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Abstract

We determine in the framework of static linear elasticity the homogenized behavior of three-dimensional periodic structures
made of welded elastic bars. It has been shown that such structures can be modeled as discrete systems of nodes linked
by extensional, flexural/torsional interactions corresponding to frame lattices and that the corresponding homogenized
models can be strain-gradient models, i.e., models whose effective elastic energy involves components of the first and the
second gradients of the displacement field. However, in the existing models, there is no coupling between the classical strain
and the strain-gradient terms in the expression of the effective energy. In the present article, under some assumptions on
the positions of the nodes of the unit cell, we show that classical strain and strain-gradient strain terms can be coupled. In
order to illustrate this coupling we compute the homogenized energy of a particular structure which we call asymmetrical
pantographic structure.
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Introduction

On the one hand, macroscopic behavior of elastic composite materials has been widely studied both in the mechanics
as well as in the mathematics literature. From the mathematical point of view, the homogenization of periodic elastic
media with moderate contrast is well founded, see, for instance'%3%. It consists in taking into account the fact that
the size £ of the unit cell is much smaller than the characteristic size L of the whole sample of the material and in
passing to the limit when the ratio € := ¢/ L tends to zero. This approach called asymptotic homogenization has been
widely used to study conduction or elasticity problems in static or dynamic cases'7-28:39:35, The effective behavior
of the periodic elastic medium is characterized explicitly in terms of a local minimization problem set in a rescaled
cell (see formula (3.6) off).

On the other hand, strain-gradient (or second gradient) materials are expected to have an exotic behavior
They are obtained in the literature by using different methods: heuristic homogenization techniques!?1'3:2% and
variational methods®?1531, In articles®153! the second gradient energies obtained involve only the components
of the skew-symmetric part of the gradient of the displacement: the limit models obtained enter the framework of
the so-called couple-stress models.

Recently, in the the static linear elasticity setting, Abdoul-Anziz and Seppecher? have provided, using tools of
I'-convergence, a homogenization result leading to more general strain-gradient energies. They have obtained the
term (0%u1/02%)% in the expression of the limit energy. The presence of this second gradient extensional energy
ensures that the limit model do not enters the framework of couple-stress models. It has also a very interesting
mechanical meaning: it means that a dilatation imposed in a part of the structure tends to spread on the whole
structure.

In the article?, one considers periodic structures made of a single high-rigidity linear elastic material and voids. It
is shown that if the thickness of the bars in the unit cell is of order €2 (¢ being the ratio between the characteristic
length ¢ and the macroscopic size L), the considered structures can be reduced to discrete systems corresponding
to frame lattices. It is then shown that the homogenization of these frame lattices can lead to strain-gradient
models. It can also lead to generalized continua, that are models enriched with extra kinematic variables. The
results of the article? are extended to dimension 3 in® where the algorithm for making explicit the homogenized
energy is described precisely and several examples of generalized continua and second gradient models obtained by
homogenization of frame lattices are given.

It is important to note that the positions of the nodes of the lattices studied in?3 were fixed in the rescaled
periodic cell. It is this seemingly natural assumption that we reconsider in the present article. By doing this we are
able to generalize the results of23 and to get effective energies in which strain-gradient and classical strain terms
are coupled.

Here, the whole study is placed in the framework of static linear elasticity. It is organized as follows. In a first
section we explain the effect of strain-gradient terms on the equilibrium. In particular we show on a simple one
dimensional example the astonishing effect of coupling strain and strain-gradient terms. Then we describe the
particular structure we are interested in: it consists in modifying the pantographic structure which is known to
lead to strain-gradient effects and which has been widely studied in order to make it slightly asymmetrical. This
structure does not enter in the general framework described in2, so that we adapt the latter in the section entitled
“Statement of the homogenization problem” where most of the needed notation is also fixed. In this section an
asymptotic expansion sheds light on the way strain-gradient appears and specially how it can be coupled to classical
strain. Next section is devoted to the main result: the energy identified through the previous formal expansion is
proved to be the I'-limit of the initial elastic energy. Then we come back to the asymmetrical pantographic structure
and check that it fulfills our goal: its effective behavior is indeed of second gradient type with a coupling of classical
strain and strain-gradient terms.

24,36

Strain-gradient models in elasticity

Strain-gradient models describe materials whose energy depends not only on the strain but also on its gradient.
Equivalently, elastic energy density is a function of the strain e(w), that is the symmetric part of the gradient of
the displacement field u, and of the strain-gradient Ve(u). Clearly the components of the strain-gradient can be
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Abdoul-Anziz & al 3

computed from the components of the second gradient VVu of the displacement field. As the inverse is also true,
strain-gradient materials can be equivalently called second gradient materials.

In classical linear elasticity, the elastic energy density is a non-negative quadratic form*

Qle(u) = se(u): A+ e(u) 1)
of the strain where A is the rigidity tensor (symmetric fourth-order tensor: A;jr = Agiij = Ajir) and the stress
tensor is its differential o = A : e(u). In linear strain-gradient elasticity the elastic energy density is a non negative
quadratic form of the strain and its gradient Q(e(u), Ve(u)) = 1e(u) : (A:e(u)) + e(u) : (B Ve(u)) + 1+ Ve(u):
(C :Ve(u)) where C is a symmetric sixth-order tensor (Cjjkimn = Cimnijk = Cjikimn) and B is a fifth-order tensor
(With the symmetry Bijkim = Bjikim = Bijlkm)-

Equilibrium equations under the action of some external body force f are easily recovered from the minimization
of the total energy

wqu)::jQ(Q@quVe@n)_f.u)dm

This is a lower semi-continuous (for instance for the L? topology) functional over the displacement field u and
under suitable coercivity assumptions, the existence of a minimizer is ensured. The variational formulation of the
minimization problem reads

Vv, / (e(u): A:e(v)+e(u): B:Ve(v)+e(v): B:Ve(u)+ Ve(u):C:Ve() — f-v) de =0.
Q

Let us define the third and second-order tensors
H:=B":e(u)+C:Ve(u) and o:= A:e(u)+ B:Ve(u)— div(H), (2)

where BT stands for the transposed tensor: (BT)l-jklm = (B)kimij- Integrating by parts, the Euler equation of the
minimization problem takes, on the interior of the domain, the usual form

div(e) + £ =0 (3)

of equilibrium equation. The fundamental difference with classical elasticity is that, now, the stress tensor o depends
on the second and third-order partial derivatives of w. The boundary conditions are also fundamentally different
from these in classical elasticity: the boundary terms which appear when integrating by parts give the natural free
boundary conditions associated with the model. In case of a smooth domain, they read

(H-n) n=0 and o-n-+div,(H -n),=0. 4)

where n stands for the exterior normal to the domain and div , for the surface divergence operator on the boundary.
We refer to20723 for the interpretation of the first equation in terms of double-forces, the dependence of surface
force on the curvature of the surface (through div, n) as well as the possible presence of edge forces in case of a
non smooth boundary (not presented here). In these articles the case when non vanishing forces or double-forces
are applied on the boundary are detailed and the dual conditions (in terms of imposed displacement and normal
derivative of the displacement) are also considered.

