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Abstract
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1 Introduction

2 General setting

2.1 Notation

It is convenient to have short expressions for terms that converge in probability to zero. We follow [13].
The notation op,(1) (respectively Op,(1)) stands for a sequence of random variables that converges to
zero in probability (resp. is bounded in probability) as n — co. More generally, for a sequence of random
variables R,

X, = op:(R,) means X, =Y,R, with Y, 30
X, =Op;(R,) means X, =Y,R, with Y, =O0p(1).

For deterministic sequences X,, and R,,, the stochastic notation reduce to the usual o and O.

In the paper, ¢ stands for a generic constant that may differ from one line to another.

2.2 A new index

We consider a black-box code f from E := F; X Ey X --- X E4 valued in some separable metric space
(X,d). The output is denoted by Z given by

Z=f(xM, ... x) (1)

In [5], the authors perform a sensitivity analysis when X = R* on Z based on the whole distribution of Z
(instead of considering only its second moment as usually via the so-called Sobol indices). In that view,
they introduce a class of test functions parametrized by a single index ¢t € R* and defined by

Yi(Z) = 1iz<n-



Then they compute
E(EYi(2)] - EY(2)[ X)) =B [(F() - F*(1))’] (2)

and Var(Y;(Z2)) = F(t)(1 — F(t)) as for the classical Sobol indices. Finally, they integrate both (2) and
Var(Y;(Z)) with respect to the distribution of the output code Z to obtain the Cramér Von Mises index
with respect to v by

s ror]
Sy.ovm = Jor Ft)(1 = F(t))dF(t) ¥

In this example, the collection of the expectations E[Y;(Z)] = E[l{z<s] is parametrized by a single
parameter t. Since its knowledge characterizes the distribution of Z, the previous indices depend as
expected on the whole distribution of the output computer code. Using the Pick and Freeze methodology,
they propose an estimator which requires 3NNV evaluations of the code for a rate of convergence of v/N.

This approach has been generalized in [| to compact manifolds replacing the indicator function of half-
spaces 1z« parametrized by ¢ by the indicator function of balls 1(z¢p(q,4)} indexed by two parameters
a and b. In their work, B(a,b) stands for the ball of diameter ab. They also propose a procedure scheme
based on 3N evaluations of the computer code.

In this paper, we generalize this methodology to separable metric spaces and to classes of test functions
parametrized by a fixed number of indices. We prove a central limit theorem for an estimator based on
a U-statistics that only requires 2N evaluations of the computer code. We also consider a V-statistics
and study its asymptotic behavior. This technology can be applied to the framework considered in [5]
reducing the computational cost with a U-statistics estimator whose asymptotic behavior can be deduced
in an easier way. Similarly, the computational cost is reduced with respect to that in [] and the asymptotic
behavior of the estimator is established.

More precisely, we assume that the test functions are parametrized by m € N* elements of X'. Hence for
any a = (a;)i=1,....m € X™, the test functions

X"xX — R
(a,2) = Yo(z)

are L2-functions with respect to the product measure P @ P on X™ x X. Then we define the general
metric space sensitivity index with respect to v by

o e B[ENUE) - BY2)X)?] 2o )
Sy.ams = Tom Var(Y,(Z))dPo™ (a) 5 (4)

where P€™ is the product m-times of the distribution of the output code Z.

Particular cases

1. For X = R, m = 1 and Y, is given by Y,(z) = z, one recovers the classical Sobol indices (see
[12, 11]).

2. For X = R¥ and m = 1, one can recover the index defined for vectorial outputs in [3, 8] by extending
(4) in the following way. We allow the function Y, to take its values in X = R* so that we set
Y. (z) = = and using (7), we define

Sv . me tr (COV (Ya(Z),Ya(ZU))) dP@m(a) (5)
2OMS T Lt (Var(Yo(2))) dP®m(a)

3. For X = R* m = 1 and Y, is given by Y, (v) = l{z<q}, One recovers the index based on Cramér
von Mises distance defined in [5] and recalled in (3).

