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SHARP SPECTRAL MULTIPLIERS WITHOUT SEMIGROUP FRAMEWORK
AND APPLICATION TO RANDOM WALKS

PENG CHEN, EL MAATI OUHABAZ, ADAM SIKORA, AND LIXIN YAN

ABsTRACT. In this paper we prove spectral multiplier theorems for abstract self-adjoint operators on
spaces of homogeneous type. We have two main objectives. The first one is to work outside the
semigroup context. In contrast to previous works on this subject, we do not make any assumption
on the semigroup. The second objective is to consider polynomial off-diagonal decay instead of
exponential one. Our approach and results lead to new applications to several operators such as
differential operators, pseudo-differential operators as well as Markov chains. In our general context
we introduce a restriction type estimates a la Stein-Tomas. This allows us to obtain sharp spectral
multiplier theorems and hence sharp Bochner-Riesz summability results. Finally, we consider the
random walk on the integer lattice Z" and prove sharp Bochner-Riesz summability results similar to
those known for the standard Laplacian on R".
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1. INTRODUCTION

Let (X, d, u) be a metric measure space, i.e. X is a metric space with distance function d and p is
a nonnegative, Borel, doubling measure on X. Let A be a self-adjoint operator acting on L*(X, u).

A= foo AdE(Q),

[ee)

By the spectral theorem one has

where dE(A) is the spectral resolution of the operator A. Then for any bounded measurable function
F: R — R one can define operator

F(A) = f ) F)AE(Q).

It is a standard fact that the operator F(A) is bounded on L? with norm bounded by the L* norm of
the function F.

The theory of spectral multipliers consists of finding minimal regularity conditions on F (e.g.
existence of a finite number of derivatives of F' in a certain space) which ensure that the operator
F(A) can be extended to a bounded operator on L”(X,u) for some range of exponents p # 2.
Spectral multipliers results are modeled on Fourier multiplier results described in fundamental
works of Mikhlin [32] and Hormander [25]. The initial motivation for spectral multipliers comes
from the problem of convergence of Fourier series or more generally of eigenfunction expansion
for differential operators. One of the most famous spectral multipliers is the Bochner-Riesz mean

Tra(A) = (1 - %)+ .
When « is large, the function oy, is smooth. The problem is then to prove boundedness on L?(X)
(uniformly w.r.t. the parameter R) for small values of a. This is the reason why, for general function
F with compact support, we study sup,., [|F(tA)||,—, < C < co. The constant C depends on F' and
measures the (minimal) smoothness required on the function.

In recent years, spectral multipliers have been studied by many authors in different contexts,
including differential or pseudo-differential operators on manifolds, sub-Laplacians on Lie groups,
Markov chains as well as operators in abstract settings. We refer the reader to [1, 2, 4, 5, 14, 16,
19, 20, 21, 22, 25, 27, 28, 29, 32, 34] and references therein. We mention in particular the recent
paper [11] where sharp spectral multiplier results as well as end-point estimates for Bochner-Riesz
means are proved. A restriction type estimate was introduced there in an abstract setting which turns
out to be equivalent to the classical Stein-Tomas restriction estimate in the case of the Euclidean
Laplacian. Also it is proved there (see also [4]) that in an abstract setting, dispersive or Strichartz
estimates for the Schrodinger equation imply sharp spectral multiplier results.

1.1. The main results. There are two main objectives of the present paper. First, in contrast to
the previous papers on spectral multipliers where usually decay assumptions are made on the heat
kernel or the semigroup, we do not make directly such assumptions and work outside the semigroup
framework. The second objective is to replace the usual exponentiel decay of the heat kernel by
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a polynomial one. All of this is motivated by applications to new settings and examples which
were not covered by previous works. In addition most of spectral multipliers proved before can be
included in our framework.

In order to state explicitly our contributions we first recall that (X, d, i) satisfies the doubling
property (see Chapter 3, [15]) if there exists a constant C > 0 such that

(1.1) V(x,2r) <CV(x,r) Yr>0,xeX
Note that the doubling property implies the following strong homogeneity property,
(1.2) V(x,Ar) < CA"V(x,r)

for some C,n > 0 uniformly for all 4 > 1 and x € X. In Euclidean space with Lebesgue measure,
the parameter n corresponds to the dimension of the space, but in our more abstract setting, the
optimal n need not even be an integer.

Let 7 > 0 be a fixed positive parameter and suppose that A is a bounded self-adjoint operator on
L*(X, 1) which satisfies the following polynomial off-diagonal decay

d(x, y))_"_a ey eX
T b

(13) ||PB(X,T)V“rTPAPB(y,T)”p—)2 < C(l +

with o, = 1/p — 1/2 and Pp,) is the projection on the open ball B(x,t). We prove that if a >
[7/2] + 1 and F is a bounded Borel function such that ' € H*(R) for some s > n(1/p—1/2) + 1/2,
then

IF(A)Allp—p < ClIF |-
Note that the operator A which we discuss here cannot be, in a natural way, considered as a part of a
semigroups framework. See Theorem 3.1 below for more additional information. In the particular
case where A = ¢~ for some non-negative (unbounded) self-adjoint operator L with constant in
(1.3) independent of 7, we obtain for s > n(1/p —1/2) + 1/2
(1.4) sup [|F(tD)l|p-p < ClIFllas-

>0
As mentioned previously, this latter property implies Bochner-Riesz LP-summability with index
a >n(1/p—1/2). See Corollary 3.2.

Some significant spectral multiplier results for operators satisfying polynomial estimates were
considered by Hebisch in [22] and indirectly also in [26, 27] by Jensen and Nakamura. Our results
are inspired by ideas initiated in [17, 22, 26, 27, 31].

Following [11] we introduce the following restriction type estimate

o 1 1
(L.5) [F@AV|| _, < ClIFll, =3
We then prove a sharper spectral multiplier result under this condition. Namely,
(1.6) NAFA)lp—p < CpllFlwesa

for F € W*4(R) for some
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We refer to Theorem 4.1 for the precise statement. We prove several other results such as bounds
for ¢™A on L? for p as in (1.3). The proofs are very much based on Littlewood-Paley type theory,
commutator estimates and amalgam spaces [10, 17, 26].

Our result can be applied to many examples. Obviously, if the A has an exponential decay
(e.g. a Gaussian upper bound) then it satisfies the previous polynomial oftf-diagonal decay. Hence
our results apply to a wide class of elliptic operators on Euclidean domains or on Riemannian
manifolds. They also apply in cases where the heat kernel has polynomial decay. This is the
case for example for fractional powers of elliptic or Schrodinger operators. In the last section we
discuss applications to Markov chains. We also study spectral multipliers (and hence Bochner-
Riesz means) for random walk on Z". To be more precise, we consider

AF@ = =TS @+ je

i=1 j=tl
where e; = (0,...,1,...0). We prove for appropriate function F
sup IF (I = A)llp-p < ClIF|lgs
for any s > n|1/p — 1/2|. If in addition, if supp F C [0, 1/n] and
sup [InF ()l < oo

1/n>t>0

for some s > n|l/p — 1/2| and 7 is a non-trivial C.°(0, o) function, then F(I — A) is bounded on
LPif 1 < p < (2n+2)/(n+3)and weak type (1,1) if p = 1. This result is similar to the sharp
spectral multiplier theorem for the standard Laplacian on R”. Here again the operator A cannot be,
in a natural way, included in a semigroups framework.

