proof of Proposition 7, we can assume
without loss of generality that @ N B(0,R) = {z-e3 < 0} N B(0, R). Indeed, the
assumption 9Q € CN'! implies that the regularity assumptions on the coefficients
and on the source terms and the conditions E, H € WP are insensitive to a C™V:!
change of coordinates.

For ¢ = 1,2 we have

curl 0;H = iwed; E + J. in QN B(0, R),
curl O;F = —iwpd; H + J), in QN B(0, R),
OE xe3 =0,Gxe3ondN{x-es=0}NDB0,R),

where J! = J. +iw(0;e)E and J}, = J,, —iw(0;u) H. By assumption, we have E, H €
WHN=LP(Q; C3); therefore, J!, J!, € WN=LP(div,Q) and J/, - v € WN_l_%’p(BQ;(C).
Applying Theorem 9 with N—1 in lieu of IV to the above system shows that 0, F, 9; H €
WHN=Lr(Q; C?).

An argument similar to the one given in the third step of the proof of Proposition 7
allows us to infer that 9;E,05H € WN=1P (Q;C?), whence E,H € WNr(Q;C?).
The corresponding norm estimate follows by Theorem 3 and the argument given
above. O
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3. Bianisotropic materials. In this section, we investigate the interior regu-
larity of the solutions of the following problem,

{ curlH = iw (eE+ &H) + J. in Q,

(25) curlE = —iw (CE 4+ pH) + Jp, in €.

As far as the authors are aware, this question was previously studied only recently in
[12], where the parameters are assumed to be at least Lipschitz continuous. In this
more general context, hypothesis (1) is not sufficient to ensure ellipticity. As we will
see in Proposition 17, the leading order parameter for the coupled elliptic system is
the tensor

Re —Je RE -

Je Re & RNE

RC —SC Rp —Sp |’
IS¢ RC S Rup

_ paB _
(26) A= AP =

where the Latin indices 7,5 = 1,...,4 identify the different 3 x 3 block submatrices,
whereas the Greek letters «, 8 = 1,2, 3 span each of these 3 x 3 block submatrices.
We assume that A is in L>(Q; R)12*%12 and satisfies a strong Legendre condition (as
in [8, 13]), that is, there exists A > 0 such that

(27) A%—'Bngné >Alpf*, neR?  and |A?jﬁ| <A! a.e. in Q.

The following result gives a sufficient condition for (27) to hold true.
LEMMA 10. Assume that €q, j10, K, X are real constants, with €9 > 0 and pg > 0.
Let

(28) e=cols, p=npols, &=K—ir)ls, (= (x+ix)ls,
where I3 is the 3 x 3 identity matriz, and construct the matriz A as in (26). If
(29) 2+ K2 < eopo,

then A satisfies (27).

Remark 11. This result shows that a wide class of materials satisfy the strong
Legendre condition (27). Considering for simplicity the case of constant and isotropic
parameters, the constitutive relations given in (28) describe the so-called chiral ma-
terials. It turns out that (29) is satisfied for natural materials [22].

Proof. A direct calculation shows that the smallest eigenvalue of A is

(20 + po — (€2 — 2e0p0 + pf + 4x* + 4x%)1/2) /2,

which is strictly positive since x? + k2 < gopo. O

We now give the regularity assumptions on the parameters. In contrast to the pre-
vious situation, here the mixing coeflicients £ and ( fully couple electric and magnetic
properties. We are thus led to assume that

(30) £,&, 1, ¢ € WH3H(Q;C**®) for some § > 0.

The theorem below shows that at least as far as interior regularity is concerned,
Theorem 3 also applies in this more general setting.

THEOREM 12. Assume that (27) and (30) hold. Suppose that the current sources
J. and Jp, are in WHP(div, Q) for some p > 2.

If E and H in H(curl,Q) are weak solutions of (25), then E,H € V[/lbcq(ﬂ;(@)
with ¢ = min(p,3 + ). Furthermore, for any open set Qo such that Qo C § there
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holds
1B waqoce) + 1H lwraoeicsy < CUEN 2y + 1H L2y + [ (Tes Tm) s aiv.0)2)

where C is a constant depending on €0, Qg, q, A, w, and the Wh3+9(Q; C3%3) norms of

g, p, &, and (. In particular, if p > 3 then E, H € Cl (Q;C?).