4. Now consider that X = M a manifold, m = 2 and Y, is given by Y,(2) = l{zcB(a;,as)}» Where
B(ay,as) will stand for the ball of diameter ajaz. Here, one recovers the index defined in []. In
some other examples, B(a1,az) will stand for the ball centered at a; with radius ajas.



2.3 Estimation procedure via U-statistics

Following the so-called Pick and Freeze scheme, let XV be the random vector such that X! = X, and
X? = X/ if i # v where X/ is an independent copy of X;. Then, setting

Z" = f(X"), (6)
an obvious computation leads to the following relationship (see, e.g., [7])
Var(E[Y.(2)|X"]) = Cov (Yo (2),Y.(Z")).

Let us define Z = (Z,Z%)" and we consider (Z;,i = 1,...,m +2) (m + 2) i.i.d. copies of Z. We denote
by PY the law of Z = (Z,Z%)". Then the numerator rewrites as

]EZl,m»Zm [Var(E[Ya(Zm-i-l)‘Xv])] = IEZI:--<7Zm [COVZmJA(YZh---,Zm(Zm-‘rl)’YZ1,~--,Zm(Z7Un+1))] . (7)

Here the notation Ez stands for the expectation with respect to the random variable Z.

v
7

Now for any 1 <i < m+ 2, we let z; = (2;, 2¢) and we define

KA

. v
1(Z1, ... 7Zm+1) = Yzl,...,zm Zm+1 1,...,zm(z +1)

( (Zm41)Yz m

q)Q(Zla s 7Zm+2) = Yzl,.. yZm (Zm+1)Y217~~,Zm (Z:;l+2)

(I)B(Zlv ce 7Zm+1) = Yzl,...,zm,(zm+1)2

(1)4(Z13 cee 7Zm+2) = Yzl,...,zm (Z7n+1)Yz1,...,zm(Z7n+2)-
We set

m(l)=m(3)=m+1 and m(2)=m(d)=m+2 (8)
and we define for j =1,...,4,

I((I’]) = /X " (bj(Zl,...,Zm(j))dﬂpg’gjm(n(zl ...,Zm(j)). (9)

Finally, we introduce the application ¥ from R* to R defined by
v R* - R 10
(7)o L (10

Then one can express S5 ;)5 in the following way

S5 ams =V (I(P1), [(D2), [(P3), [(®4)) - (11)

Following the framework of Hoeffding [6], we replace the functions ®1, &5, P35 and @4 by their symmetrized
version @7, @5, &5 and @j:

D21, .. Zn()) = : Di(Zr(1)s -y Zr(m())
J m(4) (m(j))! Teszm(j) g\ (1) (m(5))
for j = 1,...,4 where Sy is the symmetric group of degree k. For j = 1,...4, the integrals I(®$)

are naturally estimated by U-statistics of order m(j). More precisely, we consider a N i.i.d. sample
(Z4,...,Zy) with distribution P§ and for j = 1,...,4, we define

N ! .
Uj,N = (m(])) Z (I)J (Zil,...,Zimm) . (12)

1< << SN

Theorem 7.1 in [6] ensures that U; y converges in probability to I(®;) for any j = 1,...,4. Moreover,
one may also prove that the convergence holds almost surely proceeding as in the proof of Lemma 6.1 in

[5]-
We estimate S35 ;5 by
Uiy —Usn

83 oms = Usn —Uin V(Ui,n, Uz N, Us N, Us N)- (13)



Remark 2.1. Notice that we consider (m + 2) copies of Z in the definition of S3 ;)¢ (see (11)).
Nevertheless, the estimation procedure only requires a N sample of Z (see (13)) which means only 2NV
evaluations of the black-box code.

Theorem 2.2, If forj=1,...,4, E {@]S (Zl, ceey Zm(j))ﬂ < oo then
VN (S5.ears = S5 6ars ) ——— N(0,0%) (14)
where the asymptotic variance o? is given by (22) in the proof.