1.2. Notations and assumptions. In the sequel we always assume that the considered ambient
space is a separable metric measure space (X, d, ) with metric d and Borel measure u. We denote
by B(x,r) :={y € X, d(x,y) < r} the open ball with centre x € X and radius r > 0. We often use B
instead of B(x,r). Given A > 0, we write AB for the A-dilated ball which is the ball with the same
centre as B and radius Ar. For x,€ X and r > 0 we set V(x, r) := u(B(x, r)) the volume of B(x, r).
We set

(L.7) V.ix):=Vx,r), r>0, xeX.

We will often write V(x) in place of V(x).

For 1 < p < +o0, we denote by ||f][, the norm of f € LP(X), (., .) the scalar product of L*(X), and if
T is a bounded linear operator from L”(X) to LY(X) we write ||T|,—,, for its corresponding operator
norm. For a given p € [1,2) we define

(1.8) op= l — l

p 2
Given a subset E C X, we denote by y g the characteristic function of E and set Pg f(x) = yg(x)f(x).
For every x € X and r > 0.



SHARP SPECTRAL MULTIPLIERS WITHOUT SEMIGROUP FRAMEWORK 5

Throughout this paper we always assume that the space X is of homogeneous type in the sense
that it satisfies the classical doubling property (1.2) with some constants C and »n independent of
x € X and A > 1. In the Euclidean space with Lebesgue measure, n is the dimension of the space.
In our results critical index is always expressed in terms of homogeneous dimension 7.

Note also that there exists c and D,0 < D < n so that

d(x,y)
r

D
(1.9) VO r) < c(l + ) Vix, r)

uniformly for all x,y € X and r > 0. Indeed, the property (1.9) with D = n is a direct consequence
of triangle inequality of the metric d and the strong homogeneity property. In the cases of Euclidean
spaces R" and Lie groups of polynomial growth, D can be chosen to be 0.

2. PRELIMINARY RESULTS

In this this section we give some elementary results which will be used later.

2.1. A criterion for L”-L? boundedness for linear operators. We start with a countable partitions
of X. For every r > 0, we choose a sequence (x;);°, € X such that d(x;, x;) > r/4 fori # j and
sup .y Inf; d(x, x;) < r/4. Such sequence exists because X is separable. Set
D =) BGxi,r/4.
ieN

Then define Q;(r) by the formula

b

2.1) () = Bxi,r/4)|_

B(x;,r/2)\ {U B(x;.r/2)\ D)

Jj<i

so that (Q;(r)); is a countable partition of X (Q;(r) N Q;(r) = 0 if i # j). Note that Q;(r) C B; =
B(x;, r) and there exists a uniform constant C > 0 depending only on the doubling constants in (1.2)
such that u(Q;(r)) > Cu(B;).

We have the following Schur-test for the norm ||T||,—,, of a given linear operator 7.

Lemma 2.1. Let T be a linear operator and 1 < p < g < oo. For every r > (0,

ITllp—q < sup Z 1PonT Py, +sup Z 1Pon T Pojin
J i i I

P—q’
where (Q;(r)); is a countable partition of X.

Proof. The proof is inspired by [20]. Given a function f € L”(X), we have
q
T f1I2 I Z PQ[(r)TPQ/(r)f”q

sJ]
q
D H D PonTPonf 'q
T
q
Z [Z IP o T Poinllp—qllPojin f IIp]
7

1

IA
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—. q
=. a,‘jCj 0’
J

where a;; = ||Po,nT Pg;llp—q and c; = [P, fll-
Next note that, forall 1 < p < oo,

P )
(2.2) Zkl (Z |alkcl|] < (max {Slip Zk: land, SI;P le |611k|}) Zn: lcal”,

with the obvious meaning for p = oo, where ¢y, a; are sequences of real or complex numbers.
Indeed, for p = 1 or p = oo, (2.2) is easy to obtain. Then we obtain (2.2) for all 1 < p < oo by
interpolation. Observe that

IT fllg < ll@ipllerelicjller < NC@ipller—erll f11-
The lemma follows from (2.2) and the above inequality. O

2.2. Operators with kernels satisfying off-diagonal polynomial decays. For a given function
W : X — R, we denote by My the multiplication operator by W, that is

(Mw f)(x) = W(x) f(x).

In the sequel, we will identify the operator My with the function W. This means that, if 7" is a
linear operator, we will denote by W, T W, the operators My, T My, . In other words,

WiTW,f(x) := Wi()T (W2 f)(x).
Following [7, 8, 9], we introduce the following estimates which are interpreted as polynomial off-

diagonal estimates.

Definition 2.2. Let A be a self-adjoint operator on L*(X) and T > 0 be a constant. For 1 < p <2
and a > 0, we say that A satisfies the property (PVE] (7)) if there exists a constant C > O such that
forall x,y € X,

. . d(x,y)\ "™
(PVE?, (1)) 1Psr V" APy ollpoz < C(l $ 222 )

T
witho, =1/p—1/2.

By Holder’s inequality and duality, the condition (PVE] (7)) implies that

dix, )\ ™
(2.3) 1Py APBy.o)lp—p + IPBeoyAPBy. ol —p < C(l t :
By interpolation,
d(x, )\
(24) 1P s APrn s < C(l + =2 ) .

Remark 2.3. Suppose that (PVE] (7)) holds for some p < 2. Then (PVES,Z) holds for every
q € [p,2]. This can be shown by applying complex interpolation to the family

F(z)=P B(X,T)V‘i TAP B(y,7)
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Forz =1+ is we use (PVEZ_z(T)) and for z = is we use (2.4).

In the sequel, for a given 7 > 0 we fix a countable partition {Q,(7)};2, of X and and a sequence
(xp);2, € X as in Section 2.1. First, we have the following result.

Proposition 2.4. Let 1 < p <2, and A be a self-adjoint operator on L*(X). Assume that condition

(PVE] (7)) holds for some T > 0 and a > 0. There exists a constant C > 0 independent of T > 0
such that
(2.5) [veral| L, < C.

As a consequence, the operator A is a bounded operator on LP(X), and ||A||,—, + ||All—> < C.

Proof. By Lemma 2.1 and condition (PVE;;Z(T)), one is lead to estimate

d(xi,xj) e
2.6 1+ < C < 0.
(2.6) SLJl_p Z ( . 00
Note that for every k > 1,
VvV i’2k+3
sup#{i : 257 < d(x;, xj) < 2"'7} < sup sup Y, 27
it BT {i2kr<d(x,x ) <2k Lr) V(x;,7)
(2.7) < C2M < co.