To understand the effect of the different terms and of the boundary conditions on the equilibrium, let us consider,
for the time being, a one-dimensional case: a bar made of a strain-gradient material is fixed at its center while a non
vanishing displacement ug is imposed at its left hand extremity (see Figure 1). Thus the left hand half is expanding
while the right half of the bar is left free. In ordinary (first gradient) elasticity the solution is obvious: the left half

*Throughout this article, we use tensorial notation. Tensor product of vectors and contraction products of tensors are defined, using
Einstein summation convention, by

(a ®b);j :== a;bj, (A B)iy..iy, = Aiy. iy iBjipy.in
(A:B)iy.iyy = Aiy iy kBl jipgy.in (A:B)iy iy = Ady iy ik 1Blkjipyy.in-

TFor any second-order tensor M, notation M, stands for the projection M,/ := M — (M -n) ®n
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of the bar is subjected to a uniform dilatation while the right half remains at rest (see the case £ = 0 in Figure 2a).
For a strain-gradient material the situation is more complex: the dilation tends to propagate in the free right part
of the bar and when a coupling term is present this propagation has its own behavior. Let us perform completely
the minimization of the total energy for this one-dimensional example: the domain Q = (—L, L) is an interval and
the total energy reads

L L
/_L Q' u") dx = /_L (%a(u’(gc))2 + bu' (z)u” (z) + %c(u”(m))Q) dx

c

T and adimensional

under the constraints «(0) =0, u(—L) = up. Introducing the intrinsic length ¢ :=

parameter k := %, the energy is proportional to

5 [ LL (/@) + (0" ) + bl (2))°)

We can see that two terms are in competition: the classical term, proportional to (u)?, tends to minimize the strain
while the other one tends, when k& = 0 to minimize the variation of the strain, that is to favor a constant strain and
when k # 0 to favor an exponentially varying strain. The equilibrium is the solution on (—L,0) and (0, L) of the
linear ordinary differential equation

224" — (1 + k,2)u// -0

with the boundary and continuity conditions u(—L) = ug, fu”(—L) + ku'(—L) =0, 2" (L) — (1 + k*)u/(L) =
0, fu" (L) +ku'(L) =0, w(07) =u(0T) =0, «/(07) =4'(07) and fu”(07) + ku'(07) = £u”(07) + ku/(0T). The
influence of the parameters £ and k over the equilibrium are shown in Figure 2. The effect of length ¢ is clear.
The expansion imposed to the left half decreases exponentially in the free right half. This length is characteristic
of that decreasing. The effect of the adimensional coupling parameter k is more intriguing.

uy —L 0 L

4_*

Figure 1. Imposing an extension on the left half of a bar.

Strain gradient effect Effect of the coupling parameter

f — k=0

05

05

L L L L L L
-1.5 -1 0.5 0 0.5 1 15

(a) Effect of intrinsic length ¢ in absence of coupling (b) Effect of coupling parameter k (¢ = 2)
(k=0)

Figure 2. Displacement field of a strain-gradient bar when extension is imposed on its left half only. In this drawing we have set
L=1and uy=—1.
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Pantographic structures

Even if the results of? give a straightforward procedure for analyzing the strain-gradient effective behavior of
periodic frame lattices, it is not obvious to exhibit structures which actually show such a behavior. Indeed one has
to conceive structures which are able to propagate the strain and, up to now, very few structures are known to
do so. Pantographic structures are among them*°19:27:32-34,36-38 . they Jead through homogenization process to
interesting strain-gradient models. A way for building them is to consider a periodic array of cells made of six nodes,
linked by elastic beams as represented in Figure 3. The “pantographic” beam thus obtained can be used to build 2D
or 3D materials by arranging many parallel pantographic beams and linking them in a suitable way (see Figures 4-5).
Let us be more specific: the considered periodic lattice is made of nodes y; j r),s := €(ys + it1 + jto + kt3) where
ys stands for the position of node s (s € {1,...,6}) in the prototype rescaled cell, 1, to, t3 are three independent
periodicity vectors and i, j and k vary from 1 to e~ (which is assumed to be an integer). Fixing

n= (700 1= (0-3.0) 1=(03.0) w=(550) w=(3-50) w-(700). ©

assuming that, inside each cell, only pairs of nodes (1, 2), (1, 3), (1,4), (1,5), (2,5), (3,4), (4,6), (5,6) are interacting,
assuming that nodes 4 and 5 of each cell are respectively interacting with nodes 3 and 2 of the next cell following
ety (with ¢; = (1,0,0)) and assuming moreover that node 6 of each cell is interacting with both nodes 3 and 2 of
the next cell following et;, we get a pantographic beam as shown in Figure 6. Assuming moreover that node 1 of
each cell is interacting with node 1 of the next cells following ety and et3 (with to = (0, /3, —1) and t3 = (0,/3,1))
we get a 3D structure as shown in Figures 4-5.

Figure 3. Standard pantographic beam

The procedure described in® gives the effective behavior of this structure which can be considered as a micro-
structured material. The homogenized elastic energy is a quadratic functional of the displacement field u. It reads

£(u) = %/Q (w(elg(u))2+a(elg(u))2+'y(611(u))2+f@(((aa;§1)2+ (88;”%2)2))@

under the constraints esa(u) = ess(u) = egz(uw) = 0. The values of material parameters w, o, 7, & are explicit in
terms of the rigidities of the bars the structure is made of. Note also that the second partial derivatives could be
written in terms of the strain-gradient. As noticed in® this energy does not couple strain and strain-gradient. For

such a coupling, a term like
Pur_ our)*
81’% 81'1

would be necessary. As, at equilibrium, the continuum tends to minimizes its energy, the displacement field would
tend to fulfill the equation
82’1111 6'u,1

al‘% B 8%1 -
that is would tend to increase exponentially in the direction ¢;. How could that be possible ? The answer is natural:
modifying the pantograph we just described, making it asymmetrical, must lead to a structure which not only
propagates the dilatation but also modifies it from cell to cell.
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Figure 4.

Figure 5.
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(a) Projection onto the plane (b) Projection onto the plane (e2,e3)

Projections of the 3D structure

However the attempt to simply modify the coordinates of the nodes given in (5) at order O(1) in the rescaled cell
is bound to fail: indeed one would remain in the framework studied in® where it is proved that the homogenized
energy density is the sum of a quadratic form of the strain-gradient due to the extensional rigidities of the bars and
of a quadratic form of the classical strain due to the torsion or bending rigidities of the bars. Hence no coupling can
arise. The remark on which we base our study is that, even though it seems a natural idea, there is no reason for
assuming that the positions y, of the nodes inside the rescaled cell do not depend on . We thus propose to modify

the positions y4 and y5 of nodes 4 and 5 as
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The new pantographic structure is now very slightly asymmetrical as shown in Figure 6 but there is no need to
draw the new 3D structure which remains essentially similar to the one represented in Figures 4-5.

S

€1

Figure 6. Asymmetrical pantographic structure. Nodes 4 and 5 have been slightly moved on the right from their previous
positions (here in red) of Figure 3.

Next section is devoted to the study of the effective properties of periodic lattices when the position of the
nodes in the rescaled cell is allowed still to depend on e. Later on, the homogenization result will be applied to
the asymmetrical pantographic structure we just described and we will indeed verify that the effective model is a
strain-gradient model with coupling.

Statement of the homogenization problem

Considered geometry

We restrict ourselves to 3D structures leading to 3D continuum models. The study of structures leading to 2D or
1D models, that is to membranes, plates and beams can be treated in a very similar way. This has been done in3
for non-coupling cases.