2.4 Comments and particular cases

Considering an output code f, one may consider different choices of the family (Y;),ex= of functions
indexed by a € X leading to very different indices. The choice is induced by the aim of the practitioner.
To quantify the output sensitivity around the mean, one should consider the classical Sobol indices
based on the variance and corresponding to the previous particular case 1. Otherwise, interested in
the sensitivity of the whole distribution, one should take a family of functions that characterizes the
distribution. For instance, in the previous particular case 3., the functions Y, are the indicator functions
of half-lines and yield the Cramér von Mises indices.

Moreover, since in the estimation procedure the number of output calls is independent of the choice of
the family (Y, )aecam, one can consider and estimate simultaneously several indices with no-extra cost. In
fact, the only computational challenge relies in our capability to evaluate the functions ® at the sample
points.

Particular cases

1. For X =R, m =1 and Y, is given by Y,(z) = z, we provide a new estimator based on U-statistics
of the classical Sobol index. In that case, the estimator is given by (13) and Uj y are given by

Uiy = ! ZZiZZJ
%:11 N N N
Usn = m (; Z; ;sz - ;Ziz;:v> =: U21,N - U22,N
LN
Us,n = N Z z?
i=1

N 2 N
L > > 7| = Uiy U}
U47N = Zz — Zz =: —
N(N —1) v i 4N 4N

while in [4], the estimator S% is given by

1
5% = M = (U1 N, Us y, Us v, Ul ) (15)
U3,N - U41N ’ ’ ' ’

that takes into account the diagonal terms. Both procedures require 2N evaluations of the black-
box code and have the same rate of convergence. The estimators are slightly different which induces
different asymptotic variances. Note that if the computer is centered, the procedures are the same.
Finally, one may improve the procedures using the information of the whole sample leading to the
analog version of the estimation T} given in [4, Eq.(6)].

2. For X = R* and m = 1, one may realize the same analogy between the estimation procedure
proposed in this paper and that in [3].



3. For X = R¥, m = 1 and Y, is given by Y, (x) = I{z<ay, we outperform the CLT proved in [5].
Indeed, the estimator proposed in [5] requires 3N evaluations of the computer code while only
2N are required in our procedure. In addition, their proof is based on the powerful but complex
functional Delta method while the proof of Theorem 2.2 is an elementary application of Theorem
7.1 in [6] combined with the classical Delta method.

3 Beyond the applications in classical frameworks

3.1 Compact manifolds

3.2 Computer codes whose outputs are distribution functions

General setting In some applications, we deal with stochastic codes in the sense that two evaluations of
the code for the same input x lead to different outputs. The practitioner is interested in the distribution
1z of the output for a given x. This type of codes can be traduced in terms of a deterministic code
by considering an extra input which is not chosen by the practitioner but which is a latent variable
generated randomly by the computer code. In the framework of sensitivity analysis, one consider the
inputs as random variables. Then we will construct all the random variables (the one chosen by the
practitioner and those generated by the computer code) on the same probability space leading to the
application:

fs: ExD —R (16)
(x,d) = fs(x,d)
We naturally denote the output random variable fs(z,-) by fs(z).

Hence, one may define another (deterministic) computer code associated with f; whose output is a
probability measure:

f: E — M3R) (17)
T g
where Mo (RR) is the set of the probability measures p such that [ z?du(z) < +oo. Obviously, in practice,

one does not assess the output code f but one only obtains a natural approximation of the measure p,
given by n evaluations of fs at x, namely,

1 n
Hamn = ﬁ Z‘sfs(x,dj)-
j=1

Concretely, for a single random input X € E = E; X --- X E; whose distribution is denoted by £, we will
evaluate n times the code f; defined by (16) so that the the code will generate n variables Dy, ..., D,
and one may observe

fs(Xle)v R fs(Xa Dn)
leading to the measure px , = % Z?Zl df.(x,p,) approximating the distribution of f,(X). Note that the
random variables Dy, ..., D, are not observed.