This implies that for every j > 1 and k > 1,

d i, . —n—a
(1 + (x—x’)) < C(1 + 25k < CoHa
T

i 2% 7<d(x;,x ) <2k 17
and we sum over k to get (2.6).
The boundedness of the operator A on L” is proved in the same way by applying (2.3). O

Note that when the operator A has integral kernel K4(x,y) satisfying the following pointwise
estimate

|Ka(x,y) < CV(x,7)"! (1 L 4, y))_ )

T
for some 7 > 0 and all x,y € X, then A satisfies the property (PVE] ,(7)) with p = 1. Conversely,
we have the following result.

Proposition 2.5. Suppose that a > D where D is the constant in (1.9). If the operator A satisfies
the property (PVE, (7)) for some T > 0 and p = 1, then the operator A? has integral kernel
K2 (x,y) satisfying the following pointwise estimate: For any € > 0, there exists a constant C > 0
independent of T such that

d(x, y))‘““”‘f)

(2.8) Kae(x, 9l < CV(x, 1) (1 t—

forall x,y € X.
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Proof. For every x,y € X and 7 > 0, we write

2
PB(x,T)A PB(y,T) = PB(X,T)APB(X,T)APB(y,T) + Z Z PB()C,T)APB()CI‘,T)APB()I,T)‘

=0 i:20r<d(x;,x)<2 1t
From the property (PVE] ,(7)) with p = 1 we get

d(x,y) )_"_“

||PB(x,‘r)A2PB(y,T) T

L'—>L>

< CV(x,7)! (1 +

+CZ Z V(x, 1) (1 + d(x;xi))_ ) (1 + —d(xi’y))_ _ )

T

=0 i:20r<d(x;,x)<2 1t

This, in combination with the fact that V(x;, 7)™ < C2PV(x,7)"! for every £ > 0 and 2/t <
d(x;, x) < 27, and the property (2.7), implies that

| |PB(x,T)A2PB(y,r)

L'>L>®

d(x, y) —(a—D-¢€)
T

< CV(x,7)! (1 +

for any € > 0. Hence it follows that (2.8) holds. This completes the proof of Proposition 2.5. O

'L generated by (minus) a non-negative self-

Finally, we mention that if A is the semigroup e~
adjoint operator L, then the condition PVE;‘,’Z(t” ) holds for some m > 1 if the corresponding heat

kernel K;(x,y) has a polynomial decay

(2.9) K (x,y)] < CV(x,1'/")"! (1 + M)_ o

tl/m

it is known that the heat kernel satisfies a Gaussian upper bound, for a wide class of differential
operators of order m € 2N on Euclidean domains or Riemannian manifolds (see for example [18]).
In this case (2.9) holds with any arbitrary a > 0.

3. SPECTRAL MULTIPLIERS VIA POLYNOMIAL OFF-DIAGONAL DECAY KERNELS

In this section we prove spectral multiplier results corresponding to compactly supported func-
tions in the abstract setting of self-adjoint operators on homogeneous spaces. Recall that we as-
sume that (X, d, u) is a metric measure space satisfying the doubling property and » is the homoge-
neous dimension from condition (1.2). We use the standard notation H*(R) for the Sobolev space
IFllas = I = d[dx?)*Fl,.

Theorem 3.1. Suppose that A is a bounded self-adjoint operator on L*(X) which satisfies condition
(PVE} (7)) for some T > 0, 1 < p <2anda > [n/2] + 1. If F is a bounded Borel function such
that F € H*(R) for some s > n(1/p — 1/2) + 1/2, then there exists constant C > 0 such that

IECAAlp-p < ClIEas-

The constant C above does not depend on the choice of T > 0. In addition, if we assume that A is a
nonnegative self-adjoint operator and supp F C [—1, 1], then there exists a constant C > O which is
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also independent of T such that
IF(=1log A)llp—p < ClIF||gs.

The proof of Theorem 3.1 will be given at the end of this section after a series of preparatory
results. The following statement is a direct consequence of Theorem 3.1.

Corollary 3.2. Suppose that L is a non-negative self-adjoint operator on L*(X) that for a given
T > 0 the semigroup operator e~ " satisfies condition (PVE} (7)) for some 1 < p <2 and a >

[7/2] + 1. If F is a bounded Borel function such that suppF C [-1,1] and F € H*(R) for some
s>n(l/p—1/2)+ 1/2, then there exists constant C > 0 such that

IF(TDllp-p < ClIF||gs.

1
)a

As a consequence if operators e~ satisfies condition (PVE;
then

,(7)) with constant independent of T

sup |F(tD)llp—p < ClIF||ps

™0

for the same range of exponents p and s.

Proof. We apply Theorem 3.1 to the operator A = ¢~ for all 7 > 0. Then the theorem follows
from the fact that the constants in statement of Theorem 3.1 are independent of 7. O

Remark 3.3. It is possible to obtain a version of Theorem 3.1 under the weaker assumption a > Q.
However, this requires a different approach which we do not discuss here. Related results can be
found in [22] and [29]. We will consider this more general case in a forthcoming paper [12].

3.1. Preparatory results. The following result plays a essential role in the proof of Theorem 3.1.

Theorem 3.4. Suppose that A is a bounded self-adjoint operator on L*(X) and satisfies condition
(PVEZQ(T)) forl1 < p <2 a>[n/2]+ 1 and for some T > 0. Then there exists a constant C > 0
such that for all t € R,

(3.1) lle™ Allp—p < C(1 + [t])"?
where o, = 1/p—1/2.

Remark 3.5. It is interesting to compare the above statement with Theorem 1.1 of [17]. Note that
in Theorem 3.4 we assume condition (PVE] ,(7)) for one fixed exponent T but conclusion is valid
forallt € R.

In order to prove Theorem 3.4 we need two technical lemmas. First, we state the following
known formula for the commutator of a Lipschitz function and an operator T on L?(X) on metric
measure space X. Recall our notation convention T = M, T.
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Lemma 3.6. Let T be a self-ajoint operator on L*(X). Assume that for some € Lip(X), the
commutator [n,T], defined by [n,T1f = M,Tf —TM,f, satisfies that for all f € Dom(T), nf €
Dom(T) and

Ilm, T1f1l2 < ClIfl2,
where Dom(T') denotes the domain of T . Then the following formula holds:

1
[, e 1f =it f " Tn, T fds VteR,Vf e L*(X).
0

Proof. The proof of Lemma 3.6 follows by integration by parts. See for example, [31, Lemma
3.5]. |

Next we recall some useful results concerning amalgam spaces [10, 17, 26]. For a given 7 > 0,
we recall that {Q,(7)};7, is a countable partition of X as in Section 2.1. For 1 < p,q < oo and a
non-negative number 7 > 0, consider a two-scale Lebesgue space X?*? of measurable functions on

X equipped with the norm

00 1/p
(3.2) Hmw{ZW%wﬂ.
=1

(with obvious changes if ¢ = o).
Notice that when g = p these spaces are just the Lebesgue spaces X2? = L? for every T > 0 and
p. Note also that for 1 < p; < p, < o0, we have that X7 € X7 with

llzes < 1 Allgrne.