So we consider in R? a periodic structure with three independent vectors of periodicity ¢, 5 and t3. The domain
) is the parallelepiped Q := {x1t; + wots + x3t3 : (71,22, 23) € [0,1]>}. We consider a discrete lattice made of a
finite number of points (called “nodes”) repeated periodically following the vectors ¢;. We use I := (iy,i2,i3) € Z>
to label the different cells of the lattice and s € {1,..., K} to label the different nodes in each cell. The geometry
of the lattice depends on a small parameter? € and the position of node s of cell I is assumed to be of the form

Y7 s = e(Ys + €25 + i1ty +iata +ists), (6)

where (y,) and (z,) are two fixed families of K vectors of R3. The considered lattice is made of those nodes which
lie inside €2 and is therefore divided in £~ cells similar to €.

Note that the role of the parameter ¢ is twofold: first it measures the ratio of the sizes of the periodic cell and of the
considered domain (in that sense, the fact that € is very small is the standard hypothesis on which homogenization
is based); secondly one can see in (6) that it measures the speed of convergence of the nodes positions ys + £z, in
the rescaled prototype cell towards their limit positions y,. Here lies the main difference with previous works??3
where these rescaled positions were assumed not to depend on e.

We introduce y5 := e(i1t1 + iata + igts) as a reference point in the cell I and

75 = {(in,iasis) € (0,27}

the set of indices of the cells of the structure. In the sequel, we will use the notation E[: ; @1, to denote the mean
value of any field ¢; s defined at the nodes of the lattice:

EE%,S = g3 Z Pr,s-
T

Iels

1

tFor sake of simplicity, e~! is assumed to be an integer.
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In order to describe the interactions between the nodes of a generic cell I and the interactions between the nodes
of this cell with the nodes of its 26 closest neighbor cells I + p (actually, due to periodicity, only half of them have
to be considered), we introduce the set

7:) = {(0’ 070)7 (1’ O’ 0)7 (0’ 1’ 0)7 (17 1’ 0)7 (17 _1’ 0)7 (O? 07 1)7 (07 ]‘? 1)7 (170? 1))
(0,1,-1),(-1,0,1),(1,1,1),(1,1,-1),(-1,1,1),(1,-1,1)}
that we identify with {1,...,14}. For any p := (p1,p2,p3) € P we denote p := p1t; + pata + psts the corresponding

vector so that y7,, . = y7 ; + ep. For any pair of distinct nodes (yis, y§+p7s,), we introduce the associated rescaled
length and direction:

- Yisp,s — Y1,
g;,s,s’ =e 1||y§+p,s/ - yis”7 T;,s,s/ = #
P,8,8"
Using (6) we get the expression
€ _ ys'*sterrE(Zs'*Zs)
T, —
[N :
lys —ys + P +e(zs — 25)|
A Taylor series expansion in € gives
T:lis,s’ = Tp,s,s' T EPp,s,s’ + €2C;7s,s” (7)
with ||¢; ;[ < C (C being a constant independent of ¢),
1
Tt = W Y D) s Py = (= Ty ©Ty) (2 — 2, 0
Dy8,8’

and £, s o = |lyss — yYs + p||, where Id stands for the identity tensor.

Mechanical interactions

The nodes of the structure are linked by elastic bars made of a homogeneous isotropic elastic material. These
bars are slender cylinders with circular cross-section whose radius is of the form r® := ¢2, so that flexural and
torsional energies are of order €2 compared to the extensional energy. We will not do here the asymptotic study of
slender cylinders for which extension, bending and torsional rigidities can be found in many mechanics textbooks,
for instance in2%. We will neither do the integration along the bars (see?) which reduces to a quadratic energy
involving rigid motions associated to the two interacting nodes. Instead we will start directly from this quadratic
interaction energy. Any node of the structure is endowed with a rigid motion, that is a couple of vectors (U; s, 071 .5)
(remember that in small deformations, rotations are represented by vectors). Hence the kinematics of the structure
is represented by the two families of vectors (i.e. discrete fields) U := (Uy ) and 0 := (07 5).

For any interacting pair of distinct nodes ((I, s), (I +p, s’)), we introduce the extension and the global rotation
of the bar by setting respectively

UI+P,S’ — UI,S € o U1+p,s’ - UI,s

(Pudtpssr = LS e and (@) =

X TS o gt
elp,s,s e
Since the bar linking the nodes (I,s) and (I +p,s’) is elastic, an energy proportional to (pu)%p,w, is needed
for extending it while the energy needed to bend and twist it is a quadratic form of (a,) Ipss — 01s and
(au)l,p,s,s/ - 01+p,s’~

Let us denote A C P x {1,..., K}? the set of indices (p, s, s’) such that nodes (I, s) and (I + p,s’) are linked by
a bar. Without loss of generality, we assume that a cell is in interaction only with its closest neighbors. Indeed, the
periodic cell can always been chosen large enough for this assumption to be satisfied as illustrated in Figure 7.

We are not interested in disconnected structures. We make, like in?3, the “connectedness assumption” that the
bars connect all the nodes of the lattice. More precisely’ we assume that, for any p € P and any (s, s') € {1,...,K}?,
there exist a finite path in the structure which connects the node (I, s) to the node (I 4 p, s’) that is a finite sequence

8For nodes (I,s) and (I + p,s’) lying sufficiently inside 2, the joining path which is assumed to be independent of I, lies inside €2 and
connectedness is thus assured. Some nodes lying near the boundary may remain disconnected from the structure. In that case, such
nodes must be deleted otherwise compactness could not be assured.
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(a) Long-range interactions: 16 cells (b) Interactions between neighboring cells (blue lines): 4 cells
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Figure 7. Two points of view for describing the same lattice: In figure (a), we have a “small cell” with long-range interactions
while in figure (b) we have chosen the cell large enough for our “next cell hypothesis” to be satisfied.

($15.-+,8p41) iIn {1,..., K}, (p1,...,pr) In P, (€1,...,€6) in {—1,1} such that sy = s, 5,41 =5, > .,_, &Pi = P,

€ >0 = (pi,Si,Si_H) eA and € <0 = (pi75i+175i) €A

The global extensional energy reads

— Ap s,s'
B.(U) =2 B ()3 st (9)

2
I (p,s,s’)EA
Here g3
YVrBe
ap’s,s/ = é } (10)
D,5,8

where ) stands for the Young modulus of the material the bars are made of. We assume that the Young modulus
is of order 72, This simply means that we have chosen the energy unit in such a way that the positive coefficients
ap,s,s' are of order one.

The global bending/torsional energy reads

B s,s’
FE(U7 0) = j_—: |:(01,S - (a’u)l,p,s,s’) ’ P# ’ (61’5 - (au)l,p,s,s/)
I (p,s,s’)EA
+ (01,5 - (au)l,p,s,s’) Chs,s - (01+P75/ - (au)l,p,s,s’)
D,
+ (01"1‘;073/ - (au)I,p,s7s’) ' % ' (01+p75/ - <au)1717y573/):| . (11)
Here
3+ 4v Apos s 34+ 2v
Byss = Dy = Bapss (Id Ty © Tp,s,s') » Cpssr = ﬁZ% <Id ~ ooy Thee @ Tp,s,s/> ;

where v is the Poisson ratio of the material the bars are made of. For any (p,s,s’) € A, the block matrix

By Cps,s
is positive.
T
Cp,s,s’ DP7573/

To summarize, the total elastic energy of the considered structure reads

£.(U,0) = E.(U) + F.(U,0). (12)

We associate to any sequence U* the families of vectors m3, v7 ; and x7 , defined by

K
1 _ _
mii= =Y Ui, vi = (U, —mi), X, = e (miy, - m) (13)
s=1
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and the family of real numbers wf , . ., defined by

{SQ(UIEHW’ —U;i,) T5.o if(ps,s) €A, (14)

w5 —
I~ ! e .
P58 otherwise.