Sensitivity analysis In order to study the sensitivity of the distribution p,, one can use the framework
introduced in Section 2.2. In that view, we endowed My (R) with the Wasserstein distance Wy of order
2. Then (4) becomes
o1\ 2
me E [(E[]J W2(/¢17/¢X)<W2(I11,/L2)} - E[]J WZ(IL17/1'X)<W2(/L17/1'2)|X ]) ] d]P)®2(ILL1’ /1'2)
me Var(]J Wa (p1 ,MX)<W2(IL1,M2))d]P)®2 ('ul’ 'U‘Q)
or even S5 oyrg = W (1(®@1), I(P2), [(P3), [(P4)) with ¥ and [ defined in (10) and (9) and

v —
Syams =

(I)l(u’la cey Ng) = ]]'W2(H1,;43)<W2(H1,M2)]]‘W2(/t1,lt§)<W2(lL17/t2)
Po(pys-- s by) = ]le(u1,u3)<W2(u1,u2)]le(m,u;’i)éWz(/n,uz)
P3(py,. . pg) = Loy (1) SWa (21, 122)

CI)4(/J’1’ SRR IJ‘4> = 1W2(H1,M3)<W2(,u1,,u2)ﬂWz(H1,M4)<W2(,U«1,M2)

where p; = puy, is the concatenation of the measure px, and its Pick and Freeze version denoted by pxv.



Indices estimation In an ideal scenario which corresponds to the framework of (17), one may asses to
the probability measure pu, for any x. Then following the estimation procedure of Section 2.3, one gets
an estimation of the sensitivity index S35 5,5 with a nice asymptotic behavior given in Theorem 2.2.

In the more realistic framework presented above in (16), we only have access to the approximation p .
of u, rendering more complex the estimation procedure and the study of the asymptotic properties. In
this case, the general design of experiments is the following:

(X1,D11,-.,D1n) = fo(X1,D11),.- -, fs(X1,D1n)
(vaDi,l)""D{l,n) — fS(XfaDi,l)a'"’fS(Xi)’Dll,n)

(XN, DNy Dnpn) = fs(XN,Dnj)s--os fo(Xn, Do)
(X})\hDEV,la"'a IN,n) — fs(XK/vDEV,l)a"'vfs(XXh ?\/,n)

where 2 x N x n is the total number of evaluations of the stochastic code (16). Then we construct the
approximations of p; (standing for pux,) given by

1 n
Min = " Z5fs(xi,Di’j)7
j=1

forany i =1,...,N. Now for j =1,...,4, let

N\ ,
Uj,N,n = <m(])> Z (I)j (”’il,rm s 7I~l’im(j),n) (18)

1< << () KNV
where as previously done ®° is the symmetrized version of ®. Then we estimate S3 ~,,¢ by

Uinn—Uznp

53 omsnm : = V(U1,Nn, U2, N Us,Nons Us,N o) (19)

Usnpn —Usnn

Remark 3.1. 1. The estimator in (18) is easy to compute since for two discrete measures supported
on a same number of points and given by

1 — 5 1 — 5
V1:7§ wkaV2:7§ Yk s

n n

k=1 k=1

the Wasserstein distance between v, and 15 simply writes

n

1
W3 (v1,1n) = - > @) =y

j=1
where ;) is the j-th order statistics of z.

2. In [2], [9] and [10], the authors deal with stochastic computer codes with probability density func-
tions as outputs. In other words, they define the following application:

fi BE S F (20)
x o fz)

where F is the set of probability density functions:

F = {ge L'(R); g >0, /Rg(a:)dx: 1}.

Proposition 3.2. Consider three i.i.d. copies X1, Xo and X3 of X distributed according to L. Let §(N)
be a sequence tending to 0 as N goes to infinity and such that

P (W, i) = Walso )] < 306) =0 ().

We choose n such that E[Wa(pux, pix.n)] = 0o(6(N)/V/N). Under the assumptions of Theorem 2.2, we get
A’U v ["’
VN (SQ,GMS,n - Sz,mws) —— N(0,07) (21)

n——+o0o

2

where the asymptotic variance o* is given by (22) in the proof of Theorem 2.2.