The following result gives a criterion for a linear operator A to be bounded on X7 21 < p <2
We define a family of functions {n,(x)}, by

(3.3) miw = 250

i.e., the distance function between x, and x (up to a constant).

Lemma 3.7. Let v > 0 and {n/x)};., be as above. For a bounded operator T on L*(X), the
multi-commutator adlg(T) : LX(X) — L*(X) is defined inductively by

(3.4) ad)(T) =T, ad¥(T)=ad{ '3, T -Tny), (=1, k>1.
Suppose that there exists a constant M > 1 such that for all 1 < € < oo,
lad* (T2 < CM*, 0 <k < [n/2]+1.
Then for 1 < p <2,
IVZ'TVE fllgpe < CM" 7| fllype with o, = (1/p = 1/2)

for some constant C > 0 depending on n, p and ||T ||—,>.
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Proof. We prove this lemma by using the complex interpolation method. Let S be the closed strip
0 < Rez < 1 in the complex plane. For every z € S, we consider the analytic family of operators:

T, := V2T V2,

Considerz =1+1iy,y€ Rand p = 1. Let N > 1 be a constant large enough to be chosen later.
Let {Q/(7)}; be a countable partition of X in Section 2.1. By definition of Xi’z,

- Ly ey
ITrfllpe = > IPowVe TV: * flh

j=1

NgE

= Ly iy
Z”PQ]'(T)VTZ TV, * Py, fll2

=1 j=1

1+iy

Z Z +Z Z J“P Q.;(r)Vf% TV: * Py, flhk

¢ jid(xe.xj)>Nt ¢ jid(xe.xj)SNT
+ 11.

I
NN S

3.5) =:
By the Cauchy-Schwarz inequality, we obtain
1+iy

00 172 12
¢ Z [ Z V“'(xj)] [ Z ||PQj(T)TVT_2PQ[(T)f||§]

=1 \j:d(x¢,x;)<Nr Jod(xe,xj))SNT

11

IA

IA

Ly
C D Voo NOITV * Py flla
t

< CN"|Tllas ) 1(Qe@) IV, Poycofll
t

(3.6) < CN"2|IT ool fll o

Now we estimate the term /. Let « = [n/2] + 1. We apply the Cauchy-Schwarz inequality again to

obtain
12

~

IA

a
Nok

12
Z M(QJ(T))W(XJ‘)_ZKJ [ Z r]f(xj)ZKHPQj(T)TVT_%PQZ(T)f”%

Jid(xe,xj)>Nt

I
Il
—_

Jid(xe,xj)>Nt

= 1/2 1+iy
¢ ; Z Z :u(Qj(T))nf(xj)_ZK] ”n;TVT_TPQz(T)fHZ

k=0 j: 2kNT<d(x;,xj)<2 I NT

IA

1+iy

- 12
C Z(ZkN)",u(Qe(T))QkN)_zKJ I7;TV: * Po,oflla
k=0

IA

-

(3.7

IA

CZ N—K+n/2’u(Q€(T))1/2||n;TV;TPQ5(T)f||2.
€

To continue we define we let I'(k,0) = 1 for xk > 1, and I'(«x, m) defined inductively by I'(k,m + 1) =
Y4 LT(€,m) for 1 < m < k- 1. Applying the following known formula for commutators (see
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Lemma 3.1, [27]):

neT = " Tk, myady (D",

m=0
we obtain
T 410 e < C ) llad? (T (1+10) ™l
m=0
(3.8) < € ) lad} (Dl < CMX,
m=0
This implies

~
IA

_ iy
CN—K+n/2MK Z/«l(Qt’(T))l/ZHVT 2 (1 + n[)KPQ[(T)f“Z
4

A

< CN-<"p Z IPo,ofll < CN™*"/2M¥| fll 1.
4

Next, set N = M||T|, /% Then above estimates of  and I1 give

—2

Ty flle < C(N2M* + N"2|[Tla—) [ fll 2

3.9 < CMPITIRZ Il

On the other hand, we have that for z = iy, y € R,

(3.10) ITiylly22 522 = I Tiylla—2 < T 122

From estimates (3.9) and (3.10), we apply the complex interpolation method to obtain
IVEP TV fllgpe = T2 fllgge < CM" I fllgge, 07y = (1/p = 1/2)

for some constant C > 0 depending on n, p and ||T||,—,. This finishes the proof of Lemma 3.7. O

Now we apply Lemmas 3.6 and 3.7 to prove Theorem 3.4.

Proof f Theorem 3.4. The proof is inspired by Theorem 1.3 of [27] and Theorem 1.1 of [17]. Note
that

itA —0 o itA -0 T
™ Allpp < IIV; ™ llypa, IV €V o palIVE Al e

—LP
First, we have that ||V, Upllx,hz C by definition of X? 2 and Holder’s inequality. To estimate

the term || Vs "All 1rxr2» We recall that ({Q;(7)}2,) 18 a countable partition of X as in Section 2.1 and

—LP <

note that

o 1/p
VAl = | D IPom V" AS Ilé’]
j=1

2.

J

IA

)4 1/p
(o
Z 10 Ve "AP oo llp-2llPo f ||p] ] :
¢
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For every j, €, we set aj, = ||PQJ.(T)V;T "APg,llp—2 and by = ||Pg, fll,- It follows by interpolation
that

VTP A e < || ],
4

IA

lI@o)ll,,_ . 1Belle
0 1-6
ol ll@oll s, sl F -

Therefore, by condition (PVEZ’Z(T)) we have

IA

@l e = Sgpzj: ||PQ,~<T)V3"APQM) »n SC
and
I(@jollee e = Sl-J}PZ{: ||PQ_,~(T)V;TPAPQ¢(T) b SC
Thus
(3.11) Ve Al g2 < C.
Next we show that
(3.12) Ve e Ve || gy gre < CCAL+ 127
By Lemma 3.7, it suffices to show for every m € N,
(3.13) llad® (€™)]lry < C(1 +1t)*, 0 <k < [n/2]+ 1.

Note that A is a bounded operator on L*(X). Recall that (cf. Lemma 3.6) for all m € N:
ad) (e™)f =it f 1 ead! (A" fds, VteR, feL*X).
Repeatedly, we are reduced to pﬁove that for every m € N, there exists a constant C > 0 independent
of m such that,
(3.14) lad® (Ao, < C, 0 <k < [n/2] + 1.
Fix m € N. By Lemma 2.1, it suffices to show

(3.15) sup " IPo,madfy(A)Pg il < C, 0 <k <[n/2]+1
Iy

for some constant C > 0 independent of m.
To show (3.15) we note that
k!