We did not investigate the regularity up to the boundary in this problem for
two reasons. From a modeling point of view, the natural (or pertinent) boundary
conditions to be considered in this case are not completely clear. There is also a
technical reason: the boundary terms are a rather intricate mix of Neumann- and
Dirichlet-type terms on both E and H, and the correct space of test functions to
consider is not readily apparent (see Proposition 17).

The proof of this result is a variant of the proof of Theorem 3. In this case, the
system is written in R'? (instead of a weakly coupled system of 6 complex unknowns)
and the proof is detailed in the appendix.

4. Proof of Theorem 4 using Campanato estimates. The purpose of this
section is to prove Theorem 4. We shall apply classical Campanato estimates for
elliptic equations to (9), namely, the elliptic equations satisfied by E. We first state
the properties of Campanato spaces that we shall use, and then proceed to the proof
of Theorem 4.

For A > 0 and p > 1 we denote the Campanato space by LP**(Q;C) [7], namely,
the Banach space of functions v € LP(£2; C) such that
P

1
uly) — —— u(z)dz

dy < o0,
|Q(ZIJ,,O)| Q(z,p)

[yxo = s p7* /
z€Q,0< p<diam Q(z,p)
where Q(z,p) = QN {y € R®: |y — x| < p}, equipped with the norm

||U||prx(g;c) = ”uHLP(Q;C) + [ulpx0-

LEMMA 13. Take A > 0.
1. Suppose A > 3, L>*(Q;C) is isomorphic to o7 (Q C).
2. Suppose X < 3. If u € L%(;C) and Vu € L**(Q; C3) then u € L*?T2(Q;C),
and the embedding is continuous.
3. Suppose § > 0 and X # 1. If f € L3(Q;C) and u € L*(;C) with Vu €
L2M(Q; C3) then fu € L*>* (Q;C) with

N =min(A+25(3+0)"1,3(1+6)(3+8)71),

and the embedding is continuous.

Proof. Statements 1 and 2 are classical; see, e.g., [21 Chapter 1]. For 3, note that
Holder’s inequality implies that f € L>3(1+0)(3+6)~ (Q C). When X < 1, the result
follows from [11, Lemma 4.1]. When A > 1, (3) follows from (1) and (2). a

We now state the regularity result regarding Campanato estimates we will use.
It can be found in [21, Theorems 2.19 and 3.16].

PROPOSITION 14. Assume (1) and Sp = 0. There exists A, € (1,2] depending
only on Q and on A given in (1), such that if F € L*>*(Q;C?) for some X\ € [0,),,),
and u € WH2(Q; C) satisfies

—div(pVu) = div(F) in Q,
uVu-v=F- v on 0L,
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then Vu € L?>*(;C?) and
(31) HV“HLM(Q;C?’) <cC HFHLM(Q;CS) ,

where the constant C depends only on A, X\, and Q.
Alternatively, assume (1) and (6). For all A € [0,2], if F € L>)Q;C?), f €
L3(;C), and uw € W12(Q; C) satisfy

—div(pVu) = div(F) + f in €,
u=20 on 0%,

then Vu € L?>*(Q;C?) and

(32) IVull 23 (ue5) < C (||F||L2v/\(Q;C3) + Hf||L2(Q;(C)) ;

where the constant C' depends on A, Q, and ||pl[y1.5+5,c3x3) only.

We first study the regularity of H following a variant of an argument given in
[24].