Practical choices of 6(N). In some particular frameworks, one may derive easily a suitable value of
0(N). Two examples are given in the following.

e If the inverse of the random variable W := |[Wa(ux,, tx,) — Wa(px,, itx, )| has a finite expectation,
then, by Markov inequality,

P”V<MNDPWV1>MN>W<&}g{;l

and it suffices to choose (V) so that 6(N)~! = o (N~1/2) as N goes to infinity.

e Assume that X is uniformly distributed on [0,1] and that px is a Gaussian distribution centered
at X with unit variance. Then the Wasserstein distance Wa(ux,, px,) rewrites as (X; — X3)? so
that the radom variable W = |[Wa(ux,, ttx,) — Wa(ux,, tx,)| is given by

[(X1— X5)” — (X1 — X2)?| = [(X3 — X2)(X2 + X35 — 2X7)].
Consequently,
P(W < 6(N)) < B(|1 X35 — Xa| < V/O(N)) + P(IX + X5 — 2X3| < /O(N)).

Notice that (X5 4+ X3)/2 and X; are two independent random variables uniformly distributed on
[0,1]. Hence it remains to compute P(|U; — Us| < «) for U; and Us two independent random
variables uniformly distributed on [0,1] and o = \/6(N) and o = /§(N)/2. Tt turns out that

P(|U; — Uz € a) = (2 — )

leading to P(W < §(N)) = O ( 5(N)>. Consequently, a suitable choice for 6(N) is 6(N) = o(1/N).

Practical choices of n. Analogously, one may derive easily suitable choices of the value of n in some
particular cases. For instance, we refer the reader to [1| to get upper bounds on E[W),(ux, px )] for
several values of p > 1 and several assumptions on the distribution on pyx: géneral, uniform, Gaussian,
beta, log concave... Here are some results.

e In the general framework, the upper bound for p > 1 relies on the functional
F 1-F, p/2
i) = [ Fest P @)™,
R f,ux (m>p )

where F), . is the cumulative distribution function associated to pux and f,, its probability distri-
bution function. See Cf. [1, Theorems 3.2, 5.1 and 5.3].

T

e Assume that px is uniformly distributed on [0, 1]. Then by [1, Theorems 4.7, 4.8 and 4.9], for any
n =1,

1
EW n 2 < P
[ 2(MXHUX, ) ] 6n

for any p > 1 and for any n > 1,

E[Wp(MX,MX,n)p]l/p < (Const)

B

and for any n > 1,

(Const)

E.g. (Const) = \/7/2.

e Assume that ux is a log-concave distribution with standard deviation o. Then by [1, Corollaries
6.10 and 6.12], for any 1 < p < 2 and for any n > 1,

B, ) < 520 (2,




for any n > 1,

Const)o?logn
E[Wa(px, pxn)? < %7

and for any p > 2 and for any n > 1,

C,aP
E[WP(/’(‘X7 /'(‘X,n)p] < Z;L 5

where C), depends on p, only. Furthermore, if x supported on [a,b], then for any n > 1,

(Const)(b — a)? '

E[W- 1<
(Wapx, pix,n)?] i

E.g. (Const) =4/In2. Cf. [1, Corollary 6.11].

Example 3.3. We consider the previous example in which X is uniformly distributed on [0,1] and px
is a Gaussian distribution centered at X with unit variance. Then by [1, Corollary 6.14], we have for any
n =3,

Const)loglogn
B[Waljux, ux.q)?) < (CSLOEIEN,
and for any p > 2 and for any n > 3,
Cp

E[W, IS —=7%;
[ P(HX7HX,H) ] n(logn)p/2

where C), depends on p, only. Since we already chose §(N) = o(N~1), it remains to take loglogn/n =
o(N~2) to fulfill the condition E[Wa(ux, ttx.n)] = o(§(N)/VN).
4 Numerical applications

IN PROCESS

5 Proof

5.1 Proof of Theorem 2.2

The first step of the proof is to apply Theorem 7.1 of [6] to the random vector (Uy n, Uz, n, Us, N, U4,N)T.
By Theorem 7.1 and Equations (6.1)-(6.3) in [6], it follows that