PQ{(T)adfn(A)PQ_,’(T) = Z W[nm(-xf) - Um(xj)]ﬁ[ﬂm() - nm(x[)]a X

arfry=k &’
XP,yAP 0,0 [1m(x) = 1 ()]
Observe that:
® [17m(xe) = Mn(x))| < d(xe, X))/ T
® [17,u(x) = (X)X 0ur) < d(x, X)X 0,0 /T < 1,
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® [17,(x)) = 1M ;) < AV, X)X 0,0 /T < 1.
These, together with estimate (PVE;IQ(T)) and a > [n/2] + 1 > k, yield

).

d(x;, Xj)

k
Z ”PQ[(T)adl:n(A)PQj(T)”2—>2 < CZ (1 + ) IPo,yAPg;m)ll2—2 < C
7 7

for some constant C > 0 independent of j. Hence, (3.15) is proved. This, in combination with

estimates (3.13) and (3.14), implies (3.12). All together, we obtain that ||e”AA||p_,p < C(1 + |g)rev
where o, = (1/p — 1/2). The proof of Theorem 3.4 is complete. O

3.2. Proof of Theorem 3.1. We apply Lemma 3.4 to see that

IA

IFAAlL, t[\iifnna&VHEHpaf

R

IA

CLW@MH@“%

1/2
cwm{fu+mwmﬂ%)
R
C||F||gs.

IA

IA

If we also assume that A > 0 and supp F C [—1, 1], then we may consider G(1) := F(—log )4
so that F(-logA) = G(A)A. Therefore,

IF(=log Allp-~p < GAAp-, < ClIGlps.

Since supp F' C [~1, 1] we have [|G||ys < C||F||zs and we obtain ||[F(-1log A)l,, < C||F||us. The
proof of Theorem 3.1 is complete. O

4. SHARP SPECTRAL MULTIPLIER RESULTS VIA RESTRICTION TYPE ESTIMATES

The aim of this section is to obtain sharp L” boundedness of spectral multipliers from restriction
type estimates. We consider the metric measure space (X, d, i) with satisfies the doubling condition
(1.2) with the homogeneous dimension n. Let g € [2, co]. Recall that V, = V(x, r) = u(B(x, r)). We
say that A satisfies the restriction type condition if there exist interval [b, e] for some —co < b < e <
oo and 7 > 0 such that for all Borel functions F with supp F' C [b, e],

1 1
p—2 < C”FHq, 0'p = ; - E

The above conditions originates and in fact is a version of the classical Stein-Tomas restriction

(ST; () |Fav

estimates. For more detailed discussion and the rationale of formulation of the above condition we
referee readers to [11, 34]) for a related definition).
The following statement is our main result in this section.
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Theorem 4.1. Let 1 < p < 2 < g < oo. Let A be a bounded self-adjoint operator on L*(X)
satisfying the property (PVE] (7)) for some a > [n/2] + 1 and © > 0. Suppose also that A satisfies
the property (STS’Z(T)) on some interval [Ry, R, for —co < R < R, < 0. Let F be a bounded Borel
function such that supp F C [R; + v, R, —y] for some y > 0 and F € W*4(R) for some
I 1 n
s> n (; - 5) s
Then AF(A) is bounded on LP(X) and

4.1) IAF (Al psp < CpllFllwsa.

Remark 4.2. One can formulate a version of Corollary 3.2 corresponding to Theorem 4.1. See
also the statement of Theorem 5.3.

Remark 4.3. Note that if A satisfies (PVEZ’z(T)) for some a > [n/2] + 1 and T > 0 then A satisfies

(STgﬂz(‘r)) with g = oo. Indeed, by Proposition 2.4, we have
|[F(AV?” IF (Ao llAVY?

CIlIF]leo.-

IA

| p—2 p—2

IA

As a consequence of Theorem 4.1 we obtain under the sole assumption (PVEZ,z(T))
(42) ”AF(A)”p—)p < Cp”F”WSv"“

for every F € W and some s > n(é — %) + ﬁ.

Before we start the proof of Theorem 4.1, we need some preliminary result. For a given r > 0,
we recall that (Q;(r)); is a countable partition of X. For a bounded operator 7" and a given r > 0, we
decompose the operator 7" into the on-diagonal part [T']., and the oft-diagonal part [T']., as follows:

(4.3) [Tl := Z Z Po;nTPo
i j:d(x,-,x_,-)SSr

and

(4.4) [Tlr:= ), >, PowlPow
i Jid(x;,xj)>5r

For the on-diagonal part [T].,, we have the following result.

Lemma 4.4. Assume that T is a bounded operator from LP(X) to L1(X) (p < q). Then the on-
diagonal part [T]., is bounded on from LP(X) to LY(X) and there exists a constant C = C(n) > 0
independent of r such that

T 1< llp—g < ClT|lpsg-

Proof. Note that
q

PowTPofl| =), H Y, PowTPonf

i jid(xi,xj)<5r j i:d(x;,xj)<5r

‘LI
q
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<C Z Z '|PQ_;(r)TP oS

‘(1
T id(xx)<5r 4

<CY D T IPow L

i j:d(x,-,x_,')SSr

< CITI g > 1P A1

< CITIH- I

This proves Lemma 4.4. O

Proof of Theorem 4.1. Let ¢ € C(R) be a function such that supp¢ C {¢ : 1/4 < |¢] < 1} and
Yez (27E) = 1 for all 1 > 0. Set ¢o() = 1 — Y52, (27°2). By the Fourier inversion formula, we
can write

(4.5) AF(A) = ZAF“’)(A),
=0

where

(4.6) FOW) = 1 f Po(s)E(s)e™" ds
21 J o

and

4.7 F(f)(/l)Zi f d27Cs)F(s)e™™ ds.
27 Joo

We now estimate L”-LP norm of the operator AF(¥(A),£ > 0. Let N > 1 be a constant to be
chosen later. For every ¢ > 0, we follow (4.3) and (4.4) to write

(4.8) AFO(A) = [AFO(A)]cne + [AFO(A)]sys

Estimate of the term [AF©(A)].y,. Let ¢ € C(R) be a function such that (1) = 1 for A €
[Ry +v/2,R, — /2] and supp¥ C [R}, R,]. We write

[AFO(A)]nr = [WAAFO(A)]anr + [(1 = Y(ANAF O (A)]nr

Observe that
| (AAFOA)] -

? scz Z 1P, o) AY(A)F O(A)Pg no f1I7.

p
J  Ad(xj,x))<5NT

We use the Holder inequality to obtain
||PQ/I(NT)A!r//(A)F“)(A)PQj(NT)fl|p

IA

H(QANT) T [IP o un/ AY(A)FO(A)Po o fla
Cr(Q (NP IF NNV 2P P vy fl-

Note that in the last inequality we used the condition d(x;, x;) < SNt and the fact that suppy F© c
[R1,R>], and it follows from the property (ST;Z(T)) that |JAY(A)FOA)V, || -2 < [IF©]),. Hence,

I AF O ! < CNPTHIFOR S Qi) IV Poyvo I
J

IA
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4
< CN"|FO S 1Po oo f I
J

npop &)
(4.9) < CN"* |[FOPIfIE.