Using this notation, we can rewrite the two addends E.(U¢) and F.(U?¢, 6°) of the total elastic energy £.(U¢, 6°)
under the following forms:

— _ a. ,S, ’ 2

EE(UE) = EE(UE7 XE) =& 2 E: Z P25 . ((vier,s/ UI s + XI p) p s,s’ ) ’ (15)

I (p,s,;s')eA
_ B ,
F.(U%,6°) = F.(v°, X", 6°) = X > [( o= (@) ) - 2 (07— (@ ) 1)
I (p,s,;s)eA
(85— (@5 1) Con - (851 — 08 1) a9
D, ..

( I+p,s’ — ,X)Im,s,S’) ’ %( ?-&-p,S’ - (ai,x)Lp,s,S’)}’

€ TPE,&S' £ € £

where (amx)I;P;&S' = X (U1+p,s’ —Vrs + Xl,p)'
D,S,s’

Asymptotic expansion

In order to guess the limit of £, as ¢ tends to zero, let us first compute the limit of £.(U*¢, %) for particular sequences
of displacement fields of the form

U . == u(yi) + evs(yi) + e*ws(yj) and 67 = 0,(y]) (17)

where u, vg, wg, O are smooth functions satisfying Zﬁil Vs = Eﬁil ws = 0. Remind that y7 is the reference point

in cell 1. We still associate to (U¢, 6) the quantities m7, vi ,, x7, and w7, . as in (13) and (14). We have
mi = u(yp), vi, = vs(y) +ews(yy),

X7, =¢ '(u(yry,) —u(ys) = Vu(y;) -p+ %VVU(y?) (p®@p) + O(?)
and
v?—i—p,s’ - v;,s = Uy (yi-&-p) — Vs (y?) =+ 8(ws/(y§+p) - ws(yi))
= (v (Yi1p) — Vo (y7)) + (ver (¥]) — vs(y7)) + e(we (Y71,) — wa(y7))
=eVou(y7) - p+ve(y7) — vs(y7) + 5(ws/ (yi-&-p) - wS(yf)) + 0(52)-

Hence (vi,, o — V7 +X7,) Tpeo = (Vu(y]) - p+vs(y7) — vs(y7)) - Tps,s +O(e) and the extensional energy
E.(U¢) cannot remain finite unless the functions u and v, satisfy the constraint

(Vu-p+uvy —vs)  Tps s =0. (18)
So now we restrict ourselves to functions satisfying (18). In that case we get

(Vigp,sr = V1s T X0p) " T, pss’:( VVu(yj): (p@ p) +eVuy (yE)~p+6('ws/(y?)—ws(y?)))-Tp,s,s/
+e(Vu(y)) - p+ v (y]) — vs(y])  pps.s +O(E%),

with p, s & defined in (8). By Riemann sum,

ap,s,s’ e 2
EhL%E ( = Ehj%g j: Z p2 ((vl-&-p,s/ vI ,5 + XI p) p s,s’ )
(p,s,s’
Qp,s,s' 1
/ Z N ( (2VW(UB> Hp@p)+ Vos () p+wy(w) - ws(m)) Ths.s’
(p,s,s’

2
+ (Vu(z) - p+ vy (z) —vs(x)) ~ppysysl> dx.
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In order to write this result in a more synthetic way, let us fix some notation. For any functions u, vs and w;s in
L2(R3), we set in the sense of distributions, for any¥ (p,s) € P x {1,..., K},

(Mu)ps = V-, (19)
(Eun)ys = Vo, P+ 5 VVu: (p© ) (20)
and we define
Blw v i= [ 30 (w0 w4 ) Ty (0 =0t ) pp) dw (2)
(p,s,s")eA

Using this notation, the previous limit reads lim._g E.(v¢,x%) = E(w,&y.4,v,Mm,) and constraint (18) can be
written E(v,7s,,0,0) = 0.

Computing the bending-torsion energy is simpler: we have

£
T
€ P,S,s’

_ Tp,s,s’
v,x)[%sas/ - g

(a

X (Vijps —VistX7,p) = x (vs (Y1) — vs(y7) + Vu(y) - p) + O(e).

D,s,s’ EES;S’

Tp,s,s’

Therefore, setting (0ty ., )p,s,s = X (Vg — Vs + (Nu)p,s) and

gp,s,s’

F(/l]?n’e) = / Z ((05 - (a'l’-,n)p,s,s’) : % ! (95 - (av,n)p,s,s/)

Q2 (p,s,s’)EA
+ (03 - (av,n)pﬁ’s/) : Cp,s,s' . (05’ - (av,n)p7s7s/)
Dp,s,s’
+ (93/ — (avv"l)p,s,s/) . T . (Os/ - (avvn)p,s,s/) dx (22)

we get lim. o F.(U®,6°) = F(v,1n4,0).

~ To conclude, the limit of the elastic energy & (U*,6°) is E(w,&yv,v,m) + F(v,1my,0) under the constraint
E(v,M4,0,0) = 0. At this point the reader may consider that the effective behavior of the structure has been
ascertained. That is not quite true as sequences of equilibrium solutions have no reason to fulfill the assumption

(17). Tt remains to prove that the result remains true in the general case.

Homogenization framework

To state a homogenization result one has to fix the relationship between sequences of equilibrium displacement fields
and their macroscopic limits. In the standard case this relationship is natural: all displacement fields belong to the
same functional space (for instance L2(2)) and their limit is taken is the sense of a suitable topology on this space.
We cannot do that here, as, for different values of ¢, the displacement field is defined on different sets of nodes.
Moreover at fixed e the displacement field is a finite family of vectors while we expect the effective displacement
field to be a continuous function on 2.

A usual way for transferring the problem on a fixed functional space is to introduce an extension over €2 of the
fields which are defined only at the nodes of the structure. As such an extension is somehow arbitrary, we prefer
to see the displacement field at fixed € as a discrete measure and to define its continuous limit as the diffuse limit
measure.

Definition 1. Let Z° = (Z5)1ez= be a sequence of families of real numbers. We say that Z° converges to a
measurable function z, and we write Z° — z, when the following weak-* convergence of measures holds:

}: 256y x(x) da (23)
I

where dys stands for the Dirac measure at the point y7. This definition is extended to vector fields by applying it
component-wise.

TNote that (14)p,s actually does not depend on s. It is introduced in this way because the expression of the limit energy is simpler
when 7)., and €., share the same tensorial nature.
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Remark 1. The convergence (23) means that, for any continuous function ¢ on ), the following limit relation
holds true:

hmﬁjm ) / 2(@)p() dx. (24)

When applied to sequences (Z¢) that satisfy EI:IHZfHQ < C where C is a constant independent on e, this notion of
convergence ensures the existence of some function z € L*() such that, up to a sub-sequence, (Z¢) converges to z
(see Lemma 10.1 in'%). In view of the relation (24), we note that we can replace in (23) the Dirac measure dy: by
dys , or even Oys . Indeed, for any continuous function ¢, we have O(Yiips) — Y7 s) =o(1).