PROPOSITION 15. Assume that € is simply connected, that (1) holds with Su = 0,
and Jp, € LPMQ) with 1 < X\ < X\, where X, is given by Proposition 14. Let E and
H in H(curl, Q) be weak solutions of (2) with G = 0. Then H € L**(Q;C?) and

(33) I L2 scoy < CUIEN L2 () + el 2oy + [mll L2 ico)

where the constant C' depends only on A, A\, w, and §2.
Proof. Since iwe B+ J, is divergence free in 2, and € is C'>! and simply connected,
it is well known that there exists T € H'(Q) such that iweE + J. = curlT, satisfying

(34) TN @) < CU1ell 2y + 1ElL2(0))

where C' depends on 2, A given in (1), and w only; see, e.g., [14, Chapter I, The-
orem 3.5]. Thanks to Lemma 13, this implies uT" € L?2(Q;C3) C L?*(Q;C?), and
therefore uT" + iw=1J,, € L>*(;C3).

As H — T is curl free in Q, in view of [14, Chapter I, Theorem 2.9] there exists
h € H'(Q;C) such that H — T = Vh. The potential h is defined up to a constant by

div(uVh) = div(—pT —iw= 1 Jy,) in €,
uVh-v=(—pT —iw " Jy) v on 9f).

Note that the boundary condition follows from that of E and (22). Thanks to estimate
(31) in Proposition 14, we have

(35) VAl p2x ey < C |uT + iw—l']mHLQ,A(Q;(CS) < CN’(HTHHl(Q) + Tl p2x sy -

The conclusion follows from the identity H = T + Vh and the estimates (34) and
(35). O

We now adapt Proposition 7 to be able to use Campanato estimates in the boot-
strap argument.

PROPOSITION 16. Assume that € is simply connected, that (1) holds with Su = 0,
and that (3) holds. Suppose J,, € L**(Q;C3) and divJ, € L**(Q;C) for some
<A< A, where \, is given by Proposition 14. Let E and H in H(curl, ) be weak
solutions of (2) with G = 0.
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If VE € L**(Q;C**3) for some Ao € [0,00) \ {1} then VE € L**(Q;C)?, with
A1 =min(A\, Ao +25(3+6)71,3(1+6)(3+6)~1). Moreover there holds

R (1Bl 2@y + IV Bl 2o g + el 2oy
+ mll s ey + 14V el 2oy )

where the constant C' depends only on Q, A, A1, w, and [[e]|y1.s+50;c8x3)-
Proof. In view of Theorem 1 and Proposition 5, for each k = 1,2,3, E}, € H(Q;C)
is a weak solution of

(37) —div (eVE}) = div (Ope E + Si) in Q
with
Sy = —¢ (e X (Jp — iwpH)) — iw tegdiv.,.

Thanks to Proposition 15 we have that Sy, € L2>5‘(Q;(C). Furthermore there holds
OpeE € L% (Q;C?) with A\g = min(A\g + 25(3 + )71, 3(1 + 6)(3 + )~ ?1) in view of
Lemma 13. Thus

(38) Oke E + Sy € L*™ (;C?).

Interior regularity. Given a smooth open subdomain Qg such that Qy C Q,
introduce a cut-off function y € D() such that x =1 in Q. From (37) we deduce

(39) —div (eV(xFEg)) = div (x (ke E+ Sk)) + fr in Q,
where
fr = —=Vx-(Ope E+ Sy) — eVE) - Vx — div(eExVy) € L* (Q;C).

As A\ < 2 and ¢ satisfies (3), we may apply Proposition 14 (with € in lieu of p) to
show that V(xEj) is in L2 (Q; C3), which implies VE € L2*1(Qq; C3*3).

Boundary regularity. By using a change of coordinates as in the proof of Propo-
sition 7, we can assume without loss of generality that QN B(0,R) = {z-e3 < 0} N
B(0, R). Indeed, the assumption 9Q € C1! implies that the regularity assumptions
on ¢ and on the source terms and the condition VE € L?* are insensitive to a C'!
change of coordinates, as L™ is a multiplier space for L?*1.