On the other hand, we apply Lemma 4.4 and Theorem 3.1 to obtain that for some s > n/2 + 1 and
every large number M > 0,

I = YANAF O D)) enellpp < ClA = Y(ADAF O Al
< QA =yOFOONas < Con2™IF,.
This, together with (4.9), yields
(4.10) AFO@ e AL < CNTIIFOYE + 274 1 1.

Estimate of the term [AF©(A)]sy,. From (4.6) and (4.7), we have that

1 +00 . )
(4.11) [AFO(A)]oy, = e f pQ T DF (1)[Ae™ .y dt.
T J-co
To estimate the term [Ae™™]. y,, We write
A" = " [Alanes + [€aneplAlanesa + [€ el Alanes
= T1+T,+Ts.

It is easy to see that

Z Z Po,awnT3Powm = 0,

i jud(xj,x))>5Nt
and so
" .
[Ae"™ Tone =: [T1]sne + [T2lsne-

By Lemma 4.4 with r = N7, we obtain

||[AeitA]>NT”p—>p < ”Tl - [T1]<N‘rllp—>p + ”TZ - [T2]<N‘rllp—>p

(412) (1 + C)||T1||p—>p + (1 + C)”TZ”p—)pa

IA

and hence we have to estimate ||T}|,—,,,7 = 1, 2.
Let us estimate the term |||, ,. We write

ITillpsp = ™ [Alnesallpsy
(4.13) < Ve o (V77 € VET g gz [V AT N2 -
We have that ||V, || X2 S C by definition of X?? and Holder’s inequality. Also it follows from
(3.12) that
(4.14) Ve Ve | ype < €A+ J)

To handle the term ||Vf "[Als N2 we note that

|LP—>Xf’2’

1/p

VI ALvenfllye = | D) I1Pow VY ALy I
j=1
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\1/p
Tp
< |Po,n Vi APo,o |, [|Poin /]
P p
J | Cd(xe,xj)>N7/2
. o . .
For every j,{, we setaj; = [|Pg,)V:"APg,llp—2 and by = ||Pg, ) fll,,- This gives
WV AL f Il < ajebe
Xr o
¢
< .
< |a@ol|,_,, e
0 1-6
< @o, . |@dl. .,
by interpolation. It then follows from condition (PVE;Q(T)) that
a -
||(ajg)||[1_)[1 = sup Z HPQj(T)VT pAPQ[(T) . <CN “
C jdGe)>Nt/2 b
and
l@ollene =sup > ||Po Vi AP | < CN7,
I td(epa)>Nt/2 P
and so
a —
‘ Vi '[Alsne 2 ‘LP—>Xf’2 <CN™.
This, in combination with (4.14) and (4.13), shows that
(415) ||T1||p—>p = ||eitA[A]>NT/2”p—>p < CN_a(l + t)no_p-
Next we estimate the term ||75]|,—,,. We write
ITallpy = e TonealAlcneallpp
—0p g, itA —0 o
(4.16) < Ve lgpa o IV 1™ onera Ve 7 |y, oo [ VE 1A e -

< C by definition of X?? and Holder’s inequality. Also, we follow a

—LP

We have that [[V; ||,z
similar argument as in (3.11) to obtain

(4.17) IVZ [Alnepallypxo2 < C.

In order to deal with the term ||V, " [e”A]>NT/2VT_ ””llXp,z_)Xp,z, we apply the complex interpolation
method. To do it, we let S denote the closed strip 0 < Rez < 1 in the complex plane. For z € S, we
consider an analytic family of operators:

- _z
TZ = VT2 [en ]>NT/2VT %

Case1: z=1+1iy, ye Rand p = 1. In this case, we observe that

1+iy

1Po,o Vi? e Lonen Vi ® £,

NgE

1T 4iy fllyr2 =

J

Il
—_

I+iy

Z ||PQJ-(T)VTH% [eitA]>NT/2V;TPQ[(T)f||2
1 j=1

M

~
Il
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(o8]

(4.18) D Y [T A Ay )

=1 j:d(x¢,x))>Nt/2
By the Cauchy-Schwarz inequality,
Ly Lty
4
Z [P Ve eV ™ Ponfll,
Jid(xe,x;)>Nt/2

2

12
o
Jid(xpx)>Nt/2 d(x¢.x;)>Nt/2 2

1/2
. _ L4y
Sy u(Qj<r>>nf(xj)—2[“]] [ S ™ [Poe Vi Py of

where n,(x) := d(x, x;)/7. Since

IA

HQ@OMC) ™ < Y Q@)

Jid(xe,xj)>Nt/2 i=0 j: 2INt<d(xp,x))<2" Nt
< C) QN HQUr)2N)
i=0

< CNM"u(Q,(1))

and
. iy 2
2 A
Z Uf(xj) [a]”PQj(T)elt Ve ® PQf(T)f”z = C|
Jrd(xp,x;)>Nt/2

1+iy
lal itAy,~ 7 2
n, eV, 2 PQf(T)f”z,

we have

1+iy
(] itAy -2
7"V Poo fll,

ITiafllge < €Y N0
=1

Following an argument as in (3.8) and (3.13) we obtain
7" (1 + 1)l < C(A + DM,
From this, it follows that

_ Ltiy
T sy fll 2 Ve 7 (L + 00 Poo f

IA

CNTI2(1 41 )" (e 2

‘2

< CNTEM(1 4 0 3 (IPo, o fll

< CNT2(1 4 0l ]l g0

Case 2: z =iy, y € R and p = 2. In this case, we note that

itA itA
IToll 22 x22 = ITillamz < €™ Lonrpallamz < (1 + Olle™ ooy < 1+ C.

From Cases 1 and 2, we apply the complex interpolation method to obtain

o i -0 —[al+n a 0
Ve eV e = T2 7))o < Co (N0 4 09) 1l
where 6 = 2/p — 1. This implies

5]l < CNCIa+m2C=Dq 4 pylal@/p=1)
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Substituting this and estimate (4.15) back into (4.12), yields
A onellpp < ClTillpmp + ClIT2llpmp < CNTI2RIPZD( 4 plelClr=h),
This, in combination with (4.11) and (4.10), shows

IAF sy < CN"PUI[IFOQ, + 27" FIl,]

2[+l

+ CN(—[a]+n/2)(2/p—l)f |¢(2_[t)||ﬁ(l‘)|(1 +t)[a](2/p—1) dt.
20

We take N = 20(1+r/Clal2=p)) o obtain
IAF (A, < C2OWPDAICLACPD (| FO)||, + 27 Fl, + g Fll2) -
After summation in £, we obtain
IAF(A)llp—p < CllIFllwsa

as in (4.1), whenever

The proof of Theorem 4.1 is complete. O

5. APPLICATIONS

As an illustration of our results we shall discuss some examples. Our main results, Theorems 3.1
and 4.1. can be applied to all examples which are discussed in [19], [11] and [34].