Remark 2. When it holds for any s € {1,..., K}, the convergence of measures ZE — z4 is closely related to the
notion of two-scale convergence developed by Nguetseng?® and Allaire®. The discrete variable s plays the role of the
fast variable. In that case, for any convex lower semi-continuous function ® we have

K K
o 1 . 1
llirigélf il 74 SEZI ®(Z7,) = /Q@ (K SEZI zs(a:)> dex. (25)

see Lemma 3.1 in'!

Remark 3. If Z¢ stands for a family (Z5)5 | and if, for any s € {1,..., K}, Z¢ — z we simply write Z° — z
as no confuszon can arise. Equation (25) in the previous remark then reduces to liminf. .o E{:I % Zf:1 (737 ,) >

Jo @ ) d. N

The goal of homogenization is the determination of an elastic problem whose solution is the limit of the equilibrium
states when ¢ tends to zero. A unique homogenized energy is expected to determine the effective elastic problem
under the action of diverse external forces. The notion of I'-convergence is one of the suitable tool for that aim.

Definition 2. The sequence of energies & is said to I'-converge to £ if
i) for any family U® of displacements at the nodes of the structure,

U - u—= limi(l)nfc‘fg(UE) > E(u)
E—r

it) for any u, there exists a family U® such that
U —u and limsup&(U®) < E(u).

e—0

We refer to!41® for the definition and properties of I'-convergence. The two most important properties for our
purpose are the following: (i) provided that sequences (U¢) with bounded energy (£.(U°¢) < M) are relatively
compact for the chosen convergence, then minimizers of £ converge to a minimizer of &; (ii) provided that a given
external force potential is a continuous perturbation of the elastic energy, one can add this potential to the elastic
energy and recover the same potential in the limit energy. Let us assume that external forces F} are applied at
the nodes yj ; of the structure and are of the type F} = €3F(y1 1) where F is a continuous vector function. The
associated potential satisfies

. e . e _ 1 5 . € _ — .
gl_{%;Fl Ura ;%HI:F(:UI,I) Ur, = hm F EI:UM v; () /QF(fB) u(x) d.

as soon as U® — u and therefore is a continuous perturbation. A consequence of the two aforementioned
properties is that the equilibrium displacement family U¢ under the action of Fy, converges to a minimum of
— [ F (z) dz. Of course, the same also holds for other nodes y7 , with s # 1.

So I- convergence allows to study the homogenization of our structure without taking into account external forces.
In that sense it follows closely the intuitive notion of effective behavior.

Note however that the action of more oscillating external forces as well as the action of forces concentrated
along the boundary are not encompassed by the present results that must therefore be adapted to these cases. It
is also,the case if the displacement is imposed on some nodes (on the boundary or not) of the structure. Therefore
the particular problem in the section entitled “strain-gradient models in elasticity” and represented in Figure 1
does not rigorously enter the scope of our result: we have chosen it for illustrative purposes and the reader may
be confident that sufficiently concentrated but diffuse forces at the vicinity of the points where the displacement is
imposed would lead to solutions close to the ones presented in Figure 2.
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Homogenization result

In this section we seek the I'-limit € of the sequence of functionals & defined in (12). We consider free boundary
conditions. In this case, the equilibrium of the structure can be reached only when the applied external forces
are balanced and the solution of equilibrium problems is defined up to a global rigid motion. In order to ensure
uniqueness of the equilibrium solution, we forbid a global rigid motion by assuming

}EU;,I —0 and }[:0;1 —0. (26)
I I

This condition, which in the sequel is referred to as the “zero mean rigid motion” assumptionl!, is taken into account
in the energy by setting . (U¢, 0°) = +oo whenever it is not satisfied.

We extend the functionals E and F defined in (21) and (22) onto whole L2(f2) by setting E = 400 or F' = +00
whenever the integrands are not square integrable. The homogenized energy corresponding to the microscopic energy
&, is provided by the following theorem.

Theorem 1. The sequence of energies E. defined in (12) I'-converges to the energy £ defined by

E(u) := inf {E(w,{u,v,'v,nu) + F(v,14,0) : E(v,1,,0,0) =0, / 0:1(x)dr = 0} (27)
Q

w,v,0

if [qu(x)dx =0, and E(u) := +o00 otherwise, where Ny, &u,» are the quantities defined in (19) and (20). Here the
infimum is taken on all functions w, v and 6 in L%(Q). More precisely we have

(i) (Compactness) For all sequences (U®, 0%) with bounded energy (i.e. E.(U®,0°) < M), there exist w and 0 such
that, up to a sub-sequence, U — u and 6° — 0.

(i1) (Lower bound) For all sequences (U®,0°%) such that U¢ — u and 6° — 0, we have

liminf & (U*, 0°%) > E(u).
e—0

(i11) (Upper bound) For any u satisfying E(u) < 400, there exists a sequence (U, 0%) such that

U —u and limsup& (U%,0°%) < E(u).

e—0

The next subsections are devoted to the proof of this theorem.

Compactness of sequences with bounded energy

In this subsection, we prove point (i) of Theorem 1, that is the relative compactness of sequences (U*¢,0%) with
bounded energy. We also prove the relative compactness of the associated sequences m®, v¢, x°, Wy s defined in
(13) and (14). This compactness result is necessary to ensure that any sequence of minima of £, (U*®, 8°) converges
towards a minimum of £(u).

The next lemma is a discrete version of the Korn inequality. Its proof is essentially based on the classical Korn
inequality applied to an affine interpolation of the nodes displacements.

Lemma 1. There exists a positive constant C' depending only on § such that, for any sequence of families (U5 ) reze,
(05)1ez= satisfying, for any p € P,

Us;, —-U;
Sovi -0 Xoi-0. X[t o xp
I I I
U;, —-U;
Sleile <. 3[R
I I €

2
<1, (28)

one has

<C and }tHU;H? <cC. (29)
I

IThe choice of the node 1 in this assumption is arbitrary. A mean value of the displacements of all node could have been chosen instead.
Rotation could have alternatively been forbidden by imposing a condition on the displacements.
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Proof. Here C is a positive constant (depending only on §2) whose value may vary from line to line.