Uin 1(®3)
Usn | | 1(®3) L

\/N Ug,N I(‘bg) n—-4oo N(07 F)
Usn 1(®3)

where T' is the square matrix of size 4 given by

Now, it remains to apply the so-called Delta method (see [13]) with the function ¥ defined by (10). We
get the asymptotic behavior in (2.2) with o2 given by

02:=g'Tyg (22)

with g = VU (I(®3), 1(®3), 1(®3), [(®3)) and VU = (z — )2 (z —t,—z+t,—z+y,z —y) .



5.2 Proof of Proposition 3.2
One has

VN (S3earsn — S5 cars) = VN (S5 aarsn = Stams) + VN (85aas — S3as ) -

By Theorem 2.2, the second term in the right hand side of the previous equation is asymptotically
Gaussian. If we prove that the first term in the right hand side is op(1), then by Slutsky’s Lemma [13,

Lemma 2.8], VN (S\g,GMsm — SS,GMS) is asymptotically Gaussian.

~ ~

Now we prove that v N (SgGMSm - SS,GMS) = op(1). We write

§§7GMS,H - §§7GMS =V (U1, N U2, N> Us, N, Us,non) — Y (UL, Uz N, Us vy Us, )
_ (Ui,nn —Uin) — Uz, v — Uz N)] (Us,n —Usn) = [(Us,nn — Us,n) — (Us,nn — Us,n)] (Ur,n — Uz )
[(Us,nn —UsN) — (Us,nn —Usn) + (Usn —Usn)] (Us,n — Us,N)

Since (U; N — Ui nn), for ¢ = 3,4 and (Us y — Uy ) converges almost surely respectively to 0 and
I(®3) — I(Py), the denominator converges almost surely. Thus it suffices to prove that the numerator
is op(1/v/N) which reduces to prove that VN (U; N, — Uin) = op(1) for i = 1,...,4, where U; y.,,
(respectively U; n) has been defined in (18) (resp. (12)). Let ¢ = 1 for example. The other terms can be
treated analogously. Here, m(1) = 3. We write

E[|Ui,Nn — Ur,nN]]

—1
N -
< <3> (3') ' Z E H(I)l (:u’r(il),nv/1’7—(1'2),n7u'7—(z‘3),n) - (H’T(il)aur(ig)vﬂ’r(is)> H

1<i1<i2<is <N
TES3

=E H(I)l (Hl,n, e Nz,nvﬂ:s,n) — @1 (19, NQ»HS)H
<2E [|]1W2(M17#3)<W2(M17#2) - ]le(m,n,Ms,n)<W2(lt1,muz,n)H

=: 2E [B,]

where the random variable B,, in the expectation in the right hand side of the previous inequality is a
Bernoulli random variable whose distribution does not depend on (1,2,3). Let A(N) be the following
event

A(N) = {|Walpirys tir(s)) = Waltirays fir(2)| = 6(N)} -

Obviously, we get E [B,1a(n)e] < P(A(N)®), where A° stands for the complementary of A in €. Fur-
thermore,

E [B.law)] < E[Ba|A(N)] =P (B, = 1|A(N))

< i]p (Wz(/ﬁuﬂz‘,n) > 6(4N)>
i=1

< %E[W@ (,Uiv ,U'z',n)]'

Finally, we introduce € > 0 and study:

VN
P (\/N|U1,N,n - Ui n| = 6) < ?E 1U1,8n — Ur,n|]

< 2@]E (B,]

< \CN(;(QZL)E[WﬂMmm,n)] + 2@P(A(N)C)

It remains to choose first, §(N) so that P(A(N)¢) = o (1/\/N) and second, n such that E[Wa (i, p.n)] =

o(é(N)/\/N). Consequently, \/N(Ul,N,n — Uy,n) = op(1). Analogously, one gets \/N(Ui,N,n —Uin) =
op(1) for i=2, 3 and 4.
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