5.1. Symmetric Markov chains. In [1] Alexopoulos considers bounded symmetric Markov op-
erator A on a homogeneous space X whose powers A have kernels A*(x, y) satisfying the following
Gaussian estimates

2
(5.1) 0<A*x,y) < C) )

¢ e

—————eX
vk ?) P Tk
for all k € N. The operator I — A is symmetric and satisfies for every f € L*(X),

1

=15 =5 [[[ - 10 AC ) > 0
Thus, I — A is positive. In addition, ||[(I — A)f|l» < |Ifll + llAfll> < 2||fll.. Hence, I — A admits the
spectral decomposition (see for example, [30]) which allows to write
2
I-A= f (1 = DAE4(Q).
0

Let F be a bounded Borel measurable function. Then by the spectral theorem we can define the
operator

2
F(I-A)= f F(1 = AD)dEAQ).
0
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Note that I — A is bounded on L*(X) and ||F(I — A)|l2-> < ||F|le. In [1] Alexopoulos obtained the
following spectral multiplier type result. In the sequel, let us consider a function 0 < n € C*(R)
and let us assume that () = 1 for ¢ € [1,2] and that () = 0 for ¢ ¢ [1/2,4].

Theorem 5.1. Assume that F is a bounded Borel function with supp F' C [0, 1/2] and that

Sup ||77()F(t)||Wn/2+eoo < 00

0<t<1
for some € > 0. Then under above assumption on the operator A, the spectral multiplier F(I — A)
extends to a bounded operator on L? for 1 < p < oo,

Our approach allows us to prove a version of Alexopoulos’ result under the weaker assumption
of polynomial decay rather than the exponential one. We start with the following statement.

Theorem 5.2. Let 1 < p <2 < g < oco. Suppose that (X, d, i) satisfies the doubling condition with

the doubling exponent n from (1.2). Assume next that A is a bounded self-adjoint operator and

there exists k € N such that the kernel of the operator A* exists and satisfies the following estimate
! 0+amﬂ”

max(V(x, k'/2), V(y, k'/?)) k

for some N > n+ [n/2] + 1. Then for every 1 < p < oo,

(5.3) IF(A)AY| ., < Cmin (| Fllwses, 1F )

(5.2) A*(x,y)l < C

forany s > no), + ﬁ %

If in addition the restriction type bounds (STEQ(T)) with T = k2 are valid on the interval (R,, Ry)
for some —oo < Ry < R, < oo and suppF C (Ry + 7, R, — ) for some y > 0 then

(5.4 IF(AYAN,, < ClIFllwsa

4
and any s" > nop, +

n
S>I’l0'p+m.

Proof. Tt follows from (5.2) that the operator A* satisfies the property (PVE (1)) witha =N —n

and 7 = k'/2. The theorem follows from Theorems 3.1, 4.1 and Remark 4.3. ]

The following result is a direct consequence of the above theorem.

Theorem 5.3. Let 1 < p <2 < g < oo. Suppose that (X, d, ) satisfies the doubling condition with
the doubling exponent n from (1.2) and that N > n + [n/2] + 1. Assume next that A is a bounded
self-adjoint operator and that for all k € N the kernel of the operator A* exists and satisfies the
following estimate

(5.5) A*(x,y)l < C

1 L Aoy
max(V(x, k'/2), V(y, k'/2)) k

with the constant C independent of k. In addition we assume that the restriction type bounds
(STE’Z(T)) with T = k'/? are valid on the interval (R,,R,) C [—1, 1] for all k € N. Then for function
F with supp F C [1/4,1/2]

(5.6) |F(k(I = A)llp-p < CIlIFllwsa
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forany s > no, + ﬁ.

Proof. Note that by (5.5) we have that ||A*||,, < C < oo for some constant C independent of k. It
follows that the spectrum of A is contained in the interval [—1, 1]. For a given k € N, we define a
function G as

F(k(1 — Ak
GO = (k( ))_
A
and so G(A*)A* = F(k(1 — 2)). It follows from Theorem 5.2 that for s > no, + T
IG(AMA |-, < ClIGllwsa,
which yields

F(k(1 — Ak
IEGU = Allpp = IGAYA o < ClIGllwsa = C HM

WX,(,]
Note that supp F' C [1/4,1/2], we have

F(k(l — AVky)
—_— < ClIFlwsa.
WS,!]

IF (I = Al < C H

This completes the proof of Theorem 5.3. O

Remark 5.4. 1) Note that we do not assume that the operator A is Markovian.
2) Using similar technique as in [34] one can obtain the singular integral version of Theorem 5.2
stated in Theorem 5.1. We do not discuss the details here.

5.2. Random walk on Z". In this section, we consider random walk on the n-dimensional integer
lattice Z". Define the operator A acting on lz(Z") by the formula

Af(d) = Z D fd+ je)

i=1 j=%1
where e; = (0,...,1,...0) and 1 is positioned on the i-coordinate. The aim of this section is to
prove the following result. Recall that n is the auxiliary nonzero compactly supported function
n € Cr[1/2,4] as in Theorem 5.1.

Theorem 5.5. Let 1 < p < oo. Let A be the random walk on the integer lattice defined above.
Suppose that supp F' C (0, 1/n). Then
(5.7) sup |[F (I = Allp—p < ClIF|lns
>1
forany s >n|l/p—1/2|
Next we assume that a bounded Borel function F : R, — C satisfies supp F' C [0, 1/n] and
(5.8) sup [[nF(t)llps < o0
1/n>t>0

for some s > n|1/p—1/2|. Then the operator F(I — A) is bounded on L? if 1 < p < (2n+2)/(n+3)
and weak type (1,1) if p = 1.
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The proof of Theorem 5.5 is given at the end of this section and it is based on the following
restriction type estimate.

Proposition 5.6. Let A be defined as above and dE(A) be the spectral measure of A. Then for
Ae[l-1/n,1]

5.9 IdED||,, < C(1 - )y Up=1p)/2-1

forl <p<Q2n+2)/(n+3).

The proof of Proposition 5.6 is based on the following result due to Bak and Seeger [3, Theorem
1.1].

Lemma 5.7. Consider a probability measure yu on R". Assume that for positive constants 0 < a < n,
O0<b<al2, M;>1,i=1,2, usatisfies

B(xg,
sup H( (xf rp)) <

rp<l rB

(5.10) M,

where the supremum is taken over all balls with radius < 1 and

(5.11) sup | |du| < M.
[é1>1

_ 2(n—a+b)
Let py = b Then

where LP*? is the Lorentz space.