Let us focus on the tangential components first. Take x € D(B(0, R);R) such
that xy = 1 in a neighborhood B of 0 and j € {1,2}. Identity (37) yields for j = 1,2

—div(eV(xE;)) =div (x (9,6 E+ S))) + f; in ©,

where f; = —Vx - (0je E+ Sj) — eVE; - Vx — div(eE;Vy) € L*(Q;C). Note that
E xv =0 on 0 implies xYE; = xFy = 0 on 0. Proposition 14 together with
(38) then shows that V(xE;) belongs to L1 (Q;C?) for j = 1,2. Arguing as in
the proof of Proposition 7, we also derive that V(yF3) € L?*1(Q;C?). Therefore
V(xE) € L**(B;C3*3), and in turn VE € L> (B; C3*3).

Global regularity. Combining the interior and the boundary estimates we obtain
that VE is in L2*1(Q; C3*3), together with (36). O

We are now ready to prove the global Holder regularity result.
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Proof of Theorem 4. Considering the system satisfied by £ — G and H, we may
assume G = 0. Choose any A > 1 such that A < A, and A < 3’%2. Holder’s inequality
shows that J,,, € L?*(Q; C?) and div.J. € L**(Q;C). We apply Proposition 16 a finite
number of times, starting with VE € L2 (Q; C?**3) for some A\, < 1 (in the initial
step we take \g = 0, in view of Theorem 1), and obtain that VE € L2A»+1(Q; C3%3),
with A, 11 = min(), (n 4+ 1)26(5 4+ 3)~'). If A,y1 = 1, Proposition 16 could not be
applied another time (as A\g = 1 is excluded). An easy workaround is to reduce ¢ to a
nearby irrational (just for this step), and proceed. We stop the iterative procedure as
soon as A,11 > 1 and we infer that VE € L?*(; C3*?) for some 1 < A < . A final
application of Proposition 16 gives VE € L2min(A3(1+6)(3+6)71) (). C3%3); the result
then follows from Lemma 13. d

Appendix. Proof of Theorem 12. The first step is to derive an appropriate
very weak formulation.

PROPOSITION 17. Under the hypotheses of Theorem 12, let E, H € H(curl, ) be
a weak solution of (25).

Then for each k =1,2,3, (Ey, Hi) is a very weak solution of the elliptic system

—div (eVE), + (VHE) = div ((0ke) E + (0k€) H — € (e X (—iwCE — iwpH + Jp,)))

+ div(—f (ex X (iweFE + iwEH + J.)) — iw‘lekdivJ@) in Q.
—div ((VEy, + uVHy) = div ((OkQ)E + (Oxp) H — p(er x (iweE +iwéH + J.)))

+ div(( (ex X (IwCE + iwpH — Jy)) + iw‘lekdiva) in Q.

More precisely, for any ¢ € W*2(Q;C) there holds
/Q Eydiv (e7VP) dx + /Q Hydiv (£7V) da
- [(@erE+ @6 1) Vo
(40) - /Q(g (er x (—iwCE —iwpH + Jp,)) + € (e x (iweE + iwéH + J.)))
-Vepdr — /Q (iw'div/eer) - Vo da +/m(8k¢)(£E +¢H) - vdo

_/ (ex X (H x v)) - (£TVP) do —/ (ex x (E xv)) - (£"V)do,
oQ

o0
and
/ Eydiv (¢"VP) dz + / Hydiv (p"'VP) dz
Q Q
= [ (@) B+ @) 1) - Vipda
(41) - / (1 (ex x (iweE + WEH + J,)) — C (e x (GWCE + iwpH — Jn))
Q

-VEdJH—/ (iw~'div/,er) ~V¢dx+/ (Oxp)(CE + pH) - vdo
Q oQ

_/ (ex % (E x 1)) - (¢TVE) do _/ (ex % (H x 1)) - (uF'VP) do.
o) o0

Proof. The proof is similar to that of Proposition 5. O
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We only study interior regularity for the problem at hand. The boundary reg-
ularity does not follow easily from the method used in section 2. Indeed, mixed
boundary terms appear in (40) and (41), and the technique used in Proposition 7 and
in Proposition 8, with test functions satisfying either Dirichlet or Neumann boundary
conditions, does not apply, as both conditions would be required simultaneously.

The “very weak to weak” Lemma 6 adapted to this mixed system is given below.