We first divide Q into e~2 small parallelepipeds Q5 := y$ + Q2. Then we divide each Q5 into six tetrahedra by
considering the six different triplets (p;, p;, px) of distinct directions in {t1,t2,ts} and the associated tetrahedra
with vertices (Y7, Y71 p,» YT tp,4p, > Yitpitn;+p)- ON €ach tetrahedron we define the affine interpolation U° of U® by
setting forany 0 < 2z <y <z <1,

us(yi + E(xpz + Yp; + Zpk)) = (1 - l')U; + (.’E - ?J)lj}s%»pI + (y - Z)Ula+pi+pj + ZUIE+pi+pj+pk'

Checking that this piecewise affine function belongs to H' () is straightforward. Moreover, there exists a constant
C such that

11 1
e ) = ettt bt Y [ [ 0w et v+ ep)) P e dy ez CLIUFE 30
rer. /o Jo Jo T
In the tetrahedron (y5, Yltp Yitpitn; y§+pi+pj+pk) we have

eVU*® = (U;+pi - UIE) ®p;k + (U;+pi+pj - UIE+pi) ®p; + (Ulg+pi+pj+pk - UI£+pi+pj) ®p27 (31)

where (p}, j2e p;,) is the dual basis corresponding to (p;, p;, px). Therefore, denoting by e(U4°) the symmetric part
of VUE, the following equalities hold:

ee(U°) : (pi @ pi) = (UIE—‘,-pi —Uj — €07 x p;) - pi,

ee(U): (p; @ pj) = (UIE+pi+pj - U}Eﬂn — 05 x pj) - pj,

ee(U) : (P ®Pr) = (Ul pitp4pe — Ulspitp, — €07 X Pr) - Pk,

ee(U): (pi @pj +pj ®pi) = (Ufyy, —Uf —e07 X pi) - pj + (Ul 4p, — Uiy, — €67 X pj) - P,
ee(U) : (pi @ pr + P @ pi) = (U, — Ui — €67 x pi) - pi;

+ (UIE+pi+pj+pk- - UIE+Pi+Pj — €07 X pr) - pi
ee(U?) : (P @ pr + P @ Pj) = (Ul yp,ip, — Ulpp, — €07 X Pj) - P
+ <UI€+Pi+pj+pk - U16+pi+pj — €07 X pi) - P,
where we have used the identity (65 x p) - g + (05 x q) - p = 0 with p, ¢ € {p;, p;,Pr}. Asp; @ P;, P; @ Dj, Pk ® P,

(pi @p; +p; ®Di), (Pi @ P + Pr @ Di), (Pj @ Pk + Pr ® p;j) make a basis for symmetric matrices, then by using
(28) and summing over all parallelepipeds 27, we obtain that ||e(4¢) H%Q(Q) < C. We can use classical Korn inequality

on 2 (see Theorem 2.5 in3%): there exist a constant C' and a global rigid motion R®(y) := a® + B¢ - y (where a® is
a constant vector and B¢ is a skew-symmetric matrix) such that [/ — R5||§{1(Q) <C.
In particular we have

VU — B |72 < C. (32)
From (31) and (32), we get for any direction p;, the inequality
Us,, —Us 2
}EHHP;I—BE'M <C (33)
I

which, together with assumption (28), gives using Jensen and triangle inequalities,
| X0 (B pi— 67 p0)
I

2
We obtain HBE P — EI:I 05 - p;|| < C which, since }EI 05 = 0, reduces to | B - p;||* < C. Going back to (34) we
obtain }I: ;165 x p;||* < C. These two inequalities, being true for any direction p;, we deduce that

2
‘ SXHBE-pi—B? x pi||? < C. (34)
I

|BEIP < and Y652 < C. (35)
I
Using again the triangle inequality and inequality (33), we obtain the second desired bound:
Us,, - U |
X H ) <c (36)
I
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On the other hand, it is clear that /* — R® is the affine interpolation of U7 — R® - y7. We can then apply inequality
(30) to these functions. This gives

O IUF = Ryl < U~ RE g
I

and thus XI |U: — R® - y5||?> < C. Using again Jensen inequality and the assumption EI:I Us =0, we get ||R®-
(X7 ¥5)|I> < C and thus ||[R¥||? < C. This leads to the last desired bound:

MIui|? < c. (37)
I

This concludes the proof of the lemma.

Lemma 2. Compactness. Let (U®,0°) be a sequence of displacements satisfying E(U*=,0°) < C and with zero

mean rigid motion as in (26). Then the sequences (}EI||UI€75||2), (XI 165 , ) (EEI |ms || ) (IIHU?,5||2>7
(XIHX?;;HQ) and (Xj(wip_’s’sl)Q) are bounded.

Proof. Here C is a constant independent of ¢ whose value may vary from line to line.
The inequality £ (U=, 0°) < C implies that E.(U®) < C and F.(U¢,0°) < C. The first bound E.(U¢) < C leads

directly to

Ui ,.—Us, 2

S wh g = 3 (PP ) < (39)
1 1

We first consider any (p, s,s’) in A. The second bound F.(U*®, 6°) < C implies

U:,, . — Ui, |
j:‘ele pes’ % SC (39)
I 6 p7S7S,
and )
Ulips — Ul
X‘ I+ps’_ pss’ % SC (40)
P,8,8"
Using the triangle inequality, then (39) and (40) yield
N5 40 = 65112 < C
I
Now let us consider any (p,s,s’) in P x {1,..., K}?. Owing to the connectedness assumption we consider the
path (s, D, €)i=1,..» connecting nodes (I, s) and (I +p,s’). We set p; := Zl 1 €pi. Using the triangle inequality,
we get
N5 45,0, — 65l < C. (41)
I
Hence, from (39) or (40), we can deduce
Uiy ~Ui,s ’
i+1,5;5 18]
O [l e 0| < (42)
I Dj»S5,8j+1

Let us set ﬁf7s,J7s, =Uj5, — 07, % (Y5 — Yi) so that

rre rre 778 € 5 €
UI,S,J+P,S” - UI,S,J,S’ - UJ+p,S” - UI,S’ - EZZLS',S” 01,5 X Tp,s',s"

Then inequality (42) yields

2

<C.

X

el Pj,S8j,8j+1
I

[7e _T7e
UI7S;I+ﬁj+17Sj+1 ULSJ""ﬁjysj « T
Dj»S5,8j+1
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Since (38) also implies that

<0,

—2 rre rre €
€ 2 : H <U1757[+I3j+1»3j+1 U17571+15ja3j> Tpjosisit1
I

_ 2
we get 72 EI:I “U;a371+ﬁj+lasj+l - UiS,HﬁHth < C which leads, still using the triangle inequality, to

2
<C,

-2 § : rre rre
€ HUI,S,I—i-p,s’ - UI,s,I,s
I

or equivalently to

2
672 X ”UIE-&-p,s/ - UIE,s - 0;,(9 X (yi—&-p,s/ - y?,s) < C. (43)
I
We focus temporarily on the particular case s = s’ = 1 which reads
Us _Us 2
}: ’”’“8“—0?1><p <c. (44)

I

Applying Lemma 1 we obtain }I:IHBil |2 < C. Owing to (41) this bound extends to any s € {1,..., K}:
S5, < ¢ (45)
T

Using inequality (43), we obtain for any (p, s,s’) € P x {1,..., K}?,

YW ~UrI < C (46)
T
As Lemma 1 also gives Y, |Uf || < C, we get for any s € {1,..., K}, by choosing p =0 and s’ = 1,
YIui.? <. (47)
1

Taking the mean value with respect to s in (47) and (46) (with p = 0) we get respectively

Mlmil2 < ¢, M2 <. (48)
I I

and taking the mean value with respect to s and s’ in (46), we get
Ml 12 < €. (49)
ji
The proof is concluded by collecting (38), (45), (47), (48) and (49).

Properties of the double-scale limits

The estimates established in Lemma 2 imply that for any sequence (U¢,0°) with bounded energy, there exist
functions 0, u, v, X, and wp 5 & in L*(Q) such that, for any s € {1,..., K} and up to sub-sequences,
0; —0,, m* —~u, v;—v,, xX; —~Xp and W, o — Wy (50)

In the following lemma we establish some properties of these limits.