Proof of Proposition 5.6. Let T" be the n-dimensional torus (note that n is equal to the homoge-
neous dimension of T"). For any function f € [>(Z"), one can define the Fourier series ¥ f: T" — C
of f by

FrO) =) f(@e?.

dezn
Then the inverse Fourier series ¥ ! f: Z" — C is defined by

F ) = f(©)e™ 4.

Q) J
Define the convolution of f, g € L*(Z") by

Fred= ) fd-d)gd).
d,ez"
Note that
1 n
FASNO) = [— Z cos 0;] F1(O) =(GO)F f(6),
j=1

n <

where
n

1
GO = - cos f;.
n

=1
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Hence for any continuous function F

1
[ Fader = Far@ = 7 (FGO)F0)
-1

! i<d,9>L .
((27r)n fR fg AF(/I)e el do(0)dA| * f

fF(ﬂ)(D*f)d/l,

R

where o, is the level set defined by the formula
1 n
= 9: — 9 = }. C Tn
o= " Z cos 6, }

and

Ia(d) =

: 1
i(d.0) do (6
f(m e _IVGI o a(0)

2y
forall A € [-1, 1]. Thus
dE)f = f=T,.
For the range A € (1 — 1/n, 1) considered in the proposition, changing variable yields

(1 -z f (d (112 1
I(d) = itd. (1-)126) 45,(0),
T P VoI - e 7

where
n

— 1
Fr=10: = D cos((1 - D' = 4 c T
n
=1
Next we define a probability measure u, on the surface o, by the formula
1

~ VGI(1 = )'PON)

dm dg/l(g)’

where

NQ) = do,(6).

7 IVGI(1 = 1)'726)
For A € (1 — 1/n, 1) we define the restriction type operator R, : €'(Z") — L*(0y, it;) by

(Ru)O) = FLO1 = D'P) = Y f@0 ged,

dezZn

Then the dual operator R’ is given by

* _ —i(1-)V%(d,0) f (@) —
(Ry)H) = f~ e VeI~ DPOND do(6).

g2

Hence

N1 =72yt
Gy R'R.f.

dEQ)f =
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Following the standard approach on the Euclidean space we study boundedness of the operator R},
acting from L*(0y, i) to £7(Z"). Next we define the operator f(’j : L2(0 4, 1) — L*(R") by
Fip@ = [ N o

a2

By the Plancherel-Pdlya inequality (cf. [36, Section 1.3.3])

(5.13) IR Doz ~ IR Elzr@n

forall 1 < p < co. Hence, it suffices to study R} f(£),& € R". Set G(6) = + 3, cos((1 — 1)'/36)).
Denote H(G) the Hessian corresponding to G. Then the Gaussian curvature for an implicitly defined
surface corresponding to the equation G(#) = A is given by the following formula

K VG| D

_| HG) VG
VG 0

(=1y™1((1 = )2y [T cos((1 — 1)'/20)) ( 5, sin(@(1 — )2 tan((1 - 1)1/291-))
=1

j=1

n (n+1)/2
( 3 sin?((1 — 1)1/29,»))

j=1
Note that if A € (1 = 1/n, 1), then cos((1 — 2)'/%6;) > 0 for all j and
cos((1 = )'?0)) > 1 - (1 - Dn.

Indeed, otherwise

1 —1+1-(1-2

=3 cos((1 - )26 < - d=bn_,
n
=1

n

which contradicts 6 € 0. It follows that for every n > 2 there exists a positive constant C, > 0
which does not depend on A and 6 such that

K| > C,.

There exists also a constant C > 0 such that forall A € (1 — 1/n,1)

172
1 n
(1= > |VGI((1 - 2)'"?) = - (Z sin®((1 - a)”zej)) >C(1-2)"?
n
=1
so N(1) ~ (1 — 2)"Y2. Then from Stein [35, Page 360, Section 5.7 of Chapter VIII], we know that
(5.14) [dal < C(1+ 1) ™",

where C just depends on n and does not depend on A and 6.

Now, it is not difficult to check that surfaces o, and measures u, satisfy assumptions of Lemma 5.7.
The required exponent for (5.10) is equal to a = n — 1. In addition du, satisfies (5.11) with
b =(n—-1)/2 uniformly in 2 € (1 — 1/n,1). Hence by Lemma 5.7

2
ﬁ T dua < ClAIR g
o
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Hence
IR, f @l gy < CA = 7 || fll 20

Thus by the Plancherel-Pélya inequality (5.13)

IR (@)l 2y < CA = 77 | fll 2300
for 1 < p < 22 By duality

N1 - )T

By < =5

IR:R |y < C(1 = )" /p=1P00271

forl<p< 2,1"—:32 and A € (1 —1/n, 1). This completes the proof of Proposition 5.6. O
Now we are able to conclude the proof of Theorem 5.5.

Proof of Theorem 5.5. For every k € N, we denote A*(d;, d,) the kernel of A* for k € Z. Note that
V(x,k) ~ k". It is well-known (see e.g. [23]) that A¥(d,, d,) satisfies the following Gaussian type
upper estimate:

d, - dof?
(5.15) AXd;,dy) < Ck? exp(—u).

ck

Next we verify that the operators A* satisfy condition (ST; ,(7)) with 7 = k'/? uniformly for all
k € N for all bounded Borel functions F such that supp F C (1 — 1/n,1). By T*T argument and
Proposition 5.6,

1
K ak|2 _ 20 aky A2k 2 9ky 32k
It = e, < [ s, da
1
< Cf |F|2(/l)/12(1 _ /ll/k)n(l/p—l/p')/Z—l d/ll/k
(n=1)/n
1 n(1/p=1/p")/2
< Cl- F|,,
< ( k) 1F1]2
as desired.
Now (5.7) follows from Theorem 5.3. The L” boundedness of F (I —A) for functions F satisfying
condition (5.8) follows from [34, Theorem 3.3]. This completes the proof of Theorem 5.5. O

Remark 5.8. For n =2 it is enough to assume that supp F C (0, 1).

Remark 5.9. There is another approach to the proof of Theorem 5.5 via transference type state-
ments on equivalence of L? boundedness of the Fourier integral and the Fourier series multipliers
under suitable condition on the multiplier support (cf. [13]).
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5.3. Fractional Schrodinger operators. Let n > 1 and V, W be locally integrable non-negative
functions on R".
Consider the fractional Schrodinger operator with a potentials V and W:

L=FA+W)"+V(x), ac(,1].

The particular case @ = % is often referred to as the relativistic Schrodinger operator. The operator L
is self-adjoint as an operator associated with a well defined closed quadratic form. By the classical

subordination formula together with the Feynman-Kac formula it follows that the semigroup kernel

t

p:«(x,y) associated to e’ satisfies the estimate

o 1 —(n+2a)
0 < px,y) < Cro(1+ 1% x—yl)

forall 7 > 0 and x,y € R". See page 195 of [33]. Hence, estimates (PVE],(7)) hold for p = 1 and
a=2a. Ifn=1and a > % then we can apply Corollary 3.2 and obtain a spectral multiplier result
for L.
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