LEMMA 18. Assume (27) and (30) hold, and let A be given by (26).

Givenr > ¢, ue L2(RY) N LT (G RY), and F e WH (;RYY, if
(42) / W0 (A 0pp") du = (Fi @), o€ W22 (R nWy? (4 RY),

Q

then u € WHT(Q;R*) and
(43) ||VUHL7‘(Q;R4X3) <C HFHWLTI(Q;R‘L)’

for some constant C = C(r,$, A, ||e, &, p, Cllwr.s(0sc3x3)4).
Proof. Let ¢ € D(;R) be a test function and take o* € {1,2,3} and j* €
{1,...,4}. Since A satisfies the strong Legendre condition (27), the system

(44) 0a(A3 0L ) = 0,5 00etp In
v =0 on 012,

has a unique solution ¢, € HI(Q;R*) (see, e.g., [13, 8]). Further, since Al-ajﬁ €
WhH3(Q;R), by [6, Theorem 1.7, Remark 1.8] for any ¢ € (1, 00)

(45) ||@*HWL¢1(Q;R4) < CHw”Lq(Q;]}y)

for some ¢ = c(q, % A, ||e, &, p, Cllwr.s(icaxsys) > 0. Hence, the usual difference quo-
tient argument given in [13] shows that ¢. € W22(Q;R*). Therefore, by assumption
we have

/Quj*aa*iﬁdff = /Qujaa(A?jBaﬂSDi)dx =|(Fi 0O S IF vy s lwr oz,
which in view of (45) gives

[ 0ue | < NPl ey 1]
whence the result. 0

The following proposition mirrors Propositions 7 and 8. Theorem 12 then follows
by the bootstrap argument used in the proof of Theorem 3.

PROPOSITION 19. Under the hypotheses of Theorem 12 and given q € [2,00), set
r=min((3¢ + ¢) (¢ +3+0) .p). Let E and H in H(curl,Q) be weak solutions of
(25).

Suppose E,H € L1(Q;C3). Then E,H € VVI:;’CT(Q;(C3) and for any open subdo-
main Qg such that Qo C Q there holds

46) (B, )y ey < CUE H)l Laacys + 1(Jes Im) lwim aiv.)2)

for some constant C = C(r,2, Qo, A, w, ||le, &, p, Cllwr.s+3(0,cox8ya).
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Proof. From (40) we see that for every compactly supported !, p? € W22(Q; C),
and k = 1, 2, 3 there holds

Jiy Exdiv (ETVJ) + Hydiv (gTvE) dx = [, Fy, - Vil da,

(47) _ _ _
Jiy Exdiv (gTV<p2) + Hydiv (uTvgp?) dz = [, Gy - Vg2 do
with
Fi, = (0ke) E + (0k€) H — ¢ (e, X (—iwCE —iwpH + J,,))
— ¢ (eg x (lweE +iweH + J.)) — iw tdiv/.ey
and

Gr = (0kQ) E+ (Oxp) H — p(ep, X (lweE +iwEH + J.))
+¢ (e, x (IwCE + iwpH — Jp)) + iw ™ divJ,,ey.

By construction, Fy, Gy € L"(Q;C?).
Given a smooth subdomain €, we consider a cut-off function x € D(Q) such that
x = 1in Qq. A straightforward computation shows

Joy XExdiv(eT VgT) + x Hydiv (gTvE) dz = [o, F - V(x@!) dz + Ti(ipY),

Joy XExdiv(CTV@?) + x Hydiv (HTVE) dz = [, Gr - V(x9?) dz + Ri(¢?),
where
Te(p') = — /Q By (div(eTlVx) + eV - Vol ) 4+ Hy (div(ET oI Vy) + EVx - Vipl) dz
and
Ru(¢?) = — /Q By (div(CT2Vx) + (V- Ve?) + Hi(div(uT G2V x) + iV - V?) da.

This last system can be reformulated in the form (42), with A given by (26). We then
apply Lemma 18 and obtain xEx, xHy € W7 (Q; C), namely, E, H € WbHT(Qq; C3).
Finally, (46) follows from (43). o
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