Lemma 3. Let (U¢,0°) be a sequence such that E(U®,0%) < C. We have

K
U — u, /udsz, /Hld:c:(), sz:() and xp=Vu-p. (51)
Q Q

s=1

Moreover there exist some fields ws and X in L?(R3) such that, for any (p,s,s’) € A,

1
Wps,s' = ('ws/ —ws; +V(vy +A)-p+ §VVU :(p ®p)) “Tps,s' T (Vs —vs +VUu-p)-ppso. (52)
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Proof. The convergence of v¢ — vy implies that (US — m®) — 0 and so, for any s, U — u. The assumptions
;Ui =0 and Y ;05, =0 also hold in the limit and give [,udx =0 and [,6; dz=0. The fact that

ZK 1 V7 s = 0 clearly implies that Z _, Vs(x) = 0. For any smooth test field ¢ with compact support in 2, we
have

/ﬂ %o(@) - p(@) dae = lim Y e (ms,, — m) - o(u5)
I

We deduce that x, = Vu - p.
In order to characterize the limit wy, o, we introduce the set D4 of families of distributions in H ~1(R3) defined
by
Dy = {thps,s = (Wy —ws+ VA-p) -7, such that (p,s,s') € A, w, € L*(R®), A € L*(R?)} .

Its orthogonal D4~ is the set of families (fp,s,s') (p,s,s")c.a Of functions in H'(R?) such that, for all ¢, sy € Da,
Z(p’s,s/)eAﬁ/Jp,s,s/,¢p,s75/> = 0. Let us remark that, for any ¢ € D4’ we have

Z (V(z)p,s,s/ . p) Tp,s,s’ = 07 (53)

(p,s,s")€A

and for any w = (wy)s—1, x € (L}(R3;R?))K

Z (wer — Ws) - Tps,5') Gp,s,s» = 0. (54)

(p,s,s')€A

We extend ¢ by setting ¢, s » = 0 whenever (p, s, s’) ¢ A. Then we can rewrite the equation (54) as

Z (Tp,s,s’¢p,s,s/ - Tp,s’,s¢p,s’,s) = 0. (55)

(p,s,s’)

On the one hand, we have

Z wp,sysl(w) ¢P,S,S diB = lim E: Z UIer s’ UIE,S) (¢p 8,8’ (yl) p s,s’ )

Q - e—0
(p,s,8")EA I (p,s,s)€A

On the other hand, using functions ¢, s »+ satisfying (53) and (55) and using the decomposition (7) of 75 we

p,s,s’
obtain

Z 672(U16+p,s' - UIE,s) ’ (¢p,s,s’ (y?) T;,s,s')

I (ps;s')eA

=N Y (T W —vi) + M, — M) - (G (95 T )

I (p,s,s’)EA

S Y W v+ miey, i) (G () T
I (p,s,s’)EA

A Y g — v+ mEy — mi) - (G W) )
I (p,s,s’)EA

+2: Z E(U?+p,s’ —’UiS-FE_l(m?er—m )) (¢P55 (yI) pss)
I (p,s,s')eA

It is clear that the third addend in the last sum tends to zero, since ¢, . is bounded and v7 , ., — v, +
5’1(m§+p —mj5) tends to vy (z) — vs(x) + Vu(x) -p ase — 0.
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Let us estimate separately the remaining two addends. To that aim we restrict ourselves to smooth functions
@p,s,s» With compact support in 2. Owing to Remark 1, we get

i, 2[: Z "’I+p s ”1 ste€ l(me m3)) - (p,s,s' (Y7) Pp.s.s')

e—0
(p,s,s’)EA
= Y (vol@) = vu(@) + V(@) P, (Gpss (@) ppss)).
(p,s,s’)EA
Using (54), the first addend becomes

Y (e Wi — V5 + e 2(MS e, — mS)) - (Dpss () Thrsus)
(p,s s’)G.A

= Y (T Wy — Vi) e (W5 — v5) e Ay, — M) - (S (YT) Thrss)

(p,s,s")EA

_ —1/,,e £ 5 -2 £ € 5

- Z € (Vigps — Vo) (Dps,s (YT) Tps,sr) + Z e (miy, —m7) - (Dps.s (YT) Tpos,s)-
(p,s,s")€EA (p,s,s')€A

The first term yields

i S > e (W~ 05) - (B (Y1) )

e—0
I (p,s,s')eA

=i Y i T G (W) — G (U1) Thus)

=i Y vi [V ) P T +0G)

I (ps;s')eA

= Z <Us( ) (=Vp,s,s(x) - p)Tp,s,S’)>

(p,s,s’)EA
= Y (@) P Gy (@) Tps))-
(p,s,s’)EA

For the second term, using (53) we get

lim S > e Hmi, — ) - (G (U1) )

=0 I (p,s,s’)EA
—tm Y Y e mi e (G (Wiy) — Gy (U) T
I (p,s,s’")EA
- i%jl:( 2:) my - [( - 5_1V¢p7s,8’ (¥7)-p+ %VV(bp,s,S’ (y7): (p ®p)) Tp,s,S’} +O(e)
p,s,s’)EA
i Y mi [(5YV0n ) (0@ D) )] +0E)
e—0 2 P8 AIL P55
I (p,s,s’)EA
© Tt (5Tt )
(p,s,s’)EA
= Z <%VVU($) (P P), (dps,s (w)Tp7s,S’>>~
(p,s,s’)EA

The previous results prove that the distribution
1
Wp,s,s" — (Vvs/ -p+ §VVU (p ®p)) “Tpss — (Vs —Vs+VU-Dp) - ppoo

is orthogonal to all smooth functions in D4* with compact support in Q. As such functions are dense in D4, there
exist some fields ws and X in L?(R?;R3) such that, for any (p, s, s') € A,

1
Wp,s,s" = ('ws/ —ws; +V(vy +A)-p+ §VVu: (p ®p)> Tps,s + (Vs — Vs +VU-D) - Ppss.

This concludes the proof of the lemma.
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Proof of the homogenization result

(i) Lower bound: Let (U¢, 8%) be a sequence such that U* — u and 6° — 0. If £.(U*¢, %) = 400, there is nothing

to prove We then assume that £ (U<,6°) < C. From Lemma 3 we know that the constraints [, 61 (x)dz = 0 and

fﬂ x)dx = 0 are satisfied. From the same lemma we know that v5 converges to some v, and that x; — 7.. As
(U € ) is bounded, then e? E.(U¢) tends to zero. By virtue of Remark 2, we have

0= limi(r)lf(EQEE(Us)) = hmlnf(e E.(v*,Xx%)) > E(v,14,0,0)
E—r

e—0

which gives the constraint E£(v,,,,0,0) = 0.
Definition (14) allows us to rewrite E.(U¢) as EI:I Z(p 5,5)EA p2 ~(w$ P55’ .)2. Therefore, using (50), (51), (52),
Remarks 1 and 2, we get

lim iélf(EE(’UiXE) + F.(v5,x%,0%) > E(w, Eupin, 0, M) + F(v,M4,0)
e—
Z infe{E(w7€u,v+>\a v, nu) + F(Uv Nu, 0)} (56)

We obtain the desired inequality by noticing that F(v—Xn.,0)=F(v,m,,0) and E(v+ X,1,,0,0) =
E(v7 nu’ O’ O) = O.

(ii) Upper bound: By a density argument, it is enough to consider a function v € C*°(Q) such that £(u) < +o0.
In virtue of coercivity and lower semi-continuity of the functionals F and F, we can introduce the fields
(v, w,0) belonging to C*(2) such that £(u) = E(w, £uv,v,1Mu) + F(v,14,0), E(v,14,0,0) =0, [,u(x)de =0
and fQ 01 (x) dx = 0. As the constraint E(v,n,,0,0) = 0 is equivalent to equation (18), we can apply the results of
the asymptotlc expansion which state that

Elii%ga(UEa 06) = E('w, Su,va v, nu) + F(’U, N, 9) = g(u)
where U¢ and 6° are defined by

U , = u(y7) + evs(y7) + *ws(y7) and 67, := 0,(y5). (57)

However we must modify such families in order to fulfill the constraints EI: Ui, =0and EI: 7071 = 0. This is easy
to do: as the functions u, v, wi, 61 are smooth and satisfy fQ x)dx =0 and fQ 0:(x)dx = O the quantities

M= X (uw) + evn(uh) +wn(v7)) and £ = Y 04(0)

I

are O(g). We now redefine U¢ and 6° by setting
Ui, = u(yj) + evs(y7) + *ws(yf) — M° and 65, = 0,(yj) — t°. (58)

It is clear that Y, Ui, = X; 07, = 0 and that the limits U® — u and 6 — 6 still hold. As the energy £°(U*, 67)
is invariant by the addition of a rigid motion we still have lim._,o £5(U¢, 0°) = E(u). O

Explicit computation of the homogenized energy

Cell problems

In the homogenized energy we obtained, i.e.,

E(u) = inf {B(w,&uo,,10) + F(v,74,0) : E(v,m4,0,0) = 0},
one has to compute the minimum with respect to three extra kinematic variables w, v, 8. Let us explain how that
can be done.

We first remark that no partial derivative of w appears in the expression of E(w, &u,v,V,My). Thus the
minimization with respect to w is a local cell problem in which &, +, v, 1., are three vectorial parameters. The linear
problem associated with the finite dimensional unknown w can easily be solved. Similarly, no partial derivative of
0 appears in the expression of F(v,1n,,,0). The minimization with respect to @ is a local cell problem in which 1,

Prepared using sagej.cls



20 Journal Title XX(X)

is a vectorial parameter. Again the linear problem associated with the finite dimensional unknown 6 can easily be
solved.

Minimizing with respect to v is more subtle. The constraint E(v,n,,,0,0) = 0 imposes v to minimize £(v, 1y, 0,0)
and this problem can be solved like the two first ones. The unknown v depends linearly on the “parameter” m,,
(or equivalently on V) up to an element of the kernel of the functional E(v,n,,0,0). Indeed, this kernel is never
trivial as it contains at least the uniform fields (i.e. the families (vs) which do not depend on s) but it may be much
larger. Hence we get a linear operator L such that v = L - Vu + X, where X is any field in (L2(£2; R?))¥ with values
in the kernel of E(v,1,,0,0). A first consequence is that the constraint E(wv,n,,,0,0) =0 leads to the following
constraint on Vu:

E(L-Vu,m,,0,0) =0

Then we can replace w, @ and v by the solutions of these cell problems. The definition (19) of 7, and the
dependence of &, , on Vo through (20) imply that the homogenized energy can be written as a quadratic functional
of Vu, VVu, A and VA or equivalently of e(u), Ve(u), A and VA:

flw) = nf /Q Qle(w), Ve(u), A, V), (59)
where @ is a non negative quadratic form.

An extra kinematic variable X still remains in the expression (59) but the minimization with respect to this
variable cannot be performed locally as its gradient is involved. Indeed, many examples provided in® show that
the effective behavior of frame lattices may correspond to materials which must be described in terms of extra
kinematic variables (e.g. Cosserat, Timoshenko or Reissner models). Then, in general the limit model obtained
is both a generalized continuum model and a second gradient model®. The variable A can be interpreted as a
microadjustement.

A general algorithm for making explicit the homogenized energy €(u) has been given in?® for the particular case
where z; = 0. The procedure is quite similar in the more general case that we consider here. Only the canonical
form of the functional energy E has to be modified as the expression of the limit extensional energy E obtained
here is different from the one obtained in?.

Back to the asymmetrical pantographic structure

The asymmetrical structure described in the third section enters our general description of lattices. The family (y;)
is the one defined in (5). Family (z;) is

zZ1=22=23=26=0, z4=25=(0,0). (60)
Considering the mechanical interactions which were described and drawn in Figures 4-5-6 implies that coefficients

a11,2, A1,1,3, A1,14, G1,1,5, @1,2,5, A1,34, A1,46, 1,56, 42,43, A252, G262, (26,3, A3,1,1, 46,1,1, G49,1,1

are the only non vanishing interaction coefficients.

To fix ideas, we consider the case where all bars are made of the same material with Poisson coefficient v = 0.3
and have the same circular section with radius €. Hence the non vanishing coefficients a, s are proportional to
;% .. A simple choice of energy unit allows us to fix a, ., = ¢, % .. We have 8 =1, thus bending and torsional
rigidities are fixed. Applying the procedure described in the previous section is straightforward but needs the help
of a computer at least for the determination of bending and torsion parts. Minimization with respect to A is obtained
in this particular case with A = 0. So no extra kinematic variable is needed and the effective energy (59) reduces

to the form (1). More specifically we get the homogenized elastic energy

5(u):1 @ (e15(w))? + o (e12(w))? + v (€11 (w))2 + x( (&Q—sa(en(u)))%(a%‘jf dz
2 Ja ox? o0x?

while the constraint inf, E(v,n,,0,0) = 0 reads esa(u) = e33(u) = ez3(u) = 0. The effective material coefficients

are w ~ 4.3, 0 &~ 7.1, y & 307.5, k = 12.

Conclusions

In this article we have provided a new rigorous homogenization result for periodic structures made of welded elastic
bars. We have shown that allowing the positions of the nodes of the structure inside the rescaled periodic cell to
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depend on the small parameter £, may lead to a strain-gradient model in which strain-gradient and classical strain
terms are coupled. We have illustrated the astonishing effects of such a coupling on the equilibrium solutions. Note
that, for this coupling to arise, the nodes positions usually assumed to be y(; j i) s := e(ys + ity + jta + kt3) are
modified at the order €2 within each cell.

To summarize the results of the present study and those of!, let consider a generic modification €®z, of the
positions of the nodes within the periodic lattice.

— If @ =1, then y, is simply replaced by ys + zs. The new geometry can still lead to a homogenized uncoupled
strain-gradient model but, in the generic case, the structure will become rigid (seel).

— If 1 < @ < 2 then, in the generic case, the structure will again become rigid.

— When a = 2, as in the present study, then an effective energy with a coupling between classical strain and
strain-gradient terms can be obtained.

— A modification with « > 2 will have no effect.

These results may explain how difficult it is to build in practice and characterize experimentally an efficient micro-
architectured structure leading to a strain-gradient material. Indeed they show how sensitive is the effective model
to the design of the lattice and to manufacturing defects.

Since second gradient effects are very difficult to measure experimentally, in order to get an experimental evidence
of them it would be interesting to: (i) seek optimal topologies for frame structures, (ii) extend our study to non-
linear elasticity to take into account geometrical non-linearities that may arise in micro-structures. Some works in
these directions can be found in the literature”® but, up to our knowledge, in the context of nonlinear elasticity,
second gradient materials have only been obtained heuristically '°.
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